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Abstract

Principal component analysis (PCA) is fundamental to statistical machine learning. It extracts
latent principal factors that contribute to the most variation of the data. When data are stored
across multiple machines, however, communication cost can prohibit the computation of PCA in a
central location and distributed algorithms for PCA are thus needed. This paper proposes and
studies a distributed PCA algorithm: each node machine computes the top K eigenvectors and
transmits them to the central server; the central server then aggregates the information from all the
node machines and conducts a PCA based on the aggregated information. We investigate the bias
and variance for the resulting distributed estimator of the top K eigenvectors. In particular, we
show that for distributions with symmetric innovation, the empirical top eigenspaces are unbiased
and hence the distributed PCA is “unbiased”. We derive the rate of convergence for distributed
PCA estimators, which depends explicitly on the effective rank of covariance, eigen-gap, and the
number of machines. We show that when the number of machines is not unreasonably large, the
distributed PCA performs as well as the whole sample PCA, even without full access of whole
data. The theoretical results are verified by an extensive simulation study. We also extend our
analysis to the heterogeneous case where the population covariance matrices are different across
local machines but share similar top eigen-structures.

Keywords
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Introduction

Principal component analysis (PCA) (Pearson, 1901; Hotelling, 1933) is one of the most
fundamental tools in statistical machine learning. The past century has witnessed great
efforts on establishing consistency and asymptotic distribution of empirical eigenvalues and
eigenvectors. The early classical work of Anderson (1963) studied the asymptotic normality
of eigenvalues and eigenvectors of sample covariances from multivariate Gaussian
distribution with dimension dfixed and sample size 72 going to infinity. Recent focus moves
on to the high-dimensional regimes, i.e., both nand dgo to infinity. A partial list of such
literatures are Johnstone (2001); Baik et al. (2005); Paul (2007); Johnstone and Lu (2009);
Jung and Marron (2009); Onatski (2012); Shen et al. (2016); Wang and Fan (2017). As
demonstrated by these papers, asymptotic behaviors of empirical eigenvalues and
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eigenvectors depend on the scaling of 77, dand also the spikiness of the covariance. When n
« g, the empirical leading eigenvector v, is inconsistent in estimating the true top

eigenvector vy unless the top eigenvalue A1 diverges fast. This phenomenon inspires another
line of research on sparse PCA where certain sparsity on top eigenvectors is imposed to
overcome the noise accumulation due to high dimensionality; see e.g., Johnstone and Lu
(2009); Vu et al. (2013); Shen et al. (2013); Cai et al. (2013). Besides the asymptotic study,
there are also non-asymptotic results on PCA, for example, Nadler (2008) and Reiss and
Wahl (2016).

With rapid developments of information and technology, massive datasets are now
ubiquitous. Statistical analysis such as regression or PCA on such enormous data is
unprecedentedly desirable. However, large datasets are usually scattered across distant
places such that to fuse or aggregate them is extremely difficult due to communication cost,
privacy, data security and ownerships, among others. Consider giant IT companies that
collect data simultaneously from places all around the world. Constraints on communication
budget and network bandwidth make it nearly impossible to aggregate and maintain global
data in a single data center. Another example is that health records are scattered across many
hospitals or countries. It is hard to process the data in a central location due to privacy and
ownership concerns. To resolve these issues, efforts have been made to exploiting distributed
computing architectures and developing distributed estimators or testing statistics based on
data scattered around different locations. A typical distributed statistical method first
calculates local statistics based on each sub-dataset and then combines all the subsample-
based statistics to produce an aggregated statistic. Such distributed methods fully adapt to
the parallel data collection procedures and thus significantly reduce the communication cost.
Many distributed regression methods follow this fashion (Zhang et al., 2013; Chen and Xie,
2014; Battey et al., 2015; Lee et al., 2017; Blanchard and Mucke, 2017; Guo et al., 2017).
The last two papers study distributed kernel regression with spectral regularization using
eigen-decomposition of Gram matrices, which is relevant to but different from our
distributed PCA.

Among all the efforts towards creating accurate and efficient distributed statistical methods,
there has been rapid advancement on distributed PCA over the past two decades. Unlike the
traditional PCA where we have the complete data matrix X € RY % 4 with d'features of N
samples at one place, the distributed PCA needs to handle data that are partitioned and
stored across multiple servers. There are two data partition regimes: “horizontal” and
“vertical”. In the horizontal partition regime, each server contains all the features of a subset
of subjects, while in the vertical partition regime, each server has a subset of features of all
the subjects. To conduct distributed PCA in the horizontal regime, Qu et al. (2002) proposes
that each server computes several top eigenvalues and eigenvectors on its local data and then
sends them to the central server that aggregates the information together. Yet there is no
theoretical guarantee on the approximation error of the proposed algorithm. Liang et al.
(2014), Kannan et al. (2014) and Boutsidis et al. (2016) aim to find a good rank-K
approximation of X of X. To assess the approximation quality, they compare [|X - X|| .

against Min )<« ||B - X|| - and study the excess risk. For the distributed PCA in the
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vertical data partition regime, there is also a great amount of literature, for example,
Kargupta et al. (2001), Li et al. (2011), Bertrand and Moonen (2014), Schizas and Aduroja
(2015), etc. This line of research is often motivated from sensor networks and signal
processing where the vertically partitioned data are common. Our work focuses on the
horizontal partition regime, i.e., we have partitions over the samples rather than the features.

Despite these achievements, very few papers establish rigorous statistical error analysis of
the proposed distributed PCA methods. To our best knowledge, the only works that provide
statistical analysis so far are El Karoui and d’Aspremont (2010) and Chen et al. (2016). To
estimate the leading singular vectors of a large target matrix, both papers propose to
aggregate singular vectors of multiple random approximations of the original matrix. El
Karoui and d’Aspremont (2010) adopts sparse approximation of the matrix by sampling the
entries, while Chen et al. (2016) uses Gaussian random sketches. The works are related to
ours, since we can perceive sub-datasets in the distributed PCA problem as random
approximations. However, our analysis is more general, since it does not rely on any matrix
incoherence assumption as required by El Karoui and d’Aspremont (2010) and it explicitly
characterizes how the probability distribution affects the final statistical error in finite
sample error bounds. Besides, our aggregation algorithm is much simpler than the one in
Chen et al. (2016). The manuscript Garber et al. (2017) came out after we submitted the first
draft of our work. The authors focused on estimation of the first principal component rather
than the multi-dimensional eigenspaces, based on very different approaches.

We propose a distributed algorithm with only one-shot communication to solve for the top K
eigenvectors of the population covariance matrix y when samples are scattered across m
servers. We first calculate for each subset of data # its top Keigenvectors

[Vg) = (¥, -, @f))}lzz , of the sample covariance matrix there, then compute the average

~ m ! i
of projection matrices of the eigenspaces = = (1/m) z Vg)vg) , and finally take the top K
1=

eigenvectors of X as the final estimator \N/K = (V(lf), ~~,V§f)) . The communication cost of this

method is of order O(mKa). We establish rigorous non-asymptotic analysis of the statistical
error ”VK V,T< - VKV,T<HF, and show that as long as we have a sufficiently large number of

samples in each server, VK enjoys the same statistical error rate as the standard PCA over the

full sample. The eigenvalues of X are easily estimated once we get good estimators of the
eigenvectors, using another round of communication.

The rest of the paper is organized as follows. In Section 2, we introduce the problem setup of
the distributed PCA. In Section 3, we elucidate our distributed algorithm for estimating the
top Keigenvectors. Section 4 develops the statistical error rates of the aggregated estimator.
The results are extended to heterogeneous samples in Section 5. Finally in Section 6 we
present extensive simulation results to validate our theories.
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2 Problem setup

We first collect all the notations that will be used. By convention we use regular letters for
scalars and bold letters for both matrices and vectors. We denote the set {1, 2, 3,..., @} by [d]
for convenience. For two scalar sequences {a},>1and {bp},>1, We say a, 2 b, (an S bn) if

there exists a universal constant C> 0 such that a, > Cbn(an < Cbn), and a, < b, if both a,2
1

bpand a, $ b, hold. For a random variable X € R, we define || X v = S0Py > I(EIXIP);/\/E
5 >
1
and define || x v =Py > {(EIXIP)P1p. Please refer to Vershynin (2012) for equivalent
. >

definitions of y,-norm and y,-norm. For two random variables X'and Y; we use X dyto

denote that X'and Y have identical distributions. Define e;to be the unit vector whose
components are all zero except that the /~th component equals 1. For g= 1, Oyxr denotes the

space of g x rmatrices with orthonormal columns. For a matrix A € R"* d

, we use [|Al|
|A]| and [|A[l, to denote the Frobenius norm, nuclear norm and spectral norm of A,

respectively. Col(A) represents the linear space spanned by column vectors of A. We denote
the Moore-Penrose pseudo inverse of a matrix A R4 >4 by AT. For a symmetric matrix A,
we use A {A) to refer to its jth largest eigenvalue.

Suppose we have NVi.i.d random samples {Xi}l,v e R with EX, = 0 and covariance matrix
1=

[E(XIXIT) = X. By spectral decomposition, T =V A V!, where A = diag(A1, A..., Ag) with
A2Ap2...2hgand V = (Vy, ..., Vg) € Ogxg Foragiven K € [d], let Vi, = (v,. -+, v). Our

goal is to estimate Col(V ), i.e., the linear space spanned by the top Keigenvectors of Z. To
ensure the identifiability of Col(V ), we assume A: = 2, — 2, ; > 0 and define x: = 1;/4 to

be the condition number. Let r= f(X) := Tr(X)/A1 be the effected rank of X.
The standard way of estimating Col(V ) is to use the top K eigenspace of the sample

N
i =

covariance £ = %Z XX Let £ =V A V.. be spectral decomposition of Z, where
A = diag (1}, A ) with 2, > - > 7, and V = (¥, -, ¥,). We use the empirical top K
engenspace Col(@K), where VK = (61, ---,GK), to estimate the eigenspace Col(V ). To
. = e T T L
measure the statistical error, we adopt p(V .,V ): = HVKVK - VKVKHF' which is the

Frobenius norm of the difference between projection matrices of two spaces and is a well-
defined distance between linear subspaces. In fact, p(VK, ?K) is equivalent to the so-called

sin @ distance. Denote the singular values of V,T(VK by {ai}f_ | in descending order. Recall
that © (V. Vi) = diag (6, -+, 6), the principal angles between Col(V ) and Col(V ), are

defined as diag (cos_lnl, ++,003 ™ o). Then we define sin © (V.. V) to be

diag (sinﬁl, .-, sin@K). Note that
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2 2
2o T\ 12 e of To o) _ o~
p (VK,VK) = ”VKVKHF+ ViVillp— 2T VeV Vi V| = 2K = 2| Vi Vi
K K 5
_ 2 _ .2 _ . e
= 2.21(1 — crl.) = 2.21 sin“g; = 2||51n C] (VK, VK)”F. (2.2)
1= 1=

Therefore, p(V. V) and Hsin <) (VK,?K)HF are equivalent.

Now consider the estimation of top K eigenspace under the distributed data setting, where
our N=m - nsamples are scattered across /7 machines with each machine storing n
samples*. Application of standard PCA here requires data or covariance aggregation, thus
leads to huge communication cost for high-dimensional big data. In addition, for the areas
such as genetic, biomedical studies and customer services, it is hard to communicate raw
data because of privacy and ownership concerns. To address these problems, we need to
avoid naive data aggregation and design a communication-efficient and privacy-preserving
distributed algorithm for PCA. In addition, this new algorithm should be statistically
accurate in the sense that it enjoys the same statistical error rate as the full sample PCA.

Throughout the paper, we assume that all the random samples {Xi}jv_ ,are i.i.d sub-

Gaussian. We adopt the definition of sub-Gaussian random vectors in Koltchinskii and
Lounici (2017) and Reiss and Wahl (2016) as specified below, where M is assumed to be a
constant. It is not hard to show that the following definition is equivalent to the definition

H(Z”z)TXHW < M used in Vershynin (2012), Wang and Fan (2017), and many other authors.
2

Definition 2.1. We say the random vectorX e RY fs sub-Gaussian if there exists M > 0 such

l‘/7at||uTX||w2 <M [E(uTX)z, vu e R%

We emphasize here that the global i.i.d assumption on {XI}N | ean be further relaxed. In

1=
fact, our statistical analysis only requires the following three conditions: (i) within each
server ¢, data are i.i.d.; (ii) across different servers, data are independent; (iii) the covariance

m

P share similar top K'eigenspaces. We will

matrices of the data in each server { =@ }

further study this heterogeneous regime in Section 5. To avoid future confusion, unless
specified, we always assume i.i.d. data across servers.

*Note that here for simplicity we assume the subsample sizes are homogeneous. We can easily extend our analysis to the case of
heterogeneous sub-sample sizes with similar theoretical results.
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3 Methodology
We now introduce our distributed PCA algorithm. For # & [m], let {X{”'}"_ denote the

samples stored on the #-th machine. We specify the distributed in Algorithm 1.

Algorithm 1
Distributed PCA

On each server, compute locally the K'leading eigenvectors Vg) = (9({), (TR /‘7%)) € Rd XK of the
~ T —~
sample covariance matrix E(f) =(1/ n)XEf)XELﬁ) . Send Vg) to the central processor.

_ iy n T
On the central processor, compute X = (I/m)Z’Z,f: lVg)Vg) ,and its K leading eigenvectors

< K 5~ ~ dx K
{Vj}j: v Output: V - = ( Vs VK) eR .

In other words, each server frst calculates the top K eigenvectors of the local sample

covariance matrix, and then transmits these eigenvectors [Vg)]f . to a central server,

where the estimators get aggregated. This procedure has similar spirit as distributed
estimation based on one-shot averaging in Zhang et al. (2013), Battey et al. (2015), Lee et al.
(2017), among others. To see this, we recall the SDP formulation of the eigenvalue problem.

Let V. = (¥}, ¥, contain the K leading eigenvectors of £ = %Z'ZL : £, Lemma5 in
Section 8.2.2 asserts that P, = ?K?IT( solves the SDP:
min - Tr(PT f)

PeSdXd

st Tr(P) < K, ||P|[, < I,P > 0. 3.1)

Here S%%@refers to the set of d x @ symmetric matrices. In the traditional setting, we have
access to all the data, and ﬁK is a natural estimator for v KVIT(. In the distributed setting, each

machine can only access £, Consequently, it solves a local version of (3.1):

min - Tr(PT f(f))
Pe Sd xXd

stTr(P) <K, [[P], < 1, P>0. (3.2)
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The optimal solution is ﬁg) = Vg)?(gﬁ. Since the loss function in (3.1) is the average of
local loss functions in (3.2), we can intuitively average the optimal solutions f’f) to

approximate P - However, the average %2’;: lﬁg) may no longer be a rank-K projection

matrix. Hence a rounding step is needed, extracting the leading eigenvectors of that average
to get a projection matrix.

Here is another way of understanding the aggregation procedure. Given a collection of

estimators {Vg)} : CO, vk and the loss p( -, -), we want to find the center Ue 0, < K

m
l =
that minimizes the sum of squared losses .7 _ 1pZ(U, ?g’)). Lemma 6 in Section 8.2.2
indicates that U = ‘71{ is an optimal solution. Therefore, our distributed PCA estimator VK is

a generalized “center” of individual estimators.

It is worth noting that in this algorithm, we do not really need to compute {f(f)]';_ . and T .

[Vg)]:_ X and VK can be derived from top-K SVD of data matrices. This is far more

expeditious than the entire SVD and highly scalable, by using, for example, the power
method (Golub and Van Loan, 2012). As regard to the estimation of the top eigenvalues of X,

we can send the aggregated eigenvectors {Vj}l_( ' back to the m servers, where each one

K - K .
computes {,15.5)} = [V}T £ Vj] _ |- Then the central server collect all the eigenvalues
j= j=

. . ~ K _ l m @) K .
and deliver the average eigenvalues {lj}j = [m hI 14 }j _ as the estimators of all
eigenvalues.
As we can see, the communication cost of the proposed distributed PCA algorithm is of
order O(mKd). In contrast, to share all the data or entire covariance, the communication cost

will be of order O(mdmin(n, d)). Since in most cases K= o(min(#, d)), our distributed PCA
requires much less communication cost than naive data aggregation.

4 Statistical error analysis

Algorithm 1 delivers VK to estimate the top Keigenspace of Z. In this section we analyze
the statistical error of V., i.e., o(V ., V k). The main message is that V. enjoys the same
statistical error rate as the full sample counterpart ‘71< as long as the subsample size nis
sufficiently large.

We first conduct a bias and variance decomposition of p(VK, V k), which serves as the key
step in establishing our theoretical results. Recall that T = (1/m)§j’);’= ]Vg)Vf)T and ‘71(
consists of the top K eigenvectors of = . Define T* : = [E(Qg)?(lfﬁ) and denote its top K

eigenvectors by Vi = (vi, -, v) € RY* K When the number of machines goes to infinity, £
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converges to Z*, and naturally we expect Col( V) to converge to Col(V%) as well. This line
of thinking inspires us to decompose the statistical error p(VK, V) into the following bias

and sample variance terms:

o VK’VK)S /’(VK’V?E) +p(VE Vi)

— (4.1)
sample variance term bias term

The first term is stochastic and the second term is deterministic. Here we elucidate on why
we call p( V.. V) the sample variance term and (V3. V) the bias term respectively.

1. Sample variance term p( V., Vi):
By Davis-Kahan’s Theorem (Theorem 2 in Yu et al. (2015)) and (2.1), we have

- I'E - =,
ﬂ( VK’VI%)N ﬂK(E*)_’lK+1( )

(4.2)

As we can see, p( V., Vi) depends on how the average T = %Z'}L lVg)Vf)T

concentrates to its mean Z*. This explains why we call p( \7K, V;;) the sample

variance term. We will show in the sequel that for sub-Gaussian random samples,

{H??Vfﬁ -z ]m and | £ - x#|| . are sub-exponential random variables
Fle=1

and under appropriate regularity assumptions,

5 1 S(OHGOT
I == g ], <7l VOV -2, Iy, @3

If we regard y,-norm as a proxy for standard deviation, this result is a

counterpart to the formula for the standard deviation of the sample mean under
the context of matrix concentration. By (4.3), the average of projection matrices
X enjoys a similar square-root convergence, so does p( V. V).

2. Bias term p(V%. V. ):

The error /)(V;;, VK) is deterministic and independent of how many machines we

have, and is therefore called the bias term. We will show this bias term is exactly
zero when the random sample has a symmetric innovation (to be defined later).
In general, we will show that the bias term is negligible in comparison with the
sample variance term when the number of nodes /s not unreasonably large.

In the following subsections, we will analyze the sample variance term and bias
term respectively and then combine these results to obtain the convergence rate

for p( V. V).
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4.1 Analysis of the sample variance term
To analyze p( \7K, V;}), as shown by (4.2), we need to derive the order of the numerator

| £ - =#[| - and denominator 4,( £*) — 2, , ;( £*). We first focus on the matrix

~ m '~ —~
concentration term || £ — =+, = H% ST, (V?V?T— E*)

.NotethatT — =*isan
F

average of /mcentered random matrices. To establish the correspondent concentration
inequality, we first investigate each individual term in the average, i.e.,

Vﬁf)ng)T — X* for # € [m]. In the following lemma, we show that when random samples are

sub-Gaussian, H??V?T— o

F is sub-exponential and we can give an explicit upper

bound of its y; — norm.

Lemma 1. Suppose that on the ¢-th server we have n i.i.d. sub-Gaussian random samples
{Xi};‘_ L in R? with covariance matrix I. There exists a constant C> 0 such that when n 2 r,

FOGEOT _ s Kr
IV Vi 2y ||Wlsc:< ot

Note that here we use the Frobenius norm to measure the distance between two matrices.

- . (D) K . .
Therefore, it is equivalent to treat [V?V?T}f -1 and T* as P—dimensional vectors and
apply the concentration inequality for random vectors to bound || £ — Z*|| .. As we will
. = 1y sOSOT
demonstrate in the proof of Theorem 1, || | = — Z* ||, ||W1 < W” IV Vi —Z* |l ||

'//1.

With regard to A,( Z* ) - 2 =* ), when the individual node has enough samples, ?g)

K+1€
and V x will be close to each other and so will * = [E(?gf)?(lfﬁ) and V. vr. Given
MV Vi) =1and ng (Ve Vi) =0, we accordingly expect i, ( £+ ) and &, | (E*) be
separated by a positive constant as well.

All the arguments above lead to the following theorem on p( V.. V).

Theorem 1. Suppose X, -, X are I.1.d. sub-Gaussian random vectors in R with covariance

matrix  and they are scattered across m machines. If n = r and ‘

g VKVIT(”Z < 1/4, then
”p( VK,V;;)HWI < CK\/%,

Where C is some universal constant.
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4.2 Analysis of the bias term

In this section, we study the bias term p(V?{, VK) in (4.1). We first focus on a special case

where the bias term is exactly zero. For a random vector X with covariance = =V A V7, let
1

7= A 2VTX.We say X has symmetric innovation if Z < (Id - 2ejejT)Z, Vj € [d]. In other

words, flipping the sign of one component of Z will not change the distribution of Z. Note
that if Z has density, this is equivalent to say that its density function has the form
P[] ]eo)- -+ |z]) - Al elliptical distributions centered at the origin belong to this family. In

addition, if Z has symmetric and independent entries, X has also symmetric innovation. It

)

turns out that when the random samples have symmetric innovation, =* : = [E(V??V?T) and

¥ share exactly the same set of eigenvectors. When we were finishing the paper, we noticed
that Chen et al. (2016) had independently established a similar result for the Gaussian case.

Definition 4.1. Let V be a K-dimensional linear subspace of RY. Fora subspace estimator
represented by V € © Jx k» Wesay it isunbiased for V if and only if the top K elgenspace of

[E(VVT) s

If Vf) is unbiased for Col(V ), then p(V%., V) = 0 and we will only have the sample

variance term in (4.1). In that case, aggregating {Vf)}:_ . reduces variance and yields a

better estimator V x - Theorem 2 shows that this is the case so long as the distribution has

symmetric innovation and the sample size is large enough.

Theorem 2. Suppose on the ¢-th server we have n I.i.d. random samples {Xl.}?_ | with

covarianceX. If {Xl.}’? | have symmetric innovation, then V' £+V is diagonal, i.e., T* and’T
1=

Share the same set of eigenvectors. Furthermore, if H ¥ =V Vel < 1/2, then [?f)]m

i
Kil2 ¢=1

are unbiased for CokV ) and p(V. V) = 0.

It is worth pointing out that distributed PCA is closely related to aggregation of random

sketches of a matrix (Halko et al., 2011; Tropp et al., 2016). To approximate the subspace
d
2

d, X
spanned by the K'leading left singular vectors of a large matrix A € R 1772 we could

dyXn
construct a suitable random matrix Y e R 2~ with 7= K; and use the left singular subspace

of AY € Rdl " as an estimator. AY is called a random sketch of A. It has been shown that to
obtain reasonable statistical accuracy, /7 can be much smaller than min(a;, @) as long as A is
approximately low rank. Hence it is much cheaper to compute SVD on AY than on A. When
we want to aggregate a number of such subspace estimators, a smart choice of the random
matrix ensemble for Y is always preferable. It follows from Theorem 2 that if we let Y have
i.i.d. columns from a distribution with symmetric innovation (e.g., Gaussian distribution or
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independent entries), then the subspace estimators are unbiased, which facilitates
aggregation.

Here we explain why we need the condition H T* — VKV,T(”2 < 1/2 to achieve zero bias. First

of all, the condition is similar to a bound on the “variance” of the random matrix ?g) whose

covariance X* is under investigation. As demonstrated above, with the symmetric
innovation, T* has the same set of eigenvectors as X, but we still cannot guarantee that the
top Keigenvectors of Z* match with those of X. For example, the (K'+ 1)-th eigenvector of
2 might be the K-th eigenvector of *. In order to ensure the top K'eigenspace of Z* is

exactly the same as that of X, we require ?g) to not deviate too far from V x so that X* is

close enough to VKV1T<. Both Theorems 1 and 2 require control of ‘

I VKVIT<|

, which will
2

be studied shortly.

For general distributions, the bias term is not necessarily zero. However, it turns out that
when the subsample size is large enough, the bias term p(V[*(, VK) is of high-order compared

with the statistical error of ?g) on the individual subsample. By the decomposition (4.1) and
Theorem 1, we can therefore expect the aggregated estimator ‘71< to enjoy sharper statistical

error rate than PCA on the individual subsample. In other words, the aggregation does
improve the statistical efficiency. A similar phenomenon also appears in statistical error
analysis of the average of the debiased Lasso estimators in Battey et al. (2015) and Lee et al.
(2017). Recall that in sparse linear regression, the Lasso estimator j satisfies that

IB - #[|, = 0p(/slogd7n), where = is the true regression vector, sis the number of nonzero

coefficients of p* and dis the dimension. The debiasing step reduces the bias of j to the
order Of(slog a/n), which is negligible when mis not too large, compared with the
statistical error of 4 and thus enables the average of the debiased Lasso estimators to
enhance the statistical efficiency.

Below we present Lemma 2, a high-order Davis-Kahan theorem that explicitly characterizes
the linear term and high-order error on top K eigenspace due to matrix perturbation. This is a
genuine generalization of the former high-order perturbation theorems on a single
eigenvector, e.g., Lemma 1 in Kneip and Utikal (2001) and Theorem 2 in El Karoui and
d’Aspremont (2010). An elegant result on eigenspace perturbation is Lemma 2 in Koltchin-
skii and Lounici (2016). Our error bound uses Frobenius norm while theirs uses spectral
norm. Besides, when the top Keigenspace is of interest, the upper bound in Lemma 2 in
Koltchinskii and Lounici (2016) contains an extra factor 1+ (1, — A,)/A. Hence we have

better dependence on problem parameters. Other related works in the literature consider
asymptotic expansions of perturbation (Kato, 1966; Vaccaro, 1994; Xu, 2002), and singular
space of a matrix contaminated by Gaussian noise (Wang, 2015). Our result is both non-
asymptotic and deterministic. It serves as the core of bias analysis.
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Lemma 2. LetA, A € R ¥ pe symmetric matrices with eigenvalues

. d d
A 22 hgpand Ay > - 2 ), respectively. Lez‘{uj}j _r {uj}j -1 be two orthonormal

bases of R? such that Au = Ajujandﬁﬁj = ijﬁj for all j€ [d] Fixs e {0,1,-,d — K} and
assume that

A=min{A = A, .4 A > 0, where 4y = +ooand A, | = — co. Define U

s+K "~ s+K+l}

=(u,, ooy, g U=(0, i, f). DefineE=A—A, 5= {s+1,m,s+K],G.

s+ 1’
J

-1 T .
= Zies(ﬂi—ﬂs_'_j) uu; for j € [K], and

dXK—HRdXK,

R (Wp Wi o (=G W o = Gewge ).

When ¢ = ||E||,/A < 1/10, we have

HﬁﬁT ~uu - [fEuu” + usEy)| H o< 24Ke?.

Similar to Taylor expansion, the difference is decomposed into the linear leading term and
residual of higher order with respect to the perturbation. Here we only present a version that
is directly applicable to bias analysis. Stronger results are summarized in Lemma 8 in
Section 8.2.2, which may be of independent interest in perturbation analysis of spectral
projectors.

Now we apply Lemma 2 to the context of principal eigenspace estimation. Let
A==%A =3 and 5 = [K]. It thus follows that U = V. U= Vg) and E = = — . From the
second inequality in Lemma 2 we can conclude that the bias term p(VI*<, VK) is a high-order

term compared with the linear leading term. More specifically, the Davis-Kahan theorem
helps us control the bias as follows:

_ Tl _— v(Dg(HT _ T
PV Vi) s ” T* VKVK”F_ ”[E[VK % VKVK]”F.

By the facts that E(E) = 0 and fis linear, we have
. S(OHST T T T
(Vi Vi) = ”[E[V;()V(K) _( kVi+ BV Vi + Vs (EV) )]H P
By Jensen’s inequality, the right hand side above is further bounded by

E[[VEVET — (VeVE + ARV OVE + VBV, - .4)

When nis large enough, the typical size of e = ||E[|,/ A is small, and Lemma 1 controls it

tail and all of the moments. Together with Lemma 2, this fact implies that (4.4) has roughly
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the same order as /K - E&2, which should be much smaller than the typical size of \/Ke, i.e.
the upper bound for p(Vg), VK) given by Davis-Kahan theorem. The following theorem

makes our hand-waving analysis rigorous.

Theorem 3. There are constants Cy and C, such that whenn = r,

y T 2
p(Vi. Vi) < CIHE* - VKVKHF < Ck“VKrin.

As a by-product, we get H):* - VKV,T<”2 < k*JKr/n. Hence when n > Cx*/Kr for some large
enough C, the assumptions in Theorems 1 and 2 on | DI VKVIT(H2 are guaranteed to hold.

4.3 Properties of distributed PCA

We now combine the results we obtained in the previous two subsections to derive the
statistical error rate of V x - We first present a theorem under the setting of global i.i.d. data

and discuss its optimality.

Theorem 4. Suppose we have N i.i.d. sub-Gaussian random samples with covariance X.
They are scattered across m servers, each of which stores n samples. There exist constants C,

G, G, G3 and Cy such that the followings hold when n > CKZ\/Er.

1. Symmetric innovation:
ol Vil < conf @9

2. General distribution:
[T Vil < confi + 08" 49

Furthermore, if we further assume m < Cn/ (Kzr),
oVl < ol @

As we can see, with appropriate scaling conditions on 7, mand 4, ‘71< can achieve the

statistical error rate of order x/Kr/N . The result is applicable to the whole sample or
traditional PCA, in which /m = 1. Hence the distributed PCA and the traditional PCA share
the same error bound as long as the technical conditions are satisfied.

In the second part of Theorem 4, the purpose of setting restrictions on 7and m is to ensure
that the distributed PCA algorithm delivers the same statistical rate as the centralized PCA
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which uses all the data. In the boundary case where n < KZ\/I?r, the bias of the local empirical
eigenspace is of constant order. Since our aggregation cannot kill bias, there is no hope to
achieve the centralized rate unless the number of machines is of constant order so that the
centralized PCA has constant error too. Besides, our result says that when ris large, we can
tolerate more data splits (larger /m) for achieving the centralized statistical rate.

We now illustrate our result through a simple spiked covariance model introduced by

Johnstone (2001). Assume that A = diag(4, 1, ---, 1), where 1 > 1, and we are interested in the
d=1

first eigenvector of Z. Note that K= 1, r = Tr (£)/||Z[|, = (A +d — 1)/2 < d/2 when
A=0(d), andx = A/(A—1) < 1. It is easy to see from (4.5) or (4.7) that

PVl == = i

Without loss of generality, we could always assume that the direction of \71 is chosen such
that VITVI >0, i.e. V, is aligned with V4. Note that

p2(V,V1)=H H 1—vv (1+vv)>2(1—vv)_HV— 1”;

Hence

| 7= Vil 5 o7Vl 5 7 w0

We now compare this rate with the previous results under the spiked model. In Paul and
Johnstone (2012), the authors derived the #; risk of the empirical eigenvectors when random
samples are Gaussian. It is not hard to derive from Theorem 1 therein that given NVi.i.d ¢
dimensional Gaussian samples, when A, dand A go to infinity,

V-

Where \71 is the empirical leading eigenvector with ?IITVI > 0. We see from (4.8) that the
aggregated estimator Vl performs as well as the full sample estimator Vl in terms of the

mean squared error. See Wang and Fan (2017) for generalization of the results for spiked
covariance.

In addition, our result is consistent with the minimax lower bound developed in Cai et al.
(2013). For 2 > 0 and fixed ¢ > 1, define

(€] :{Eissymmetricand X >=0:4+1 SAKS/'LI§cl+l,1j:1forK+l§j§d .
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Assume that K < d/2and 1 $d/A < N. Theorem 8 in Cai et al. (2013) shows that under the
Gaussian distribution with = € © , the minimax lower bound of [Epz(?, V) satisfies

inf sup [Epz(?, VK) > min[K, d - K),

K(/1+1)(d—K)] 5 ka
vIe ©

NA2 ~ N (4.9)

Basedonr= Tr (Z)/| Z ||, < (cKA+d)/(cA+1) S Kd/Zandk < ¢ 5 1, 0ur (4.5) gives an

upper bound

N

[Epz(\7 .V )5x2%

Sl

which matches the lower bound in (4.9).

Although the upper bound «/K+/N established in Theorem 4 is optimal in the minimax sense
as discussed above, the non-minimax risk of empirical eigenvectors can be improved when
the condition number kis large. See Vu et al. (2013), Koltchinskii and Lounici (2016) and
Reiss and Wahl (2016) for sharper results. We use (4.5) as a benchmark rate for the
centralized PCA only for the sake of simplicity.

Notice that in Theorem 4, the prerequisite for \7K to enjoy the sharp statistical error rate is a

lower bound on the subsample size 7, i.e.,

n 2 kJKr. (4.10)

As in the remarks after Lemma 2, this is the condition we used to ensure closeness between
=# and VKVIT(. It is natural to ask whether this required sample complexity is sharp, or in
other words, is it possible for VK to achieve the same statistical error rate with a smaller
sample size on each machine? The answer is no. The following theorem presents a
distribution family under which Col( V) is even perpendicular to Col(V ) with high

probability when 77is smaller than the threshold given in (4.10). This means that having a
smaller sample size on each machine is too uninformative such that the aggregation step
completely fails in improving estimation consistency.

Theorem 5. Consider a Bernoulli random variable W with AW =0)= AW=1)=1/2, a
Rademacher random variable A Y = 1) = AY = -1) = 1/2, and a random vectorZ € RY~1
that is uniformly distributed over the (d — 1)-dimensional unit sphere. For i > 2, we say a

random vectorX e R? follows the distribution 23 if

w = opy2iy
Ly = 11V2@ = DZ

x4
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Now suppose we have {X i}’,v A NiLi. d . random samples of X. They are stored across m
1=

servers, each of which has n samples. When 32logd < n < (d — 1)/(3%), we have

. -1 itm<d®
P(V,L1V,)>
1= 92 itms>dd.

It is easy to verify that @(4) is symmetric, sub-Gaussian and satisfies
EX = 0 and [E(XXT) = diag (J,1,+-,1). Besides,k = /(A— 1)< land r= (A +d - D/A=d/i+ 1
—2'<d/awhen2<a<d.

According to (4.10), we require n > d/ to achieve the rate as demonstrated in (4.5).
Theorem 5 shows that if we have fewer samples than this threshold, the aggregated estimator
\71 will be perpendicular to the true top eigenvector V1 with high probability. Therefore, our

lower bound for the subsample size nis sharp.

5 Extension to heterogeneous samples

We now relax global /.7.d. assumptions in the previous section to the setting of
heterogeneous covariance structures across servers. Suppose data on the server ¢ has

covariance matrix =, whose top K eigenvalues and eigenvectors are denoted by
K . . .
{z,(f )}k _ and v = (v(l"ﬂ), vg)) respectively. We will study two specific cases of

heterogeneous covariances: one requires all covariances to share exactly the same principal
eigenspaces, while the other considers the heterogeneous factor models with common factor
eigen-structures.

5.1 Common principal eigenspaces
We assume that {E("” )}';: , share the same top K eigenspace, i.e. there exists some

V€0, suchthat VOVIOT = v, vI for all # e [m]. The following theorem can be

viewed as a generalization of Theorem 4.

Theorem 6. Suppose we have in total N sub-Gaussian samples scattered across m servers,
m

P share

each of which stores n i.i.d. samples with covariance £©) . Assume that { I }

the same top K eigenspace. For each
2
Kr K AKr
Z € [m], let Sf = KA}T@ and Bf = 4 f, where rp = Tr (E(f))//lgf) and Kpt = /Igf)

n
(4010, ).

1. Symmetric innovation. There exist some positive constants C and C, such that
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—_ 1 5
”'O(VK’ VK)Hu,l <Cyl5 2 57 61
=1
2
so fong asn > CyKmax, ¢ (k57
2. General distribution. There exist positive constant C, and Cs such that when
n2 max, o [m]rf,
~ 1 <& ) C; &

|o(V VK)||W1 <G, %;_:l %+ sz_:l B, (5.2)

5.2 Heterogeneous factor models

Suppose on the server ¢, the data conform to a factor model as below.

XD =KD 1 ulD) e,
Where BY) e R X s the loading matrix, £ € R¥ is the factor that satisfies Cov (fgf)) =1
and u”) € R? is the residual vector. It is not hard to see that

=@ = Cov (ng )) =BOBOT 4 £ where £ is the covariance matrix of u(”.

Let BB = VIOADVOT be the spectral decomposition of BB We assume that
there exists a projection matrix Py = V, V&, where V. € 0, 4. such that VOVIOT = p, for

all £  [m] In other words, {B(””)B(‘”)T}r;_ , share the same top K eigenspace. Given the

context of factor models, this implies that the factors have similar impact on the variation of
the data across servers. Our goal now is to recover Col(V k) by the distributed PCA
approach, namely Algorithm 1.

T
1xr_ XX is the sample covariance matrix on the #-th machine, and

&)

Recall that ) =

VO - (", ---,?5?)) € 0, x stores K leading eigenvectors of £’ . Define
T = % = Vﬂ??f”, andlet V. € 0, . be the top Keigenvectors of T . Below we

present a theorem that characterizes the statistical performance of the distributed PCA under
the heterogeneous factor models.

Krf K?\/E}’f . o
Theorem 7. Foreach ¢ € [m], let S p =k andB,=——. There exist some positive

constants Cy, G, and C3 such that when nn > max, ()" 2
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”P(VK’ Vg ” w% 2 ;l i | (A(f)) (6.3)

The first two terms in the RHS of (5.3) are similar to those in (5.2), while the third term
characterizes the effect of heterogeneity in statistical efficiency of V % - When H ng ) H2 is

small compared with ﬂK(Agf)) as in spiky factor models, = can hardly distort the

eigenspace Col(VK) and thus has little influence on the final statistical error of VK.

6 Simulation study

In this section, we conduct Monte Carlo simulations to validate the statistical error rate of
VK that is established in the previous section. We also compare the statistical accuracy of VK

and its full sample counterpart VK, that is, the empirical top K eigenspace based on the full

sample covariance. The main message is that our proposed distributed estimator performs
equally well as the full sample estimator VK when the subsample size nis large enough.

6.1 Verification of the statistical error rate
Consider {xl}N 1 i.i.d. following NV (0, X), where £ = diag(4, /2, 4/4,1,---,1). Here the
1=

number of spiky eigenvalues K= 3 and V = (e1, €, e3). We generate /m subsamples, each
of which has nsamples, and run our proposed distributed PCA algorithm (Algorithm 1) to
calculate ‘71(- Since the centered multivariate Gaussian distribution is symmetric, according

to Theorem 4, when A = O(d) we have

A=l mD
’1K_’1K+1 N

lo( Ve Vi), =0 = ol 61

Y1
Where §: = 4 — 2 , | = 4/4 — 1. Now we provide numerical verification of the order of the

number of servers m, the eigengap &, the subsample size 7and dimension ¢'in the statistical
error.

Figure 1 presents four plots that demonstrate how p(V .. V) changes as @, m, nand &

increases respectively. Each data point on the plots is based on 100 independent Monte Carlo
simulations. Figure 1(a) demonstrates how p(VK, VK) increases with respect to the increasing

dimension dwhen 1 =50 and /7= 2000. Each line on the plot represents a fixed number of
machines m. Figure 1(b) shows the decay rate of p(VK, VK) as the number of servers m

increases when 4 = 50 and /7= 2000. Different lines on the plot correspond to different
dimensions d. Figure 1(c) demonstrates how p(V . V ) decays as the subsample size 7

increases when = 50 and /m = 50. Figure 1(d) shows the relationship between p(VK, VK) and
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the eigengap & when @= 800 and = 2000. The results from Figures 1(a)-1(d) show that
1 11 1

(V. V) is proportion to d.m *.n % and &

2 2 respectively when the other three

parameters are fixed. These empirical results are all consistent with (6.1).

Figure 1 demonstrates the marginal relationship between p(VK, VK) and the four parameters

m, n, dand &. Now we study their joint relationship. Inspired by (6.1), we consider a
multiple regression model as follows:

log(p(V- Vi) = By + ilog(d) + plog(m) + B3log(n) + Blog(6) + &, (62)

where ¢ is the error term. We collect all the data points (d.m. n. 8, p(V. V) from four plots
in Figure 1 to fit the regression model (6.2). The fitting result is that
By =0.5043, 4, = —0.4995, ;= —0.5011 and #, = —0.5120 with the multiple R% = 0.99997.

These estimates are quite consistent with the theoretical results in (6.1). Moreover, Figure 2
plots all the observed values of log (p(V . V) against its fitted values by the linear model

(6.2). We can see that the observed and fitted values perfectly match. It indicates that the
multiple regression model (6.2) well explains the joint relationship between the statistical
error and the four parameters m, n, dand 6.

6.2 The effects of splitting

In this section we investigate how the number of data splits /7 affects the statistical
performance of VK when the total sample size Nis fixed. Since N= mn, it is easy to see that

the larger mis, the smaller 7will be, and hence the less computational load there will be on
each individual server. In this way, to reduce the time consumption of the distributed
algorithm, we prefer more splits of the data. However, per the assumptions of Theorem 4,
the subsample size n should be large enough to achieve the optimal statistical performance
of V. This motivates us to numerically illustrate how p( V., V) changes as /mincreases

with NVfixed.

We adopt the same data generation process as described in the beginning of Section 6.1 with
A =50 and N/=6000. We split the data into /m subsamples where mis chosen to be all the
factors of AMthat are less than or equal to 300. Figure 3 plots with respect to the number of
machines /m. Each point on the plot is based on 100 simulations. Each line corresponds to a
different dimension d.

The results show that when the number of machines is not unreasonably large, or
equivalently the number of subsample size nis not small, the statistical error does not
depend on the number of machines when N is fixed. This is consistent with (6.1) where the
statistical error rate only depends on the total sample size V= mn. When the number of
machines m is large (log m= 5), or the subsample size 77is small, we observe slightly
growing statistical error of the distributed PCA. This is aligned with the required lower
bound of 77in Theorem 4 to achieve the optimal statistical performance of V x - Note that
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even when m =300 (log(/m) ~ 5.7) and n= 20, our distributed PCA performs very well. This
demonstrates that distributed PCA is statistically efficient as long as /77is within a reasonable
range.

6.3 Comparison between distributed and full sample PCA

In this subsection, we compare the statistical performance of the following three methods:
1. Distributed PCA (DP)
2. Full sample PCA (FP), i.e., the PCA based on the all the samples

3. Distributed PCA with communication of five additional largest eigenvectors
(DP5).
Here we explain more on the third method DP5. The difference between DP5 and DP is that

@)
K+5

the central server, and the central server computes the top K eigenvectors of

on each server, DP5 calculates V the top K + 5 eigenvectors of =) and send them to

iy T
(1/m) 2 Vf,f)+ 5V§(f)+ 5 as the final output. Intuitively, DP5 communicates more

information of the covariance structure and is designed to guide the spill-over effects of the
eigenspace spanned by the top Keigenvalues. In Figure 4, we compare the performance of
all the three methods under various scenarios.

From Figures 4(a)-4(d), we can see that all the three methods have similar finite sample
performance. This means that it suffices to communicate K eigenvectors to enjoy the same
statistical accuracy as the full sample PCA. For more challenging situations with large o/
(mné) ratios, small improvements using FP are visible.

7. Discussion

Our theoretical results are established under sub-Gaussian assumptions of the data. We
believe that similar results will hold under distributions with heavier tails than sub-Gaussian
tails, or more specifically, with only bounded fourth moment. Typical examples are Student
t-distributions with more than four degrees of freedom, Pareto distribution, etc. The only
difference is that with heavy-tailed distribution, if the local estimators are still the top
eigenspaces of the sample covariance matrix, we will not be able to derive exponential
deviation bounds. To establish statistical rate with exponential deviation, special treatments
of data, including shrinkage (Fan et al., 2016; Minsker, 2016; Wei and Minsker, 2017), are
needed, and the bias induced by such treatments should be carefully controlled. This will be
an interesting future problem to study.

8 Proofs and technical lemmas

8.1 Proof of main results
8.1.1 Proof of Lemma 1—Proof. It follows from concentration of sample covariance
matrix (Lemma 3) that ”H s _x H2” < Ap/r/n. By the variant of Davis-Kahan theorem
¥

in Yu et al. (2015),
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Vi Vi) = VROV - ViV = vBsin @ (V0 v s VRIED - 2l

Hence

/A SkyKrin.

ol |
¥

2

By Jensen’s inequality,

T
% _ T\ _ vy _ T _r (o)
H x VKVKHF— E[VOVY VKVKHF— (V. Vi) <

[Vl

T
vy T
[E(VK Vi )—VKVK

Therefore,

<k Kr

||V(1)V(1) ~V,V |
¥4 n

T
oD . T o
Vi 'Vie" ==l K|+ = v <2 (VO v,

¥ ¥

O

8.1.2 Proof of Theorem 1—Proof. When ” T —VKVIT(” < 1/4, the Weyl’s inequality

forces A, (z*)> and Ag p1(Z¥) < g . The Theorem 2 in Yu et al. (2015) yields

- . IZ - =, <
p(VK,VI’g)zﬁ31n®(V Vi )N/1 (=) i, 1(2*)5” ¥y - E*”F‘ 8.1)
When n= r, Lemma 4 and Lemma 1 imply that
5 1 s s@o@er ST _ Kr
I - Z* |Ip —‘Ilm > Vvt - x| <T IV Vi | Sew
v, - Flly Uy,

Combining the two inequalities above finishes the proof. O

8.1.3 Proof of Theorem 2—Proof. Choose j € [d] and let
D, =1-2e; e . Let £ = VAV be the spectral decomposition of £. Assume that 1 is an

eigenvalue of the sample covariance £ = (1/n) . El Xl.Xl.T andv € S~ lis the correspondent
1=

eigenvector that satisfies £ v = 1v.
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1 1 1
. 2T 3 n T S 2532 uT .
Define Z,=A °V Xl.andsz(l/n),}:IZiZi.NotethatE =VA“S A V' . Consider the
1=

1 1
matrix £ =V A2 Dj§Dj A2 vT . By the sign symmetry, T and  are identically distributed.

It is not hard to verify that £ also has an eigenvalue 7 with the correspondent eigenvector
being VDJ.VTQ. Denote the top K eigenvectors of £ by VK = (?1, ---,GK) and the top K

eigenvectors of £ by V.. Therefore we have

VT[E(V K?%)V = VT[E(V KVIT<)V = VTVD].VT[E(V K@T()VD].VTV = DJ.VT[E(V K?,T()VD].A

Since the equation above holds for all j € [d], we can reach the conclusion that VT[E(\A/KVIT()V

is diagonal, i.e, =* [E(V,ﬁi)) and X share the same set of eigenvectors.

Suppose that ” T — Vi V|, < 1/2. As demonstrated above, for any &k € [K], the Ath column

il
Kll2
of V , which we denote by v, should be an eigenvector of X*. Note that
‘ _ T T T 11
= v, = H( T -V, vE VKVK)vk”2 >1- ” T VKVK”2 >1-g=1.

With regard to Z*, the correspondent eigenvalue of v, must be greater than 1/2. Denote any

eigenvector of X that is not in {vk}I’: | by u, then analogously,

a2 vl [ v, <k

For X*, the correspondent eigenvalue of u is smaller than 1/2. Therefore, the top K
eigenspace of Z* is exactly Col(V ), and p(V, V) =0.0

8.1.4 Proof of Lemma 2—~Proof. Note that || /()| < a™![| - | - and
lr®v) . < a=ev] . < a= & [EU]l, < 4~ VEllE], = VRe.

Hence Lemma 2 is a direct corollary of Lemma 8. O

8.1.5 Proof of Theorem 3—Proof. Define

S S o(hs)T 5
E= S —5p=v, VEP=VIVIT Q= f(EV VL + V, f(EV,) . W=P-P-Qande =
|E[/4- FromE@ =0

and
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P-P-Q=W=WI =Wl +®-P

fe<1/10) T W+ 5 1/10) = Qe 5 1710
Wees 110y~ Aee > 1710y

{e < 1/10}

we derive that

EP =P =E(W1, < 1/10) + E[® =P, 110 | = E(QL, 5 110y H[Ef)

- P”F = [E(”W”Fl{e < 1/10}) + [E(”f’ -P ‘Fl{e . 1/10}) + [E(”Q”Fl{e N 1/10}). (8.2)

We are going to bound the three terms separately. On the one hand, Lemma 2 implies that
Wl < 24yKe? when e < 1/10. Hence

[E(”W”FI{e < 1/10}) < [E(24‘/E€21{e < 1/10}) S \/E[EEZ- (8.3)

On the other hand, the Davis-Kahan theorem shows that [|[P — P|| . < yKe . Besides, it is

easily seen that ”Q”F < ”f(EVK)HF < \/EHEHZ/A =,/Ke. Hence

E(P =2 2> 1710) + E([QY L e > 1710)) S VEE(eL 5 1710y)

2 2 (84)
< 10VKE(e*1 5 1/10) S VKEE.
By (8.2),(8.3), (8.4) and Lemma 3 we have
2 2 K> JKr
5 2 -2 -2
H[EP—PFs\/I?[Ee = KA EEzs\/fA 1«:2 S—=. 5)
¥

O

8.1.6 Proof of Theorem 4—Proof. According to Theorem 3, there exists a constant C
such that || TE — VKVIT(H2 <1/4aslongasn> CKZ\/Er > r. Then Theorem 1 implies that

H/)(VK, V;;)”W <Cpx % for some constant C;.
1

When random samples have symmetric innovation, we have p(V%, V) = 0 and

¥l = Wi, <ol

For general distribution, Theorem 3 implies that p(V,"‘(, VK) < CZKZ\/Er/n for some constant
G and
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oV, <@ vil, +oVive) < cnfir+ g

When m < C3nl(K21) for some constant C3, we have

'Kr \/KZKI' K2Kr 1 2\/1?r
K W = > X
nm n-C n/(K r) \/ n

and (8.6) forces

O

8.1.7  Proof of Theorem 5—Proof. We first focus on the first subsample {x{"}"_ and

the associated top eigenvector G(ll). For ease of notation, we temporarily drop the
superscript. Let

2
. | 7m=5 0 _
22 From T =| " 1 @=D\ Jead to

_§n 3 n
S= Zizlwiand ZZ — E w—nZZi

1—11

Ou_nx1 2%

we know that | £, |, > (/n)n —$) and | Z,, |, < @/m)n —5)

Z ”2

V, LV, andV,//V (i.e.V, = xV,), respectively. Besides, H z, ||2 is a continuous random

variable. Hence P(V, L V,)+P(V,//V,) = 1. Note that

O R L R
Then

O S R e e T B [ el BU RS

ofs-de e

Above we used the assumption = 37\ + 1 and Hoeffding’s inequality. Now we finish the

analysis of V(ll) and collect back the superscript.
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From now on we define s = ="

A . .
111 ] - For V(1 ) let a, be its first entry and b, be

{?ﬁf v,
the vector of its last (¢— 1) entries. The dichotomy P(V(lf)//vl) + [P’(V(If) L Vl) =1
mentioned above forces

1{(,(11,0)/\,1} O1x@-1

lad=1c) o 1 IPelh=Teier o VOV = , and
{Vl /Vl} 2 {V] J‘Vl} 0_1yx1 b,b.
L oeor %S Ol x@=1
oL $ OgOr_ wo |
m 171 1
£=1 Ow-1x1 ;L;::lbfb;

Note that /7= 32 log dforces n > 32logd forces (V{1V} <e™® <a™*.
Case 1: m< &

In this case, P(S = 0) = [1 - P(V(IU//VI)]m >1- mum(ﬁ(l”//vl) >1-d~'. WhenS =0, we

have b, = 1 forall £ € ] and [[(1/m) =7 | b7, > 0, leading 0 ¥, LV,

Case 2: m> ®

On the one hand, by Hoeffding’s inequality we obtain

On the other hand, note that

I ¢m 7y lym b2
i%bbT >Tr(ﬁzk=1bfb)_mzk=1” f”z_ 1(1_5)
m Mee| 2 =T R =7-1\' "wm)
k=1 2
Hence
m
- 1 7| _s 1 S\_S|_ (S 1 —dn
PV, LV,)2P ;kzlbfbf >m)ZP[d_l(l—m)>m]_P(m<d)21—e :
= 2
O

8.1.8 Proof of Theorem 6—Proof. With slight abuse of notations, here we define

¥ = [E(??V}?T), T = % ¥ _E5 and Vi € RY* K to be the top Keigenvectors of Z*.
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First we consider the general case. Note that 2,(V (V) = 1 and 2,(V, V) = 0. By the Davis-

Kahan theorem, we have

(Vi Vi) s | E-VeVi|, < I 2 = =llp+ || = - vevg] - ®.7)

Note that =+ = % = T¥ . The first term in (8.7) is the norm of independent sums

RPN
== =l- 3 2 #0907 )

F

It follows from Lemma 1 that

FOFOT
VK VK - E;

Kr
4 .
< k Al — = /mS ,, from which
FHII/I fv n ¢

Lemma 4 leads to

1 [ % 1 ¢
H T -z S E\/ D (ﬁ55)2=\/a > S ©8)
Flly, £=1 =1
The second term in (8.7) is bounded by
e v Tl 2l S (s v vl <L S g v VT
”2 VKVK”F_ ) (Ef VKVK) S 2 H 7 VKVK”F‘
=1 F =1
Theorem 3 implies that when n > r,
=5 - VeVi| . s <vKr m=B,. 8.9)
Hence
T 1 ¢
= -vevil, 5% 350

=1

The claim under general case follows from (8.7), (8.8) and (8.10).

Now we come to the symmetric case. If ||E;§ - VKV,T(H2 < 1/2 for all # € [m], then Theorem 2

implies that the top K eigenspace of £ is Col (VK). Therefore, the top K eigenspace of X*
is still Col(Vk) and p(V . V) =0.
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When n > C\/Kmax, [m](xi,rf) for large C, (8.9) ensures
max, ¢ [ - VeVi|l, < 14| = = VieVk||, < 174 and p(v .. Vi) = 0. Weyl's inequality

forces A, (Z*) > 3/4 and 2 ) < 1/4. By the Davis-Kahan theorem and (8.8),

K+1(F

_ m
il ~ Wil ) = - =, (5 £

O

8.1.9 Proof of Theorem 7—Proof. We define

_ f(NOJOT _lm <) .
Iy = [E(VK Vi )and ¢ =%, | Zf. LetVg Vi€ 0, « x be the top Keigenvectors

of * and £+ and =, respectively. By the Davis-Kahan theorem,

AV Vi) S| E - ViVR|| < | 2 = 2o+ || = - vevk @.11)

”F'

The first term in (8.11) is controlled in exactly the same way as (8.8). The second term is
further decomposed as

|z - vivi] . = %fil(z; -V VT) <L i (2 -VOVET)
- = F
+ - i (VOVOT v, V) (8.12)
m K "K K"K .
Similar to (8.9) and (8.10), with n > r, we have | 25 - VOVO"| <5, and
l N (f) T < i < . (f) (OT mn
; (7 - ViV ) Tom Z =2 Vi % ;::13% (8.13)

For the last part in (8.12), note that ng) and V. and V contain eigenvectors of

=@ and |B(f IBOT  Hence the Davis-Kahan theorem forces

o JE =@ ‘
”V(Kf)vg)T _ VKVIT<”F < /11((/\%))2 .

and
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®)
vk 1E L -

L ¥ Oy

=1

The proof is completed by collecting (8.11), (8.12), (8.13) and (8.14). O

8.2 Technical lemmas

8.2.1 Tail bounds—Lemma 3. Suppose X and{Xl.}’_’_ | are 1.1.d. sub-Gaussian random

vectors inRY with zero mean and covariance matrix ¥ > 0.Let £ = % = Xl.XiT be the

sample covariance matrix, {AJ.}’; 1 be the efgenvalues of y sorted in descending order, and

r= Tr(X)/|| 2 |,. There exist constants c= 1 and C= 0 such that when n> r, we have

[P’(”i - Z”ZZS)Sexp Vs >0,

_#)
c/ll rin

and ||[|£ - = < Carin.
=== ], =<c
Proof. By the Theorem 9 in Koltchinskii and Lounici (2017) and the simple fact

P ez, = s3] =
2 2 - 2 2 2 >

we know the existence of a constant ¢> 1 such that

zcilmax{\/z,f,\/z,i})ge", Ve> 1. (8.15)
5 n’n’\n n

P(Hi -3

Since 1 < r< n, (8.15) yields

, r<t<n, (8.16)

P(” -z ” 20/11%)56_[, t>n. (8.17)

When r< t< n, we have [ < %\/g By letting s = c/llé\/g we derive from (8.16) that for

z

n
AplE <s<ciplZ,
1\ n 1V r
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[P’(” T-x ||2 > s) <P H T-x H2 > cﬂl\/% <e'= exp(—%). (8.18)
When = n, we let s = c}ll£ and derive from (8.17) that for s > ¢4,
S S t -
PIIE - =],>5)= P(H -z ”2 > c/llz) <e'= exp(—cn—jl). (8.19)

(8.18), (8.19) and n= rlead to

(1% - 2l 2 s) <o 2] ve a7

c/ll

and thus

Vs > 0.

s
c/llxlr/n]’ =

p(lE - = ||2zs)5exP(1 .

According to the Definition 5.13 in Vershynin (2012), we get H” T-x ”2”w < Cafrin for
1
some constant C. O

The next lemma investigates the sum of independent random vectors in a Hilbert space
whose norms are sub-exponential, which directly follows from Theorem 2.5 in Bosq (2000).

Lemmad4. /f {Xl.}:’_ | are independent random vectors in a separable Hilbert space (where

the norm is denoz‘edby” . ||) with EX; = 0 and || ||X,|| ”w <L, <. W have
1

n
” Y Xl

i=1

v, i=1

Proof. \We are going to apply Theorem 2.5 in Bosq (2000). By definition
IEVH ) < H“Xl”” <L forallk > 1,and
¥

[E”Xl.”k < (ke,)* < vamkekre) (oL, < k(e

Hence there exists some constant ¢ such that

B[ < S (L) fork > 2. Lets = /e’ él Ljandb=c - max; , L;- We have
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Lets, = ='_ X.. Theorem 2.5 in Bosq (2000) implies that

2

202 4+ 2bt

P(”Sn” > z) < exp . V>0

When 4¢ <t < #2/b (this cannot happen if 45 > #), we have 2£2 > 2bt and

saonf- 41| =2enff) <l ).

2
t
ol 21) < 20—

When ¢ > #2/b, we have 2bt > 2¢* and

= sonf- ] <ol - &)

2
P(”Sn” 2 f) < ZeXp[‘ bt + 2bi

where the last inequality follows from 2 < eand b < 7. It is then easily seen that

P(”Sn” > z) < exp(l - %), Vi > 0.

With the help of Definition 5.13 in Vershynin (2012), we can conclude that

S S5
Il nllllw1~ s

™M=
h
S

O

8.2.2 Matrix analysis—Lemma 5. Suppose that A RI%4 js symmetric matrix with
elgenvalues {AJ}[_I | (in descending order) and corresponding eigenvectors
j =

d _ vk T ; ; .
{uj]j _ When K € [d], Py = Zj _quu;an optimal solution to the SDP.

min — Tr(PTA)
pesixd ) (8.20)

st. Tr(P) < K, ||P|l, < 1,P >0
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Proof. By orthonormal invariance of the problem formulation, we assume without loss of
generality that {u }d are the canonical bases {e ]d . Then
Jj=1 Jj=1

o Ty\ _ wd :
A = diag(l), -Ay) and Tr(P'A) = X4 _ 14P;;- The constraints on P force

d T K
0<P;;<and¥5_ P, <K. Hence -Tr(P'A)> - ¥7_ 4, always holds, and

Py = XX_ e el is afeasible solution that attains this minimum. O

Lemma 6. Suyppose

@ .S 1 OTOT 5 d 7 ~~T ;
Vi €0, x V¢ €[m], and define T = ZZ?: (Vi Vi - Let X = ij I’Ij Vi be its
eigen-deconposition, where7.| > - > 1 ;. Then

V. =(v,,,V,) € argmin n 2 U,ﬁ(f) .
k= k) € arg Ue@dezf=1p( K)
Proof Let P = ??Vg” and R(U) = %2’;: | /)Z(U, ?f)). Then T = %Z’ff’: ]fﬁ) and

m m m
RO=— % pZ(U,Vﬁf))%bﬂ;||UUT—ﬁ<"”)||§= [ou” - i||i+%f;|| o L

2

- Ts,.1 v |5 30|
+| —2Tr(UU Z)J’EZHZ_P I

F =1

The fact U € 6 gxx forces ||UUT||12V = K. Hence

P 1 P P T 3
argmin ; o @d N KR(U) = argmax yy o @d “ K Tr (UU E).

By slightly modifying the proof for Lemma 5 we get the desired result. O

T T T K
Suppose thatU, Ve 0, ( LetPy =UU", Py =VV', H=V'U, and [Gj}j=1 be the

singular values (sorted in descending order) of H. By the Corollary 5.4 in Chapter I, Stewart

and Sun (1990), {aj};(_ ,are cosines of the canonical angles {ej};(_ e [0, z/2) between

Col(U) and Col(V). Let sin ® (U, V) = diag(sin 6, sin Gx).

Define H = sgn (H). Here sgn(-) is the matrix sign function (see Gross (2011)) defined as

follows: let H = Zj.( o vl

. - ~ 1K ~ 1K
_ 107" be the singular value decomposition, where {uj}j: 1,{v.}

ilj=1
are two orthonormal bases in

RX and {aj};(z . C [0, + o0), then H = Zf: | sen (6 .)ﬁ v
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Lemma 7. We have
”PU - PV||2 = ”sin (C] (U,V)”2 and ”PU - PV”F = ﬁ”sin e U, V)”F. If ”PU - PV”2 <1, thenH

2
P, —P
is orthonormal, |[H - H|| < ”U—V”22
o 2 [Pu B
12 1 1Py =Pyl

IVH = Ull . < [VH - U|| . = y2|[H - H]| P SIVA-Ull <

* ’WHPU - Pv”

(2 llsin® U, VI3

Proof. By the Theorem 5.5 in Chapter I, Stewart and Sun (1990), the singular values of Py -
Py are sin G, sin Bk, sin Bk — 1, Sin Bk - 1,..., Sin 64, sin 64, 0,..., 0. This immediately leads
to ||PU - PV”2 = ”sin 0 U, V)”2 and ||PU - PV”F = ﬁ”sin 0 U, V)”F..

When Hsin e (U, V)H2 = ”PU - PV”2 < 1, we have 8k < m/2. Thus the smallest singular value

of His ox=1-cos B> 0, and H is orthonormal. Observe that

IVE = UJJ% = [VH||% + U] - 2Tr(ﬁTVTU) — 2K — 2Tr(ﬁTH)

K 8.21)
:22}(1 —aj):2||H—H||*.
]:
Hence [|[VH - UJ|,. < ||VH - U]|,. follows from
2 2 2 » & ) =
IVH = Ul = IVHI 7+ U117 - 21T VI 0) = K = i = Y (1—aj)= 3 (l—o‘j.)(l+o'j)
<1 fe=

K
<2y (1—0].): IV - Ul%.
j=1

For any 6 € [0, t/2), we have
2 2

1

_ 1—cos™0 _ sin“6 . 1.2 _ .2
1 —cosf = THcosd = 2= (1 = cos0)’ which leads to 5sin 0 <1 - cosf < sin“@ and furthermore, 1
.2 .2
sin“0 sin“0
— cosf = < .
2 — (1 — cosh) 2—sin2é}
Hence
. c < o 2, 2
VE-U| = 2];1 (1 - aj) =2 ; (1 - cosej) > j;l sin’6 ;= 3{[Py = Py |

F J
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2 2
= K sin%0, 221.(_ 1sinZG. ||PU_PV||F
VH-U| <2 ) y—s—I—— 4= 5
P j=12—sin 0]. 2 —sin"0 2 —|jsin ® (U, V)[5
R sin%0, llsin© (U, V)3
H-H =1—aK=1—cos¢9K§ 5 = 5
) 2-sin"0p  2—|lsin® (U, V)[|5

O

Lemma 8. Consider the settings for Lemma 2 and define

Page 33

H=U"Uand H = sgn (H). When e = [E]l,/ A < 1/10, we have [[UT7 - U, < erc1 - ),

EU
< | FEU)||,

F_ 1-5¢

IAED|p  ||~n
T35 ~|UH-U

>

[0H - U - fEU)| . < 9¢]| V)| .

V2| FEU)|

V2l FEU)||
1-7¢

~T
< [[o - <

00" - vu” - [rEVU” + [urED), < 24e|| f(EU)”F.

Besides, | fEUUT + Uf @D |, = ﬁ“ f(EU)HF.

(8.22)

(8.23)

(8.24)

(8.25)

Proof. Define P = UU”, P = UU” and P, =1I-P.The Davis-Kahan sin © theorem (Davis and

Kahan, 1970) and Lemma 7 force that
5”13 -p EPH < “E ’ . where 6 = min[(i ~2
2 2

s s+r_’1s+r+l)+]

s s+ l)+’ (/1

2
= max{x,O} forxeR.

Since the Wey!’s inequality (Stewart and Sun, 1990, Corollary 1V.4.9) leads to

5> A —[E|,=-e) A, weget [P-P|, <er1-e).

To attack (8.22) and (8.23), we divide the difference

UH - U - f(EU) = [P, UH - f(EU)| + P, U(H - H) + (PUH - U)
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and conquer the terms separately. Since e < 1/2, the first claim in Lemma 8 yields
|[oo” —uu” ll, < 1. Then according to Lemma 7, H is orthonormal,

HPJ_ﬁ(ﬁ - H)”F = HPJ_(ﬁﬁ _uH #H - H)”F < Hﬁﬁ - UHFHﬁ - HH2

and
o G H I
”PUH—U” = v E-1)|, < lo"E5-1], = |1 - 8], = ”H
~ 12 172 1/2]) e (8.27)
Bl S S LR N Lt I (R WS
Observe that when e < 1/10, Lemma 7 forces that
P - P53 (1) 2 5, 1
= 2 1- €
IH-H]|, < _ 5 < £ 5 = 5—5 < §82 < gt (8.28)
2-P-P|; 2_(%) 20 —¢e) —¢
Combining the estimates above yields
1
P, UH - H) + (PUH — ull,. 8||UH U||F_ elIUH Ull,
16 25 (8.29)

We start to work on

P UH - f(EU). Define A = diag (2 Ay g)r and LV)=AV -V A forV e REXK,

s+1"7 s+ K

Note that L(v;, -, vy ) = (A = 4, , | )vp. - (A = 4, (D)vg). and G (A -2, 1) =P holds for
all J€ [K]. As aresult, f(L(V))= —P Vforany Ve rRY*K This motivates us to work on

L(UH) in order to study P, UH.

LetA = diag(4, , .- 4, , ) By definition, AU = UA and

L(UH) = AUH — UHA (A- A)UH+(AU UA)H+U(A—A)H+U

8.30
(AH-HA)= —-EUH+U(A - A)H+U(AH-HA). 630

Now we study the images of these three terms under the linear mapping 7. First, the facts
lrcoll < a=t ][l and [OH - U], < [[OH - Ul (by Lemma 7) imply that
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| #ETH) - fEU)||, = | IEOH- U, < A~ [EOH-U)||, < A~

~ P (8.31)
[l ||oa - ], < ][ or -] .

Second, the definition of Fforces f(UM) = 0 for all M € RK XX

A~ A~ A~ /\T —~
IFTUCA = AOH]ll = [If|(UH-UH (A — A)H|||
1 o0 =T~ —1 o =T, ~
At I(WH-UH (A —AH| ;< A ! IUH - U||z[H (A — AH|, (832

IA

A™!||UH - Ul AIIE],IH]l, < £[UH - U]l ..

IA

Here we applied Wey!’s inequality || A — A ||, < |[E]|, and used the fact that

”HH2 = ||ﬁTU||2 < 1. Third, by similar tricks we work on the third term

Hf[ﬁ(AH—HA )]H ’f[(ﬁﬁ—U)ﬁT(AH—HA)]HF

;=

< a7 |@H-vE AH-BA)||, < a7 Hﬁﬁ_UH ”AH_HA H2 (833)
F

As an intermediate step, we are going to show that [|[AH —H A ||, < 2|E||, . On the one hand,
AU = U A yields

LU)=A-AU+AU-UA)+U(A — A)= —EU+U(A — A). (839

On the other hand, let
Up = (upugug gty Up = (@ Gt ey o ly) and Ap = We have
dlag(/ll’ .”’/13’/15+ K+1 ""/Id)'

T T

A O
OA1

U
T
U

AH

5

AT=(U )

o-(u)

T/\
A1 UIU

As a result, (8.34) yields that

|| AH—HA ||2= " A - AHT|, < ||L(ﬁ)||2= ||—Eﬁ+ﬁ(K —A)H2

(8.35)
<2]E[,.
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By combining (8.30), (8.31), (8.32), (8.33) and (8.35), we obtain that

[PLOH - fEV)| = || - ALUR)] - fBY)| < 4¢[00-U] . (®:30

Based on (8.26), (8.29) and (8.36), we obtain that

116

Hﬁﬁ -U- f(EU)H < 52 UH - UH . 8.37)
F- 25 F
It follows from the triangle’s inequality that

IFEDI,  IFEDI, | I/ EOl,  IfEV),
T+5¢ ~T+116er25 = |"H Y p = 1T-116ei25 = 13

. e IFEUI,
UH-U- f(BU)| < 5se—ie—1 < 8:66¢]| f(BU)| < 9| f(BU)
F 2510 F F

Hence we have proved (8.22) and (8.23). Now we move on to (8.24) and (8.25). Note that

P—P = UH®UH)" - U’ = (UH - U)UH)’ + UUH-U) = UH-U

ol N (8.38)
YUH-U) + (UH-U)U! + UUH-U) .
The first term is controlled by
A~~~ A~ T A~~~ A~~~
I(UH — U)(UH ~ V)" ||- < ||UH - U||,|UH - U],
< (II0H - U, + |[UH - H)||,)I[UH - Ul = ([P - P)UI|, + [UH - H)]l,)
(8.39)

IOH - Ul < (1P — Pil, + IIF ~ HI,)IOH - Ul < (12 + 7 |10

~Ull < 1.18¢|UH - U],

where the penultimate inequality uses ||P - P||, < /(1 — ¢) and (8.28). By defining

W = UH - U — f(EU) We can write

(UH-UUT + UUH-U) = [fEDU" + UfED)|+(WUT +UWT). @40

It is easily seen that
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lwo +uw?|, = ”(PLWUT +pwu’ )+ (uw'p + UTWP)H < ”PJ_WUT + UWTPJ_H
F F
)1/2

+||PWUT+UTWP||F=(”PLWU ” HUW PJ_” +||PWUT+UTWP||F§\/§||PJ_W||F+2 Pw|

116

On the one hand, (8.37) forces that ||P W” <HWH <5 HUH UH .On the other hand,

the fact PAEU) = 0, (8.27) and (8.28) yield

PW| =|P[UH-U- fEU)]| =|PUH-U
[, = [prom-v—swon] = Jron

[5
FVT6"

ﬁﬁ_UH.
F

Hence

el|[UH-U|| <7.68¢
F

[wu” + ow’||. < “6\/'+2
17

UH - UH . (841
F

By collecting (8.38), (8.39), (8.40) and (8.41) we derive that

IP ] 1P~ ]
< 8.86¢ F_ <836 F <629

¢z_nﬁ_p@" V2-19% "

Hﬁ _P- [f(EU)UT ¥ Uf(EU)T]” - <8.86¢|[UH-U P

F

F

where we also used Lemma 7 and Hf) - PH2 <7 £

< ‘f)—P

|reun” + urew?] |reun” + urew?] ”

T+629 = P =629 P-p-[fEOU + UFED)] ”F
< 122 N o + urwn)| . < 16.96e] rEvn” + UrED ]
We finish the proof by
lreou” + vseo! ;= [reou [+ loreo! [+ on| e’ vreo | - | reou];

+ ||Uf(EU)T||F +0= ZHf(EU)”F.
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Figure 1:

Statistical error rate with respect to: (a) the dimension dwhen A =50 and n = 2000; (b) the
number of servers mwhen A =50 and 7= 2000; (c) the subsample size 7when A =50 and
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Observed and fitted values of log(p( V. Vi)
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Figure 3:

Statistical error with respect to the number of machines when the total sample size //= 6000
is fixed.
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(d)

Comparison between DP, FP and DP5: (a) m =20, n= 2000 and A =50; (b) d= 1600, n=
1000 and A = 30; (c) =800, m=5and A =30; (d) &= 1600, m =10 and n=500.
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