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Abstract

Studies of complex and rare events in condensed phase systems continue to attract considerable
attention. Milestoning is a useful theory and algorithm to investigate the long-time dynamics of
activated molecular events. It is based on launching a large number of short trajectories and
statistical analysis of the outcome. The implementation of the theory in a computer script is
described that enables more efficient Milestoning calculation, reducing user time and errors, and
automating a significant fraction of the algorithm. The script exploits a molecular dynamics
engine, which at present is NAMD, to run the short trajectories. However, since the script is
external to the engine, the script can be easily adapted to different molecular dynamics codes. The
outcomes of the short trajectories are analyzed to obtain a kinetic and thermodynamic description
of the entire process. While many examples of Milestoning were published in the past, we provide
two simple examples (a conformational transition of alanine dipeptide in a vacuum and aqueous
solution) to illustrate the use of the script.
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Introduction

Studying kinetics with Molecular Dynamics (MD) simulations can be a challenge. The
length of the trajectories must be of the same time scale or longer than that of the physical
event. Activated molecular processes such as enzymatic reactions or transport through
membranes can be exceptionally long at the molecular time scale. The time scales of these
events are frequently milliseconds or even hours,! while the time step in MD is about a
femtosecond. A femtosecond is twelve to eighteen orders of magnitude smaller than the
times quoted above.

Another complication is that in simulations of kinetics we need to sample multiple
trajectories. This complication is to be contrasted with the study of equilibrium in which
sampling of the transitions times is not required. Typically, at least one hundred transitional
events are needed to compute observables such as the mean first passage time (MFPT) with
a statistical accuracy of about 10 percent. The need for multiple trajectories adds to the
computational cost and makes the study of kinetics at milliseconds or longer impractical for
conventional MD.

In the last decade, there were significant advances in theories and algorithms to study
efficiently long-time dynamics.22 Instead of running complete long trajectories between
reactants and products a class of successful approaches use short trajectories.20-12 The short
trajectories are conducted between cells or between cell partitions that cover the reaction
space. The short trajectories are analyzed to calculate the overall kinetics and
thermodynamics of the system. One of these methods is Milestoning (for a recent review,
seel). The process of running a Milestoning calculation requires multiple steps to establish
initial conditions for the trajectories, their termination points, and their statistical weights. It
is, therefore, desirable to automate the process as much as possible. Here we present a
Python script that organizes and simplifies the job submission of Milestoning. The script,
which is called ScMile (Script for Milestoning), currently uses the program NAMD.13
Porting the script to other conventional Molecular Dynamics engines is possible and planned
for the future.

In the next section, we describe the basic ingredients of the Milestoning algorithm and the
requirements from the computing environment. In the third section, we discuss the
individual steps and in the fourth section we describe the script. Last, we provide
illustrations.

The Milestoning Algorithm

We assume that a conventional Molecular Dynamics engine is available (e.g., the program
NAMD3 that we use here) but that the time of the investigated process is long compared to
the simulation time scale. Therefore, it is necessary to use an enhanced sampling approach
for kinetics, and it is not practical to use conventional MD.
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.1 Foundations

Consider a system of A/particles characterized by a phase space vector x and Hamiltonian
H(X). We are interested in long time transitions from reactants to products. The set of all
points that are included in a domain R form the reactant state while the points of the domain
Pare the product state. We seek to model transitions from Rto P with particle-based
dynamics. We are given equations of motions that can be deterministic or stochastic and can
be summarized by a transition matrix or a kernel K”’(x’,#; X, "), which is the probability to
arrive to x at time ¢ given that at time £ the system was at position . Given an initial
value for the flux (the probability of passing per unit time a phase space point), 7(x (t = 0)),
or the probability of being at X' (s = 0), p(x (¢ = 0)), the kernel is sufficient to generate the
fluxes at all times

t
q(x' (1) = p(x'(t = 0)5(t) + A l X @NK(X" 15X, nd X dt’ &)

The integration volume I" denotes the whole phase space and p(x (t = 0)) is the probability of
being at X at time zero. The function &(7) is the Dirac’s delta function.

Frequently we are concerned with stationary processes in which there is a constant flux of
reactants entering the system, and an absorbing boundary is set at the product state, making
the total number of transition events time-independent. The stationary process is similar in
spirit to the steady-state of chemical kinetics and makes it possible to determine the rate
coefficient that can be used in time-dependent processes as well.

To determine the stationary flux, we assume that it exists and consider the limit of 1 — co of
Eq. (1)

1

¢(x) = lim f dt' f dx' - q(x") - K'(x",x;'t—1) @)

t— o0
T

In Eqg. (2) we further assume that the kernel depends only on the time difference (+ — ') and
not on the absolute value of the time ¢ We therefore change the notation of the kernel. This
setup is typical for systems with a time-independent Hamiltonian. The dependence on the
time origin is also inconsistent with stationary processes. Under these conditions, we can
define the stationary kernel as

K(x',X)= / dt - K'(x',x:1) ®)

Eq. (2) is reduced to
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QS(?) = /d?l : QS(;),) : K(?l’ ?) e
r

We think of Eq. (4) as an eigenvector-eigenvalue problem in which the eigenvector to be
determined is the flux ¢,(x) and the eigenvalue is one. Alternatively, we solve Eq. (4) by

power iterations
g{"* DX = f dx"g"(x") - KX, %) )

where the superscripts are the iteration index. The power iterations are converged when
Ig" * DXy — ¢{(X)I < € where e is a small positive number. Since the kernel represents

transition probabilities, the norms of its complex eigenvalues are smaller or equal to one.
Power iterations diminish the contributions of eigenvectors with eigenvalues with a norm
less than one. At the limit of a large number of iterations, only the eigenvector with an
eigenvalue of one remains. We assume, in accord with experience with physical systems,
that there is only one stationary vector.

In Milestoning, we do not consider transitions between all pairs of coordinate vectors. A
comprehensive representation of the kernel is formidable and not practical. Instead, we
partition the system into cells using “milestones” for cell boundaries.! A set of discrete
values of the coarse variables determines the milestones. For example, the root-mean-
square-distance (RMSD), distances between selected atoms, and torsion angles are examples
for coarse variables. The number of coarse variables is much smaller than the number of
degrees of freedom of the entire system. Formally, we specify the state of a trajectory by the
milestone it crosses last (say a) supplemented by the full coordinate vector of the crossing
point in the milestone - . Correspondingly, we write K g,(x",x"") for the transition

probability between milestone g at phase space point x and milestone « at phase space point
. The kinetic theory of Milestoning is based on computing transitions between nearby
milestones and collecting information about these short-range transitions to build a kinetic
model for the entire system. “Nearby milestones” are defined as cell boundaries that can be
reached using trajectories that do not cross other milestones in the process.

We write Eq. (5) in the Milestoning language

— —, —, -, =
ORECIEDY fdx g - Kpa(X7X) ©
B Mp

To solve Eq. (6) by iterations, we need an initial guess for the eigenvector, i.e. qg?g,(?>. We
write without loss of generality

G5, o(X) = Wefol(X) ™
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where [ fo(x)dx =1isanormalized probability density of crossing the milestone at
a

different phase space points, and w, is the milestone weight to be determined. M, denotes

the domain of milestone a on which the integration is conducted. Substituting Eg. (7) in Eq.
(6), integrating over the spaces of the milestones and summing up explicitly the discrete
milestones we have

/dx q("‘H)(x)— //dx’dx q(n)(x’)Kﬁa(x x)

a
®)
w(”+ D= Zw(") f f dx - (n)(x )Kﬂa(x x)
My Mg
Let us define
Ko = f f dx"dx - [P Kpo(X 7, 3 ©
My Mg
With the help of the definition in Eqg. (9), Eq. (8) takes the simple linear form for the
milestone weights:
K ; ) K 10

Eq. (10) is a linear equation for the coefficients, (", with a dimension of the number of

milestones. We did not use the iteration suggested in Eq. (8) for the milestone weight. A
solution is obtained following Eq. (10) for the weight, while iterations apply only on the

distribution in the milestone - f{Y(x). One test of convergence is to have w(" * D = w{ in
sequential iterations. At the limit of a large n, the weights converge to fixed values.

From a computational perspective, the size of the matrix of Eq. (10), between several
hundreds to several thousands, is much smaller than that of the related equation, Eg. (6).
Therefore, the solution is obtained by standard linear solvers.

However, the kernel in Eq. (10) is now defined with yet another unknown function - fﬂ(?’)

(Eq. (9)), which is the function that we need to determine by power iteration. We re-write
Eq. (8) as
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R EIED) / dx" - g KX )

D e(n+ 12y (n) dx' - - =
W@+ V) Zw" f S5 Kpal(X7, X)) w
Fr ) = — w(,,) wi? / S5 KX F)
a

Eq. (11) for the distribution function of phase space points in the milestone, f{"(3"), is also
linear. However, the distributions are continuous and the iterations in Eq. (11) can be
challenging in high dimensions. Note that we approximate w{" * 1 by (" while moving
from the second to the third line of Eq. (11). We solve Eq. (11) by power iterations and
trajectories. An initial guess for the distribution 7{?(¥") is needed for the power iterations. If
the system is near equilibrium it is suggestive to try:

exp(—pU(X )

7. (12)

O =

The potential energy is denoted by U(x), Bis the Boltzmann factor, and the notation X', is

to indicate that the coordinate vector is conditioned to be at milestone a. The normalization
Zaisgivenby Zy = [ dxy-exp|-pU(X q)|.
Ma

Another function that we compute is the milestone lifetime, 7,(x ) . It is the average time for
a trajectory initiated at milestone a and position X, on the milestone to hit any other
milestone. We also define, 1, which is averaged over the initial conditions at the milestone

W(x) =) f dxX" - 1(X) - Kep(X, %)

= f dX - fo)t(X)

My

(13)

The main results of this section are Eq. (10), (11) and (13). In the next section, we describe
how they can be solved by sampling trajectories.

1.2 Trajectory sampling in Milestoning
In this section we are concerned with trajectory sampling of the distributions /(X)) Va

and solving Eq. (11). Consider Eq. (12) for the initial guess for the distribution 7{0(%).

o

From this known distribution we sample n, initial conditions, {x;} ' |,

using Molecular
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Dynamics at a constant temperature, 5~ !, constrained to the hypersurface of the a milestone.
These initial conditions for the trajectories,

O = (0)25(’“' x) (14)

are now placed in Eq. (9) to determine the average kernel
(1)
Kﬁa_ / / ( (o)zé(xl

The number of trajectories, nz should be sufficiently large to allow accurate estimates of the

0= ”;1)
. o
)| Kpa (x X)= 20 (15)

"

elements of the transition kernel. Once the initial conditions are given, the kernel that
determines the dynamics propagates the individual trajectories until they hit for the first time
another milestone a. The milestones are placed such that the trajectories are short and can
be computed efficiently by a conventional MD engine. The number of trajectories that were

initiated at milestone B and terminated at milestone a is ;}) Once the averaged kernel is

determined we may continue to Eq. (10), solve the linear equations, and determine the
unknown milestone weights w(l .

D
wiD) = Zw(l) fg) 16)

With the weights of the milestones at hand, we can continue to Eq. (11) and determine the
new distribution of phase space points in the hypersurface of the milestone.

1 ’ ’
1a'G) = (1)2’“”“/ <0>Z5(xl X Kol X, an

Mg

Convergence of the iterations can be assumed if (" — w{" * VI < ¢ and

170+ D0y - £ < e. Since the initial conditions of the trajectories are presented by a

sum over Dirac’s delta functions, their continuous distribution is hard to converge and test.
Instead, we examine the convergence of observables such as the free energy and the mean
first passage time (see section 11.3).

The calculation of the lifetimes of the milestones (Eq. (13)) with trajectories is
straightforward

1
fa =5 DI (18)
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We sum over the termination times of individual trajectories initiated at milestone a. A
termination time, ¢, is the first time a trajectory hits a milestone different from a.

In the next section, we briefly describe how the flux can be used to compute other
observables of interest.

1.3 Observables

Once sets of trajectories between milestones are sampled, many observables can be
computed. We focus here, however, on three main outcomes: the free energy profile, the
Mean First Passage Time, and the committor function. Calculations of observables were
derived and discussed extensively elsewhere.1! Here we briefly quote the main results that
are based on the calculations of the flux and the lifetime of the milestones mentioned in an
earlier section.

The last milestone that a trajectory crosses (say a), defines the state of the trajectory. Since a
milestone is a divider between two cells, the trajectory of milestone a can be found in any of
the two cells that are partitioned by the a milestone. Since the time of crossing a milestone
can be measured or computed precisely, the Milestoning theory is exact provided that the
lower spatial resolution of the trajectories is acceptable. This is different (for example) from
the Markov State Model,1* which assigned a trajectory to a cell (and a finite volume) for
which the time of entrance and exit can be determined only up to a local “incubation” time
in the cell.

The free energy of a milestone is given by Eq. (19)1® where we impose reflecting boundary
conditions on the reactant and product states to make an equilibrium state possible

Fy= — kgTlog[p,] = — kpTlog / dX - go(X) - 1,(x)| = — kgTlog[wa - 1,]  (19)
Ma

The overall Mean First Passage Time (MFPT) at a steady-state condition (in which
probability is absorbed at the product state and the reactant state is injected with new
probability at a constant balancing rate) is given by the following two closely-related
expressions!!

Yo [ dx - qu(x) - 1,(X)
(7) = Ma (20.2)
[ dx - qp(x)
My

(r) =pO)A-K)~ 't (20.6)

One interpretation of Eq. (20.a) is of population over the outgoing flux out (p/qy) which is a
well-known expression for the MFPT, see for instance.16 We have shown that the probability
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of being at state a, p, (%), is given by the flux into that state ¢,(x) multiplied by the life time
of that state, 7,(x). The summation over all states in Eq. (20.a) brings the probability. The
summation over the outgoing flux is conducted in the denominator.

An alternative and related formula for the MFPT is given in (20.b) in a matrix-vector
notation. It is discussed extensively in references 11 17 and its relationship to the expression
in (20.a) is derived. The vector p(0) is the probability at the reactants at stationary
conditions, I is the identity matrix, K the kernel matrix, and t the vector with the milestone
lifetimes. We typically are using both formulae as a check.

The committor function, C,,18 is the probability that trajectories starting from milestone «

will reach for the first time the product before the reactant. It can be computed from the
compact linear equation.

Ca(xX) =) / dxX" - Kap(xX, X )CH(x") o~
P ity

The following boundary conditions are implemented into the kernel: The trajectories that
enter the product state are trapped, while the trajectories that enter the reactant state
disappear. In addition, we impose boundary conditions on the committor: Cg =0 and Cp =1
where Crand Cpare the committor values at the reactant and product respectively. The last
conditions make Eqg. (21) an inhomogeneous linear equation with a well-defined solution.
Since the committor function is used for qualitative analysis of the dynamics, we are
frequently satisfied with an approximation, which is equivalent to doing only a single
iteration of Milestoning. Eq. (22) for the committor as a function of the milestone indices is

Co= Zﬂ: KapCp 22)

with the same boundary conditions as discussed above for the exact expression.

.4 Representation of the milestones

The milestones are dividers between cells in reaction space. The reaction space is
determined by several coarse variables, such as root mean square distance, torsion angles, or
even by a single reaction coordinate. The number of coarse variables is always much smaller
than the number of degrees of freedom in the system. Nevertheless, the coarse variables are
expected to capture the progress of the reaction. We denote the set of coarse variables by the
vector 5 Frequently, we are using cells and milestones that are defined by Voronoi cells.
The use of milestones as the boundaries separating Voronoi cells is a clever advance
suggested by Vanden Eijnden.1® Sampled configurations between reactants and products

. . J . .
determine the centers of Voronoi cells, [aj]j _1 In Milestoning, we call these

configurations “anchors”.20 The sampled configurations may be along a one-dimensional

. . . . . . —
reaction coordinate that is assumed,® or computed in advance.2! A configuration, Q,
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belongs to cell ; if the distance IB - 5,4 is smaller than all other distances 6 - 5j| Vj#i.

The configurations 5 belongs to milestone M, that separates cells i and j if

10 -Qil=10-0,<I0 -0 Vk #1i. (23)

lll. The Milestoning Algorithm in Steps

A Milestoning simulation is split into the following steps:
1 Define the coarse variables and anchors (user input)

The identification of a small number of coarse variables that best describes the reaction is a
topic that is investigated intensely. There are several promising approaches in the field, such
as the diffusion maps.22 However, the use of chemical and physical intuition is a still very
common. In the current version of ScMiles we require the user to define the coarse variables.
The coarse variables are determined and used through the program COLVAR.23 We also
require COLVAR to determine the anchors in the space of coarse variables. The anchors are
typically obtained from a previous exploratory simulation of the process24 or reaction path
calculations.2®

2. Identifying milestones (exploratory and automated Milestoning simulations)

If the number of anchors is N 4 the maximum number of milestones possible is
N A(N 4 — 1)/2. If a typical number of anchors is between one hundred to one thousand, the

maximal number of milestones is between ten thousand and a million. The simulation
requires that at each milestone we sample and launch about 100 unbiased trajectories. The
computational cost of conducting up to 100 million trajectories, even if they are of only a
few picoseconds, is overwhelming.

However, not all possible milestones are accessible or essential. For a one-dimensional
reaction coordinate, the number of milestones is only N4 — 1 In higher dimensions, the

number of milestones can be higher, but it still quite far from the maximum. To keep the
calculations efficient, we first search for the most important milestones. We use a function
called seek; following the original script of Majek.2% We conduct ~50—100 unbiased
trajectories with different initial velocities, starting from each of the anchors. The
trajectories are conducted until they hit for the first time a milestone between the initial and
another anchor (such that the condition of Eq. (23) is satisfied). The last configuration of the
trajectory “touching” the newly discovered boundary between the two anchors activates the
milestone, which is added to a list. It also provides an initial configuration for sampling at
the milestone, which is discussed next. The seek approach, as described, is not necessarily
comprehensive. However, it was found satisfactory in many studies.-9:15.20

3. Sampling configurations at each milestone (automated Milestoning simulation)

The previous step provides atomically detailed configurations X (7) such that 5(?(1)) are at
milestones. In this step, we sample configurations at the “marked” milestones. We conduct
constant temperature Molecular Dynamics simulations conditioned to remain at the

J Chem Theory Comput. Author manuscript; available in PMC 2021 February 11.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Wei and Elber

Page 11

milestones. The conditions or constraints are implemented with COLVAR, which is
interfaced to NAMD. We add harmonic potentials to the simulation energy

Vy=kIO®-0d-10(0-0 ) @4

The coefficient & is the restraint force constant. We also add half harmonic restraint to ensure
that the trajectory k anchors k # i, j

— — — — 2 — — — —
Vi = k1Q(@) -0kl =10 -0 4) ifl0 @) -0l > |Q(t)—Qk|)
— — 0 — — 2 — OE)lel‘WiSE) — (25)
V= k1IQ@) -0kl =100 -0 1) ifl0@®) -0 1 > |Q(t)—Qk|]
0 otherwise

The set of full configurations, X (), that we obtained from the sampling at each of the
milestones are used in the next step.

4, Conducting unbiased trajectories

From the configurations sampled at the milestones and kept for further calculations in step
(3) we launch unbiased trajectories. Typically, the number of trajectories that we launched
from each milestone is 100. The input is set to run for a fixed length of time which is longer
than a typical termination time at the milestones. During the run, COLVAR, which is
interfaced to NAMD, detects the crossing events and terminates the trajectories at the times
of crossing. The first time in which the launched trajectory crosses a new milestone
(different from the milestone it was initiated on), the identity of the crossed milestones, the
coordinates, and the time of the crossing are recorded.

5. Analyzing the results

From step 4 we obtained a sample of crossing events that we use to estimate functions of the
Milestoning theory. We are ready to estimate the kernel from the trajectories

= 1 Nop
Kaﬂ=n—azl:6;,a_>ﬁ=n—a (26)

The 6, — 5 Is @ Kronecker delta function. It is one if the trajectory / that is initiated in

milestone « hits for the first-time milestone g. It is zero if a milestone different from g (and
«) is hit. The kernel is, therefore, an average of a stochastic variable that accepts the values
of zero or one. The distribution of the kernel elements is known and discussed in the
supplementary material of reference.6 It is the so-called g distribution

I'(n,) —(ngp—1

) = (ng— Ngp — 1)
gl g = g ap (1= Kap) @n

P(Eaﬂ) =
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The distribution of ¢, (Eq. 18) which is an average of termination times of individual
trajectories should follow central limit theorem and is assumed normal. To estimate the
statistical errors of the observables, we repeat their calculations using sampled kernels and
lifetimes from their known distributions. We use a sample size of one thousand to compute
the observables and their variances.

6. Convergence check and preparation for next iteration

Given a force field and a reasonable selection of coarse variables that differentiate between
reactants and products there are two sources of errors in Milestoning. The first is a statistical
error, namely the effective sampling of transitions between milestones in a single iteration.
The second is the convergence of the distribution in the milestone - f,(,")(?) as a function of

the iteration index 7.

As a first check, we examine the statistical errors of the main observables: free energy and
MFPT, using an ensemble of transition matrices (Eq. (27)), and lifetimes. If the errors are
larger than expected, we probe in more details the source of the errors. For example, two
neighboring milestones may be separated by a significant free energy barrier, and none or
only a few transitional trajectories are sampled between the two milestones. In that case, the
errors of the corresponding element of the kernel will be large. The solution is to run more
trajectories initiated at the offending milestone. Alternatively, we may add an anchor (and
two milestones) between two milestones that are difficult to connect. The corrections mean
that we either return to step 3 (to run more trajectories) or to step 2 if we add milestones.

Another source of errors is the deviation of £(x") from the stationary distribution, £{*)(x).

It is difficult to compare the distributions directly since the sample in the large space of the
individual milestones is sparse. Therefore, we check the observables such as the free energy
and the MFPT for convergence as a function of the iteration number. To run the next
iteration, we use the termination points of the trajectories initiated according to the
distribution £U"(x) to obtain an estimate for ¢+ (") .11 Once the distribution £+ D3

is at hand we return to step 4 and conduct unbiased trajectories.

The distributions generated from termination points of trajectories are not necessarily
sampled evenly. Some milestones may capture only a small number of terminating
trajectories, generating poor statistics for the next iteration. Two approaches may improve
the poor statistics: First, we may define a mixture of distributions at the milestone that
include previous and current distributions. For example, 7'+ D" = 470+ D 4 (1 — 1)

where 4 € [0,1] is a mixing parameter, and sample from the mixture. The retention of the
previous iterations ensures that the sampling is adequate even if the rate of convergence is
slower. Second, more phase space points can be generated at the milestone by sampling new
velocities from the Maxwell distribution using the same terminating coordinates and running
Newtonian trajectories. This choice is similar to Weighted Ensemble splitting of trajectories
which is based on the same coordinate but an application of a stochastic force.# In the
present manuscript, we enrich the distributions at the milestone only with the second
approach of reassignments of velocities.
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IV. The Milestoning Script (ScMiles)

A Milestoning simulation using the newly written Python script, ScMiles, (Script for
Muilestoning) is exploiting several software packages. First, it uses the Python 3 version of
the scripting language (with Anaconda3 recommended). Second, it uses the software
package NAMD?3 to run individual trajectories. Third, it is using COLVARZ23 to imposed the
Milestoning constraints. Fourth, the job schedulers PBS or Slurm are used to manage the
submission of multiple trajectories on a computer cluster. It is planned to extend the
applicability of ScMiles to other Molecular Dynamics engines and submission management
tools, but the current release is restricted to the above options. ScMiles is available from
https://github.com/UTweiw/ScMiles, earlier variants of Milestoning scripts were written by
Majek,20 and more recently by Bello https://github.com/jmbr/miles for exact Milestoning.
We describe below the operation of the software.

Once the ScMiles.zip is downloaded from the depository it is convenient to create a
directory and open the zip files in a separate directory. Two folders will be created: ScMiles
and my_project_input.

A flow chart of the organization of the Milestoning data is shown in Fig. 1. In the discussion
of the software below, we reference section 11 in which the algorithm is explained in more
details. These references help establish the connection between the theory, algorithm and its
implementation.

The subdirectory ScMiles includes the Python source code and normally should not be
modified by the user. The directory my_project_input stores the necessary input for
Milestoning calculations. The first set of files in my_project_input (Aladipep_sol.psf,
Aladipep_sol.pdb, par_all22_prot_nocamp.prm, and toppar_water_ions.rtf) are NAMD data
files for energy evaluations. The second set of files stored in the subdirectory pdb are the
coordinate sets of the anchors labelled as (1.pdb 2.pdb ...). The files include the complete
coordinate vectors that are necessary to conduct atomically detailed simulations.

The first file from the top-to-down view that is directly connected to Milestoning is the file
input.txt that we discuss below.

A sample input.txt is given in Fig. 2

In the input file comment lines start with #. The outputname line provides an identifier for
NAMD output.

The “method” line chooses between a Milestoning calculation of a single iteration (so-called
classical Milestoning), and exact Milestoning (Milestoning with multiple iterations). Here
“exact Milestoning” is chosen. The next command line selects the maximal number of
iterations in exact Milestoning. The computations can finish earlier if the obseravbles
converge numerically in a smaller number of steps. Here max_iteration is equal to 100.

The expression milestoneSearch is used at the beginning of the calculations to determine the
location of the milestones from the pre-determined positions of the anchors (it is step 2 of
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section I11). One possibility (traverse) is to assume a one-dimensional reaction coordinate. In
that case, the script is placing the milestones between sequential anchors. A milestone
position is determined by averaging the coarse variables of the anchors sandwiching that
milestone.

In the second option (seek), trajectories are initiated from the anchors and are terminated
when they hit another milestone for the first time. I.e., the trajectory is stopped and the
identities of the anchors are recorded at the first time a trajectory configuration has the same
distance from the new and initiating anchors. The newly determined values of the coarse
variables between the two anchors define the milestone.

For the “seek” option, we provide the number of trajectories initiated from each anchor
(initial_traj). In the example, the number of trajectories is 10, a more typical value in
complex systems is 100. The variable “initial_time” determines the maximum length of the
“seek” trajectories, which here is set to 50 picoseconds. Since the anchors are close, we do
not expect “seek” trajectories to be long. The seek time is determined in practice by the
density of milestones, but 50 picoseconds for a seek time is typical.

The next few command lines set the parameters for the trajectories. In the first iteration,
there are two types of trajectories that we use: (i) Sampling in the milestone according to Eq.
(12) (step 3 in section I11) and (ii) conducting trajectories between milestones (step 4 of
section I11). In the second and higher order iterations we only use trajectories of type (ii)
since the termination events provide the sampling in the milestone for the next iteration.

The number of trajectories of type (i) is given by the command line “total_trajs 200", which
is the number of saved sampling points in the milestone. We are using the “restart” option of
NAMD?3 to save configurations and velocities for trajectory initiation. The restart option is
important for exact Milestoning in which the velocities are needed to continue the
trajectories exactly. The rate of saving configurations is determined by the input to the
Molecular Dynamics program. From the 200 structures that we save, we skip some
structures at the beginning (50) to enable relaxation at the milestone.

The command “traj_per_launch 100” determines how many unbiased trajectories between
milestones to launch. In the above example, we generate 200 sampled points. We skipped
the first 50 trajectories and then generated 100 trajectories, which is a typical number. In the
example, we have in reserve 50 more sample points to initiate trajectories, in case that they
are needed.

Finally, “interval” is the spacing between the configurations that we use. For example,
“interval 10” is an indicator to use structures 51, 61, 71... and so on from the set of 200
structures that we prepared (skipping the first 50). This option is useful to test for, and
potentially reduce, correlation between the trajectories.

We provide complete coordinate sets for the anchors in the subdirectory “pdb” (step 1 of
section I11). However, it is convenient to provide the anchor definitions in terms of the values
of their coarse variables. This list is provided in the file “anchor.txt”. Every line in the file
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lists all the values of the coarse variables for an anchor. The example in Fig. 3 has two
coarse variables per anchor.

In a Milestoning run we exploit the coarse variables in two ways. First, the coarse variables
are used to generate constrained samples at the milestones. Second, crossing events of
milestones by unbiased trajectories are determined according to the value of the coarse
variables as a function of time. Therefore, efficient and accurate evaluations of coarse
variables is important. We use the program COLVAR for manipulations of coarse variables.
23 The file input.txt includes specific instructions how to communicate with COLVAR (step
1 of section I1I).

The parameter customColvars can be turned on or off. It is turned on if we wish to track a
set of coarse variables as a function of time during the trajectories and print them to the file
colvar.traj. By default, a coarse variable is the distance (RMSD) between structures. The
user can introduce more coarse variables. Here existence of two new coarse variables is
declared (custom_colvar 2). The parameters colvarTrajFrequency is the frequency in which
the coarse variables are saved in the memory. The colvarsRestartFrequency is the frequency
in which the coarse variables are written into the colvar.traj hard-disk file.

The rest of the parameters are not about COLVAR. The line of anchorNum determines the
number of anchors. The reactant and product states are determined by two bounding
milestones in one dimension (e.g. reactant 4,5). Alternatively, a single number can be given
which is understood to be an anchor. In the option of one-dimensional Milestoning, the
milestones are determined by the sequence of the anchors. Therefore, the periodic boundary
condition is set explicitly by two anchors. The script adds a milestone between the two
anchors, here they are 1 and 12 (pbc 1, 12).

We are using the MFPT as a test of convergence of the exact Milestoning calculation
(tolerance 0.001). In the above example if the relative error is less than 0.1% the iterations
stop even before the limit of max_iteration.

The final parameters are required for job submission (jobsubmission, jobcheck, and
username).

A sample input for COLVAR (colvar.txt) as used in Milestoning is given below.

Note that the “rmsd” is the distance in coarse space typically between the current
configuration and an anchor (see also Eg. (25)).

The files (i) sample.namd and (ii) free.namd are standard NAMD files that are used
(respectively) to (i) sample configurations in the milestones using constrained trajectories, or
to (ii) launch unbiased trajectories from the milestones initiated from existing samples. A
few comments: All the parameter files must use absolute paths. A restart file must be saved
frequently in the “sample” runs since they are used as initial conditions for unbiased
trajectories. More information can be found in the depository, including submission files for
the PBS and Slurm systems.
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The output of the Milestoning are stored in the directory my_project_output, which is found
under the main head of ScMiles (step 5 and 6 of section I11). The file results.txt in that
directory summarizes the main results (Fig. 6).

Detailed information about the trajectory counts that produces the kernel K is provided in
the file k.txt (Fig. 7)

Information about the lifetimes and committor values of the milestones is found in
life_time.txt and committor.txt. Coordinate sets sampled during the trajectories are stored in
the subdirectory crd, which is just below the main ScMiles directory. The directory crd is
divided between milestones. For example, the directory crd/1_2 include coordinate sets
associated with the milestone 1_2. The subdirectories crd/1_2/1, crd/1_2/2 ... includes the
coordinate for iteration 1 and iteration 2 of exact Milestoning. The file crd/1_2/%0 contains
the trajectory number 20 initiated at milestone 1_2 in the first (1) iteration. Another
subdirectory crd/1_2/restarts includes the restart files that are used to initiate unbiased
trajectories from milestone 1_2 in the next iteration of exact Milestoning.

Another feature that is used in exact Milestoning is of trajectory enrichment (section 111
point 6). If the number of trajectories that reach a particular milestone is low, we enrich the
number of trajectories for the next iteration. For example, if the goal is to run 100
trajectories from each milestone and only 20 terminate at a milestone after an exact
Milestoning iteration, we use each of the 20 termination points five times by re-assigning
random velocities to these configurations. Records of these enrichments are found under
each iteration directory in the files: distribution and enhanced.

V. Examples

We provide two examples of studies of conformational transitions in alanine dipeptide: (1) in
a vacuum, and (2) in a solvent. Alanine dipeptide is a frequent test system for new algorithm
in molecular dynamics. In the calculations we compare the Milestoning results to a long
trajectory using conventional MD. Each of these studies present different challenges for the
algorithm and its comparison to straightforward MD.

The system in vacuum includes only a small number of degrees of freedom (22 particles, but
only two main flexible torsions - (¢, y) see Fig. 8). Nevertheless, this small system still
presents several challenges. First, it is hard to describe the reaction path with a single
reaction coordinate and therefore the anchors and milestones are placed in at least two
dimensions. Second, the small number of degrees of freedom makes it difficult to reach
ergodicity. We therefore use Langevin dynamics (with a friction coefficient of 5 ps~) to
ensure that conventional MD trajectories are ergodic. Third, there is a significant barrier (of
about 8 kcal/mol) separating the two conformations we investigate. This barrier makes it
difficult to sample transitions in straightforward MD simulations. To be able to compare
Milestoning and conventional MD we conducted the straightforward MD simulations and
the Milestoning calculations in vacuum at 600 K. This ensures that in microsecond
simulations we sampled enough transitions to estimate the MFPT.
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In the second example, of alanine dipeptide solvated in water, a single coarse variable is
sufficient to describe the kinetic and the thermodynamics of the system (the y dihedral
angle, Fig. 8). On the other hand, the inclusion of explicit solvent, adds noise and sampling
complexity to the conformational transition compared to the vacuum case. The two
examples, therefore, explore different characteristics of the Milestoning algorithm.

V.1 Alanine dipeptide in vacuum.

The alanine dipeptide is represented by a vector X" that includes the coordinates of all the
atoms in the system. The space of coarse variable is effectively two dimensional and consists
of the two dihedral angles ¢ and y The structure of alanine dipeptide illustrating the dihedral
angles is shown in Fig. 8. The CHARMMZ22 force field?’ is used with a cutoff distance of 10
A. Time step is 1 femtosecond (fs), and the SHAKE algorithm is used to constrain all bond
lengths.28 Twelve anchors are placed as shown in the ¢ and y map of Fig 9, roughly
following the location of the minima and the pathway that connects them at the center of the
map. Half harmonic walls are placed at +/- 175 degrees for both ¢ and y boundaries with
force constants of 1 kcal/mol x degree™2 in order to prevent transition through the map
edges. That is, we focus on transitions that pass through the center of the map of Fig. 9.

In Fig. 9 we show a (¢, w) free energy map for alanine dipeptide, indicating the location of
the anchors by red circles and the milestones by solid lines. The anchor at the top left corner
marks the “reactant” and the anchor at the bottom right, the “product”. The milestones
between the anchors are computed according to the definition in Eq. (23). Note that the
anchors are determined in coarse space while the trajectories (biased or unbiased) are
conducted in the full X space. We also show a counter plot of the free energy which is
extracted from a long and straightforward MD simulations of 2us length. The scale of the
energy landscape (in kcal/mol) is indicated on the color bar on the right-hand side of the
figure.

While the anchors were placed on the energy landscape rather arbitrarily, the milestones
were determined by computations. Since the number of milestones can be very large,
especially in high dimensions of coarse variables, and since not all of them are significant
for the progress of the reaction, we sample milestones with the “seek” command instead of
enumerating them exhaustively. We use the “seek” option in which trajectories are initiated
from the anchor and simulated until they hit a milestone. We conducted 100 unbiased
trajectories from each of the anchors. For each anchor the trajectories are initiated from the
same configuration but with different velocities sampled from the Maxwell distribution at a
temperature of 600 K.

Using the trajectory termination points we initiated sampling runs constrained to the
milestones to estimate £?(x) (section 111, step 3) at 600K. The lengths of the constrained
simulations were 700 picoseconds (ps) at each of the milestones. The first segment of 200
picoseconds is considered a pre-equilibration run and is ignored. Structures were saved
every 1 ps of the remaining 500 ps trajectory. Five hundred phase space points of the
sampled structures at each of the milestones initiate unbiased trajectories (step 4 in section

11).
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Once the first iteration was completed, we continue to conduct additional iterations. Because
the sampling at some milestones is poor, we add initial phase space points at these
milestones. On the average, we add 250 phase space points by using existing coordinate
vectors and re-sampling velocities from the Maxwell distribution (section IlI, step 6). As the
iterations progress, we checked for convergence (step 5, section I11).

In Fig 10 we show the value of the MFPT as a function of the iteration number. The error
bars are statistical and are estimated from a sample of kernels and lifetimes (section Ill, step
6). The MFPT at 600K is about 2 nanoseconds. The value is essentially converged after two
exact Milestoning iterations. Follow up iterations fluctuate around the average value. The
fluctuations are caused by limited sampling and need for enrichment on some milestones.
Overall the agreement between straightforward simulations and Milestoning is excellent.
Only the value from the first iteration is at a significant deviation from the asymptotic value
due to incomplete relaxation of f,(x) after one iteration.

The computational effort in Milestoning is significantly lower than those of a single
trajectory. We can estimate the computational cost, C, as the accumulated lengths of the
trajectories required to complete the calculations. We first “seek” milestones from 12
anchors, using 100 trajectories of length of 50 ps from each of the anchors. Then we run
initial sampling for 700 picoseconds at each milestone. There is a total of 21 milestones.
Finally, we run unbiased trajectories from each of the milestones. A typical trajectory length
between the milestones is of order of 500 fs. We run 500 unbiased trajectories, 12 times for
the different milestones, and for 12 iterations. These numbers yield a total of

C=12-100-50+700-21+40.5-100-21-12 = 87,300ps = 0.087 us

This is significantly shorter than the 2us trajectory we needed to obtain significant statistics
for the transitions using a conventional MD run.

In Fig. 11 we show the free energy landscape that is obtained by the Milestoning calculation
and the long-time trajectory. The free energy is a function of the milestone index a In other
studies of the free energy (e.g. by umbrella sampling),2° the free energy is given as a

continuous function of the coarse coordinate(s) 5 i.e. F@)) = — kgTlog P(a)] where P(§)

is the probability to find the system in the neighborhood of 5 This probability is typically

estimated by binning the number of times the trajectory is in the neighborhood of 5 In
Milestoning, the free energy is defined as F, = — kgTlog(P,) Where P, is the probability that

a trajectory crosses milestone « last. As a result, instantaneous configurations of a
Milestoning trajectory can be anywhere in the two cells that are joined by the milestone of
interest.

Several milestones bind a cell. The configurations in the same cell may belong to trajectories
that enter it via different milestones and therefore are in different states. In Milestoning the
free energy is associated with a milestone and therefore configurations found in the same
cell and at the same location can contribute free energy to different milestones. At the limit
of small cell size, the Milestoning free energy is expected to converge to the usual free
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energy. However, for large cells (and large distances between milestones) the difference
mentioned above should be kept in mind. To further emphasize this difference, we color-
coded the free energy in Fig 4 and showed it only at the milestone. To make a meaningful
comparison to exact and independent calculations, we considered the long and conventional
MD trajectory, which was used to estimate the MFPT. We estimated from the long trajectory
crossing events of milestones and compared the free energy landscape of this long trajectory
to the landscape obtained from exact Milestoning.

Finally, we consider the committor function (Eq. 22) that is shown in Fig. 12. The committor
function, c,, of milestone « is the probability that a trajectory initiated at « will make it to

the product state before the reactant. It is used as a definition of an optimal reaction
coordinate.2 The committor function suggests that the space is divided roughly into two near
¢ ~ 0, which is consistent with the significant free energy barrier (Fig. 11) that we find at a
milestone near ¢ ~ 0. Interestingly the milestones of maximal free energy barrier and the
milestone with a committor value of a half are different.

The activated nature of the transition is clearly illustrated by the values of the committor
function at the milestone. Essentially all the values of the committor are near zero at the
negative value of the @ dihedral angle. This observation suggests that the left part of the map
consists of a single deep minimum. Every point in which we initiate a trajectory is very
unlikely to continue to the product and is most likely to return to the reactant first. This is
consistent with the free energy surface of alanine dipeptide in vacuum (Fig. 9) that includes
a deep minimum for negative ® values and also suggests a narrow channel leading from the
reactants to products near @ ~ 0 One of the advantageous of Milestoning is that the method
provides a clear mechanism in addition to the time scale and the free energy landscape.

V.2 Alanine dipeptide in agueous solution

The system in this example is an alanine dipeptide and 448 water molecules (TIP3P30) that
are placed in a periodic box of an edge length of 25 A (Fig 13). The simulations are
conducted at constant temperature and volume to sample the initial conditions in the
milestone (step 3 of the algorithm). The force field is again CHARMMZ22, and the algorithm
of SHAKE?8 constrains all bonds that include hydrogen atoms. The cutoff distance for
Lennard Jones interaction is 10 A. The Ewald sum3! is used for electrostatic forces with a
grid spacing of 1A.

Interestingly, the presence of the solvent changes dramatically the free energy landscape of
the dipeptide. The possibility to form hydrogen bonds with the solvent molecules reduces
the stability of distorted internal hydrogen bonding that we found in vacuum and makes the
a-helix and the extended chain configurations stable.

The solvated system is significantly larger than the system in vacuum. However, the
description by coarse variables is more straightforward. Only the y dihedral angle is
required to describe the conformational transition. In Fig. 14 we show the anchors (red
circles) and the milestones (black lines) on the precomputed (¢, w) free energy map. The
detailed free energy contours are created from a one microsecond conventional MD
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simulation. The (¢, w) configurations along the trajectory are binned onto 90%90 grid to
estimate the probability, p(®,w). The logarithm of the estimated probabilities,
F = — kTlog[p(®, y)] is the color-coded free energy in units of kcal/mol.

In Fig. 15 we show a one-dimensional free energy profile along the y dihedral angle
computed from Milestoning iteration (up to 30 iterations). We compare the profiles after
one, ten and thirty iterations to a profile obtained from a conventional Molecular Dynamics
trajectory of 100 nanosecond length. The simulations in solvent are shorter than in vacuum
since the barrier height is significantly reduced compared to the system in vacuum. We
obtain a semiquantitative agreement between Milestoning and conventional MD results. The
high density of the milestones makes the comparison between the two approaches more
meaningful.

The maximal barrier height and location of the first iteration of Milestoning deviate from the
results after ten and thirty iterations (and of the long MD trajectory). In contrast to earlier
studies of alanine dipeptide with Milestoning®: 20 the trajectories between the milestones
that we use here are exceptionally short. To illustrate their time distributions, we show in
Fig. 16 the time distribution until termination of trajectories initiated from the milestone
located at w = 60.

In an earlier reference 1°, it was argued that Milestoning with a single iteration is likely to be
adequate if the time scale of termination of unbiased trajectories between milestones is

longer than velocity relaxation time. In that study, the velocity relaxation time was estimated
to be about 300 fs. The distribution in Fig. 16 includes a large number of shorter trajectories
leading to inaccurate estimates of kinetic and thermodynamic properties in the first iteration.

There are two solutions to this problem. The first solution is to increase the distances
between the milestones (eliminate anchors that are too close to each other). The larger
distances require more time to pass than in the original system and makes it more likely for
the trajectories to reach a local equilibrium. This solution is the recommendation of
reference 1° that we used extensively (for a recent review, see 1). The second solution, which
we use here, is to conduct exact Milestoning simulations. Exact Milestoning employs
iterations on the interfaces or milestones. As the name suggests, exact Milestoning is not
subject to local equilibrium conditions, provided that the observables converge to stable
values. The convergence of the free energy as a function of the iteration number is therefore
reassuring.

In Fig. 17 we show another major observable, the MFPT, as a function of the iteration
number. The transition time scale (40 + 20ps) is much shorter than in a vacuum due to a
smaller barrier going backward through +180° (1-2 kcal/mol versus 9 kcal/mol in vacuum).
The error bars of individual iterations are quite large. There are two sources of errors. The
first source is the lack of convergence of the distribution in the milestone ff,”)(?). This error
is likely to cause a drift in the MFPT as a function of the iteration number. The second
source is statistical errors due to a limited number of trajectories that reach a particular
milestone. The error of the second source is likely to fluctuate near an average value. The
value of the MFPT estimated by the Milestoning calculations fluctuates near a stable value
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after ~10 iterations. We, therefore, assume that the errors are mostly statistical and that the
use of a running average for the MFPT (the red dashed line) is sound. The Milestoning
running average is similar to the MFPT obtained from the straightforward MD trajectory.

In Fig. 18 we show the committor values as a function of the dihedral angle y and the
iteration number. Interestingly, all the curves are similar, including the results for
Milestoning with one iteration. This observation suggests that the committor is less sensitive
to local equilibrium compared to the free energy. Note that in the solvated simulations we
did not impose a barrier at the edges of the map like we have done in vacuum. Transitions at
the interface +180° can occur as the high value of the committor at the edge suggests. If the
system is placed at w = — 90 and attempts to reach y = 30 it is more likely to do so by going
ay through +180. Hence, the barrier at positive y values is not important for kinetics. The
periodic boundary is an alternative and efficient pathway to connect the reactant at y = — 60
with the product at y = 150. The present example describes a diffusive motion over a barrier
~2KT (Fig. 15) in contrast to the activated dynamics of alanine dipeptide in vacuum.

VI. Conclusions

We introduced a new python script to conduct Milestoning simulations. Milestoning is an
algorithm and a theory to compute long-time molecular events and equilibrium features of
complex molecular systems. The script is attached to the Molecular Dynamics engine
NAMD and to the program COLVAR that handles coarse variables. It exploits the use of a
large number of short trajectories, initiated at different locations in reaction space, to
compute fluxes and kinetic observables. The simulation of multiple trajectories run in an
automated fashion on a large number of computer nodes. It is, therefore, suitable for a
modern computer architecture that exploits a large number of CPUs and cores. We divide the
entire Milestoning run into several steps that can run as one process. A version of the script
that runs in conjunction with the NAMD software!2 can be found in GitHub https:/
github.com/UTweiw/ScMiles.

We further illustrate the use of the script on two simple examples: conformational transitions
of alanine dipeptide in vacuum and in aqueous solution. Given the wide applicability of
Milestoning in different and complex molecular systems (for a review see 1) it is hoped that
the script will ease the use of the theory and the algorithm by the broader community.

We finally comment that Milestoning is not a unique algorithm and software to study
kinetics in complex biological systems, and alternatives are available. The NAMD?2 package
alone includes two other technologies to simulate kinetics. One is called SEEKR. It is based
on multiscale dynamics that also exploits the Milestoning theory.32 It is an effective
approach to study the kinetics of ligand binding to enzymes. The second approach that is
found in NAMD is the adaptive multilevel splitting (AMS).33 AMS is a successful approach
to investigate exact stochastic dynamics along a one-dimensional reaction coordinate. The
ScMuiles software is different from the above two in its generality. ScMiles can investigate a
wide range of problems that include conformational transition in proteins3#, passive
membrane transport?4, and others.28: 35 These studies are conducted with a variety of coarse
variables and in can be executed in multiple dimensions. The generality makes it more
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challenging to adapt ScMiles to different applications. However, the flexibility of ScMiles
can also be useful. Essentially, the same procedure is effective for diverse problems.

The AMS approach is based on the exploitation of a single coarse variable. It uses exact
stochastic dynamics to generate complete trajectories from reactant to product. The time of
the complete trajectories must be accessible to conventional MD. The generation of full
trajectories restricts its application to activated dynamics in which the reactive trajectories
are fast (but rare). For this class of problems, the AMS is an attractive solution. In contrast to
AMS, Milestoning does not generate complete trajectories. It generates the overall flux by
iterations of short trajectories at the milestones. The use of short trajectories is more efficient
than the use of complete trajectories. However, the use of milestones comes at the cost of

approximating the distributions 7" which needs to be improved by iterations.

If the distributions, 7¢", can be sampled quickly and accurately, Milestoning is an efficient
approach. If, however, the distributions are hard to generate, like in systems far from
equilibrium, the calculations with Milestoning will be challenging computationally. At
present, simulations of system far from equilibrium is challenging to other methods as well.
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Fig. 1.
A flow chart of the organization of Milestoning data.
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® 0 | input.txt v
# outputname in NAMD
outputname Aladipep

# method: @ —- classic milestoning; 1 —- exact milestoning
method 1

# iteration
initial_iteration 1
max_iteration 100

# milestoneSearch: @ —— traverse; 1 —— seek
milestoneSearch 1

# only for seek procedure
initial_traj 10
initial_time 50

# free trajectories

# total number of available snapshots

total_trajs 200

# first snapshot to use

start_traj 50

# how many trajectories to launch for each iteration
traj_per_launch 100

# the interval between two snapshots

interval 1

Page 26

Fig. 2.
A sample input file for ScMiles.
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@ @ anchors.txt — Edited ~

-70.0 90.0
-70.0 ©60.0
-70.0 30.0
-70.0 0.0
-70.0 -30.0
-70.0 -70.0
-30.0 -70.0
0.0 0.0
0.0 -70.0
0.0 -70.0
0.0 -70.0
0.0 -70.0

Fig. 3.
The file anchor.txt provides the values of the coarse variables for each of the twelve anchors.
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® 0 | input.txt

# Colvars options

# customized colvar in custom.colvar
customColvars on

# num of colvar besides rmsd
custom_colvar 2

colvarsTrajFrequency 2
colvarsRestartFrequency 1000

# anchor informations
anchorsNum 12

# states

reactant 4,5
product 11,12

# periodic boundary
pbc 1,12

# MFPT convergence check
tolerance 0.001

# HPC setup
jobsubmission qsub
jobcheck gstat
username weiw

# random seed
seed 12345

Fig 4.
Continuation of the Milestoning input.txt with instructions to COLVAR and other simulation
parameters.
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@ @ colvar.txt — Edited v~

dihedral {
name psi
groupl atomNumbers 7
group2 atomNumbers 9
group3 atomNumbers 15
group4 atomNumbers 17

colvar {
name rmsd
customFunction abs(psi - anchor.x)
dihedral {
name psi
groupl atomNumbers 7
group2 atomNumbers 9
group3 atomNumbers 15
group4 atomNumbers 17

Fig. 5.
A sample input for COLVAR as used in Milestoning. The atomic indices are for the particles

that define the coarse variable.
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@ ® results.txt
al a2 q p freeE(kT) freeE_err
1 2 0.21429 0.06069 2.80190 0.14759
2 3 0.24032 0.07356 2.60968 0.11896
1 12 0.35016 0.15282 1.87849 0.17649
11 12 0.33455 0.15004 1.89682 0.19802
3 4 0.43650 0.10947 2.21212 0.11276
4 5 0.60385 0.32056 1.13768 0.14218
5 6 0.30572 0.08921 2.41673 0.18125
6 7 0.00426 0.00067 7.31562 0.60654
7 8 0.00204 0.00043 7.75420 0.36968
8 9 0.00630 0.00180 6.32215 0.38236
9 10 0.02376 0.00587 5.13803 0.32461
10 11 0.11197 0.03488 3.35585 0.23524

MFPT is 3.44535842e+04 fs, with an error of 2.15924724e+04, from eigenvalue method.
MFPT is 3.43346432e+04 fs, with an error of 1.56875433e+04, from inverse method.

Fig. 6.
Aimmmyﬁﬂwm&MmﬁaMMﬁmMgmnTMCMWmemw“ﬂ"md%TdWMe
the two anchors that define a milestone. A milestone in the script is defined by the two
anchors that “sandwich” it. The stationary flux is found in the column “q”. The probability
of last crossing the row milestone is “p”. The free energy of the milestone in unit of KT is
“freeE(KT)”. An error estimate for the free energy value is “freeE_err”. The last two lines
list the MFPT values and error estimates. Two estimates are given using the expressions in
Eqg. (20.a) and (20.b), respectively. The results should be the same, but sometimes numerical
errors are encountered and it is useful to have the two values as a “sanity” check. The

additional computational efforts are negligible.
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Fig. 7.

Cgunting of transitions between milestones to estimate the kernel elements. The data are an
MxM matrix where M is the number of milestones. The columns are labeled by the two
anchors that form a milestone. The same order of milestones is assumed for the rows. For
example, 89 of the 100 trajectories initiated at milestone 6_7 reach milestone 5 6, and 11
reached milestone 7_8. Note that all the trajectories initiated at a milestone must terminate.
The sum of the counts over a row is, therefore, equal to the total number of trajectories
initiated at that milestone.
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Fig. 8.
A stick and ball model of alanine dipeptide. Also shown are the dihedral angles (¢, ) that

are the coarse variables used in the present study.

J Chem Theory Comput. Author manuscript; available in PMC 2021 February 11.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuepy Joyiny

1duosnuely Joyiny

Wei and Elber Page 33
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Fig. 9.
Milestoning and anchors for alanine dipeptide in vacuum. The anchors are denoted by red

dots and the milestones by a solid line. The anchor at the lower right corner represents the
product while the anchor at the top left corner, the reactant. We also show a color contour
map generated by binning configurations extracted from a 2 us straightforward Langevin

trajectory.
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22 T T T T T T

T —4—Exact Milestoning
20 —— 2 microseconds straightforward MD
- = straightforward MD error

-
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N

MFPT (ns)

Ilterations

Fig. 10.
The Mean First Passage Time for alanine dipeptide transition in vacuum as a function of the

iteration number at 600 K. The straightforward MD results are computed from a single 2
microsecond underdamped Langevin trajectory. The error bars were computed following
section I11.5.
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Fig 11.
The color-coded free energy of the Milestones for alanine dipeptide in a vacuum. The lower

panel shows the free energy extracted for a long MD trajectory. The upper figure shows the
free energy extracted from exact Milestoning. The free energy is color-coded according to
the right color panel. The free energy barrier is around @ ~ 0 and is about 9 kcal/mol above
the lowest energy.
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Fig. 12.
The committor function at the milestones for the alanine dipeptide conformational transition

in a vacuum. Top panel: the committor value after 12 iterations of exact Milestoning. Lower
panel: The committor estimated from a long MD trajectory.

J Chem Theory Comput. Author manuscript; available in PMC 2021 February 11.

0.9

0.8

0.7

0.6

10.5

0.4

0.3

0.2

0.1



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuely Joyiny

Wei and Elber

Page 37

Fig. 13.
An alanine dipeptide solvated in a box of water that is used in the Milestoning calculations.

See text for more details.

J Chem Theory Comput. Author manuscript; available in PMC 2021 February 11.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuepy Joyiny

1duosnuely Joyiny

Wei and Elber

Page 38

— 8

150
\ 17
100 - I
50 15
= 0 4
-50 3
-100 2
1

-150
0

-150 -100 -50 0 50 100 150

Fig. 14.
The free energy, F(®, y), as a function of the dihedral angles (®, ) for a solvated alanine

peptide. Also shown small red circles that are placed at the positions of the anchors. The
horizontal black lines are the milestones. The reactant is defined at w = — 60 and the product
at y = 150. The free energy is in kcal/mol.
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Fig 15.

60 120

Free energy profiles for a solvated alanine dipeptide as a function of the dihedral angle 3
computed with exact Milestoning. Results are shown for different iteration numbers. Also
shown are binned results from a single 100 nanosecond conventional MD trajectory. See text
for a discussion about the difference between the Milestoning free energy and coordinate-

based free energy.
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Fig. 16.
The distribution of termination times of Milestoning trajectories starting at v = 60 and

ending at milestones directly accessible from it. While a small number of trajectories are
longer than a picosecond, a significant fraction is shorter than 300 fs. This observation
suggests that a single iteration of Milestoning (so-called “classical Milestoning™), will not be
accurate for this set-up.

J Chem Theory Comput. Author manuscript; available in PMC 2021 February 11.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Wei and Elber Page 41

MFPT (ps)

120 — —— ' '
—4—Exact Milestoning
= = Running average for Exact Milestoning
- ——100 ns straightforward MD

100 --=-straightforward MD error

T
L

80

60

20

T

lterations

Fig 17.
The MFPT for a conformational transition of a solvated alanine dipeptide between an alpha

helix (y = — 60°) and extended chain configuration (v = 150°) as a function of the iteration
number. We also show a red dashed line, which is a running average. The sampling at each
milestone might be sparse even if the iterations converged. Therefore, the running average is
a useful tool to reduce noise once the MFPT fluctuates near an average value as a function of
the iteration index. The error bars were computed following section I11.5.
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Fig. 18.
Committor function for a solvated dipeptide as a function of the dihedral angle y computed

with Milestoning with one iteration (classical Milestoning), exact Milestoning and from a
straightforward MD simulation.
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