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Abstract

A finite dimensional abstract approximation and convergence theory is developed for estimation of
the distribution of random parameters in infinite dimensional discrete time linear systems with
dynamics described by regularly dissipative operators and involving, in general, unbounded input
and output operators. By taking expectations, the system is re-cast as an equivalent abstract
parabolic system in a Gelfand triple of Bochner spaces wherein the random parameters become
new space-like variables. Estimating their distribution is now analogous to estimating a spatially
varying coefficient in a standard deterministic parabolic system. The estimation problems are
approximated by a sequence of finite dimensional problems. Convergence is established using a
state space-varying version of the Trotter-Kato semigroup approximation theorem. Numerical
results for a number of examples involving the estimation of exponential families of densities for
random parameters in a diffusion equation with boundary input and output are presented and
discussed.
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1. Introduction

The work we report on here was motivated by a compound inverse or blind deconvolution
problem involving the interpretation of data from a transdermal alcohol biosensor. The
observation (dating back to the 1930s [25, 35, 36, 37, 38]) that ethanol is highly miscible
and finds its way into all the water in the body, and in particular, sweat, has in the past two
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decades, led to the development of technology to measure the amount of ethanol excreted
from the body transdermally (i.e. through the skin) through perspiration and to then use it to
quantitatively assess intoxication level. The basis for the measurement is an oxidation-
reduction (redox) reaction that produces four electrons for each ethanol molecule oxidized.
This results in a continuous current whose level is proportional to the amount of ethanol
evaporating from the surface of the skin beneath the sensor. Now while these devices have
been available and in use, both experimentally and commercially, for a number of years,
they have been used primarily as abstinence monitors because transdermal alcohol level or
concentration (TAC) data cannot consistently be converted to breath and blood alcohol
concentrations (BrAC/BAC) across individuals, devices, and environmental conditions.
(BAC and BrAC are currently, and historically have been, the standard measures of
intoxication among alcohol researchers and clinicians, as well as in the courts.) Indeed,
unlike a breath analyzer, which relies on a relatively simple model from basic chemistry
(i.e., Henrys Law) for the exchange of gases between circulating pulmonary blood and
alveolar air (see, for example, [22]) that has been found to be reasonably robust across the
population, the transport and filtering of alcohol by the skin is physiologically more complex
and is affected by a number of factors that differ across individuals (e.g., skin layer
thickness, porosity and tortuosity, etc.) and even drinking episodes within individuals (e.g.,
body and ambient temperature, skin hydration, vasodilation). The challenge in making these
devices practicable is to develop a means to reliably convert biosensor measured TAC into
BAC or BrAC.

In our earlier work ([14, 19, 28]) we have taken a strictly deterministic approach to
converting TAC to either BAC or BrAC. We fit first principles physics-based models in the
form of a distributed parameter (diffusion) system with unbounded input and output, and
used individual calibration data to capture the dynamics of the forward process - the
propagation of alcohol from the blood, through the skin, and its measurement by the sensor
(i.e. the forward model) by estimating the parameters (diffusivity, input/output gain,
propagation inertia, etc.) that appear in the model via nonlinear least squares. Then in a
second phase of processing, we use the fit model to deconvolve BAC or BrAC from the TAC
signal measured by the biosensor in the field. However, because of the challenges described
above, this approach was not entirely satisfying. Indeed, while it was possible to fit the
models quite well to any particular drinking episode, we observed significant variance in the
values of the parameters across different individuals and across different drinking episodes
for the same individual. Consequently, the fit models did not yield the desired level of
accuracy when they were used to deconvolve BAC or BrAC from TAC for a drinking
episode that they were not specifically trained on.

To deal with this problem we have been looking at the idea of fitting a population forward
model (having BAC or BrAC as input and TAC as output) in the form of a random partial
differential equation, to data from multiple drinking episodes and multiple individuals and
then using the population model to solve the deconvolution problem. Fitting a population
model of this form implies that rather than estimate particular values for the parameters, we
treat the parameters as random variables and estimate their distributions. In this way, it will
become possible to produce not only an estimate for the BAC or BrAC, but also some form
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of credible bands to go along with it providing a quantitative estimate of the level of
uncertainty in the estimate.

The basic underlying assumption in such an approach is that our first principles physics/
physiological based model in essence, describes the dynamics common to the entire
population (population interpreted broadly here to include not only all individuals, but also
all devices, environmental conditions, and in effect, all ethanol molecules) and to then
attribute all unmodeled sources of uncertainty (primarily due to variations in physiology,
hardware, and the environment) observed in individual data to random effects. Moreover, we
assume that what we observe in any individual data set is the combination or average of
these random effects. Thus, this approach is realized by letting the parameters in the PDE
model be random variables, the distributions of which are to be estimated based on
aggregate population data.

In this paper, we develop an abstract approximation framework and convergence theory for
formulating and solving just such an estimation problem. In addition to the theory, we have
also included a number of examples and numerical results. However, we do not discuss here
the application of these ideas to either the alcohol biosensor problem discussed above or
even the deconvolution problem. Those results are presented elsewhere ([31, 32, 33]). In our
treatment here, we are strictly concerned with the problem of estimating the distributions of
random parameters in a forward model from a particular class of abstract linear infinite
dimensional systems for which the input is known and observations of the output for a
sampling of members of the target population are available. That is, we are referring to the
problem of fitting the population model.

The class of systems we consider here are those governed by abstract parabolic or
hyperbolic operators with damping formulated in a Gelfand triple setting together with input
and observations on the boundary of the domain. These types of operators are sometimes
referred to as being regularly dissipative, and can typically be shown to generate
holomorphic or analytic semigroups. We formulate the estimation problem in much the same
way as it is in standard linear regression. That is, that each data point is assumed to be an
observation of the mean population behavior plus random error. We then formulate the
estimation problem as an optimization problem over the space of feasible distributions for
the random parameters. The objective of the optimization problem is to minimize prediction
error in the form of the difference between the observed output signal and the expectation of
the output of the model. We then consider a sequence of approximating estimation problems
in each of which the infinite dimensional system is replaced by a finite dimensional
approximating system. We then demonstrate that under appropriate (and readily verifiable)
assumptions, the solutions to the approximating estimation problems converge to a solution
to the original estimation problem with the infinite dimensional state. These convergence
results are formulated in a functional analytic or operator theoretic setting and are based on
ideas and results from linear semigroup theory.

Our general approach relies heavily on three relatively recent papers: 1) Banks and
Thompson’s [7] framework for the estimation of probability measures in random abstract
evolution equations and the convergence of finite dimensional approximations in the
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Prohorov metric, 2) a more recent and enhanced version of the previous paper, [2], and 3)
Gittelson, Andreev, and Schwab’s [20] theory for random abstract parabolic partial
differential equations with dynamics defined in terms of coercive sesquilinear forms. While
our effort here is similar in spirit and takes its cue from the treatment in [2] and [7], it is
somewhat different in that we are forced to assume that the probability measures that
describe the distribution of our random parameters can be defined in terms of a joint density
function; that is, that the random parameters are jointly absolutely continuous.

The approach in [20] is novel in the way that it treats the random parameters in the PDE as
another space-like independent variable. This is done by appropriately defining
corresponding Bochner spaces in which the weak formulation of the problem is stated and
shown to be well-posed. In fact, it turns out that the random parameter dependent regularly
dissipative operators that determine the underlying PDE are regularly dissipative when
embedded in these Bochner spaces. Consequently, we are able to use linear semigroup
theory to develop our approximation framework in much the same way as we have in our
earlier deterministic treatments. In this way, finite dimensional approximation is handled in
much the same way that it is for the standard deterministic space variables, and the
estimation of the distribution of the random parameters effectively becomes analogous to the
problem of estimating a variable coefficient in a deterministic PDE, a problem which has
been studied extensively over the last thirty years ([4] and [6]).

We use the framework in [20] together with generation and approximation results from
linear semigroup theory, (i.e. the Hille-Yosida-Phillips theorem and a version of the Trotter
Kato approximation theorem) to establish that the sufficient conditions for a Banks
Thompson-like convergence result are satisfied. These theoretical results allow us to develop
rigorously established convergent computational algorithms that yield numerical
approximations to the desired distributions. Moreover, the solutions in the Bochner spaces
and their finite dimensional approximations directly capture the explicit dependence of the
state and output (and eventually the deconvolved input) on the random parameters. Using
this together with the estimated distributions for the random parameters, it becomes straight
forward to directly identify credible intervals for the output without having to re-solve the
PDE many times as you would if you were attempting to identify these credible intervals by
naive sampling.

An outline of the remainder of the paper is as follows. In Section (2) we formally develop
the estimation problem, reformulate it as a nonlinear least squares optimization problem and
establish the existence of solutions. In Section (3) we discuss infinite dimensional systems
described by regularly dissipative operators involving unbounded input and output (this is
typically the case for a PDE with input and output on the boundary). In Section (4) we
discuss the framework in [20] for treating systems of the form discussed in Section (3) but
now involving random parameters. Our approximation and convergence results are presented
in Section (5) and a discussion of examples and our numerical results are in Section (6).
Section (7) has a few concluding remarks regarding where we plan to go next with this line
of research.
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In our discussions to follow we will on occasion use the notation E[.XII A}, E[X||F], or £[XIr]
to denote the expectation of the random variable X with respect to the probability density
function 7, the cumulative distribution function £, or the probability measure . We use the
“double bar” as opposed to a “single bar” to distinguish what we mean here with conditional
expectation.

2. Estimation of Random Discrete Time Dynamical Systems

We consider the family of discrete or sampled time initial value problems that are set in an,
in general, infinite dimensional Hilbert state space, #, given by

Xip1i= g(tj,xj’i, uzq), j=0,...n, i=12,..m, (2.2)

Xg,; = xOJ(q), i=1,2,...,m, (2.2)

n.
where g: R x 7 x HjlzoR”x Q- andforj=0, ..., mjand /=1, 2, ..., m uj={uj} is
an external input or control with u; ;€ R¥, and #= jz, with z> 0 the length of the sampling

interval, describing the dynamics of a process common to the entire population. In addition,
we assume that we can observe some function of the solutions of (2.1)-(2.2), x; as given by
the output equation

Yii= y(tj,xo’l., ug; q) = C(xj,i, L q), Jj=0, s s i=1,2,....m, (2.3)

n.
where C: % x # x [];'_ (R" x 0 — R".

In equations (2.1)-(2.3), we assume g € Q, where Qs the set of admissible parameters (a
subset of Euclidean space endowed with Lebesgue measure), and the values of the
parameters are specific to each individual in the population. Therefore, assuming that the
parameters, g, are samples from a random vector ¢, the objective is to estimate their (joint)
distribution based on the aggregate data sampled from the population. For this purpose, we
assume that the distribution of these random vectors is described by the joint pdf £, € #(Q),

where Z(Q) represents a set of feasible pdfs with support in Q.

There are a number of ways to formulate the statistical model that will be used as the basis
for the estimation of the distribution of the random parameters. One approach is to treat
(2.1)- (2.3) as an, in general, nonlinear mixed effects model (see, for example, [16, 17, 18,
32]) wherein randomness in the parameters, g, are used to quantify uncertainty between
subjects, and randomness in the output or measurements, y; ;given in (2.3) is intended to
capture uncertainty within individual subjects. In this case we assume that the observed data
points are of the form
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where g;; /=0, ..., n; /=1, ..., m, representing measurement noise are assumed to be
independent across subjects (i.e with repsect to /), conditionally independent with respect to
¢ Within subjects (i.e with repsect to ), identically distributed with mean 0 and known
common variance o2, and with gii~¢, /=0, ..., n; i=1, ..., m In this case, for example,
using conditional probability and the total probability formula, a likelihood function could
be defined formally as

m
2 tv; h= 11

i=1 i=1

n.
m 1

fQ Lia: AV, D g@da = T /Q TL o7, = €6 3,0
j =

Once one deals with a number of computational issues, specifically, the discretization or
parameterization of £, finite dimensional approximation of the in general infinite
dimensional state equation (2.1), the efficient evaluation of a potentially high dimensional
integral, the loss of precision and underflow issues due to the fact that the evaluation of &
requires the computation of products of small numbers, etc., one could then seek a
maximum likelihood estimator for 7 by maximizing & or, more typically, an expression
involving logZ(f ;; {Vj’l.}) to avoid having to deal with the products. Under appropriate
regularity assumptions on ¢, f, and the system (2.1)- (2.3), one way to do this might be via
a gradient based search. Another might be via stochastic optimization. One could also treat
direct observations of 4 as missing data and then use the iterative E-M algorithm to find the
MLE (see, for example, [12]).

Alternatively, one could use the likelihood function defined above and take a Bayesian
approach (see, for example, [8, 9, 10, 15, 33, 34]). One way of doing this would be to
assume 7y = fy(; p) has been parameterized by a parameter vector p € %, where % denotes a

parameter set. Then assume a prior 2 on p and apply Bayes to obtain the posterior & as

Pp) =P 1V, (D= 520V, D) = 2L o pR Y DFG).
where Zis the normalizing constant given by

n.
m l
z-= /9; TV, NPy = [% [1 fQ [] oV, Clx, g 0 o aP )
11 Jo 1

i=1

Still another Bayesian approach could be used to estimate the distribution of ¢ ~ £, directly

where now the posterior for 2.9 = P(q) serves as the estimator for . In this case we
assume that g, /=0, ..., 7, /=1, ..., mare simply independent both across and within
subjects, identically distributed with mean 0 and known common variance o2, and with &jj~
¢, /=0, ...,n;,i=1, ..., mIf we now let 2 denote the prior for ¢, then Bayes yields
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P@) =PIV} HL(q v, ho) = 2,1:11,1:[ oV = COj 3y pitp PG,

where the normalizing constant Zis now given by

f TT Lia: (v, Doada = f 1 H WV = O g g PG

0i=1 l—lj_

Both of these Bayesian approaches also have some of the same computational issues as the
MLE approach when some sort of MCMC technique such as Metropolis-Hastings or the
Gibbs Sampler is used to sample the posterior distribution.

In our study here, however, we take a statistically somewhat less sophisticated approach. We
consider the naive pooled data estimator. We do this for a number of reasons. 1) Our primary
focus here is the finite dimensional approximation of the infinite dimensional state equation
and the convergence of the corresponding estimators and the computational challenges
described above would only serve to confound our findings, 2) The naive pooled estimator
meshes especially well with the approach we take in dealing with the randomness in the
family of PDEs (i.e. abstract parabolic, and eventually, damped hyperbolic) of particular
interest to us here in the context of the alcohol biosensor problem described earlier. 3) A
reasonable argument could be made that the data we observe is best described as pooled or
averaged. We note that it in fact turns out that the approximation and convergence results we
present here are highly relevant to the MLE and Bayesian approaches described in the
previous paragraphs; we are currently investigating that and we will report on our findings
and results in those cases elsewhere. Finally it is interesting to note that in the Bayesian
approach, if the prior f and the distribution of the measurement noise process, ¢;  as
described by the density ¢ are both assumed to be normal, then the naive pooled data
estimator we find here is in fact the Maximum A-Posteriori, or MAP, estimator.

In light of this, our statistical model assumes that the observed data points can be
represented by the mean output of the model plus random error. Thus, we assume that we
have random observations of the process given by a random array with components

Vj’l-=[E[yj’,-| |f()]+8j,p j=0’---’n,‘, i=1,..,m, (2.4)
where in (2.4), &;; /=0, ..., nj /=1, ..., m, represent measurement noise and are assumed

to be independent and identically distributed with mean 0 and known common variance 2.
For f € #(Q), define

vilt s f) =Bl x puszg) | 1 f1= fQ Clx; X, p ui DS (@dg, (2.5)

the mean behavior at time 4, /=0, ..., 1 if ¢ ~ .
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The estimation problem is to estimate the pdf, %, using a least squares approach

n.
m ]

f = argminJ(f; V) = argmin (V.. —v(t; f))z, (2.6)
FEFQ) fe 9(Q>i;1 ,-;o ptot

where the v{(Z; 1) are as given in (2.5).

Solving the optimization problem given in (2.6) will typically require finite dimensional
approximation of the dynamical system given in (2.1)-(2.2), and the parameterization of the
feasible set of pdfs, #(Q). Indeed, in our treatment here, we assume that the set of pdfs,

F(Q), is parameterized by a vector of parameters 6 € ®, where ® C R’ is a set of feasible
parameters. In this case, we denote the set of pdfs by #(0).

We approximate the estimation problem given in (2.6) by a sequence of finite dimensional
estimation problems by replacing v{(#; 7 with a finite dimensional approximation va(tj; 1.
We obtain

n.
m 1
2
fN= arg min JN(f;V)= arg min Z Z (le.—va(tj;f)) . (2.7)
feFgQ) feFg@i=1/=0

We note that ultimately, we will want to dispense with the assumption that (Q) has been
parametrized by the finite dimensional parameter 8 € ® and actually estimate the shape of
directly. In this case, #(Q) will also have to be approximated or discretized with the level, or
dimension of the parameterization having to grow in order to establish convergence. We are
currently studying this extension to the results presented here and will discuss our findings
elsewhere. Analogous to theorem 5.1 in [7], we have the following convergence result for

the ]?N’s.
Theorem 2.1. Let® ¢ R" be compact. If

A. The maps on ©, 8 — f (q; ©), for almost every g € Q, and © — JN (f (:; 8); V), for all N
and f € F Q) are continuous,

B. For any sequence of densities £, € #(Q) with limy—eo fn(g) = f(g), a.e. g € Q, for
some f € F4(Q), we have vﬁv(zj; /) converging to vi(tj; f) forall i € {1, ..., m} and j € {0,

...,Nj}as N — oo, and

C. The vj(t; f) and va(tj; f) are uniformly bounded for all j € {0, ..., nj}, i € {1, ..., m} and
f € FgO,
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then it will follow that there exist solutions fN to the estimation problems over & 4(Q), given

in (2.7), and there exists a subsequence of the fN ’s that converges to a solution £ of the
estimation problem over % (Q) given in (2.6).

Proof. Finding the solution to the problem in (2.7) is equivalent to finding the parameters 6
€ 0 such that JV (£ V) is minimized. Since © is a compact set and the map 8 — JV (#; 6);

V) is continuous for all AVby (A), a solution fN to the estimation problem (2.7) over # 4(0)

exists.

Next, let {5} € F(Q) be any sequence with limpy—0 7(g) = 7(4), a.e. g€ Qfor some
FeFg and consider that

n.
n l
2
PGSR AT I YD YN USSR A CRY)
i=1j=0
m
=Y X Wi
i=1j=0 "
m N
< X X Wm0 N )|

o N, .
. |Vi(l‘sf)_vi (ZafN)l

m l
<M Z Z RO ETAYeIR

for some M> 0, since v(Z; 1) and va(zj;f) are uniformly bounded for all /€ {1, ..., m} and s

€10, ..., n} (by assumption (C)), and f € F(Q). Then, by (B), we obtain

TN V) = (3 V), (28)

as V— o0, On the other hand, since fN = f(- ;§N), where 8" e @, is the minimizer of JY(£
V), we have

NG vy <IN, 29)
forall f = f(-;0) € Fg(@ and N=1, 2, .... Since {éN} C ©, compact, there exists a

N ~ ~
subsequence ¢ k with 9 Ve — 6 as k— oo, Thus, taking the limit as k — oo in (2.9) with N/
replaced by Ny, and using (2.8) (with fiv = f,all k=1, 2, ... when the limit is taken on the

right hand side of (2.9)), we obtain

J(F3 V) < I V), 2.10)
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for all f € F(Q), where f = f(-:6). Thus, (2.10) implies that £ is a solution of estimation

problem given in (2.6) over Fe0). 0

3. Abstract Parabolic Systems with Unbounded Input and Output

Let Vand H be in general complex (but in many instances, real would suffice) Hilbert
spaces with V< H, i.e. Vis continuously and densely embedded in H. By identifying H
with its dual ~#*, we obtain the Gelfand triple V< H<> V*. Let<, - >y denote the H
inner product and Il -, denote norms on Hand V] respectively, and assume that (Q, dg)
is a compact metric space contained in Euclidean space endowed with Lebesgue measure. In
what follows all multi-dimensional vectors, whether in Euclidean or some abstract space, are
assumed to be column vectors, unless explicitly stated otherwise. For g € Q, let

a(g; -, +):V xV — C be asesquilinear form that has the following properties

i Boundedness There exists a constant ag > 0 such that la(g; 1, y»)l <
agl yLl Myl s y1, w2 € V, g€ Q

ii. Coercivity There exist constants 4, € R and £ > 0 such that
algpy) + gy gy > /40”111”3,, vEV gEQ,

iii.  Measurability For all y, y» € V,the map g— a(g; w1, y») is measurable on
@ with respect to all measures defined in terms of the densities in & 4(0), where
® C R" is the set of feasible parameters.

Assume further that &(qg), /(g) are respectively yand v dimensional row vectors in V* with
the maps g—< &(q), v >~ vand g—< (g), v >~ measurable on Qfor y € V] where
<., - > sdenotes the duality pairing between VVand V*. We consider the system which is
written in weak form as

V.,V Ve,V

x(0) = x, € H, (3.1)
T
) = A (c@: %) ., 45

where 7> 0, and ¢(»(5) = (= 9 x0, )(8), SE€ [0, T]. For u € L,([0, T1, R¥), it can be shown
that (3.1) has a unique solution (see [24, 39])
x € W(0,T) = {y :y € L,([0.T], V)i € L,([0, T, V¥)} € C([0. T]. H) which depends

continuously on u € Ly([0, T1, RA). It follows that y € L,([0, T, RY).

For g € Q, under the assumptions (i),(ii), the sesquilinear form a(g; -, -) defines a bounded

linear operator A(g) : V— V* by < A(Q) y1, ¥2 >v»v=—aq, y1. y2) Where y1, y» € V.
It can be shown further that (see [3, 5, 39]) A(g) restricted to the set Dom(A(qg)) = {¢ € V'
A(Q)¢ € H} is the infinitesimal generator of a holomorphic or analytic semigroup of
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bounded linear operators on H. Moreover, this semigroup can be restricted to be a
holomorphic semigroup on Vand extended to a holomorphic semigroup on V* by
appropriately restricting or extending the domain, Dom(A(g)), of the operator A(g) (see, for
example, [3] and [39]).

For g € Q, define the operators B(q) :R¥ — V*by (B(gu.¢) , = (b(g).0) , uand
viv viv
C(g):Ly([0,T],V) — R by C(g)y = /g<c(q), q/(s)> . ds, forue R¥, ¢ € V,and y € Ly([0,
viv
71, V), and rewrite the system in (3.1) as

x(1) = A(g)x(t) + B(q)u(?),
x(0) = x,, (3-2)
y(t) = C(q)x(t), t>0.

The mild solution of (3.2) is given by the variation of constants formula as

t
x(t;q) = eA(q)txo + / ADU=IB(u(s)ds, 1> 0. (3.3)
0

Moreover, since the semigroup {eA(@?: ¢> 0} is analytic it follows that
T
Y#9) = C(@)xp(q) = fo (@), x (3 q)>v*’vds, 120. (34)

is well defined.

3.1. The Discrete Time Formulation

Now let z> 0 be a sampling time and consider zero-order hold inputs of the form «(§) = v ¢
€Elr(+1)1),/=0,1,2, .... Setting x;= x(/7), for j=0, 1, 2, ..., (3.3) and (3.4) yield that

Xip1 = A(q)xj+B(q)uj, Y= C(q)x(j), j=0,1,2,... (3.5)

where now we let xg € V. Here, again by the properties of the analytic semigroup (see [26,
39]), we have {e47: 12 0}, x;€ V, A(¢) = X 9" € 2(v, V) and

Bg) = [ B(g)ds € Z(R¥, H). The operator C(q) appearing in (3.5) is defined by
recalling (3.4). We set

CA‘(Q)x(j) = C(Q)x(j)s (3.6)

where X, in (3.6) denotes the function in L,(0, 7, V) given by

j
Y= -21 XX (G - Ve, jel - @7
1=
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Now, in light of the coercivity assumption, Assumption (ii), by making the change of
variables 23 = e 20ix(H and L) = e 2014, without loss of generality we may assume that
the operator A(g) is invertible with bounded inverse. Thus we have that

B(g) = [5e* D B(g)ds = A@) ™' B(g) ‘S = (A(q) - DA(9)"'B(g) € Z®R*, V). It follows that

the recurrence given in (3.5) is a recurrence in Vwith A(g) € (v, V) and B(g) € Z(R*, V).

Thus it now becomes possible to allow the discrete time output operator C(g) € L(V,RY)

defined in (3.6) and (3.7), if so desired, to take on the much simpler form

C(g)x = (c(g).x) , . Inwhat follows we shall assume that the output operator takes this
Vv

simpler form.

3.2. Systems with Boundary Input

Of primary interest to us here are systems of the form (3.1) or (3.2) where the input ¢is on
the boundary of the spatial domain. The theory developed in [13] and [27] tells us how in
this case to define the input operator B(g) and the notion of a mild solution upon which our
approach is based. Let Wbe a Hilbert space which is densely and continuously embedded in
H. Let A(g) € (W, H) and T'(q) € (W, R*) and assume that Dom(A(q)) € #/T(g)) € W, T'(q)
is surjective and A(g) = A(g) on Dom(A(g)). We then consider the system with input on the
boundary given by

x(t) = Agx(@), >0,
C(q)x(t) = u(r), t>0,

y(t) = C(@)xy, >0,

x(0) = Xg -

38

In [13], Curtain and Salamon define a solution to the system (3.8) for the case where

u € C([0,T);R*) and xy € Wwith T'(g)x = ¢A0), to be a function x € C([0, 7]; W) N ([0,
7]; H) that satisfies (3.8) at every ¢€ (0, 7). The operator A(qg) densely defined implies that
it has an adjoint operator A(g)* : Dom(A(g)*) € H— Hwhich is also densely defined and
closed. Defining Z* to be the Hilbert space Dom(A(g)*) endowed with the graph Hilbert
space norm associated with A(g)*, Z* will be continuously and densely embedded in H. So,
the Gelfand triple 2 < H<> Zis obtained where Z= Z** represents the dual space of Z*.
By definition A(g)* € Z(z*, H) and consequently therefore, A(g) € Z(H, Z). It follows that
the semigroup {€4(9?: ¢> 0} can be uniquely extended to a holomorphic semigroup on 2
with infinitesimal generator A(g) : HC Z— Z, the extension A(g) to H defined via the
duality pairing < A(Q) v, ¢>z »=< v, A(Q)* ¢>p Tor yw € H, and ¢ € 2* = Dom(A(g)*).

For each g€ Q, let " (g) € Z(R¥, W) be any right inverse of I'(q) € (W, R¥), and define the

operator B(g) € Z(R*,zZ) by B(q) = (A(g) — A(g))T+(g). It is not difficult to show that B(g) is
well defined (i.e. that it does not depend on the particular choice of the right inverse I'* (g)).
Then for any xp € Hand u € L,([0,T7; R*), the mild solution, x€ ([0, 7]; 2), of the initial

boundary value problem in (3.8) is the Zvalued function given by
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A ! A
xt)=e (q)txo + / A= yus)ds, t>0. (3.9)
0

It is shown in [13] that if (3.8) has a solution, then it is given by (3.9) where x€ ([0, 7], H)
N H1((0, 7), 2 and moreover, we have that the estimate given by

| [4AP OB@usyds |, <k holds.

L& A

We note that if in fact we have that W C V, which is often the case (for example, in a one
dimensional diffusion equation with either Neumann or Robin boundary input (see our
examples in Section (6) below), but may not be the case if, for example, the boundary input
is Dirichlet), then in the above formulation we may take Z* = Vand 2= V*. In this case it
will follow that B(g) = (A(q) — A(@)T T (g) € Z(R*, v¥) and consequently that the theory
presented at the beginning of Section (3), and in particular, the discrete time theory
presented in Section (3.1), applies. For ease of exposition, we will assume that this is indeed
the case for what follows below. We note that all the results continue to follow in the more
general case where Z* = Dom(A(g)*). It then follows that A(g) = @7 € #(v, V) and that

B(g) = [5e"%ds B(g) € Z(R¥, V) and therefore that

Blg) = A " ADBg)s = A~ A DB(g)

T ~ 1
= (A(9) - DA(@)” B(g),
0

and C(g) = C(q) € Z(V,RY). Note that now we have
B(g) = (I - A(@)™(g) + f ADSdsA (T (g) € ZR-, V), (3.10)
0

and if I'*(g) can be chosen so that Rt (¢)) € ./ (A(g)), then the expression in (3.10) becomes
B(g) = (I — A(@)Tt(g). Then, if xy =0 € H, y;is given by
i—1

vi= Y C@AW@) ™'~ 'Blgu,
0

I (3.11)

= > K up i=12..
i=0

where the operator k; ; = C(Ag) ~7 ™t - Ag))I'(¢) appearing in (3.11) is the gain that

represents the contribution of the /7 input channel to the /7 output channel.

Commun Appl Anal. Author manuscript; available in PMC 2020 January 18.



Sirlanci et al. Page 14

4. Random Regularly Dissipative Operators and Their Associated
Semigroups

1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

In this section, we summarize the key ideas from the framework developed in [20] and [30]
which are central to our approach. We assume that ¢ is a p-dimensional random vector

whose support is in Hf; 1[a; bl where —co <@ <a; <b, < p<woforalli=1,2, ..., p

Letting @ = [a,)7_ |, b= [b,_ | and let ® c R" for some rbe closed and bounded. We
assume that the distribution of 4 can be represented by an absolutely continuous cumulative
distribution function F(¢; @', Z), 5)), or equivalently, by a (push forward) measure

r=n(a, 7, ?), where 0 € ©. Let a(; -, ) be a sesquilinear form satisfying (i)-(iii) given in
Section (3), where the assumed measurability is with respect to all of the measures

— —
r=n(a,b,0).

Define the Bochner spaces 7 = Li(Q; Vyand % = Lf[(Q; H). The assumptions from Section

(3) on the spaces Vand A guarantee that the spaces 7, # and 7* form the Gelfand triple
7 < % < 7™ (see [20]) where # is identified with its dual #* and 7™ is identified with

L2(Q: V).

N — . - .
Fora =1[all_,, b =[p)l_  satisfying —co <@ <a,<b,<f <o foralli=1,2, ..., p and
0 €0,setp=(d,b,0). Then we define the nz(p)-averaged sesquilinear forms

a(p; -, -):¥ x¥ — C (note, the spaces %, 7, and 7" now of course depend on p, but our

notation here we will not explicitly show this dependence unless clarity demands it) by

a(p; p, W) = /Q a(q; (@), w(@)dn(q; p) = Ela(g; p(@), w(g)) | | n(p)], (4.1)

where g,y € 7 and p = (@, Z), 5)). It is not difficult to show that Assumptions (i)-(iii) imply
that < (p; -, -) is a bounded and coercive sesquilinear form on 7" x 7. Consequently, this
sesquilinear form defines a bounded linear map ##(p) : 7" — 7™ by

< Ao,y >%* S =" <« (p; @, yw) Which when appropriately restricted or extended is the

infinitesimal generator of analytic semigroups of bounded linear operators {¢“* ¢ > 0} on

7, 9 and 7 (see [3, 5, 39]). We assume that the maps g+—< Kq), y(g) >\» and g+—<

Ag), y(g) >~ are m(p)-measurable for any y € 77, and that 1X(Q)ll », ()l \~ are
uniformly bounded for a.e. ¢ € Q. We then define %(p) :R* — 7™ and €(p) : 7 — R” by

< B(p)u,y >%*’ o= fQ (b(q), v/(q)>v*’vd7r(q; pu o
= E[b(g), W(q»v* v | | 7(p)]u,
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Clp)y = / (c@.w) , drlq;p) =E[c(g)w(g) , | |zl (4.3)
0 viv viv

forueR*andy € 7.

With the definitions (4.1) - (4.3) of the operators &, %, and &, consider the abstract
evolution system given by

x(1) = d(p)x(t) + B(p)u(t),
x(0) = Xp € H, (4.4)
Y () =E(p)x®), t>0,

whose mild solution is given by
t
x(1) = T (t; p)xy + / Tt — s, p)B(pu(s)ds, t>0, (4.5)
0

where 7(t; p) = {1 > 0} is the analytic semigroup generated by the operator «/(p).
From (4.4) and (4.5), it follows that

t
Y1) = fo BT (t —5: P B(PIu(s)ds, 120, 46)

As in Section (3), we obtain a discrete or sampled time version of (4.4). Now let xp € V let
7> 0 be the sampling time, and consider zero-order hold inputs of the form /() = u;, t€ [/,
(+1)1),0,/=0,1,2,.... Setting &”J. = Z(jz) and ?J. =%(jr),f=0,1,2, ..., (45) and (4.6)

yield
X = Ef(p)xj + @(p)uj, Y= %(p)xj, ji=0,1,2,..., @4.7)

with & € 7 and (p) = T(z:p) € L. V), B(p) = [{T (s: p)B(p)ds € L(R*,7), and

B(p) = €(p) € L7, RY). Note that the operators @(p) and %(p) are bounded since
{T(t; p):¢ > 0} is an analytic semigroup on 7, %, and 7 (see [3, 5, 24, 39]). If

A (p): Dom(l(p)) € 7 — 7 has bounded inverse, then

B(p) = 16T (53 p)B(p)ds = Ap)~'T(s: ) B(p) o = & (p) - Dl(p)” ' B(p) € ZRM 7).

It is shown in [20] and [30] that the solutions of systems (4.4) and (3.2) and (4.7) and (3.5)
agree for -a.e. g € Q. It follows that

Y1) =Cp)x(t) =Elyt;¢) | | 2(p)] =E[C(@)x(t;¢) | | 7(p)], Vt>0, (4.8)

and hence, from (4.8), that
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Y= px;=ElY (@) | | 2(p)] = EIC(@)x () | | x(p)], (49)

where in (4.8) and (4.9) E[ - ||#] denotes expectation with respect to the measure .

5. Approximation and Convergence

In this section, we can now formally state our estimation problem and the sequence of finite
dimensional approximating problems. We will also state and prove a convergence theorem.

5.1. The Estimation Problem

1 .oom
Assume that data of the form (@; j}’;’ Ay }n’ )y, has been given. Determine

=0’/ =02
—>k —>%
=@ b .0

= ) € £, E a compact subset of R*” x @ c R *7, 7™ = [a*)”
l=

11
—>%k

b =1 | which minimizes
=

" 2

m m i no—1
NOEDWIOED NI F R RINOES (5.1)

i=1 i=1j=0

. ~ n.—1 . - - ~ . .
where for /=1, 2, ..., m, ?/i,j({”i,k}kl: O,p) is given by (4.7) with wp=il; 5 J= 0,....n1iI=

1,2,...,mand (4.9).

Recalling the assumption that for /€ {1, 2, ..., o}, —o0 <@ <a; < b; < f < oo, let

2

0=TIP_ @ pl Let 5 = (@F_ ,.[F1V_ 1?) €57 =Ly (Q:Hand 7 = Li(ﬁ)(é; V). Then,

N _
for N=1,2, ..., let @ = (17 5" =M1 besuchthat ~co <@ <a <4 < i < o,
1= 1=
2
(™)
v (@".v)and let " be a finite dimensional subspace of 7. Let #": % — 7"
")

N
andlet pV = (@™, 5", 0) e 2. Set oV = [TP_ 1. 6M1, #N =12, @V, m),

9N _ 2

T

be a linear map defined by #¥ ) =y | , forany y € Z, let #": 7" — %" denote the
0

orthogonal projection of %" onto %", and define #:% — %" by 7" = 2V . 7V,

In addition, recall that we have assumed that for p € E, the probability distributions
described by (o) are all absolutely continuous; that is (o) ~ o), where o) = f{:; p) isa
joint density for the random vector .

Noting that in this formulation, " is neither a subspace of # nor 7, we define the

operators aN (p) ONn ™ to be what are essentially the restrictions of </(p) to the spaces uN.
More precisely, we set
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(N ) = =2 (VW) = - fQ a(g; V(@) w" (g)d(q, p)

(5.2)
= - /Q a(g:v" (@), WY (@) (g p)dg = — Ela(g:v" (@), w (@) | | x(p)],
where 7V, wN e %V
Define the operators %" (p): R* — %" and €"(p): %" — R by
< B pu, WY > = / b(g), VN dn(q;
(p)u, v o o Q( (@),v (q)>v*’v (q; p)u -
= E[{b(g). V" ,
(o) @) o 1 12
V(" = f (c@. V") | dnlg;p) =El{c() V(@) , |12l (4
0 ViV Vv
where vV € %V, and u € R¥.
With these definitions, we can now state the finite dimensional approximating problems.
n.—1 n. m i i
Assume that data of the form ({z; } Y 5..3F ), hasbeen given. Determine
»Jj=0 LITj=0;=1
Nr =@V 5™ 8N ) e £, B a compact subset of R x @ ¢ R+, 7V * = 1
PN Y *]‘:_ |+ Which minimizes
N 2
IV (p) = Z Z FAcn O,p> Vil (55)

i=1j=0

wherein (5.5), for /=1,2, ..., m, ? ({ul k}k O,p) A0 x |s given by (4.7) and (4.9)

withu; =i, , j=0, ..., m; i=1,2, ..., m, 2 replaced by %ﬁvje %N, d(p) replaced by

N
g (p)r c 3(%N’ ?/NX

Ny =N p) =
_ _ N _
B(p) replaced by %" (p) = [oe? PE@Npyas e Z®* M), ©(p) replaced by
@"(p) e 2", RY), and 2, o replaced by 2, = 7N, e %V, It follows that for /=1, 2,

., m,

~N =N, .~ .
W =AY + B i, Y =, j=0,1,2,., (5.6)

Lj+1— i,j
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with the operators /™ (p), %" (p), and " (p) appearing in (5.6) are as they have been defined
above using (5.2)-(5.4).

In the following sections we prove that there exists a subsequence of solutions to the
sequence of approximating problems that converges to the solution of our original
estimation/optimization problem.

5.2. A Version of the Trotter-Kato Semigroup Approximation Theorem

Our convergence proof is based on a version of the Trotter-Kato semigroup approximation
theorem ([5, 21, 26]) that does not require the approximating spaces to be subspaces of the
underlying infinite dimensional state space. Banks, Burns and Cliff [1] proved just such a
result but unfortunately they do not state their hypotheses in terms of resolvent convergence
which is what we require here. Consequently we establish the result in its requisite form
here.

Let A be a Hilbert space with norm | - | and let {FIN} be a sequence of Hilbert spaces, each
equipped with norm | - I 5. Assume that for each N € N, 0" is a closed (finite dimensional)

subspace of {A"}. Assume that the operators A on A, and for each N € N, A" on %, are in
G(M, Ap) with Mand Aq independent of A that is they are the infinitesimal generators of
Co-semigroups S(r) on # and $" (), on TV, respectively, that are uniformly (uniformly in A)
exponentially bounded. (We note that if A is obtained from a bounded and coercive

sesquilinear form and the 0™'s are subspaces with A" defined as the restrictions of A to ",
then this latter assumption is easily verified [3, 5].)

Theorem 5.1. Let 4, A", and U be Hilbert spaces as defined above. Let #V:A — A" be an
operator such that zm(#™) = A" and | 7"z Iy < 121 Let V. 78" - g" be the canonical

projection of A" onto U and define PV := 2V« 7N Let 4 € G, Ap) on H, and

AN eGwm, Ag) ON 0". Suppose that for some A = Ag,
| PVR,(A)z — R(AV)PVz |, =0, as N—o, 57)

~ o ~_ ~ ~N.—1 .
for every z € H, where R)(A) = (Al - A) Land RA(AN) = - AN) denote respectively the
resolvent operators of A and A" at A.. Then

| PNg(t)Z - §N(I)PNZ [y—0, as N— oo, (5.8)
in &, for every z € H uniformly in t on compact t-intervals.

Proof. For ease of exposition and without loss of generality, let 15 = 0. Then, since §(z)R/1(2)

and §V (z)Rﬂ(AN ) are both strongly differentiable in £ we have
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%ﬁ(r)R (A) = AS(DR (A) = SAR,(A) = SOIAR(A) - 1. .9)

Then, using an identity for §N(t)R/1(AAN) analogous to (5.9) , we obtain

%[EN (t = OR,ANPVS ()R (A)]

N N N R (5.10)
= SN - )PVR,(A) - R,(AM)PVIS ().
Then, since
¥~ R, ANPNSRA) [ )
;\ - " N R (5.11)
= R,AMPVS (1) - S¥HPVIR (A),
(5.10) and (5.11) imply that
RANIPVS 1) - §V(1)PMIR (A)
. ) ) A (5.12)
- f §™ (e = HIPVR (A) - R (AP (s)ds
0
Equation (5.12) and | V(- )| < M (recall Aq = 0), for any u € , yield
| RAIPYS ) - 8" OPVIR (A |,
(5.13)

t ~ ~ ~
<M f | (PVR(A) - Rﬂ(AN YPMIS(s)u | ds-
0

By (5.7), we know that the integrand in (5.13) converges to O for a fixed s, and also it is
bounded by 2A21ui/ A, and therefore, by the Lebesgue Dominated Convergence Theorem,
the right-hand side of (5.13) converges to 0 as //— oo, where the convergence is uniform in
ton compact fintervals.

Letting v = R,(A)u, and using the fact that D(A) is dense in A, we have that

| RANIPYS () - SV )PV |, — 0, as N — oo, (5.14)

for all v e H. Then, since | S(¢) | < M, (5.7) implies that
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| RANSY 0Py - S¥ PR (A |,

= | SV R APy — PVR (AW |, — 0, .
and similarly, | §N(t) | <M and ((5.7)) imply that
| R,AMPVS 0y — PNSOR (A |y
= [[RAMPN = PR (St |y —0. (610
Combining (5.15), (5.16), and the triangle inequality we get
| R,ANS 0P - PVS@ylv + [PYS@) - S ()PMIR (A 1,y — 0, (5.17)

as V— oo. Then, because of (5.14), and again by the triangle inequality, we obtain that

| 1PVS(0) - ST PMIR (A |y — 0, as N — oo. (5.18)

Letting w = R,(A)v, we have w € Dom(A%); and since Dom(A2) is dense in A, it follows from

(5.7), (5.17) and (5.18) that

15N 0PNz~ PNS 0z 1y — 0. as N — oo,

for all z € A uniformly in fon compact tintervals. O

5.3. Application to the Density Estimation Problem

Let {0}, p € E be such that 7(g) — £g), for almost every g € Q, where #(q) = g, o)
and fg) = fg, p). Let Z, 7, VN, &N, 5N, & — 8, PV N — 4N, and 7N 7% — %" be as
they were defined earlier. Set o = o/(p) and consider it to be an operator on % and 7 by
extending £, p), which is defined on @, to O by setting it equal to zero on 0~ Q and let

a” = a"N(p"). Then it follows from Assumptions (i) - (iii) that < is in G(M, Ag) on % and
o isin G(M, A) on #" with Mand A, independent of A,

In the statement of Theorem (5.1), set A = 7, A" = &V, 0¥ = 4N, PN = #V, A = o, and
AN =N To apply Theorem (5.1) and conclude that in this case, (5.8) holds, we need only
verify (5.7). In order to do this, we require the following two additional assumptions

i There exist positive real numbers y and &6 such that for any p € =, we have 0 <
< g, p) < < oo for n(p)-a.e. g€ Q.

ii.  Forallwe 7, there exists " € %" such that [« — #Vw| , —0as N— oo,
7

We are now able to prove the following theorem.
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Theorem 5.2. Let assumptions (i) - (v) be satisfied and let {pN}, p € Z be such that fN(q)
— f(q), for almost every ¢ € 0, where fN(q) = f(q; pV) and f(q) = f(q; p). Then, with the
definitions above, the conditions of Theorem (5.1) (and in particular the resolvent
convergence specified in (5.7)) are satisfied. Consequently, it follows that

||,C]N(t;pN)PNZ—thC](t;P)Z”%N_)O’ as N — oo, (5.19)

for every z € %, uniformly in t on compact t-intervals where 7 = {7V (; p™V):t > 0} is the

N N
semigroup on V() given by 7Vt o™y = ¢ P ' and 7 = (T (1; p):1 > 0} is the semigroup
on % and Z given by 7 (; p) = ¢¥" = 7).,

Proof. First, note that if we can show resolvent convergence for every z € 7, then since 7 is
dense in %, and 7R, (/) and R, (™)7" are uniformly bounded, the desired resolvent
0 0

convergence for every z € # will have been demonstrated. In what follows, for any
p=(d, v, 7) € =, (;; p) is defined on @ = [TV_ | [a,, b1, but it can be extended to be

defined on Q by setting it equal to zero on 0 ~ 0. We will use this fact frequently below
without further remark.

Letz € 7 and define w = R, (/)z, and w" = R, (™) 7"z Suppose also that u" € %" be as
0 0

in Assumption (v) for w = R ’10(&{)2'

Then, by triangle inequality, we have

”jNW_WNH NS ”fNW—”N"‘”N_WN” N
7 N N NN (5.20)
<=yt =]y

Thus, (5.20), Assumption (v) and the continuous embedding of 7" in 9" imply that it is
enough to show that ||« — wN||%N —0as N— oo, Let 2N= u/N— (N, Then, since

wNe%Nc%N),
AN V) = (=g N
= (4 — AR, AV N,N> — d(wh, 2N
(Gol = ™R, (7722 i) e

= (7", ZN>%N = oW, zN>%N.

Also, since w € Dom(d),
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a(pyw, IV ) = (—aw, JNJ’ZN)?,—/

= <(/101 — R, (&2, NN >§/ = 2o{w, IV TN < (5.22)

xH
— (Z, jN+ZN>9—f—/10<W,jN+,ZN>7—K,

+
where 7V denotes the Moore-Penrose generalized inverse [11] of #N. We note that for

+ _ _
we VN, 7V y is the function in  that agrees with y-on QVand is zero on o~ @". Then,
from (5.21) and (5.22), we obtain

a(pMwh, N = a(pyw, TV = (= IV N) = 2w )y
7/ i (5.23)

- <Z, N +ZN>% + /10<w, gN +ZN>?,—/.

Recalling Assumptions (i) and (ii) for the form a(;; -, -) on V'x V let &, i, IO denote the

boundedness and coercivity coefficients for the forms «7( - ; -, -). Then, using boundedness,
coercivity, Assumptions (iv) and (v), Young’s and the Cauchy Schwarz Inequalities, and the
continuous embeddings of the space Vin the space H (i.e. that there exist a constant & such
that | - 1< Al - Il) and (5.23), for any e > 0, we obtain
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ﬁo”ZN”%N <M M+ 71N 1Y

2
= (w2 = e (Nl N+ 2o 1Ny
+
= d(p" w2y — a(piw, N )

+ 2
+dp;w, IV Ny = 2Nl N)+/10|Z |%N

= <JNZ, ZN>%N - ;fO(wN, ZN>%N - <z, JN+ZN>?_( + IO<W, JN+ZN>%

+ /Q: (alg;w, ) f(@) — atq;u®, ) N (g))dg + IO | N I;N
- fQ (22}, (@) - Fla)dg
+7, /Q (. 2), f @) - (. 2N @y
+ /Q: (alg:w, 2 f(q) = a(q:u™, 2 N (9)dg
= fQ (2. 2"), (M@ - fa)dg + 7, /Q<W’ M), F@ - N g)dg
+17 /_<W—MN,ZN>HfN(q)dq+ /_ (alq:w.2")(f(q) - fN(g)dq
0 0 (5.24)
+/Q;a(q;w—uN,zN)fN(q)dq
sfé|z|H|zN lu | @) - 1@ ldg
+Iofé b 12 1 | f@ = £V g
+7 /Q |w = 1y 1 2 1N @)dg + a fQHw”VHzNIIV | @)~ 1) | dg
ety [ o= Il g
< Za f VI3 @dq + f 121 ) - f(q) I'dg
7 ek®
° f (B (q)dq+— f [ || | ) - f@) Pdg
7 ek?
Z |ly. qq+— yiw—ullyf (g)dg
02 ol Mg + 5 o I gpa
a £ 2
y / 5 @ + 5 f_HWHVIfN(q)—f(q) *dg

ae Q
T g+ 2 [ b= ardg
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Then, letting ¢ = i, - %(kz(zo + D+ (a+ 1)(/70k2 + ao)), it follows from (5.24) that

2 Zk2+a 2
~ 1 0 0
2| 52—/_|z|§,f”<q>—f(q)|2dq+2—fN w—u|l fMg)dg
N “€Jo € 0 v
~ 2
Tk +a
0 0
+T[ wll 1@ - f@) P dg
0 1%
~ 9 2
1 /10/( +q
= [ 1215 | @) - £ * dg + ———| 7w —u" (5.25)
2¢ 0 2¢ -

2
| @) - f(g) * dg
\%

w

=2
/10k +a0/
Y /-
€ 0

Choosing e positive, but sufficiently small in (5.25), it follows from Assumption (v) and the
hypotheses of the theorem that

¥ =y = IV =0 a5 N o, 520

Thus (5.26) together with (5.20), and Assumption (v) yield resolvent convergence and the
theorem is proved. O

We note that in the proof of Theorem (5.2) we were in fact able to establish resolvent
convergence in the 7N norm. Consequently we may conclude that the semigroup

convergence in (5.19) is in the 7N norm as well. Moreover, it is not difficult to establish the
following corollary to Theorem (5.2).

Corollary 5.1. Under the same hypotheses of Theorem (5.2), we have
||x§ ") - 7N, ,.<p>|| =0 as N— oo,
v

(5.27)
| ?ﬁlj(pN) - ?i,_i(/’) |[RU —0as N— oo,

for every i=1, 2, ..., m, uniformly in j for j= 0, 1, 2,..., n; where .Q"Qlj(pN) and %:’j(pN) are

givenin (5.6) and &, /P and 7, fp)are given in (4.7).

The assumption that the feasible parameter set = is closed and bounded in R2P*T together
with (5.27) in the statement of Corollary (5.1) and Theorem (2.1) then yield the following
result.

Theorem 5.3. If, in addition to Assumptions (i)-(v), we assume that the maps p — f (q; p)
from = to R are continuous for w(p) a.e. ¢ € 0, then each of the approximating estimation
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problems admits a solution, pN*. Moreover, the sequence {pN*} has a convergent
subsequence, {pN*} with PNK* — p* and p™ a solution to the original estimation problem.

. . . . . . —
It is also possible to establish a consistency result for the estimator p* = (@, b *,7*) EE.
We require the following additional assumptions:

(2) The measurement noise {e; } is i.i.d. with respect to a probability space {Q, Z, P} with
Ele; |P1=0and Vare; iF] = a
(b) The feasible set of parameters = is compact (i.e. closed and bounded since it is finite

dimensional) and has nonempty interior,

(c)Fori=1,2, ..., nj=nand nt = Tfor some positive integer nand some 7> 0, where zis
the sampling time defined in Section 3,

n.—1

(d) That 'y“i’j =% j({ﬁi,k}kl: O,pO) +E for some pg € /inE}, where for /=1, 2, ..., m,

n.—1 . . - . -
%,].({Hi’k}k’= O,p) is given by (4.7) with wp=i; 5 J= 0,...m, =12, ...,mand(4.9), and

(e) Foreach /=1, 2, ..., m, pg € E is the unique minimizer of J;g in X/where
2 T ~ ~ 2
T o) =0t + fo (YT, py) - Y@ T, p) e, (528

and ¥ (1; i, p) is given by (4.4) -(4.6) with u = &,.

Then a straight forward application of Theorem 4.2 in [7] can then be used to establish the
following lemma and theorem (see [32]).

Lemma 5.1. If in addition to Assumptions (i)-(iv) and (a) (e) above we assume that the maps
p—> g, p) from E to R are continuous for (o) a.e. ¢ € O, then there exists an event A€ 3.
with A(A) = 1 such that for all w € Aand Jas given in (5.1) we have

n
1 1
;i; {0 =T, o)) =0,

as n,m— oo and z— 0, with nz= T, uniformly in p for p € E, where J;is given by (5.1)
and J;o by (5.28).
Theorem 5.4. (Consistency of the estimator p*) Let p* € = be as defined in (5.1) in Section

5.1. Then under the assumptions of Lemma (5.1) the estimator p* = (E’*,Z)*,?*) EEZIS
consistent for pg. That is p* — pg in probability with repsect to the probability measure P,
asm,n— oo, andt — Owithnt=T.
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6. Examples and Numerical Results
6.1. The Adjoint Method

The approximating optimization problems are solved numerically by using an iterative
gradient-based scheme. Once a basis for the space "V is chosen, matrix forms of the operators
v, @N, and @" can be computed. The gradient of JY(), with respect to the 2o+ r
parameters in p can be computed accurately (in fact exactly with the exception of finite
precision arithmetic round-off) and efficiently (which is especially important if the

dimension of the approximating system (5.6) and/or the number of parameters is large) using

- ) NT ~ N
the adjoint method (see [23]). For each j=1, ..., m, set vaj = 2[@"] (%Nsrfvj -3, )€ R,

/=0, ..., njwhere KVis the number of basis elements for V. Thenforeach =1, ..., m,
the adjoint systems are defined to be

N .
Zﬁ?’j—l [/ ]TZN +V,]_1, i = {Yni’]:ni’ni_l""’z’l' (6.1)
. e s
The gradient of Vat p = (@', b, 6) can then be computed from
- /N LA N T 0.52[ N
vJ (p) Zl Z 1]—1
= J:
g™ -
— (M)~ ( 9T (o Ny (@ AT
(6.2)
(M No: ~N 03BN _
pgg i j1— _I)W“i,j—l))
~ ~= ’J ap Yij

aN

Using (6.1) and (6.2) to compute the gradient requires the calculation of the tensor ‘)ap

N
This can be done using the sensitivity equations. For < 0 set " (1) = ¢ @ from which
differentiation yields

&) = Vo), oV O0)=1. 6.3)

N
Then, setting ¥V(1) = %p(’), differentiating (6.3) with respect to p, and interchanging the

order of differentiation, we obtain

o™

Wiy = NV ) + 5 29N, ¥N0) = (6.4)
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Combining (6.3) and (6.4), and solving the resulting system, we obtain

N ad™N 7 apl| [0
Lo

o oV

vV (1)
A0

T

~N
Setting ¢= zin (6.5), we obtain that % =N

To illustrate our approach, we consider the case of a one dimensional heat/diffusion equation
on the interval [0, 1] with random (thermal) diffusivity and two different sets of boundary
conditions. Consider the partial differential equation, boundary conditions and output
operator given by

%(t, n) = qlgiﬂ;c(t, m, 0<n<l1, t>0, (6.6)
[px(t, ) =x(1,0)=0, t>0, (6.7)
Cex(t, ) = qlg—;(t, 0) - x(,0) = 0, 1> 0, 68)
Cyx(, -) = Z—;g—;(t, D=u@®t>0, (6.9)
x(0,7)=0, O0<pn<l, (6.10)

(@) = x(t,ng), >0, (6.11)

where 0 < 79 < 1. In the examples below, we consider the parameterized family of
probability density functions defined as follows.

Definition 6.1. Let ¢(g; ), ¢ € R" be a member in an exponential family [12], and let ®
denote its cumulative distribution function. Let @represent a vector of parameters, and let
D c R" be a bounded region to which ¢ will be restricted. Then define @ (6) = [ p ¢(g;
6)dg. Then the family of pdfs, 7(:, p) given by

k
-21 w(0)t (q)

i=

»(q:0x p(@) L oe®
= q)c(@)exp
[NO) @ ,(0)

flg;p) =

ZD((I)

where the parameters p include the parameters 8and parameters & and b to describe the
domain D, is called a truncated exponential family.
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It is clear that this family of densities satisfies Assumption (iv) and the hypotheses of
Theorem (5.1).

All of the numerical results presented here use simulation data. Our studies involving actual
experimental/clinical data are discussed elsewhere (see [32]). The simulated data was
generated by first sampling the target distribution to obtain 100 samples g of 4. A spline
based Galerkin approximation to the system (6.6) -(6.11) using a 128 equally spaced point
grid on [0,1] was then solved using each ¢-sample. The resulting 100 output signals were
then averaged at each time point. The approximating estimation problems were all solved on
either MAC or PC laptops using the Matlab optimization toolbox routine FMINCON for
constrained optimization. Gradients were computed using either FMINCON built-in finite
differencing or the adjoint method, (6.1)-(6.5). Which method was used had only a
negligible effect on the results. The input signal used was t(9) = 1cos(91 x10,2)(9), ¢ € [0, 20],
and the sampling interval was == 0.1. In all of our examples below, the admissible
parameter space Qis assumed to be either in R™ in the case of the uni-variate examples, or

in the fist quadrant of the plane R? in the bivariate examples. Consequently when the
approximating optimization problems were solved, the lower bounds for the supports of the
random parameters, aand ¢, were constrained to be strictly positive. This is based on the
requirements of the physical model (6.6)-(6.11) and the assumption that properties (i)-(iii) in
Section 3 hold.

6.2. Examples 6.1,6.2 and 6.3; One Random Parameter; Truncated Uniform, Exponential
and Normal Distributions

In this series of examples we consider the system (6.6),(6.7),(6.9)-(6.11) with ¢, random and
¢ = 1. In this case we have g= g1 € Q=[a, 4], W=[p € H(0, 1), I'p,=0},
H=Hj0,1) = {p € H(0.1).T pg = 0}, Dom(A(g)) = [p € V: T1,=0} and T(g) =Ty. It

follows that

1
a(g; p.w) =q A o'y’ (pdn, @,y €V,

and (Xq), ¥) v, v= (b ¥)vx = v(1) = & - 1), w € Viand (), ¥)v»v=(C )= v=
w(1/3), w € V, where in this case 7y = 1/3. Standard arguments [3, 5] show that
Assumptions (i)-(iii) are satisfied.

To carry out the finite dimensional discretization, we let 77, m be positive integers and set //
= (n, m). In this case we have either D= [4&, 4] (uniform and normal) or D=0, A]
(exponential). In what follows we describe the g or Q discretization for the uniform and
normal cases; the exponential is similar. The basis for the approximating subspaces % were
taken to be tensor products of the standard linear spline basis elements ¢ corresponding to

n—1

the uniform mesh {0, l, 3,
nn n

,1} on [0, 1], and the characteristic function basis ;(;f’ for

the interval [, 4]. The /%’ element corresponds to the /7 sub-interval

b—a

la+ G- D2 D0+ 229, j=1,2, ... m In this way %" = span(el) }, i=1,2, ..., n =1,
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2, ..., mwhere gﬁlj(n, 9 = @{7}@, 7€ [0, 1], g€ [a, b] with dim(@"™) = nm. Using

standard estimates [29] it is not difficult to show that Assumption (v) holds.

Re-numbering afﬁv}.s so that gﬁvj = &Y where k= (/- 1)n+ jand letting ¥ =[]  ER™
5 s =

the matrix representation for the operators &/ are given by [V = — (™~ k" with

N
r,s

b opl b 1
NN
= [1 A £, ¢€; f(g:a.b,0)dndg = fa 270 f(g:a.b.0)dg [) oo,

N N N
M = Mr, s(a’ b.0) = <§r ’6s >%

N , N
N _ N N N b p19e, o
Kr,s:Kr,s(a’b’H):M(q;fr’65):L QA T”T”f(q;a,b,ﬂ)dndq

b |
= /(; q)(?x;"f(q;a,b,é’)dq _/(; 7 @l dn.

where r=(j-Dn+ i s=(/-Dn+ ki, k=1,2,....,n4,1=1,2, ..., m.
We also have

b b
BY =N a.b.0) = f N f(qa.b.00dq = ¢(1) f 2 f(q:a.b.0)dq.
a a J

N

N

N _ b N . n b m .
a.b,0)= [ £ /3,9)f(q:a,b,0)dg - (1/3) [ ¥ (9)f(g;a,b,0)dqg,
a a

rs5=1,2,...,nmr=(-Dn+is=(-Dn+k i, k=1,2,....n/,1=1,2,...,m.

With the density 7= fy(-; p) = /(; (& b, 6)) as given in Definition (6.1) above, if we define

B B
fila pip) = / flapdg  and  frla fip) = f qf(g; p)dy,
a a

it is a straightforward, albeit somewhat tedious, exercise to compute the partial derivatives
of; of; of; of; of; . . S . .

o 3 90 IO b F=0, 1, 2. These partial derivatives show up in the matrices that
appear in the adjoint equations (6.1)-(6.5). We tested our scheme on truncated uniform (o =
(& b)), exponential (o = (R, 6)) and normal (o= (& b, 4, o)) distributions. Our results are
shown in Table (6.1) and Figure (6.1) below. In panels (a) - (c) of Figure (6.1), we have
plotted the converged estimated population models together with the data and the 75%
credible band for the truncated uniform, exponential and normal densities. The credible

bands can be obtained directly from the solution to the population model. Indeed, ¢ is
sampled using the estimated distribution and then C(¢)5X§V( -, ¢) is evaluated at the sample

q’s where &’7 is given by (5.6). Now the g dependence of the solution to the population
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model is only valid rz almost everywhere and our convergence framework is an L, (in g)
theory. Consequently, pointwise evaluation is, strictly speaking, undefined. However, the
results appear to be useful so we have included them. We are currently working on an
extension of the results presented here that involves introducing parabolic regularization in
g. This will potentially allow us to justify pointwise evaluation in g of the population model
to obtain credible band. It is interesting to note that the credible band for the exponential
distribution is quite wide, almost to the point of making the population model not that
useful. This is because the exponential distribution, especially one with a mean and variance
of 4=1/6= 3, has a rather “fat” tail. Panels (d) and (f) of Figure (6.1) show the converging
estimated pdfs for the truncated exponential and normal distributions, respectively. Panel (e)
shows how the output of the population model compares to the data when the resolution of
the finite element discretizations of gand nand the truncation point of the densities are
varied. It appears from the figure that it is the g discretization that determines the rate of
convergence, while a rather coarse 7 discretization seems to suffice. We believe that this
explains the slow convergence of & (the exponential parameter) and o (the standard
deviation of the normal) observed in Table (6.1) and panel (f) of Figure (6.1). The truncation
of the density appears to have only a negligible effect. We are currently investigating
whether using smoother first order splines for the g elements produces improved estimates
and more rapid convergence.

6.3. Example 6.4; Two Random Parameters; Truncated Bi-variate Normal Distribution

In this example we consider the system (6.5)-(6.11), but instead of the Dirichlet boundary
condition (6.2) at n = 0, we take the Robin boundary condition (6.3) at »= 0. In this case, g
= [q1, go] is the vector of random parameters with g€ D= Q=[a, 4] x [c, d], H= L%(0, 1),
V=H0,1), W= H0, 1), and Dom(A(g)) = {p € H0,1) : Tg,=0,T1,=0}and T'(g) =
I'1. The sesquilinear form on V' x Vs given by a(q; ¢, y) = qlf(l)qa’y/’dn + (0 (0) with <
n9), v>vv=qy)=qy( 1), y€ Viand< Aq), v >\ =< .y >~ v= ¥(0), ¥ €
VVwhere we have set 7 = 0. In this case N= (n, m, my), where nis again the level of
discretization of the space variable nand /m;is the level of discretization of g;, /=1, 2. Once
again the approximating subspaces were constructed using tensor products,

uN = span{.fﬁlj’k}, i=0,1,2,...,nj=1,2,...,m, k=1,2, ..., m, where

m m, .
dim@#™) = (n+ Dm,m.
In this example the truncated exponential family was based on the bivariate normal. Once
again, it is possible to compute all the partial derivatives (although of course their evaluation

requires the numerical evaluation of single and double integrals) that are required to form
the matrices that appear in the state and adjoint equations (6.1)-(6.5). We obtained simulated

data by generating samples for 4 from a N(z, 2) distribution with 7 = Eé] and Z = [z 2]

Our results are shown in Table (6.2) and Figure (6.2), where it can be seen that we obtained
reasonably good approximations to the actual parameters that we used to simulate the data.

Commun Appl Anal. Author manuscript; available in PMC 2020 January 18.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Sirlanci et al. Page 31

We parameterized the covariance matrix as & = L 7L, where the 2 x 2 matrix L is upper
triangular with Lq1 and Ly, both positive so as to guarantee that at each step in the
optimization, . is positive definite symmetric. The plot of the optimal joint density in the
left hand panel of Figure (6.2) correspond to 7= 16 and /. = m, = 8. In the right hand panel
of Figure (6.2) we have plotted the output of the fit population model and the 75% credible
band. Once again, we believe that the rate of convergence could be improved by using linear
splines rather than piece-wise constant elements to discretize the random parameters g.

7. Concluding Remarks

We are currently working on a number of applications and extensions of the results
presented here. Specifically, we are looking at applying our approach to actual experimental
and clinical BrAC and TAC data collected in both the lab/clinic and the field using two
different transdermal alcohol biosensors from a number of different individuals that include
several drinking episodes occurring over a time period of several days. We are developing
deconvolution schemes based on population models fit using the approach discussed here
that, given an output signal, will provide a population based estimate for the input together
with credible bands obtained directly from the deconvolved input signal and not requiring
simulation. We are also looking at extensions of the ideas presented here to the solution of
the LQR and LQG compensator problems wherein the infinite dimensional linear regularly
dissipative dynamics and quadratic performance index involve random parameters.

In our treatment here, we assumed that the probability measures describing the distribution
of the random parameters were defined in terms of parameterized families of joint density
functions. We are looking at developing numerical schemes and an associated convergence
theory for estimating the shape of the density directly. We also hope to be able to apply the
convergence theory based on the Prohorov metric on a space of measures developed in [7]
more directly to the class of problems that we have discussed here. More precisely, we
would like to be able to eliminate the assumption that the measures are defined in terms of a
density, and estimate the measure directly. We believe that such a theory may be possible by
assuming that our approximating subspaces are required to satisfy additional regularity (i.e.
smoothness) assumptions; in particular that they are required to be contained in the domain
of the operator. Then by making use of a slightly different version of the Trotter-Kato
semigroup approximation theorem (see, for example, [1]) we believe it may now be possible
to verify the hypotheses of the more general convergence theorem established in [7] for the
estimation of the probability measures directly, rather than by estimating an associated
density.
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Top row, starting from the left: Data, converged estimated population model and 75%
credible band for (a) Example 6.1 Truncated uniform distribution; (b) Example 6.2

[C—175% credible band
+ simulated data
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Truncated exponential distribution; (c) Example 6.3 Truncated normal distribution. Bottom

row, starting from the left: (d) Example 6.2 Converged pdfs for truncated exponential

distribution; () Example 6.2 Data and Estimated population model for various values of R,

nand mr, (f) Example 6.3 Converged pdfs for truncated normal distribution.
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Figure6.2:
Left hand panel: Example 6.4 Estimated bivariate normal joint density with 7= 16 and /m =

mp = 8; Right hand panel: Example 6.4 Data, estimated population model and 75% credible
band for truncated bivariate normal distribution.
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Convergence results for Examples 6.1, 6.2 and 6.3; estimation of the parameters in truncated uniform,

exponential and normal distributions.

Table 6.1:

N Uniform Exponential Normal

n m a* b* C4d R* a* b* p* o

4 176 | 4.27 | 2e-5 3.61 261 | 544 | 405 | 0.62

8 8 191 | 405 | 4e-5 | 381 | 229 | 542 | 4.01 | 0.40
16 16 194 | 4.00 | 0.20 4.34 217 | 542 | 401 | 0.37
32 32 195|399 | 0.30 | 5.95 | 215 | 542 | 4.00 | 0.35
64 64 196 | 3.99 | 0.30 | 11.08 | 2.14 | 542 | 4.00 | 0.35
True Values 2 4 1/3 — — — 4 0.25
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Table 6.2:

Page 38

Convergence results for Example 6.4; estimation of the parameters in truncated bivariate normal distribution.

16

a*

5.88

5.67

5.79

b*

18.15

18.35

18.17

c*

4.85

5.17

5.06

d-k

14.63

14.46

14.66

u*
11.72
9.88

11.68
9.87

11.67
9.86

o

9.29 3.03
3.03 5.21

12.13 5.76
5.76 7.35

10.15 4.04
4.04 597

|

|
|
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