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Abstract In this paper, the propagation of a nonlin-
ear delay SIR epidemic using the double epidemic hy-
pothesis is modeled. In the model, a system of im-
pulsive functional differential equations is studied and
the sufficient conditions for the global attractivity of
the semi-trivial periodic solution are drawn. By use of
new computational techniques for impulsive differen-
tial equations with delay, we prove that the system is
permanent under appropriate conditions. The results
show that time delay, pulse vaccination, and nonlinear
incidence have significant effects on the dynamics be-
haviors of the model. The conditions for the control of
the infection caused by viruses A and B are given.
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1 Introduction

In real world, there are two epidemics, one epidemic
caused by virus A and another epidemic caused by
virus B. The most likely origin of virus A is a mutation
or recombination event from virus B [1]. Also, it has
been observed by scientists about possibilities where
viruses A and B are of different origins but would
cause an overlapping immune response of the host.
Both epidemics spread in parallel, and the epidemic
caused by virus B, which is rather innocuous, protects
against epidemic A. The SIR infections disease model
is an important biologic model and has been studied
by many authors [2-9]. It is well known that one of
the strategies to control infectious diseases is vacci-
nation. Then a number of epidemic models in ecol-
ogy can be formulated as dynamical systems of dif-
ferential equations with vaccination [10-17]. Systems
with sudden perturbations lead to impulsive differen-
tial equations, which have been studied intensively and
systematically in [18-23]. It is very important that one
investigates under what conditions a given agent can
invade partially vaccinated population, i.e., how large
a fraction of the population do we have to keep vacci-
nated in order to prevent the agent from establishing.
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Pulse vaccination seems more reasonable than tradi-
tional continuous constant vaccination in real world.
Pulse vaccination strategy (PVS) [10-14] consists of
periodical repetitions of impulsive vaccinations in a
population, on all the age cohorts, which is different
from the traditional constant vaccination.

A model for the spread of an infectious disease
(involving only susceptibles and infective individuals)
transmitted by a vector (e.g., mosquitoes) after an in-
cubation time was proposed by Cooke [24]. This is
called the phenomena of “time delay.” Many authors
have directly incorporated time delays in modeling
equations, and, as a result, the models take the form
of delay differential equations [2-9, 25-30].

In recent years, the research on delay SIR epi-
demic models with impulsive perturbations is a rele-
vant, but not totally developed, subject in mathemat-
ical biology. See [10, 30] and the references therein.
However, this is an interesting problem in mathemati-
cal biology. Since an adopted incidence form like the
Be HS9(t)I (t — w) term with time delay in this pa-
per is different from the incidence forms in [10, 30]
by use of new computational techniques for impul-
sive differential equations with delay such as inequal-
ity techniques, the construction of an appropriate Lya-
punov function, and the classification analysis method
on the discussion of permanence of system, which is
very different from [10, 30].

2 SIR model and preliminary information

Cooke [24] formulated an SIR model with time delay
effect by assuming that the force of infection at time #
is given by

BSMHI(1 — w),

where B is the average number of contacts per infec-
tive per day, and @ > 0 is a fixed time during which
the infectious agents develop in the vector and it is
only after that time that the infected vector can infect
a susceptible human. Recently, Beretta, Takeuchi and
Ma [2-5] considered the SIR model with vital dynam-
ics

S'(t) =—BSM(t —w) — uS() + u,
I'(t) = BSOI(t — @) — pl(t) — r1 (1), @2.1)
R'(t)=rI(t) — nR(1),
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which represents an SIR model with epidemics spread
via a vector with an incubation time w. Here, u is
birth and death rate, and r is a daily recovery rate. Of
course, B, i, r € Ry.

Levin et al. have adopted a nonlinear incidence rate
form like

BSTNOIP (1),

which depends on different infective diseases and en-
vironments [31, 32]. Of course, p, g € R4. In this pa-
per, we consider the case where p =1 and g € N is
positive integer, i.e.,

Be HPSII (t — w). 2.2)

Let Ip be the total population of infectives with virus

A at time ¢, and I be the total population of infec-

tives with virus B at time 7. Both epidemics spread in

parallel, and the epidemic caused by virus B, which is

rather innocuous, protects against epidemic caused by

virus A. When pulse and the force of infection (2.2)

are introduced in (2.1), we have

§'(t) = u— Pre "1 ST () Ia(t — w1)
—pae 2SE (1) Ig(t — w2)
—puS(t),

15 (1) = Bre " ST (1) IA(t — w1)
—IA (1) — A1),

Ig(1) = e "2 S (1) Ip(1 — w2)
—ulp(t) —ralp(t),

R'(t) = rila(t) +ralg(1) — nR(1),

SEH) =01-8S0),

In() = 1A(),

I(t") = Ip(1),

R(t™) = R(1) +85(1),

, t#nt,

(2.3)

where Bi,ri,wi € Ry (i=1,2),q;e N (i=1,2)
is positive integer, and § (0 < § < 1) is the propor-
tion of those vaccinated successfully to all of the sus-
ceptible. The Bje i S% (1)I(t — w;) (i = 1,2) term
exhibits more clearly the death of the exposed pop-
ulation within finite incubation times (with w;) than
the B;S% (t)I(t — w;) (i = 1,2) term. For both sys-
tems (2.1) and (2.3), the total population size N(¢) =
S@t) + Ian(t) + Ig(t) + R(r) satisfies N'(r) =
uw(l — N(t)),and N(t) — 1 as t = oo. System (2.3)
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can be regarded as a model with constant total popu-
lation. Hence it is sufficient to consider the first three
equations in (2.3) with respect to 2 = {(S, Ia, I) €
RIS+ I+ 1Ig <1}.

The initial condition of (2.3) is given as

S(O) = ¢1(0),
R(0) = ¢4(0)

IA(0) = ¢2(0),
(—w<6<0),

Ig(0) = ¢3(0),

where @ = max{w;, w2} and ¢ = (¢1,d2, ¢3, 4"
€ C are such that ¢;(0) > 0(—w <60 <0, [ =
1,2, 3,4). C denotes the Banach space C([—w, 0], R4)
of continuous functions mapping the interval [—w, 0]
into R*. For a biological meaning, we further assume
that ¢; (0) > 0 fori =1,2, 3, 4.

Note that the variable R does not appear in the first
three equations of system (2.3); hence we only need to
consider the following subsystem of (2.3):

S'(1) = — Bre "1 SN (1) Ia(t — w1)
—Pae™ 28T (1) Ig(t — wn)
—uS(),

IN(t) = Bre M ST () I (t — wy)
—ula@) —rila(?),

Ig(1) = Pre M2 8P (1) Ig(1 — w2)
—ulg(t) —ralp(v),

Sty =1-8)S@),

INGOESING]

Ig(r") = Is (1),

, tF#nT,

2.4)

Before starting our theorem, we give the following
lemma.

Lemma 2.1 (See [33]) Consider the following im-
pulse differential inequalities:

w'(1) < () pOwt) +q(1),
w(t) < (X)dew(te) + by,

t# I,

t=t, keN,

where p(t),q(t) € C[R4+, R], and dy, > 0 and by are
constants. Assume that:

(Ao) the sequence {t;} satisfies 0 <ty <t; <tp <---
with lim;_, oo 1 = 00;

(A1) we PC'[Ry, R], and w(t) is left continuous at
tx, ke N.

Then

t
w(t) <> wo) [] dkexp( / p(s)ds)
0]

to<tr<t

+ 2 ( [ djexp</t:p(s>ds>>bk

fo<tp <t “Mp<tj<t

t t
+ / I dkexp( f p(e)de)qmds,

0 s<n<t

t=>1.
Lemma 2.2 (Kuang [34]) Consider the delay differ-

ential equation

dx(t)
dt

=ax(t —w) — bx(1),

where a, b, w are all positive constants, and x(t) > 0
fort e [—w,0]:

(1) Ifa <b, thenlim;_ x(t) =0.
(i) Ifa > b, then lim;_, » x () = 400.

Let R, =[0,400), R2 ={XeR}:X>0,X =
(S, Ia, I)}, 2 = intRi, and N be the set of nonnega-
tive integers. Denote by f = (f1, f2, f3)T the map de-
fined by the right-hand side of the anterior three equa-
tions of system (2.4). Let V : R} x Ri — R4. Then
V is said to belong to class Vj if:

(i) Viscontinuousin (nt, (n+1)7] % Ri, and for all
X e Ri and n € N, lim(,’y)ﬁ((m)ﬂx) Vi(t,y)=
V((nt)T, X) exists.

(i1) V islocally Lipschitzian in X.

Lemma2.3 [33]LetV: Ry xRy — Ry andV € V.
Assume that

DYV (t,z(0) = (=) g(r, V(. 2(0))), t#nt,

V(t,z)) < ) (V (1, 2())),  t=nt,

where g : Ry x Ry — R is continuous in
(nt,(n + 1)t] x Ry4; for all x € Ry and n € N,
limg ) (o)t ) 8@, ) = g((nt)T,x) exists; and
Y, : Ry — R, isnondecreasing. Let r(t) =r(t,0, ugp)
be the maximal (minimal) solution of the scalar impul-
sive differential equation

t #nr,

t=nrt,

u' =g(t,u),
u(®) =W, (u()),
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existing on [0,00). Then V(0T,z0) < (X)ug im-
plies that V(t,z(t)) < (>)r(t), t =0, where z(t) =
z(t, 0, zo) is any solution of (2.4) existing on [0, 00).

3 Main results

Definition 3.1 System (2.4) is said to be permanent
if there exists a compact region 2 C intR§r such that
every solution of system (2.4) with initial conditions ¢
eventually enters and remains in region 2.

We begin the analysis of (2.4) by first demonstrat-
ing the existence of an infection-free solution in which
infectious individuals are entirely absent from the pop-
ulation permanently, i.e.,

In(t) =0, Ig(t) =0, t>0. 3.1

Assuming (3.1), we know that the growth of the sus-
ceptible in the time interval nt <t < (n + 1)t and
give some basic properties of the subsystem of (2.4)

S'(t) = —uS@t) + u,
SEH) =(1-8)S@),

t#nt, neN,
(3.2)
t=nt,neN.

Solving (3.2) between pulses and using the discrete
dynamical system determined by a fixed-point theory
in Poincaré map yields

SO =1~ —amgeme T,
te(nt,n+1)rt], neN, (3.3)
SOT)=Smhtt)=1-— 8

T—(1=38)e—H7 >

which is a unique globally asymptotically stable posi-
tive periodic solution of system (3.2).
Since the solution of (3.2) is

S = (S0 = (1 = =) Je
+S8(), t€ (T, (n+ DT, (34)

)
SOF) =1 — 5=

we have the following Lemma 3.1.
Lemma 3.1 System (3.2) has a unique positive pe-
riodic solution S(t), that is, system (2.4) has an

infection-free periodic solution (S(t),0,0) for t €
(nt,(n + t], n € N, and for any solution (S(t),
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IA(2), Is(t)) of (2.4) with positive initial conditions,
we have S(t) — S(t) as t — o0. Denote

BreHe1 eMT — 1 q1
R = ,
! r+u <el“—l+8>

Bre H@2 eMT — 1 92
Ry, = .
m4+u \ett—1434

(3.5)

Theorem 3.1 If R| = max{Ry, Ry} < 1, then the
infection-free periodic solution (S(t),0,0) of system
(2.4) is globally attractive.

Proof Let (S(1), Ia(t), Ig(t)) be any solution of sys-
tem (2.4). Since R < 1, we can easily see that

- K1 \q
Bre " (Gi—35)" <711+ us

- nT_1 \q
Bre “wz(—e,fr_lw) Z<rm 4.

Then we can choose an ¢ > 0 small enough such that

— MHT _
Bre o (gimris + )" <ri 36
B —sz(e’”7*1+ )‘12 + ’
he a1y T &) <rtu

Note that S'(#) < u — uS(¢). Then we consider the
impulse differential inequalities

t#nt,neN

S'(t) < —puS(),
t=nt,neN.

SEH) =(1-8S®),

Using Lemma 2.1, we have

t
NOERCIEas N | (1—8)exp</ —,uds)

niT<nt<t 1

t t
+“f I (1—8)exp</ —;Ld@)ds
nt K

s<nr<t

= A1 + Ay,

where

Al = S(nlt+)< [[ a-9

ny<n<t/t

t/t
xexp(/ —/Ld‘[f))

=SmtH — 5)[1‘/f]e—ll(i—n11’)7
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t
A2:e—w/ ]’[ (1 —8)e" dus
ntT

s<nt<t
t/t

:e_’”/ ]_[ (1—8)e"™S duté

M gcpjr<t/t

ni+1
—e M [/ ]_[ (1 —8)e"™ dute

m E<n/t<t/T

ni+2
+/ I1
n

1+1 E<njt<t/t

[t/7]
/
[

1/7l-1 E<n/t<t/T

t/t
/
[

t/7] E<n/t<t/t

(1=8)e* S duté +---
(1—8)e" ™S duté

(1 —8)et™s d;u:é]

= e M1 = O/ (T — et
T (1 = §/TI=mFD (it _ ypm+bur o
+ (1 = 8)(elT — 1)elt/rI=Dut
LM eurlt/r]]

—e

(178)[t/r]7n1+l(e;u71)8711;117(]78)(eu17])e;/.r[t/r]
X e —

4t — eurlt/rJ:|'

Thus,

Sertlt/tl+1-t/7)
S <A Ay =y (t l-—
() <A+ 4=y + TR

where

]/(l) = e_l‘«f I:S(nl.’:-i-)(] _ 8)[I/t]en1rﬂ

(1— 5)[1/f]—n1+1(eur — 1)emnt
- bt — 146 }
< e—lUS(nlt-l-)(l _ 6)[t/r]en|ru
=e MS(n )1 — s/t mTi
< S(nir)e'tTre M,

Then

NOEN Mt 4] — ——————
(1) =Smyr)e’ Fe " T

which implies

li St <1 )

imsu -,
t%oop - ert — 14§

s0, there exist a positive integer n1 and an arbitrarily
small positive constant ¢ such that for all t > n;7,

Sy <1-— +e=52 (3.7)

ettt — 146

From (3.7) and from the second and third equations of
(2.4), we get that

I (1) < Bre PO (SD) IA(t — wy)

— (1 +wWIA®), t>mt+or,

(3.8)
Iy (1) < Pore M (SN2 I (1 — w2)
—(n+wls@), t>n7+w.
Consider the following comparison equation:
(1) = Bre " (SN za(t — w1)
—(n+wmwzal), t>nmrt+or,
1+ m)zal( (3.9)

2 (1) = Pae M2 (S4) 2z (1 — w2)

—(n+wze(), >n7+w.

From (3.6) we have that 8;e ™ "“i (§4)% <r; 4+, i =
1,2. By Lemma 2.2 we obtain that lim;_, o, zo(#) =0
and lim;_,z(t) = 0. Since Ia(s) = za(s) =
¢2(s) > 0 and Ig(s) = zg(s) = ¢3(s) > 0 for all
s € [—w, 0], by the comparison theorem for differen-
tial equations and the nonnegativity of solution (with
Io(t) >0 and Ig(t) > 0), we have that I4(t) — 0 and
Ig(t) — 0 as t — oo. Without loss of generality, for
any sufficiently small 0 < &; < ue*“i/B8;, i =1,2, we
may assume that 0 < Io(f) < &1 and 0 < Ig(?) < &2
for all + > 0. From the first equation of system (2.4)
we have

S' (1) = p— (1 + Bre™" et + Poe2e2) S(1).

Then we have z1(t) < S(¢), where z;(¢) is the solu-
tion of the following system (3.10) with initial value
21(07) = S(0), and z; (¢) is the unique positive peri-
odic solution of

i) =p— (u+pre e
+ Poe™H2e2)z1 (1),

21" =(1=8)z1(),

71(0T) = S(0™).

t ,neN,
7t neN. 5 10)
t=nt,neN,
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From (3.10) we have that, fornt <t <(m + 1)7,

m

21() =
1o W+ Bre~ e + fremHe2ey

Se—(utBre” ey +pre™H2er) (t—nT) i|

* |: - (1 = §)e—(r+Bre " lei+fre " 2er)T

Hence, for any &3 > 0, there exists an integer ny > n
such that

S(t) > z1(t) —e3 forallt > not. (3.11)

On the other hand, from the first equation of (2.4) it
follows that S'(r) < u — uS(r). By Lemma 2.3, we
have S(t) < 56). Then, for any above 3 > 0, there
exists an integer n3 > n, such that

S(t) < S(t) + &3 fort > nst. (3.12)

Let e — 0 and & — 0. Then from (3.11) and (3.12)
it follows that

S) —e3 < S(1) <S1) + &3

for ¢ large enough, which implies that S(¢) — STG/) as
t — 00. The proof is completed. (]

Corollary 3.1 (i) If Bie ™™ <ri+pu,i =1,2, then
the infection-free periodic solution (5??), 0,0) is glob-
ally attractive.

(i) If Bie ™™ >r;+p (i =1,2) and § > §*, or
T < Ty, OF @ > 0", or q > q*, then the infection-
free periodic solution (.STE;), 0, 0) is globally attractive,
where the critical values §*, T, w*, and g* are listed
as follows:

5* =max{(e’” _ 1)<q| Bre e 1>7
ri+u
(' — 1)( et 1>}
r+u ’
)1 8
Ty=min{ —In{1 4+ ——— |,
M q1f Bre "1 1
ritp
1 )
—In{l4+ ——);,
2 af Bre” 2 1
ray+u

@ Springer

" 1 B et —1 7
w* =max{ —In . ,
% re+u etrt — 146
1 B2 eHt —1 2
_ln . y
% rmn+u \ett —146

" re+u
q" =maxjlog ety ———,
AT+ Pre Hel

rntun
log enty ————1.
115 Ppe ez

From the proof of this section, we can easily obtain the
following Corollary 3.2.

Corollary 3.2

(1) If Ry <1 and Ry > 1, then the epidemic I dies
out, and the epidemic Ig is permanent.

(i1) If Ry > 1 and Ry < 1, then the epidemic I is per-
manent, and the epidemic Ig dies out.

Denote
ﬂle_uwl
ot
<M—/32€_“w2 (1 —=8)(eMt — 1))‘11
X . ,
% ettT — 14§
it — (1 — Boe™*2) (W R3 — 1)
: B W/ RieHer 7
—
Ro B
r+u
(M—ﬂle”“‘” (1 —=8)(eM" — 1))qz
X * )
1% erT — 14§
(=P PN (R/Ry— 1)
m2 = N

Ba %/ Rre=He2
P N N
1 IB]e_IMUI ’ 2 1326_11«102

Theorem 3.2 If R = min{R3, R4} > 1, then there
exist constants y; : 0 < y; < 1, i = 1,2, such that

s . )/lmT * —(r+pw

lltgélgfIA(t)Zmln ,yimie VIO =
m*

litgggflg(t) > min{ z yzmze_(”*'“)wz} =my.

Proof Suppose that (S(¢), Ia(2), Ig(t)) is any positive
solution of system (2.4). Since R = min{R3, R4} > 1,
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we have m} > 0 and m} > 0. In the following, we
claim that for any y; : 0 < y; < 1, i = 1,2, we have
IA(t) > yym] and Ig(t) > yom} for t large enough.
For convenience, we will show this in the following
two steps.

Step I. We claim that there exist 1, t> € (0, 00) such
that Io(t1) > yim} > 0 and Ig(ty) > yom3 > 0. Oth-
erwise, there will be three cases:

(i) There exists # > 0 such that Ig(t2) > y»m3, but
IA(t) < yymj forall t > 0;
(ii) There exists #; > 0 such that Io(f1) > yym], but
Ig(t) < yom3 forall t > 0;
(iii) Ia(t) < y1m7 and Ig(t) < yom3 forall t > 0.

We first consider case (i). According to the above as-
sumption, we get

S'(t) > w — Pryimie HO — Bre 2 — uS(1),
t#nt, n €N,

Sty =(1-8)S(t), t=nt, neN.

_ *oTHO _ —Hw) _ T_
Lot y = AP B (et g, py

"
Lemma 2.1, there exists & > 0 small enough such that
S(t) > n—e. Then

Iy (1) = Bre™ " (n — &) IA(t — w1)

— (U +rDIa(). (3.13)
Since R; > 1, it is clear that
Bre " (=) > u+ry. (3.14)

Using Lemma 2.2 along with (3.13) and (3.14), we
have I (t) — oo as t — 00, which is a contradiction.
Similarly, we can prove that Ig(f) — 0o ast — o0
in case (ii), which also is a contradiction.
Last, we consider case (iii). For ¢ > 0, we define the
differentiable function V (¢) by

t
V(t) = Ia(t) + Ig(t) + Bre 1 (SHT! / Ia(0)d6
1—wi

t
+ Pre He2(S5)% f Ig()d6.
t—wy

Then, the derivative of V (¢) satisfies

V(1) = Ia(t) + Bre *1(S7) " Ia (1)

— Bre "1 (ST Ia(t — 1)

+ (1) + o™ "2 (S3) In (1)
— Bae M2 (83) P I (1 — w2)
= Bre " (ST (1) — (S)")Ia(t — 1)
+ [Bre 1 (ST = (r1 + W) 1A ()
+ Bae M2 (S (1) — (S3) ) 1B (t — w2)
+ [Bae 2 (85)" — (r2 4+ w) ] I8 (0)
= Bre (ST (1) — (57)") It — 1)
+ Bae M2 (S (1) — (S5) ") Is(t — w2)
= Bre (ST (e) + ST () S}
o S((SH)
+ (ST (SO = S Ial — 1)
+ Pre M2 (827 (1) + S T2(1) S5
Fo 4 S@) (S

+(S3)27)(S0) - S5 Ip(t —w2).  (B.15)

Since Ry > 1, we have m’l‘ > 0 and m§ > 0. For
any ¥; :0 < y; <1, i =1,2, we have that

n— Bryimje Ml — BremHe2
n
(1=268)(e"" —1)
et — 1+

*
S| <

’

w— Bryamze HP2 — e Hel
m
(1—8)(e"™ — 1)
et 145

%
S5 <

Then there exist two positive constants €1 and &, small
enough such that

N Biyimie HOl — BremH2

S
! 1
1 -8 —1
LODET
et — 1446
. (3.16)
— M —
S;<M—/32V2mze Her — Brem it
7
(1=38)(e"* —1) N
T
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Under the assumption of case (iii), from the first and
fourth equations of system (2.4) we have

S'(t) = = Bryimie M — Bre M2 — uS(t),
t#nt, n €N,

StT)y=(1-8)S(t), t=nt,neN,

and

S'(t) = i — Payamie M2 — Bre M — uS(t),
t#nt, n€N,
t=nt,neN.

NGIESIERINGS

Using Lemma 2.1, we know that there exists 77 >
to + w such that, for t > Ty,

[ — Bryimie RO — ByeTHe2

S(t) >
u
A=) —1)
Xw_gl—SAl, (317)
— *oTHW2 _ —Ho
S@) > u — Bayamse Bie
“u
(1 =38)(e"" —1) _
X W—Sz—SAZ. (318)

Therefore, for t > T7, inserting (3.17) and (3.18) into
(3.15), we have

V() = Bre (ST + ST 2 (1) S - -
+SO(SH T+ (55T (S0) - 87)
x Ia(t — w1)
+ Boe M2 (82 (1) 4+ S22 (1) S5 A+ -
+S(0)(53) 7+ (53)" ) (S() — 3)
x Ig(t — wy)
> q1Bre (S5 TS, — ST IAl — 1)
+q2Bae ™ (83) "7 (Say — S3) In (¢ — 2).
Let

IL = min I5(), b= min Ig().
telT, T +w] telT), T +w]

We show that 7a (1) > I} and Ig(t) > I} forall t > Ty.
Otherwise, there exists a nonnegative constant 73 such
that In(t) > I\ and Ig(r) > I} for t € [T}, T) +
0+ D), IN(T1+o+T) =1\, and Ig(T1 + 0+ T>) =
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15, In(Ty + 0+ T2) <0 or Ig(Ty +w+T3) < 0. Thus,
inserting (3.18) into the second equation of (2.4), we
have

IA(T1 4+ @+ T2) = (Bre 189 (1) — (r1 + ) I}

Pre” " q1 1
= _ —1)1I
(V1+M)( o S9(2) A
S q1
>(r1+u)(( A*') —l)[i
Sl
> 0,

which is a contradiction to / AT +w+ Tp) <0. Sim-
ilarly, we can obtain that it also is a contradiction
to fB(Tl + w + T») < 0. Hence, we get that I5(¢) >
IA > 0 and Ig(t) > Ill3 > 0 for all ¢+ > T). Therefore,
forallt > T| + w,

V() > g1 re " (SE) 1 (Sa, — SP)I4
+ @aBae 2 (53) 27 (Sa, — S3)I5 > 0,

which implies V(t) — +oco as t — 4o00. This is
a contradiction to V(1) <2 + Biwie *1(SH? +
Bowre M2 (Si‘)‘f2 for ¢ large enough. Hence, the claim
is proved.

From the above three cases we conclude that there
exist 71, t such that Ia(fy) > y1m7 > 0 and Ig(%2) >
yam3 > 0.

Step II. In the rest, we are left to consider two
cases:

(i) Ia(t) = yim] and Ig(¢) > y,m3 for all ¢ large
enough;

(ii) Ia(r) oscillates about yym7, or Ig(t) oscillates
about yom} for all large 7.

Case (i). Our aim is obtained. Clearly, we only need to
consider Case (ii).

Case (ii). If Ia(?) oscillates about yym}, then we
will show that I (¢) > m for all large ¢, where

*
1 , ylmTe*(rHrﬂ)wl }

: {Vlm
m] = min

There exist two positive constants 7, ¥ such that
IAN(t) = IA(t + ) = yim]
and

IA(t) <yimy fort <t <1+ .
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Since Ia(¢) is continuous and ultimately bounded and
is not affected by impulses, we conclude that Ia(?)
is uniformly continuous. Hence there exists a con-
stant 73 (with 0 < T3 < w1) independent of the choice
of 7 such that Ip(r) > "L for all F <1 <7+ T3. If
Y < T3, our aim is obtained. If 73 < ¥ < w;, from
the second equation of (2.4) we have that iA(t) >
—(r1 + w)Ia(t) for f <t <t + . Then we have
IA(f) > ylm’l‘e_(r1+”)w1 fori <t<ft+v¢ <f+w
since IA(f) = yimi. If ¥ > w;, then we have that
Ia(t) > ylm’l‘e’(”*“)"’l fort <t <7+ w;. Then, pro-
ceeding exactly as in the proof of the above claim, we
can show that I5(¢) > ylmfe_(’”r“)“’l fort +w <
t <1+ . In fact, if not, there exists T4 > 0 such that
I(t) > ylm’i‘e_(’1+“)“’1 forf <t<f4+w+ Ty, I+
w) +Ty) = yymte™ 1R and [ (7 +w) +Ty) <0.
When 7 is large enough, the inequality S(f) > Sa,
holds for 7 <t < + . On the other hand, we have
from the second equation of (2.4) that

InG+ o+ Ty)
> (Bre *1SN (1) — (r1 4 ) yimie” 1O

(r1+m<ﬂ‘

S q1
> (n +M)<< SA*l) _ l)ylmTe—(rlﬂi)wl
1

This is a contradiction to I At + w1 + Ty) <0. There-
fore, In(t) > m for t € [t,f + v¥]. Since this kind of
interval [7,f + ] is arbitrarily chosen, we get that
Ia(t) = m for t large enough in Case (ii). In view
of our arguments above, the choice of m is indepen-
dent of the positive solution of (2.4), which satisfies
that I (¢) > m for sufficiently large ¢.

Similarly, if Ig(¢) oscillates about yzmé, then we
can prove that Ig(t) > m, for all large ¢, where

Sq‘(t)— ) lm*e—(rl-ﬂt)wl
r+u v

—(ratpu)w } )

my = min{ 2 yamie

el

This completes the proof of Theorem 3.2. (]

Theorem 3.3 If Ry > 1, then system (2.4) is perma-
nent.

Proof Suppose that (S(t), Ia(¢), Ig(t)) is any posi-
tive solution of system (2.4). From the first and fourth
equations of system (2.4) it is easy to see that

S'(t) = — (e + Bre O + e H2)S(1),
t#nt,neN,

Stty=(1-8)Sk), t=nt,neN.

(3.19)
Let
= K
W+ Bre et + BremHe2
(1 = 8)(1 — e~ (WHPre 1 4pre™r2)Ty
e (1 — §)e—(uthre I +preron)r &
> 0,

where ¢ is a sufficiently small positive constant. Sim-
ilarly, using Lemma 2.1 along with (3.19), we have
S(t) > m for ¢t large enough.

Set

2={(S.In.Ip) R} Im<S(1t) <1,

my < IA() <1, my < Ig(1) < 1}.

Then 2 is a bounded compact region which has posi-
tive distance from coordinate planes. By Theorem 3.2,
one obtains that every solution of system (2.4) with
initial condition ¢ eventually enters and remains in the
region £2. This completes the proof. ]

Corollary 3.3 If § < 84, or T > 1%,
q < q«, then system (2.4) is permanent, that is, the dis-
ease can generate an endemic, where the critical val-
ues 8y, T*, wy, and gy are listed as follows:

or r < ry, or

d4 = min

1 - b
l,]=1,2,z¢1[ wA (et —D(u— Bje ") % ﬁtrf+‘;l }

1 é
F = max .{—ln<l+ a
iL,j=12,i#j| L (1- 8)(:“’ :3 e ;w),) q; ﬁz

e HO; ) }7
— M
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Fe= min | pBie H. p—pie ™ A =9 - 1) ! -
=i | w ent — 148 ’
. ri +
+= _min qlog — - l—“}
i,j=1,2,i#j K Iu '(l;’f)r(i}p,gb Bie 1w

Note that R] > 0 <1 and R, > 0 <1 as g — o0,
which implies that the epidemic disease will die out
eventually when nonlinear incidence ¢ is gradually in-
creasing. This is very interesting since nonlinear inci-
dence has a significant effect on the dynamics of epi-
demic model.

4 Conclusions

As an example, let § = 0 and Iz = O: then (2.3) be-
comes the following system without pulse:

S'(t)y =—Be MSINI(t —w) — uS(t) + u,
I'(t) =Be "SI (t —w) — nl () —ri(1),
R'(t)=rI(t)— uR(t).

A.1)

According to Theorems 3.1 and 3.2, we can deduce the
same results for system (4.1) as Ma and Song in [5, 6].

In this paper, we introduce time delay (with w;, i =
1,2), pulse vaccination (with § and t), and nonlinear
incidence (with ¢g;, i = 1,2) into SIR model and ob-
tain that the latent period of disease, pulse vaccination,
and nonlinear incidence can bring effects on infection-
eradication and the permanence of epidemic disease.
The main results show that a short period of pulsing
(with t < 1), or a large pulse vaccination rate (with
8 > 8*), or a long latent period of the disease (with
® > w*), or a large nonlinear incidence (with g > ¢*)
is a sufficient condition for the global attractivity of
infection-eradication periodic solution (5(7), 0,0); if
not, the system becomes permanent. Therefore, we can
choose the vaccination period (with ) and increase
the proportion (with §) of those vaccinated success-
fully to all of the susceptible such that R; < 1 in or-
der to prevent the epidemic disease from generating
endemic.

We find that infection caused by viruses A and B
can be controlled when Ry < 1 and R, < 1. Since Ig
competes I, the milder infection caused by virus B
acts like a vaccine against the virus A. Hence, with

@ Springer

the help of this study, there is a possibility in the fu-
ture to develop a vaccination strategy to fight the epi-
demic /4.

Note that R; > Ry, and we obtain the results for
R <1 or Ry > 1. However, for the closed inter-
val [R2, R1], the dynamical behavior of model (2.4)
has not been studied, and the threshold parameter for
the reproducing number (or the pulse vaccination rate)
between the extinction of the disease and the per-
manence of the disease has not been obtained. It is
worthwhile for us to study the case for 21 > 1 and
R> < 1in the future work. Finding the threshold value
R = R| = Ry is left for our future consideration.
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