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ABSTRACT

Genotype imputation has been widely utilized for two reasons in the analysis of genome-wide
association studies (GWAS). One reason is to increase the power for association studies
when causal single nucleotide polymorphisms are not collected in the GWAS. The second
reason is to aid the interpretation of a GWAS result by predicting the association statistics at
untyped variants. In this article, we show that prediction of association statistics at untyped
variants that have an influence on the trait produces is overly conservative. Current im-
putation methods assume that none of the variants in a region (locus consists of multiple
variants) affect the trait, which is often inconsistent with the observed data. In this article,
we propose a new method, CAUSAL-Imp, which can impute the association statistics at
untyped variants while taking into account variants in the region that may affect the trait.
Our method builds on recent methods that impute the marginal statistics for GWAS by
utilizing the fact that marginal statistics follow a multivariate normal distribution. We
utilize both simulated and real data sets to assess the performance of our method. We show
that traditional imputation approaches underestimate the association statistics for variants
involved in the trait, and our results demonstrate that our approach provides less biased
estimates of these association statistics.
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1. INTRODUCTION

G ENOME-WIDE ASSOCIATION STUDIES (GWAS) have been used to discover the genetic variants that affect
the trait of interest (Hakonarson et al., 2007; Sladek et al., 2007; Zeggini et al., 2007; Yang et al., 2011;
Kottgen et al., 2012; Lu et al., 2013; Ripke et al., 2013). GWAS collect information on genetic variants,
typically single nucleotide polymorphisms (SNPs), from two populations. In this case, the two populations
comprise a large number of individuals who carry a specific disease (cases) and those who do not (controls).
GWAS estimate correlations between disease status and collected genetic variants. After estimating the
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correlations, we perform a statistical test to indicate whether each of the estimated correlations is statistically
significant. The computed significant statistics are known as summary statistics or marginal statistics. In
GWAS, due to cost considerations, only a subset of SNPs, called tag SNPs, are genotyped and SNPs that are
not collected are referred to as untyped SNPs. Although genotypes of untyped SNPs are not collected, we can
infer these variant genotypes using their correlations to the tag SNPs. The correlation between a pair of
variants is referred to as linkage disequilibrium (LD) (Pritchard and Przeworski, 2001; Reich et al., 2001).
Imputation is a process that uses LD to compute the genotypes of the missing variants (Marchini et al., 2007;
Browning, 2008; Marchini and Howie, 2008, 2010; Howie et al., 2009, 2012; Li et al., 2009, 2010).

Genotype imputation requires two data sets. One data set is a set of individuals who are genotyped at all
the SNPs, and this data set is referred to as the reference panel. The other data set, which is the data set of
interest, consists of individuals who are only genotyped at the tag SNPs. We can impute the genotypes of
untyped SNPs in the second data set by utilizing the correlations between SNPs that are learned from the
reference panel. To use the imputed genotypes for GWAS, we compute the summary statistics of the
imputed genotypes by applying the same statistical test as if the imputed SNPs are collected in the second
data set. In this article, we use summary statistics and marginal statistics interchangeably. Summary
statistics, such as z-scores, indicate the magnitude of the associations between genotypes and a phenotype
of interest.

There are two methodologies for aiding GWAS analysis with imputation. The standard way of utilizing
imputation in the GWAS analysis is to impute the genotypes and compute the summary statistics from the
imputed genotypes (Marchini et al., 2007; Browning, 2008; Marchini and Howie, 2008, 2010; Howie et al.,
2009, 2012; Li et al., 2009, 2010). More recently, a second class of methods has been developed that
directly imputes the marginal statistics. These methods approximate the combined result of genotype
imputation and association test results. It is shown that the statistics of tag SNPs and untyped SNPs follow a
multivariate normal distribution (MVN) (Han et al., 2009; Kostem et al., 2011; Hormozdiari et al., 2014,
2015, 2016, 2017, 2018). Thus, given the LD between tag SNPs and untyped SNPs, we get a conditional
distribution of statistics of untyped SNPs conditioning on the statistics of tag SNPs. Having the statistics of
tag SNPs, we can impute the untyped SNPs with mean of the conditional distribution (Lee et al., 2013;
Pasaniuc et al., 2014). These methods are shown to have similar accuracy of genotype imputation and are
much faster to use for GWAS. Another benefit of the second class of methods is that these methods only
require summary statistics to perform imputation while the first class of methods require individual’s level
genotype data that are not always available.

Genotype imputation has been widely utilized for two reasons in the analysis of GWAS. One reason is to
increase the statistical power of association studies when the causal SNPs are not collected in the GWAS.
The second reason is to aid the interpretation of GWAS results by predicting the association statistics at
untyped variants. Unfortunately, all the existing methods assume a null-based model where all the variants
are not causal. As a result, the computed summary statistics for untyped SNPs are lower than the true
summary statistics when there exists a causal variant. Thus, the null-based imputation approach is con-
servative. These approaches are reasonable when the goal is to identify more genetic variants associated
with the trait (Marchini et al., 2007; Browning, 2008; Marchini and Howie, 2008, 2010; Howie et al., 2009,
2012; Li et al., 2009, 2010). However, when the goal is to interpret the associated regions to identify the
actual causal variants, this assumption will cause bias at variants that are actually causal.

In this article, we introduce a novel method for imputation of summary statistics under the assumption that
some SNPs in a locus can be causal. Our approach uses the statistics at tag SNPs and LD patterns to infer
which of the variants are causal, and performs imputation with this information taken into account. As shown
in previous works (Han et al., 2009; Kostem et al., 2011; Hormozdiari et al., 2014, 2015), the joint distri-
bution of marginal statistics follows MVN, and the mean of the distribution depends on which SNPs are
causal. We compute the marginal statistics of the untyped SNPs conditional on the marginal statistics of tag
SNP and the knowledge which SNPs are causal. Since we do not know which variants are causal within a
region, we impute the marginal statistics of the untyped SNPs as a weighted average of all possible subsets of
SNPs in the region to be causal. Unfortunately, considering all possible subsets of SNPs are intractable, so we
assume that we have at most three causal SNPs in a locus. This assumption makes our approach applicable to
larger loci in the genome without reducing the accuracy of our method. The idea of bounding the number of
causal SNPs is widely used in fine-mapping literature (Hormozdiari et al., 2014, 2015, 2016).

We show that our method (CAUSAL-Imp) performs favorably in both simulated and real data. We apply
our method to simulated data sets wherein we generated the marginal statistics. Then, we treat some of the
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SNPs as untyped and other SNPs as tagged. We apply CAUSAL-Imp and DIST*, which is our im-
plementation of DIST (Lee et al., 2013). We use simulated data to illustrate that CAUSAL-Imp tends to
impute summary statistics that are closer to the true generated summary statistics than DIST*. Next, we
evaluate our performance utilizing the Northern Finland Birth Cohort (NFBC) data set (Sabatti et al., 2008).
We treat the previously reported significant SNPs as untyped and try to impute their summary statistics
using CAUSAL-Imp and DIST*. We show that CAUSAL-Imp imputes the associated statistics more
accurately than previous approaches.

2. RESULTS
2.1. Overview of CAUSAL-Imp

CAUSAL-Imp builds on methods that perform imputation on summary statistics. It is known that the
statistics for a set of SNPs (SNPs in a locus) follow an MVN distribution with a variance—covariance matrix
equal to the pairwise correlation between the genotypes (Han et al., 2009; Kostem et al., 2011; Hormozdiari
et al., 2014, 2015). For simplicity, let us consider the case wherein one SNP is untyped and the rest are tag
SNPs in a region; we have ¢ SNPs and the ¢-th SNP is untyped. Let s; be the marginal statistics of the i-th
SNP. Let S_y={s1,$2---s¢—1} and s, indicate the marginal statistics for the tag and untyped SNPs,
respectively. In traditional methods that impute the summary statistics, the model of the joint distribution is

as follows:
X Ru
S—‘[ O T
(D~ o) = ]) W

where X_y is a ({—1)x(¢—1)) matrix of LD for all the SNPs excluding the /-th SNP and R_ is a
((¢—1)x 1) vector that represents the correlation of all the variants with the ¢-th SNP, excluding the ¢-th
SNP. We can obtain the variance—covariance matrix of the model utilizing the correlation of genotypes
from a reference panel, such as the 1000 Genomes data (Durbin et al., 2010; McVean et al., 2012). Then,
given the association statistics at observed variants, we can use the conditional form of the multivariate
normal to estimate the association statistics at the untyped variants. In traditional methods, marginal
statistics of untyped SNPs conditioned on the marginal statistics of tag SNP is as follows:

(S£|Sﬁl =*§ﬁé‘) ~N(RZMZ)§[1§4, 1-RT,Z " IRW)’ @)

where S, is the observed marginals statistics for all the tag SNPs. We impute the untyped SNP with the
mean of the mentioned distribution RZMZ:; S‘ﬁg (Lee et al., 2013; Pasaniuc et al., 2014).

Our method, CAUSAL-Imp, takes into account the fact that some variants can be causal. Let us assume
we only have one causal SNP and the i-th SNP is causal. Then, the marginal statistics for this SNP follows a
normal distribution as follows: s; ~N(4;, 1) where /; is the noncentrality parameter (NCP) for the i-th SNP
that depends on the true effect size of the SNP toward the phenotype. We extend this to the case where the
Jj-th SNP is not causal and is in LD with the causal SNP i. Then the marginal statistics for the j-th SNP is as
follows: s;~N(r;i/;, 1), where r;; is the LD (genotype Pearson’s correlation) between SNPs i and j. To
provide a simplified description of this section, we assume that all causal variants have the same NCP.
However, CAUSAL-Imp takes into account that causal variants can have different NCP values. We define
any subset of SNPs that are causal as the causal status. Causal status indicates which SNPs are causal and
which are not. We use 1 to indicate the variants that are causal and O to indicate the variants that are not
causal. Let C_; be a vector of size £ — 1 to represent the causal status of the first /-1 SNPs. Similarly, Let ¢,
be a binary variable that indicates the causal status of the ¢-th SNP. As shown in previous works (Han et al.,
2009; Hormozdiari et al., 2014, 2015), the joint marginal statistics given the causal statistics is as follows:

Xy Ry
)l 0 22

Sy Cy Cy RZM 1

The summary statistics of untyped SNP (sy) conditioning on the statistics of the tag SNPs (S_,) and the
given causal status, C=C", are as follows:



1206 WU ET AL.

R b T -1 T -1¢ T -1
(se|Se=8,C_-C*)~N| AWNA-R,Z 'Ry, + R,Z/Sy ,1-R,S'Ryl|. 3)
——
Contribution of causal status for the ¢ —th SNP Contribution of Null

However, the true causal status is not known. Thus, CAUSAL-Imp considers all the possible causal
statuses. We impute summary statistics as a weighted average of all the summary statistics computed for
the unobserved variants for different causal status.

Z(Nﬁu -R',% 'R, +RT, 2T, S‘ﬂé)Pr(C=C*|Sﬂé=§ﬂz)» )
C*

where Pr(C =C*|Sﬁg=§ﬁg) is the posterior probability of a causal status given the observed marginal
statistics. Although we describe the method to consider all possible causal status, in practice, we allow up to
three causal variants in a locus to reduce the computational complexity.

2.2. A motivating example

Figure 1 shows a simple region where we have 10 SNPs. In this example, we observe the statistics of
three SNPs (SNP3, SNP7, and SNP10), which are indicated by the black arrows. The light triangles indicate
the real marginal statistics for all the 10 SNPs. The rest of the SNPs are untyped. Given, the marginal
statistics of these three SNPs, we want to impute the marginal statistics of other SNPs. In this example, as
the marginal statistic of SNP10 is slightly inflated, we assume one of the SNPs in the region should be
causal. In CAUSAL-Imp, we do not know the real causal SNPs, thus we consider all the possible causal
statuses in this region. In this example, there are 2'° possible causal statuses. For a specific causal status, we
impute the summary statistics of the seven unobserved SNPs utilizing the conditional MVN. The dark dots
indicate the marginal statistics imputed by CAUSAL-Imp. The light dots indicate the marginal statistics
imputed by DIST* [our implementation of DIST; Lee et al. (2013)], which assumes the null model wherein
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FIG. 1. Motivating example for CAUSAL-Imp. Black arrows indicate the observed (tag) SNPs. Utilizing the fact that

the observed marginal statistics of SNP10 is inflated, we can assume one of the SNPs in this region is causal. SNP,
single nucleotide polymorphism.
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all variants are not causal. In this example, our imputed marginal statistics are closer to the true marginal
statistics than those of DIST*.

Note that we perform our evaluations using our own implementation of the standard summary statistic
method (DIST) (Lee et al., 2013), which we refer to as DIST*. The reason we used our own implementation
is that these methods rely on many matrix operations that may result in numerical issues. The differences in
linear algebra libraries dealing with numerical issues can cause differences in the results. By re-
implementing DIST, our approach and DIST* share many parts of the implementation to eliminate this
issue from the evaluation.

2.3. CAUSAL-Imp achieves better statistics than the existing methods in simulated data sets

To assess the performance of our method, we simulated marginal statistics utilizing the NFBC data set.
The NFBC data set consists of 10 phenotypes and 331,476 genotypes measured in 5327 individuals. Since
imputation is a regional analysis, we selected 20 regions from the NFBC and computed the LD between
each pair of SNPs. In this setting, we use 100 SNPs for each locus. Then, we simulated the marginal
statistics from the MVN distribution similar to the previous studies (Zaitlen et al., 2007; Hormozdiari et al.,
2014, 2015), where we implant one causal SNP. We generated 1000 sets of summary statistics. We assume
that 30% of the SNPs are tagged and that the rest of SNPs, including the causal SNP, are untyped. Then, we
run CAUSAL-Imp and DIST* on the simulated data.

We compute the average distance between the imputed marginal statistics and the true simulated marginal
statistics as a measure of accuracy. We use the ¢; distance as a measure of accuracy, which is computed as
follows: d(x, y)= ﬁvaﬂ |x; — yi|. We compute this distance for the causal SNP, shown in Figure 2A, and the
other SNPs, shown in Figure 2B. We vary the power from 20% to 80%. We observe that the statistics imputed
by our method are closer to the true statistics. We perform a similar experiment wherein we implant two
causal variants in a locus. In this experiment, the imputed statistics from CAUSAL-Imp are closer to true
statistics than those of DIST*. The results for this experiment are not shown due to space limitation.

2.4. CAUSAL-Imp controls Type I error

We illustrate that CAUSAL-Imp performs better than existing methods. In addition, we need to show
these methods control the Type I error. Imputed summary statistics that are controlled for Type I error
under the null (no variant is causal) are not inflated or deflated. Genomic inflation is a metric used to check
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FIG. 2. CAUSAL-Imp achieves better statistics than the existing methods in simulated data sets. We simulated
marginal statistics for regions that are obtained from the NFBC data. We compared the imputed marginal statistics of
our method and DIST*. Our method tends to impute statistics that are closer to the true estimated marginal statistics
both for causal and noncausal SNPs. We use ¢; norm to compute the distance. We range the power on the causal SNPs
from 20% to 80%. (A) Illustrates the results of the causal variants. (B) Illustrates the results of noncausal variants.
NFBC, Northern Finland Birth Cohort.



1208 WU ET AL.

whether the Type I error is controlled (Devlin and Roeder, 1999). We expect the genomic inflation to be
close to 1 when there exists no inflation or deflation of statistics. We simulated data under the null where no
variant is causal. We consider 30% of the variants to be missing, and then we impute their summary
statistics. The genomic inflation for the true summary statistics is 0.98, and the genomic inflation for
CAUSAL-Imp is 0.93. However, the genomic inflation of DIST* and IMPUTE?2 (Howie et al., 2009) is
0.80 and 1.02, respectively. Thus, CAUSAL-Imp controls the Type I error.

2.5. CAUSAL-Imp achieves better statistics than the existing methods in NFBC

The actual utility of our approach is in examining regions that contain associations where the actual causal
variants are not collected. We simulate this scenario by taking actual associated regions in the NFBC data set
and removing the peak-associated SNPs from each associated regions [which were reported in a previous study;
Sabatti et al. (2008)]. We then apply CAUSAL-Imp, DIST*, and IMPUTE2 (Howie et al., 2009) to evaluate the
accuracies of these methods on the peak SNPs. The results are given in Table 1. We observe that the imputed
summary statistics from CAUSAL-Imp are closer to the estimated summary statistics than those of DIST*.

3. METHODS
3.1. A standard association statistics

In this study, we have a quantitative phenotype collected for n individuals at m SNPs. Let Y be a (nx 1)
vector of phenotypic values where y; is the phenotypic values for j-th individual. Let G be an (X m) matrix
of minor allele counts, where g; € {0, 1, 2} is the minor allele count for j-th individual at i-th SNP, and X
be the normalized allele counts matrix G. Define f§ to be an (m X 1) effect size vector, and f3; is the effect
size of i-th SNP. For simplicity, we assume that both the phenotypic values and the allele counts at each

—2pi 1-2p; 2-2p; .
d-p)’ Voidl-p)’ \/Pi(l_Pi)} that is the

normalized value for g, where p; is the frequency of i-th SNP in the population. Assuming Fisher’s
polygenic model holds, we use the generative model, Y=1Tu+Z;"=1X,-ﬁ,»+e, where p is the phenotypic

SNP are normalized to have mean O and variance 1. Let x;; € { 7

TABLE 1. CAUSAL-IMP ACHIEVES BETTER STATISTICS IN NORTHERN FINLAND BIRTH COHORT DATA SET

Phenotype chr rsID True statistics DIST* CAUSAL-Imp IMPUTE?2
TG 2 rs673548 —5.444 -5.37 —5.38 —4.46
8 rs10096633 -5.679 -5.63 —5.64 =5.17
15 1s2624265 4.22 3.55 4.15 3.60
HDL 15 rs1532085 7.13 5.59 717 6.47
16 rs3764261 12.01 8.23 8.28 6.47
16 rs255049 6.06 5.11 5.61 5.70
17 rs9891572 4.25 3.99 4.02 4.40
LDL 1 rs646776 -7.70 -7.92 -7.92 —6.96
2 rs693 6.81 6.27 6.63 591
11 rs102275 —4.51 —4.43 —4.44 —4.54
11 rs174546 —4.52 —4.43 —4.45 —4.58
11 rs174556 —4.69 —4.73 —4.75 —4.62
11 rs1535 —4.43 —4.46 —4.46 —4.45
19 rs11668477 -5.96 —3.78 -3.78 —-5.33
19 rs157580 -5.161 -2.6 —5.24 -4.20
CRP 12 rs2650000 —7.08 -5.25 -7.36 —6.05
GLU 2 rs560887 -6.97 -6.21 —6.80 -5.69
7 rs10244051 5.31 4.34 4.67 4.97
7 rs2191348 5.30 4.33 4.66 4.97
11 rs1447352 —6.35 -5.08 —-5.39 —4.75
11 rs7121092 -5.50 -4.93 —-5.78 —4.60

We run association on the NFBC data set. We consider the SNPs that are reported significant in a previous study (Sabatti et al.,
2008). Then, we treat these SNPs as untyped and impute the marginal statistics using CAUSAL-Imp, DIST*, and IMPUTE2. Our
method tends to produce summary statistics closer to the estimated marginal statistics than the two other methods.

TG, triglycerides; HDL, high-density lipoprotein; LDL, low-density lipoprotein; CRP, C-reactive protein; GLU, glucose.

Bold values indicate the best results.
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mean of population, 1 is an (nx 1) vector of 1, X; is normalized minor allele counts at i-th SNP, f; is effect
size of i-th SNP, and e is a vector of measurement noise and environment contributions. We assume e has a
normal distribution with mean 0 and variance, o2I (e ~N(0, 2I)).

In standard GWAS, effect size for each SNP is estimated one SNP at a time. Thus, to compute the
marginal statistics for each SNP, we use the following model, ¥ =17+ X;f;+e. We note there is a
discrepancy between the generative model and testing model; as long as there is no population structure in
the data, the estimated effect size is unblased and follows a normal distribution with mean equal to the true
value of effect size. Thus, we have ﬁ XTX " and ﬁ ~N(B;, o(XT X))~ 1. We use “‘hat” for each variable to
indicate the estimated value for that variable.

It is known that the marginal statistics for each SNP is computed as the ratio between the estimated effect
size and the estimated variance. Let s; indicate the marginal statistics estimated for the i-th SNP. As the
marginal statistics follow a normal distribution, we can define the statistics as follows:

i = %\/ﬁNN(%\/ﬁ, D=N(4, 1),
where /; is the NCP for the i-th SNP and ;= g\/ﬁ

3.2. Indirect association statistics

To show the indirect association statistics, we assume that i-th variant is associated with the phenotype
and j-th variant is correlated with the i-th Variant Thus, the estimated effect size and the marginal statistics

ﬂj N, G(XTX) 1, sj~N(rijdi, 1), where r; is the cor-

relation between genotypes of i-th and j- th SNPs. Moreover, we estimate the correlation between the
genotypes as %X[TXJ We compute the covariance between the estimated marginal statistics for the i-th and

for the j-th variant are computed as ﬁj XTX ,

Jj-th SNPs as Cov (si, sj) =r;j. Thus, the joint distribution of the marginal association statistics for the two
SNPs given their NCPs follows an MVN:

DL 1)

3.3. Traditional summary statistics imputation when one SNP is untyped

In this section, we show how traditional summary statistics imputation approaches (Lee et al., 2013;
Pasaniuc et al., 2014) work under the scenario when only one SNP is untyped in a locus. Let us say we have
£ SNPs in a region where ¢— 1 of the SNPs are tagged and only the last SNPs is untyped. We select the /-th
SNP to be untyped just for simplicity. Let s; indicate the marginal statistics of i-th SNP. Let
Soe={s1,52, ---se-1} be an (£—1x1) vector of association statistics, A-,={41, 42, -~ A1} be an
({—1x1) vector of NCPs, and £_; be an (£/— 1 X £— 1) matrix of the pairwise correlation coefficients for the
tag SNPs. For the untyped SNP, we use 4, to indicate the unknown NCP. We want to impute the association
statistic sy, and let R_;, denote the (/—1x 1) vector of the correlation coefficients between s, and the £—1
tag SNPs. Thus the joint distribution of the association statistics of the untyped SNP, sy, and the ¢— 1 tag
SNPs, S_,, follows a MVN, which can be expressed as follows:

Xy Ry
S¢ Ay T
[SJ N [ ) } RT,, 1 ) 3)

Under the null assumption where s, and S—, are not associated, 4, and A, are 0’s. Using this equation,
we can generate a distribution of the statistics of untyped SNP, s, condition on the observed summary
statistics, S_y =.SA24. The conditional distribution follows a MVN, which is computed as follows:
(s[‘Sﬁ[:S‘ﬁ/{) ~./\/(RZME:€IS‘4, 1- RTMEﬁ/ 'R ﬁM;). Thus, utilizing this equation, the traditional summary
statistics imputation approaches impute the statistics of the untyped SNP as RfMZjél Sy

3.4. Traditional summary statistics imputation when more than one SNP is untyped

In this section, we show how traditional summary statistics imputation approaches (Lee et al., 2013;
Pasaniuc et al., 2014) work under the scenario where more than one SNP is untyped in a locus. We use U
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and 7 to indicate the set of untyped and tag SNPs, respectively. Let Sy, and S7 indicate the unobserved
summary statistics of untyped SNPs and observe summary statistics of tag SNPs, respectively. We use X,
and X7 to denote (p X p) and (¢ X £) matrices of pairwise correlation coefficients obtained from the untyped
SNPs and tag SNPs, respectively. We want to impute unobserved summary statistics S;; using both
observed ¢ SNPs and p unobserved SNPs. In this case, Ay is a (px 1) vector of NCPs of untyped SNPs and
2y, 7 denotes the (px¢) matrix of the correlation coefficients between the p untyped SNPs and the ¢ tag
SNPs. The joint distribution of the association statistics of the untyped SNP S;; and the tag SNPs S follows
an MVN, which can be expressed as follows:

Sy Ay sy =
~N , Ut 6
[ST} <{AT ut X1 ©
Under the null assumption that the untyped SNPs and tag SNPs are not associated, the NCPs of both A,
and A7 are 0’s. Using Equation (6), we can generate a distribution of the statistics of the untyped SNPs, S;,,

conditioned on the observed statistics, ST=.§T. The conditional distribution follows an MVN, which is
computed as follows:

(SulS7=87) ~N (£}, 727'S7. 2y -2}, 727 "0 7). (7)

Thus, utilizing the mentioned equation, the traditional summary statistics imputation approaches impute
the statistic of the untyped SNPs as X/, ;X7'S7.

3.5. CAUSAL-Imp summary statistics imputation with fixed NCP

Recall that having ¢ SNPs whose summary statistics are observed and p SNPs whose summary statistics
are unobserved, we have a MVN expressed as Equation (6). Instead of assuming that all A;; and A7 are 0’s,
our method considers that any subset of SNPs are causal. We introduce C to denote the causal status of the
SNPs. Causal status is an ((£+p) x 1) vector of 0’s and 1’s where c¢; indicates the causal status of the i-th
SNP. Each SNP can have two possible causal statuses O or 1, where 0 indicates the SNP is not causal and 1
indicates the SNP is causal. For simplicity, we assume that the NCPs for all the causal variants are the same
and equal to Av/N. Later, we will relax this assumption. There are 2¢*7 possible causal statuses for C, which
is denoted by the set C (in practice we only consider up to three causal variants in locus, thus CAUSAL-Imp
needs to consider at most (¢ + p)3 causal statuses). The causal status is consisted of two parts, the causal
status of tag SNPs, which we denote by Cr, and the causal status of untyped SNPs, which we denote by Cy,.
The joint distribution of observed and unobserved summary statistics in Equation (7) can be expressed as

T T
follows: ([gg} | {gz }) ~/\/<2\/ﬁ {sz; ZZM,TT] C, {Zi{ly zg’TT }) . Using this equation, we can
compute the distribution of the untyped statistics, Sy, conditional on the observed statistics, S7=S7, and
the known causal status, C=c*. This conditional distribution follows a multivariate normal that is ex-
pressed as follows:

(SulST=S7.C=c*, 2) ~N (i/n(Eu—Zu, 7127 ' Zu, 1Cu+ 2, 72787, -2, 727 Zu 7). (®)

We want to compute the probability of summary statistics of untyped SNPs given the summary statistics
of the tag SNPs, Pr (SM|ST :ST). Utilizing the total probability and Baye’s rule, we have

Pr (SulS7=87)= Y Pr(Su, C=C*|S7=57)
CreC, A

= > Pr(SylSr=S7,C=C") Pr (C=C"|Sr=$7),
CcreC

€))

where Pr (Sy|S7 =57, C=C") is computed from Equation (8), and Pr (C =C*|S7=S87) is computed as
follows:
Pr (S7=57|C=C*) Pr (C=C")

S ’ (10)
S ctee Pr (S7=87|C=Cf) Pr (C=C")

Pr (C=C’|S7=S7)=
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where Pr (C=C") is the prior of the causal status. Similar to most of the fine-mapping methods, for the
prior, we assume that SNPs are independent and the probability of an SNP to be causal is equal to 0.01
(Hormozdiari et al., 2014, 2015). This prior implies a sparsity prior on the causal status. Moreover,
Pr (ST=§7|C =C*) is the likelihood of observed summary statistics given the causal status C*. The
observed summary statistics, given the causal status, follows a normal distribution and is computed as
follows:

(S7=S7|C=C", ) ~N (I/n(Zy, 7C};+ 27 Cy), X1 ). (1)

Utilizing Equations (8), (10), and (11), we compute the value of Pr (Sy|S7, 4) from Equation (9). Thus,
we impute Sy, as the mean of (Sy|S7, A) as follows:

Z (Vn(Ey—Zu, 727 S0, 1)Cu+ 2, 727" S7)P(C=C*[ST =S7). (12)
Cc*eC

3.6. CAUSAL-Imp summary statistics imputation

In previous sections, we assume that the NCPs of the causal variants are fixed and their values are
known. In this section, we relax this assumption. We utilize CAVIAR-model (Hormozdiari et al., 2014,
2015, 2016) that is used in fine-mapping frameworks. In CAVIAR-model, the joint distribution of marginal
statistics (S) given the vector of NCPs (A) follows an MVN distribution that is expressed as (S|A)~
N(A, ). In addition, the vector of NCPs given the causal status (C) follows an MVN distribution that is
expressed as (A|C)~N (0, ZZ-X), where ¢ = a? diag(C) and diag(X) creates a diagonal matrix where the
i-th diagonal element is assigned to x;. Using the conjugate prior, we have the following:

(S|C)~N(0, £+EZcX). (13)

Thus, utilizing the same statistical framework in CAUSAL-Imp, we have the following:
S[,{ Cz,{ 0 Vll V12
~N , , 14

Vi1 =Xy +Zyo” diag (C)Zy + %), 70” diag(Cr)Zy, 7

where

Vio=3], 7 +Zydiag(CZ), 7 +%}, ydiag(Cr)Zr
Vo1 =2y, 7+ X7 diag(Cr)Zy, 7+ Xy, 7 diag (Co)Zy
Vo =37 +X70” diag(Cr)E7 + Ty, 70> diag (C)Z], -
Using the MVN conditional distribution, we have
(SulST=87,C=C*) ~N (Vi2V5'S7, Vi1 = V12V V1) (15)

Thus, for a given causal status, the optimal value for the imputed marginal statistics is the mean of the
mentioned distribution, which is Vi, Vz‘zlST. It is worth mentioning that both V|, and V;, depend on the
vector of causal status C=C*. CAUSAL-Imp utilizes Equation (15) instead of Equation (8).

4. DISCUSSION

Genotype imputation is widely used to predict the genotypes of untyped SNPs that are not collected in a
data set by utilizing the correlation (LD) between the untyped SNPs and the tag SNPs whose genotypes are
collected. We propose a new method, CAUSAL-Imp, which combines the principle of fine mapping and
summary statistics imputation. CAUSAL-Imp computes the summary statistics for unobserved SNPs by
conditioning on the statistics of the observed SNPs and given causal status. CAUSAL-Imp considers all the
possible causal statuses where any subset of SNPs can be causal. Thus, the imputed summary statistic is the
weighted average of all the summary statistics computed for the unobserved variants for different causal
statuses.
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Our approach builds upon the recently developed summary statistics framework for imputation (Lee
et al., 2013; Pasaniuc et al., 2014). Imputation methods utilizing hidden Markov models (HMMs) to impute
individual level data were developed almost 10 years ago (Marchini et al., 2007; Browning, 2008; Marchini
and Howie, 2008, 2010; Howie et al., 2009, 2012; Li et al., 2010) and have been improved ever since. In
our approach, we incorporate idea of a causal variant and implicitly are then taking the phenotype into
account when performing the imputation. It is theoretically possible to extend the HMM-based imputation
approaches to take into account causal variants and phenotypes. However, the implementation of such an
approach would be incredibly complicated.
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