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ABSTRACT

We study the effects of coupling strength inhomogeneity and coupling functions on locking behaviors of coupled identical
oscillators, some of which are relatively weakly coupled to others while some are relatively strongly coupled. Through the sta-
bility analysis and numerical simulations, we show that several categories of fully locked or partially locked states can emerge
and obtain the conditions for these categories. In this system with coupling strength inhomogeneity, locked and drifting sub-
populations are determined by the coupling strength distribution and the shape of the coupling functions. Even the strongly
coupled oscillators can drift while weakly coupled oscillators can be locked. The simulation results with Gaussian and power-law

distributions for coupling strengths are compared and discussed.

Published under license by AIP Publishing. https: //doi.org /10.1063 /1.5083621

Coupled oscillator systems have been widely used as mod-
els for systems of interacting elements such as flashing
fireflies, chemical oscillators, and neural networks. The sys-
tems can show various synchronous behaviors such as in-
phase synchronization, full locking, and partial locking. The
inhomogeneity in the intrinsic frequencies of the elements
has been considered as the main factor that makes the
systems desynchronize and causes imperfect synchronous
states such as full locking and partial locking. Here, moti-
vated by the recent findings on a wide range of the con-
nectivity level in complex systems such as world-wide web
(WWW) and the brain, we focus on the effects of another
type of inhomogeneity: inhomogeneity in how strongly indi-
vidual oscillators are coupled to others on average. We show
that this inhomogeneity in the coupling strength combined
with the coupling function, which represents the interaction
between oscillators, can induce various synchronous states

including partial locking in the system of identical oscilla-
tors. These various states are categorized, and condition for
each category is obtained through the stability analysis.

I. INTRODUCTION

Systems of coupled oscillators have been widely stud-
ied as models for a variety of systems in physics, chem-
istry, and biology.® The main factors that affect the dynam-
ics of the coupled oscillators are the intrinsic dynamics of
oscillators,”® the couplings between oscillators,*® and the
connectivity among oscillators.””!" The recent finding that
the connection topology and coupling strength of the net-
works of systems such as the world-wide web (WWW), the
Internet, social and biological networks can be far from being
homogeneous'™ has spurred interests in the relationship
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between the connectivity and the dynamics of systems.”"
Previous studies showed that the inhomogeneity in the con-
nectivity distribution or the strength distribution can induce
asynchronous states or hinder synchronization.'*~*!

Especially, Ko and Ermentrout showed that inhomogene-
ity in coupling strength, i.e., inhomogeneity in how strongly
single oscillators are coupled to other oscillators on aver-
age, makes partially locked states possible even in systems of
coupled identical phase oscillators.”’ They studied the special
cases with the power-law distributed coupling strength and
the coupling function reduced from diffusive coupling. It was
shown that the systems can exhibit partially locked states with
weakly coupled oscillators locked and strongly coupled ones
drifting. In contrast, it was shown in the study by Moon et
al. that phase-shifted sinusoidal coupling function may induce
partially locked states with strongly coupled oscillators locked
instead.” These contrasting results seem to imply that the
coupling strength inhomogeneity and different types of cou-
pling functions can cause various types of partially locked
states and possibly other types of synchronous states, but this
case has not been clearly investigated.

In this paper, we study the effects of inhomogeneity in
coupling strengths and the shapes of coupling functions on
the locking behaviors of systems of coupled identical oscilla-
tors. It is shown that these two factors together can produce
a rich repertoire of synchronous behaviors. We analytically
find the conditions for different categories of fully locked or
partially locked states. Numerical simulations with Gaussian
and the power-law distributions for the coupling strengths
confirm our findings.

Il. MODEL AND ANALYSIS

Here, we consider the following mean-field model for a
phase-reduced system of weakly coupled identical limit cycle
oscillators with (in)homogeneous coupling strengths.'*-*

‘ K ,
6 = w+ ﬁl ;[CO + Sll’l(@j —6; — /3)]7

i=12,...,N, ¢=0, Be[0,7/2), )

where 6;(t) is the phase of an oscillator i at time t, o is the
intrinsic frequency of the oscillators, and N is the total num-
ber of oscillators. The second term on the right hand side
comes from the coupling of oscillators. K;(> 0) is the effective
coupling strength to an oscillator i from others. The coupling
function H(0) = co + sin(9 — B) is a first order approximation
for many general coupling functions obtained from the phase
reduction method.”® The coefficient of the second term of
H is set to 1 without a loss of generality. The constants cg
and B determine the shape of the coupling function H. Time
delays in interactions can additionally increase the value of
B.”” The constant ¢y is typically less than 1, but for better
understanding of the phase diagram we also consider ¢y > 1.
We investigate the effects of ¢y, 8, and {K;} on the dynam-
ics of coupled oscillators. Note that the system shows in-phase
synchronous states only with either ¢y = sin 8 or the K; being
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the same for all oscillators. We are interested in the systems
with inhomogeneous values of K;. Previous studies with ¢y =
sin g2 and co = 0”' show the occurrence of partially locked
states with locking of weakly coupled oscillators (defined as
the oscillators with small values of K;) and strongly coupled
oscillators (defined as the oscillators with large values of K;),
respectively.

To find out the effect of ¢y, 8, and {K;} on the dynamical
states of the system, we perform a self-consistency analysis as
in Ref. 20 for this mean-field model in a more general setting.

Let Q denote the frequency of the population oscilla-
tion described by the order parameter Re®® = %ZJN: e in a
stationary state. Then

¢ = A +K;[co + Rsin(® — ¢ — B)], @

where ¢; = 6; — Qt, A = 0w — Q, and ® = © — Qt. When the sys-
tem reaches a stationary state, R and ® do not depend on
time.

Note that A +Kico acts as a desynchronizing inhomo-
geneous factor, and KiRsin(® —¢; — ) can act as both a
synchronizing inhomogeneous factor and a desynchronizing
inhomogeneous factor. The coupling strength K; is involved in
both of the competing factors. Thus, it is not intuitively obvi-
ous which subpopulation of oscillators will be locked. Note
that even when ¢y = 0, the system can have partially locked
states as shown below.

The oscillators phase-locked with a frequency Q in the
original frame are those with K; € D; = {K; : KiR > |A + Kicol }
asymptotically approaching a stable fixed point ¢;* in Eq. (2),
satisfying the following equations:

A +Kico = KiRsin (¢" — @ + B) 3
from ¢; = 0, and
cos (" —®+8)>0 4

for the stability of the fixed point.
From Egs. (3) and (4), we obtain the fixed points

w1 | A+ Kico

i = SIn [W
The value of ¢;* for each K; can give useful information for fur-
ther analysis. The slope of (K;, ¢;*) curve for locked oscillators
can describe the phase distribution over the oscillators with
regard to the distribution of the coupling strength. The slope
is given by

]+¢>7,8. )

Rl A
= . 6
9K; Ki®Rcos (¢i* — @ + ) ©)

With the condition in Eq. (4), the sign of the slope reduces to

. " .
sign ( K ) = —sign (A). (7)
This means only the sign of A determines the sign of the slope,
and the phase monotonically increases or decreases as the K;
increases in the locking range of K;. When the locked oscil-
lators oscillate with a frequency 2 greater than the intrinsic
frequency o (A < 0), the slope is positive.
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TABLE I. Categorization of the synchronous states: the name of the state is given as Sn,: n is the major category index and x is composed
of d, I*, I=, and 1°, where d stands for a drifting range of K, [ for a locking range of K, I*, [, I°, respectively, for positive slope, negative
slope, and zero slope of the curve (K;, ¢;*) in the locking range of K. A = w — Q. For the details, see the text.

States  Oscillators with K from Kpin to Knax ~ Slope of (Ki, ¢i*)  Sign(A) (R, o) Locking range of K Additional condition
Sl In-phase synchronous 0 0 R > ¢ [Knin, Kmax] R=1

Slg+ Drifting—locked + - R>cy lec‘o < K; Kmin < R‘fclo

Sl+ Fully locked + - R>co [Kmim Kmax] R‘+Ac|0 < Kmin

S24- Drifting—locked - + R>co ﬁ < K; Kiin < ﬁ

SZ[— Fully locked — + R > Co [Kminy Kmax] ﬁ < Kmin
S3gita Drifting-locked-drifting + - R < co Rfc'o <K < C(‘)ﬂ{ Kumin < R‘fc‘o, C(')AJR < Kinax
S3p4q Locked-drifting + - R < co K; < C(‘)A_‘R R‘fC‘O < Kumin, 2 < Kinax
S3g+ Drifting-locked + - R < co R'fc‘o <K K,Zm < %, Kiax < CJ)ER
S3+ Fully locked + - R<co [Kmin, Kmax] R‘+c‘o < Kinin, Kinax < c(‘)—lR
S44 Fully drifting None +,0 R<co None

On the other hand, the oscillators with K; € Dy = {K; :
KiR < |A + Kico| } drift monotonically without locking.

Following similar calculations as in Ref. 20, we can obtain
the order parameter contributions from the locked subpop-
ulation and from the drifting subpopulation in the rotating
frame. With more general coupling functions, we obtain the
following relation:

dK g(K)(A + Kcop)
Dot K

dK g(K)/K2R? — (A + Kcop)?
K

R? = ie’i"[

Dy

B dK g(K)sign(Z)+/(A + Kcp)? — K?R? ]
Dy K '

®)

where Dy is the total range of K and Z(K) = A + Kcy. We can
numerically solve the above equation for R and A for given
g(K), co, and B.

Now, let us find out the range of K; with which oscilla-
tors are locked and classify the locked states. We can get the
range of K; considering the sign of A + Kjco, the sign of A, and
the locking condition Ki;R > |A + Kjco|. The range of K; and the
slope of (Kj, ¢i*) for the locking are as follows:

A

(a)S1: R|+|C < K, [t© ifR>co, A <0,

0
(b)S2: A <K, I” ifR>cg, A >0,

R_ACO N 9)

(C)SS:R|+|(: <Ki<c| lR,lJr if R <co, A <O,

0 0 —
(d) S4 : no locking if R <cg, A >0,

where the two equalities of (a) do not hold at the same time
and 1° is for A =0 in (a). In the above equation, [, 1°, and
I* represent the negative slope of (K;, ¢;*), the zero, and the
positive slope, respectively. Note that if the lower bound for a
locking range is less than Ky, or the upper bound is greater

than Ky, there exists no drifting range bounding the locking
range below or above. Thus, in the cases (a) and (b), there can
be two types of states for the system: partially locked states
with a locking range bounded below by a drifting range [S1y+
for (a) and S24- for (b)], and fully locked states [S1;+ for (a) and
S2;- for (b)].

Similarly, with the case (c), the system has 4 different
types of states: (1) partially locked states with a locking range
in between two drifting ranges (S34+4), (2) partially locked
states with a locked range bounded above by a drifting range
(S3+4), (3) partially locked states with a locking range bounded
below by a drifting range (S34+), and (4) fully locked states
(S3;+).

The conditions and the characteristics of these states are
summarized in Table I.

For the partially locked states Slg+, S24-, and S3g+,
strongly coupled oscillators are locked, while weakly coupled
ones drift. This does match our intuition that stronger cou-
pling makes oscillators easier to be locked. In contrast to
this, in the state S3;+4, which was first observed in Ref. 20,
weakly coupled oscillators are locked while strongly coupled
ones drift. The analysis also shows that there exists even such
a state S34+¢ where only the oscillators with intermediate
coupling strength are locked. All of these states look similar
to those observed in the conventional Kuramoto model with
distributed intrinsic frequencies.”> However, in the model
with coupling strength inhomogeneity and a given coupling
function, the strengths, instead of the intrinsic frequencies
of the conventional Kuramoto model, determine whether the
subpopulations of oscillators are locked or drift.

I1l. NUMERICAL SIMULATIONS

A. Cases with Gaussian coupling strength
distributions

We numerically simulate the model equation (1) using a
fourth order Runge-Kutta method with the intrinsic frequency
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o = 7, the total number of oscillators N = 1000 and the time
step At = 0.01.

First, we investigate the case of the Gaussian distribu-
tion for the coupling strength distributions. The values for
coupling strengths are randomly drawn from a given distribu-
tion. For the simplicity of the simulations, randomly selected

(a) Gaussian distribution
0.1 u

<0.05
<

0

0.01 0.02

K;
(c) (0.3,0.4,0.97,0.007)

)
|
SS)

0.03

O c~—
2
0.01

0.02
K;
(e) (0.487,0.94,0.58, —0.005)

®7T/2’
|
Sy

0.03

()////
-7r/2 |
0.01

0.02
K;

0.03
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values from [0, 2r) are assigned to the phases of the oscilla-
tors as the initial condition. Note that since multistability can
occur in this system for some values of the parameters,'* in
some regions of the phase diagram where one state is stable,
other states (e.g., incoherent states) can be obtained from the
simulations.

(b)

/87 Co, R7 A

| (0,0.9,0.97, —0.017)

0 b
-m/2 |
0.01

0, — O

theoretical
simulation

0.03

0.02

K;
(d) (0.497,0.99, 0.08, —0.009)
/2t

O L
-71/2 /
0.01

0, — O

0.02
K;
() (0.04,0.98,0.97, —0.017)
/2 |

0 L
-2 |
0.01

0.03

0, —©

0.02
K;

0.03

FIG. 1. Gaussian coupling strength distribution and representative partially locked states of the system. (a) Distribution for coupling strengths randomly selected from a
Gaussian distribution with a mean of 20 x 10~ and a standard deviation of 4.5 x 10~3. For the obtained coupling strength set K;, Kpean = 20.2 x 103, o = 4.36 x 1073,
Knin = 7.85 x 1073, and Ky = 34.4 x 10~°. (b) State S14+, where d stands for a drifting range of K and / for a locking range: R > ¢y and A < 0. Kyin < %Clo < K,
where K represents the coupling strength for the locked oscillators. Other details about the state names are as in Eq. (9) and the text below. (c) State S2,-: R > coand A > 0.
Kunin < RfACO < K. (d) State S3g+4: R < ¢cpand A < 0. Knjn < % <K < q‘]%'R < Koo (€) State S3;+4: R < cyand A < 0. % < Knin < K < cé% < Konax- (f)
State S3y+: R < cpand A < 0. Kyin < % < K < Knax < %. In (b)~(f), solid lines are theoretical curves for locked phases from Egs. (5) and (8), and unshaded
range is for K; values for locked subpopulations obtained theoretically from Eq. (9).
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The system exhibits in-phase synchronous states with
homogeneous coupling strengths or with ¢, = sin 8. However,
with the inhomogeneity in coupling strengths and ¢, # sin 8,
the system cannot have in-phase synchronous states, but can
exhibit states other states. Note also that the system even with
co = sin B can have partially locked states in addition to the in-
phase synchronous states in the presence of coupling strength
inhomogeneity.”’

Figure 1 shows the distribution for the coupling strengths
[Fig. 1(a)] randomly drawn from a Gaussian distribution and
also the partially locked states of the system with the coupling

scitation.org/journal/cha

strengths for various combinations of ¢y and g [Figs. 1(b)-1(f)].
In this case, the system has all of the five possible types of
partially locked states and the three fully locked states (not
shown) as expected theoretically from the conditions as in
Eq. (9).

In Figs. 1(b)-1(f), theoretical predictions for (K;,¢;*) from
Eq. (5) and the values of K; for the boundaries between lock-
ing ranges of K; fit well with the simulations. The signs of the
slopes of (K;, ¢;*) curve for locking ranges are given by the neg-
ative of the sign of A as predicted by Eq. (7). Note that while
states Slg+ [Fig. 1(b)] and S24- [Fig. 1(c)] are similar in that only

(a) 5 G =446 x 107° 1 (b) G = 4.46 x 1073
.."'~. S31+d .."'u S3di+d 0.01
N —— . ——
'~./ 0.8 o \ |
1.5 S3ar+ /. S31d 1.5 S3ar+ e, 931 \ 0
0.6
s s 1 S e -0.01
0.4 -0.02
0.2 05 -0.03
&
/ 0 0 -0.04

0 0.1 02030405
B/

g =818 x 1073

0 0.1 0.2 03 04 0.5
B/

(c) ox =1.99 x 1073

(d)

2 ; T 2
&S 3dl+ “\ S3dl+d +
S3did
1.5 S3 ", S3ua || 1.5
+ I+d \ S3ta
s 1l ‘; 1 S 1 S3dl+Sl 531}%'* .
S1i+ // Slas 4 V/,' \\
0.5 . ST 051 A, 44
Y152, Vo " S24-

0 ‘ 0~
0 0102030405 0 0102030405

B/ B/m

FIG. 2. Phase diagram with the Gaussian coupling strength distribution as a function of ¢; and B8 determining the shape of coupling function. Phase diagrams (a) with
color (gray-scale)-coded order parameter R and (b) with color (gray-scale)-coded A = w — Q. The state names are as in the text. For the simulations, 5 different sets of
coupling strengths randomly selected from the same Gaussian distribution (Xmean = 20 x 1073, o, = 4.5 x 10~3) are used. The boundaries are determined analytically
from Eq. (8) using the conditions [Eq. (9)] for a Gaussian distribution with (Knean, 6k, Kmin, Kmax) = (20.1,4.46,6.81,33.91) x 103, where X is the average x of the 5
coupling strength sets. The bounding curves green solid curve, cyan dashed curve, blue dashed-dotted curve, magenta long dashed curve, and red dotted curve are
Co as a function of B/ obtained for A =0, R = c, R%‘Co = Kuin, R'%c‘o = Kuin, and c(')A_‘R = Knax, respectively. Simulation results match well with the regions. Color
(gray-scale)-coded R and A are the averaged values from the simulations. The x symbols near the 8 = 7r/2 indicate the occurrence of the incoherent states from the
simulations. (c) and (d) phase diagrams with the analytically obtained boundaries for (Kmean, 6, Kmin» Kmax) = (20.0,1.99, 13.9, 26.6) x 1073 and (Knean, 6, Krins Kmax) =
(20.1,8.18,1.12,39.9) x 103, respectively. (Xmean, o) = (20,2) x 103 for (¢) and (Xmean, ox) = (20,9) x 10=2 for (d).

Chaos 29, 011106 (2019); doi: 10.1063/1.5083621
Published under license by AIP Publishing.

29, 011106-5


https://aip.scitation.org/journal/cha

Chaos BRIEF COMMUNICATION

strongly coupled oscillators are locked in both of the states,
the phases of locked oscillators monotonically increase with
increasing K; in Slg+ and the phases monotonically decrease
in S24-. Strongly coupled oscillators can be phase-leading or
phase-lagging depending on the shapes of coupling functions.
Note also that in states S3g+4 [Fig. 1(d)] and S3;+4 [Fig. 1(e)],
strongly coupled oscillators drift while only oscillators with
intermediate coupling strengths are locked in S34+4 and all
other oscillators are locked in S3;+4.

In Fig. 2, we show the phase diagrams for the system with
Gaussian coupling strength distributions. Figures 2(a) and 2(b)
are the same phase diagram displayed with color (gray)-coded
R and A values from the simulations, respectively, for the
system with coupling strengths obtained as in Fig. 1. The
boundaries between regions for states are determined ana-
lytically from Eq. (8) using the conditions in Eq. (9). More
details are given in the caption of Fig. 2. Simulation results
match well with the corresponding regions. To understand
the effects of coupling strength inhomogeneity on the occur-
rence of the locked and partially locked states, we observe the

(a)

Power law distribution

0.02 0.06
K;

(07, 0.8,0.47, —0.009)

0.1

/21

6, — O

-/2 §

0.06
K;

0.02 0.1

scitation.org/journal/cha

changes in phase diagrams for coupling strength distributions
with standard deviation larger [Fig. 2(c)] and smaller [Fig. 2(d)]
than (a).

Let us explain the phase diagrams through the under-
standing of the boundary curves. The green solid curve for
A = 0, which has a peak at some value of 8 (8*) and is ¢y = sin 8
for B < Bg*, divides the region into two regions with A <0
(states S1, S3) and A > 0(S2,S4), respectively. Equation (3)
suggests that the region with A < 0(S1,S3) lies above the
A =0 curve. The value R peaks at R =1 on the green solid
curve for g < g*. Another major curve is the cyan dashed curve
for R = cq, which lies on or below ¢y =1 and goes through
(co, B) = (0,0.57) point. This curve divides the region into two
regions: one with R < ¢y (S3, S4), which lies above the curve,
and another with R > ¢ (S1,S2).

The curves subdividing the regions are obtained either
from the condition (1) that the lower bound of Eq. (9)
approaches Ky, from above or from the condition (2) that
the upper bound approaches K.« from below. The conditions
(1) and (2) result in the shrinking of lower and upper drifting

(b) B, c, R, A
/2| (0.47,0.2,0.47,0.006)

OfF S
-/2§

6; — O

theoretical
simulation

0.1

0.06
K;
(0.3, 1,0.95, —0.003)

0.02

(d)
/2

0

-/2 |

6; — O

0.06
K;

0.02 0.1

FIG. 3. Power-law coupling strength distribution and representative partially locked states of the system. (a) Distribution for coupling strengths randomly selected from
a power-law distribution with a mean of 20 x 10=3 and an exponent of 2. For the obtained coupling strength set K;, Knean = 19.9 x 10=2, o = 20.5 x 1073, Kpin =

6.02 x 1073, and Kyax = 120.5 x 10~2. (b) State S2;-, where d stands for a drifting range and / for a locking range. R > ¢y and A > 0. Kyip <

A
Fg < K;, where K;

represents the coupling strength for the locked oscillators. (c) State S34+4, R < ¢y and A < 0. Kyin < 221 < K < 1AL < K. (d) State S3/+4, R < cpand A < 0.

[A]
R+cp

< Knin < Ki < c(‘)%‘ < Knax. Other details are as in Fig. 1.

R

R+cq cg—R
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ranges of K to zero, respectively. The blue dashed-dotted
curve, which lies between S2i- and S24- regions and on the

right side of the S2;- region, is obtained from g _ACO = Kiin. Sim-
ilarly, the magenta long dashed curve comes from % = Kmin

and acts as boundaries between S1+ and Sly+, between S3;+
and S34+, and between S3;+4 and S34+4. Since the region for
S+ is located right next to the A =0 curve and S3;+ and
S31+4 can be reachable from Sl+ by changing the parameters
without making a lower drifting range of K, all of these states
lie below the magenta long dashed curve. With the condition
C(‘){‘R = Kpnax, the red dotted curve separates S3;+ from S3;+4,
and S34+ from S34+4. Regions for S3;+ and S34+ lie below the
curve.

(a)

15 0.8
0.6
S 1
0.4
0.5 0n
0 il

0 0.1 0.2 03 04 0.5
B/

4 =242,6x =153 x 1073
453dl+d

S3kd

(c)

S3ara ‘l’

S31+

[ammsmp eSS NSNS sssannnnn

Sl

S2q-

0 0102030405

B/

5 =203, =20.2x 1073 4 1 (b)

(d)

S 1
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Summarizing the above, we find that partially locked
states emerge away from the green solid curve with high co
and/or g near n/2. In the case of I'igs. 2(a) and 2(b), for ¢y <1,
which is a probable range for ¢, in the phase-reduction of cou-
pled oscillators, partially locked states Sly+ and S24- emerge,
respectively, at the upper left and the right bottom corners of
the rectangle of 0 < 8 < n/2 and 0 < ¢y < 1. In contrast, most
of S3 states occur for ¢y > 1 except some S34+ occurring with
Co slightly less that 1and 8 ~ 0 and some S3+4 with large ¢y < 1
and B ~ 7 /2.

With the increase of the standard deviation of the
strength distribution, we observe the expansion of the regions
for partially locked states for ¢y <1 [Figs. 2(c) — 2(a) — 2(d)].
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FIG. 4. Phase diagram with power-law coupling strength distribution as a function of ¢, and 8. Phase diagrams (a) with color (gray-scale)-coded order parameter R and (b)
with color (gray-scale)-coded A = w — . The coupling strengths are randomly selected from a power-law distribution P(x) ~ x=7 with 3, = 2. y = 2.03, which is the
average exponent of distributions for the obtained coupling strength sets, Kmean = 19.8 x 1073, 6% = 20.2 x 1073, Kiin = 6.01 x 1073, and Ky = 122.7 x 1073, The
boundaries and other details are as in Fig. 2. The x symbols near the 8 = /2 indicate the occurrence of the incoherent states from the simulations. (c) and (d) phase
diagrams with the analytically obtained boundaries for {y, (Rmean,&K, Kinins Rmax)} = {242, (20.3,15.3,9.00,97.2) x 1073} and {1.55, (20.8, 30.1,2.51, 160.3) x 10~°},

respectively.
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Especially, the regions for the states S34+ and S34+4 expand
significantly, and those states become more probable.

B. Cases with power-law coupling strength
distributions

Next, we investigate the cases with power-law coupling
strength distributions. In Fig. 3(a), we plot the distribution
for the coupling strengths randomly drawn from a truncated
power-law distribution whose Knin and Knax are chosen such
that the mean value of the distribution matches that of the
Gaussian distributions of Figs. 1 and 2. Figures 3(b)-3(d) display
the observed partially locked states of the system. In con-
trast to the Gaussian distribution cases, there are only three
types of partially locked states with the power-law coupling
strength distributions: S24- [Fig. 3(b)], S3q+q4 [Fig. 3(c)], and
S3p+q4 [Fig. 3(d)]. Partially locked states Sly+ and S34+ are not
observed from the simulations. Figures 4(a) and 4(b) are the
corresponding phase diagram with the same parameters. We
can notice the absence of the regions for the partially locked
states Sly+ and S34+. This absence persists with the decrease
[Fig. 4(c)] or increase [Fig. 4(d)] of the standard deviation of the
strength distribution with the mean K fixed.

The major differences between the two cases with the dif-
ferent strength distribution are the sPrinking of the region

|A

between the red dotted curve for -=z = Kmax and the cyan

dashed curve for R = ¢y, and the merging of the magenta long
dashed curve for R'fc‘o = Kunin and the red dotted curve near
B=0.

With 12 = Kpnax > 0, the red dotted curve should be
above the cyan dashed curve. In between the two curves, there
exists a region for S3;+ states, which satisfy % < Kiin and
A < 0 from Eq. (9c). For this part of the red dotted curve, we

get

Kiax 14 2R

. 1
min Co — R ( 0)

Since R € [0,1] and Kmax/Kmin is very large for large ok, co
should be close to R. Thus, the part of the red dotted curve
bounding above S3;+ is very close to the cyan dashed curve for
large oy [Figs. 4(a) and 4(d)].

For B close to 0.57, there are more incoherent states
[x in Figs. 4(a) and 4(b)] than in the cases with Gaussian
distributions in numerical simulations due to the strong inho-
mogeneity of coupling strength.

As the standard deviation of the coupling strength distri-
bution increases, similar to the cases with Gaussian coupling
strength distributions, the regions for partially locked states
expand in the regions with ¢y < 1. Those states S3;+4 and S34+4
become significantly more probable [Fig. 4(d)].

IV. CONCLUSIONS

In conclusion, using a mean-field model of coupled oscil-
lators with inhomogeneous coupling strengths, we have stud-
ied the effects of the coupling strength inhomogeneity and the
coupling functions on the phase locking behaviors of coupled
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oscillators. Applying a self-consistency argument, we have
analyzed the stability of the states of the system and found dif-
ferent types of locked states including partially locked states.
Moreover, the condition for various locked states is obtained
analytically. The analytic results are in good agreement with
the numerical simulations with Gaussian distributions and
power-law distributions for coupling strengths.

In a single generalized framework, we have success-
fully given a unified explanation of the previously observed
states”’”! and shown that the coupling strength inhomogene-
ity and coupling functions can induce various other states
in the absence of inhomogeneity in intrinsic frequencies
which has been the focus of studies as the cause of diverse
states.'”> Chimera states,”” which are spatially extended par-
tially locked states due to spatially nonlocal interactions and
coupling functions, seem to be related to the states observed
in this study. However, chimera states are different in that
the coupling strength inhomogeneity is not a factor for the
generation of states.

These results can help to gain a deeper insight into col-
lective dynamics in complex systems, such as the brain, where
the connectivity or the coupling strength can be far from
being homogeneous.®*>??4% It will be a very relevant and
interesting future study to observe and explain the occur-
rence of the various states of this present work in real complex
systems and the transitions between the states.
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