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Abstract

During epithelium tissue maintenance, lineages of cells differentiate and proliferate in a 

coordinated way to provide the desirable size and spatial organization of different types of cells. 

While mathematical models through deterministic description have been used to dissect role of 

feedback regulations on tissue layer size and stratification, how the stochastic effects influence 

tissue maintenance remains largely unknown. Here we present a stochastic continuum model for 

cell lineages to investigate how both layer thickness and layer stratification are affected by noise. 

We find that the cell-intrinsic noise often causes reduction and oscillation of layer size whereas the 

cell-extrinsic noise increases the thickness, and sometimes, leads to uncontrollable growth of the 

tissue layer. The layer stratification usually deteriorates as the noise level increases in the cell 

lineage systems. Interestingly, the morphogen noise, which mixes both cell-intrinsic noise and 

cell-extrinsic noise, can lead to larger size of layer with little impact on the layer stratification. By 

investigating different combinations of the three types of noise, we find the layer thickness 

variability is reduced when cell-extrinsic noise level is high or morphogen noise level is low. 

Interestingly, there exists a tradeoff between low thickness variability and strong layer 

stratification due to competition among the three types of noise, suggesting robust layer 

homeostasis requires balanced levels of different types of noise in the cell lineage systems.
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1. Introduction.

In multicellular organisms, homeostasis is critical to tissues and organs for their functions. 

Multistage cell lineages, generally consisting of stem cells, transit-amplifying (TA) cells and 

terminally differentiated (TD) cells, serve as fundamental units for tissue and organ 

development, maintenance and regeneration.

Growth factors, one type of diffusive morphogen that is secreted by cells, play an important 

role by regulating multiple cellular processes to control the cell populations in the lineage 

[20]. Growth factors are often found to be important in regulating organ regeneration, as 

observed in liver [32], mouse olfactory epithelium [46], muscles [30], and hematopoietic 

system [48]. In such systems, different types of cells are located at spatial locations in the 

tissues for different functions. For examples, the stem cell niche, a spatial region with 

concentrated level of stem cells, often provides protective support for environmental 

variability [33, 24, 22], as seen in intestinal epithelia [47], neurons [8] and tumors [6]. In 

particular, the epithelium tissue is a great system to study the stratified layers of different 

types of cells that contain the stem cell niche [43].

Several mathematical modeling approaches have been employed to study the tissue growth 

and patterning, for example, on digits of limb [38], melanoblast [27], feather [23, 25] and 

stripe in mammalian palate [10]. Regarding the tissue size, analysis and computation of non-

spatial cell lineage models suggest that the negative feedback is critical to regulating growth 

in epithelium [21, 26] and blood [18, 28]. For spatial models, continuum and discrete 

models have been used to study formation of stratified structure and stem cell niche in 

tissue. A one-dimensional continuum model [7] shows that the spatial morphogen gradient 

contributes to the tissue stratification. Studies of two-dimensional models suggest sources 

for distorted tissue morphologies [34, 35]. Through studying a discrete cell model, the 

selective cell adhesion is found to be a key factor for layer formation and tissue stratification 

[9].

Recently, stochastic effects, such as noise in gene expressions [11, 29, 17, 14], stochastic 

gene-state switching [1, 13], noise in cell divisions [15] and cell migration [41], are found to 

be important in biological functions [37, 40]. In many cases, noise is detrimental to 

biological functions, and noise attenuation mechanisms are critical in signal transduction [4, 

2, 44]. Interestingly, noise is also found to be beneficial, such as improved signal 

transmission facilitated by stochastic resonance [12, 31], enhanced fitness to the 

environmental fluctuations by gene expression noise [5, 3, 42], and sharpening patterning 

boundaries through gene expression noise [49, 45, 36].

While noise effect and tissue maintenance have been extensively studied individually, how 

noise affects tissue growth and maintenance remains elusive. Based on the one-dimensional 

deterministic cell lineage model for epithelium growth [7], here we develop a stochastic cell 

lineage model that include three different types of noise. In particular, we use the 

multiplicative noise in the cell lineage equations to model the cell-intrinsic noise, the 

additive noise in the same equations for the cell-extrinsic noise, and multiplicative noise in 

the equation of diffusive molecules for morphogen noise. First, we study the effects of those 
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three types of noise individually on layer thickness and stratification. Then we look into 

some specific combinations according to the opposite individual effects, more particularly, 

the combination of cell-intrinsic noise and cell-extrinsic noise, and the combination of cell-

intrinsic noise and morphogen noise. Finally we combine all three types of noise to 

investigate the range of noise levels under which the homeostatic thickness and stratification 

can be maintained.

2. A stochastic spatial cell lineage model and quantifications of layer 

thickness and stratification.

2.1. A deterministic model.

Previously a one-dimensional deterministic model was developed to study the stratification 

of epithelium development and maintenance [7]. In the model there are three cell stages in 

the main lineage consisting of stem cells, transient amplifying (TA) cells, and terminally 

differentiated (TD) cells, with each cell type densities represented by C0, C1 and C2 (Figure 

1), respectively. The cell lineage equations are given by:

∂C0
∂t + ∂ V C0

∂z = ν0 2p0 − 1 C0,

∂C1
∂t + ∂ V C1

∂z = ν0 2 1 − p0 C0 + ν1 2p1 − 1 C1,

∂C2
∂t + ∂ V C2

∂z = ν1 2 1 − p1 C1 − d2C2.

(1)

Here V (z, t) is the layer growth velocity driven by cell proliferation and differentiation of 

cells. For ith cell type, pi denotes self-renewal probability, 1 — pi is then the differentiated 

probability, di is the death rate, and vi is ln2 over cell cycle length. With the assumption that 

the total cell density remains as a constant, we then normalize the constant with C0 + C1 + 

C2 = 1. Adding all equations in Eq. (1) leads to

∂V
∂z = ν0C0 + ν1C1 − d2C2 . (2)

The dynamic layer thickness zmax is governed by

dzmax(t)
dt = V zmax, t . (3)

The molecules secreted by cells inhibit the cell self-renewal rates (Figure 1). Two types of 

morphogen A and G are considered in this system. The proliferative probabilities p0 and p1 

are modeled by the Hill functions:
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p0 = p0
1 + γA[A] m ,

p1 = p1
1 + γG[G] n ,

(4)

where p0 and p1 are the maximal self-renewal probabilities, respectively; γA and γG are the 

reciprocal of EC50, and m and n are the Hill coefficients.

The diffusive morphogens are modeled by the advection-diffusion equations,

∂[A]
∂t + ∂(V [A])

∂z = DA
∂2[A]
∂z2 + ∑

i = 0

2
μiCi − adeg[A],

∂[G]
∂t + ∂(V [G])

∂z = DG
∂2[G]
∂z2 + ∑

i = 0

2
ηiCi − gdeg[G],

(5)

where DA and DG are diffusion coefficients, adeg and gdeg are degradation rates of A and G, 

A and G are produced by the cell type Ci at rates μi and ηi, respectively. The permeable basal 

lamina and a closed boundary at apical surface could give rise to heterogeneous distribution 

of A and G, contributing to the formation of layer stratification. We take the leaky boundary 

conditions at z = 0 basal lamina and no-flux boundary conditions at z = zmax (t) for apical 

surface:

∂[A]
∂z (0, t) = αA[A], ∂[A]

∂z zmax, t = 0,

∂[G]
∂z (0, t) = αG[G], ∂[G]

∂z zmax, t = 0,
(6)

where αA and αG are the corresponding coefficients of permeability.

2.2. A stochastic model on cell lineages and morphogens.

Next we add stochastic fluctuations to both equations of cell distributions and mophogens. 

For simplicity, we model three kinds of noise in the system: cell-intrinsic noise, cell-

extrinsic noise, and morphogen noise. The cell-intrinsic noise is modeled by multiplicative 

noise in the cell lineage equations to mimic fluctuations on the cell density that arise due to 

stochastic effects associated with cell cycle, cell proliferation, or cell differentiation and so 

on. The cell-extrinsic noise is modeled by additive noise to mimic environmental 

fluctuations that may affect the overall dynamics of cell lineages, which is usually 

independent of the cell density level. To avoid solving stochastic differential equations for 

the morphogen, which is at a fast time scale, we add a multiplicative noise term to the 

deterministic quasi-steady state solution of the morphgens to model the noisy morphogen 

dynamics.

We model the cell-intrinsic and cell-extrinsic noise by adding both a term for multiplicative 

noise and a term for additive noise to the deterministic Eq. (1):
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∂C0
∂t + ∂ V C0

∂z = ν0 2p0 − 1 C0

+ σ0
dW 0

a

dt + ε0C0
dW 0

m

dt ,

∂C1
∂t + ∂ V C1

∂z = ν0 2 1 − p0 C0 + ν1 2p1 − 1 C1

+ σ1
dW 1

a

dt + ε1C1
dW 1

m

dt .

(7)

The density C2 is obtained by the normalized equation C0 + C1 + C2 = 1. The multiplicative 

white noise,εiCi
dW im

dt , (i = 0, 1), mimics cell-intrinsic noise. The additive white noise,σi
dW ia

dt ,

(i = 0, 1), mimics cell-extrinsic noise.

Because the time scale of molecular diffusion is much faster than the time scale of cells 

divisions, we solve quasi-steady state (see Method) for Eq. (5) to obtain [A]ss (z, t) and [G]ss 

(z, t) [7]. To model the morphogen noise in the stochastic model, we add fluctuations to the 

quasi-steady-state at time t:

[A] (z, t) = [A]ss(z, t) * 1 + ω0ζ0(z, t) ,
[G] (z, t) = [G]ss(z, t) * 1 + ω1ζ1(z, t) , (8)

where ζi(z, t) is a standard normally-distributed random variable at space z and time t, and 

independent of both spatial and temporal variables. Such multiplicative noise can maintain 

mean concentrations on morphogens.

2.3. Quantification of layer thickness, variability and stratification.

To systematically explore the three major properties of the tissue layer, we quantify each of 

them using one measurement. Due to stochastic effect, the tissue layer may not reach a 

constant thickness, and we define its average thickness by

TH = 1
T ∫

0

T
zmax(t) dt, (9)

where T is the final time of the simulation. With a large T, TH will have a limiting behavior 

and can describe the long-term behavior of the thickness.

To measure the variability of the layer thickness, we use the coefficient of variation (CV) 

relative to its mean thickness:

CV =
1
T ∫0

T zmax(t) − TH 2dt
TH × 100% . (10)
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A large CV can reflect either strong oscillations or rapid growth. One case with oscillations 

will be shown in Section 3.1, and the other case with rapid growth will be shown in Section 

3.2

A stratification factor [7] was defined to measure the level of stratification for cell type i at 

time t:

s f Ci, t = 1 − θ(t)
0.8zmax(t) , (11)

where θ (t) is defined by the following equation:

∫
0

θ(t)
Ci(z, t) dz = 0.8 ∫

0

zmax
Ci(z, t) dz . (12)

To measure the long-time average level of the tissue stratification, we define the 

stratification factor for cell type i as the following.

S F Ci = 1
T ∫

0

T
s f Ci, t dt . (13)

The value of sf and SF are between 0 and 1. The value 0 corresponds to homogeneous 

distribution of cell type i and the value 1 corresponds to the extreme polarization at the basal 

lamina.

2.4. A baseline simulation.

First we present a simulation for the model in which all the three types of noise are involved 

by setting ε0 = ε1 = ε, σ0 = σ1 = σ and ω0 = ω1 = ω . We show the spatial distributions of 

cells and morphogens at different time points, and dynamics of layer thickness and 

stratification (Figure 2).

To study the layer maintenance, it is natural to take the steady state in the deterministic 

system as the initial condition for this stochastic simulation. We use the same initial 

condition in simulations presented in this work. To investigate the long-time behavior of the 

layer regarding its thickness, variability and stratification, we test different final time T in 

one simulation until the TH, CV and SF have no significant relative change in time. We find 

T = 2000 cell cycles allows a consistent long time behavior of the layer for all simulations 

presented below.

Initially, the stem cells are mainly located near the basal lamina and the mor- phogen 

concentration are higher in the region close to the apical surface, leading to a well-stratified 

layer which is similar to the deterministic case (Figure 2A). With the noise, the layer first 

shrinks and the morphogen gradient becomes less obvious at t = 330 (Figure 2B). As the 

time increases, the layer becomes thicker (Figure 2C) and, interestingly, later the layer 

shrinks again (Figure 2D). Clearly, by looking at the thickness as a function of time (Figure 
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2E), one observes an oscillatory behavior. The mean thickness of this layer, TH, is identical 

to the homeostatic thickness SS = 0.49mm. The variability of the layer thickness is 

quantified by CV = 26%.

On the other hand, noise affects the stratified structure of tissues. At t = 330, the distribution 

of stem cells is nearly uniform everywhere and the extremely low stratification factor is 

consistent with our observation (Figure 2B). At t = 930, stem cells mainly locate in a small 

region next to the basal lamina (Figure 2C). This region with high stem cell density is 

slightly wider than the one at initial stage, leading to a minor reduction of stratification 

factor. At t = 1840, while the distribution of stem cells looks uniform, the stem cells highly 

concentrate in a very narrow region close to the basal lamina and the stratification factor is 

larger than the initial one (Figure 2D). Overall, the stratification factor is able to capture 

stratified level appropriately (Figure 2A–2D). As time increases, we observe four drops in 

the stratification factor and, interestingly it always returns to the average level quickly 

(Figure 2F). Overall, the layer has well-stratified stem cells in average with SF = 0.83 while 

the TA cells have an average SF = 0.80 (Figure 2G).

Together, this simulation suggests that noise affect both thickness and stratification, leading 

to an oscillation of the tissue thickness during tissue maintenance. To dissect the role of each 

type of noise, we next scrutinize each noise type one by one.

3. The effects of single type of noise.

In the stochastic model, there are three types of noise: cell-intrinsic noise, cell-extrinsic 

noise and morphogen noise. In this section, we discuss the effects of each type of noise 

individually. For example, for the cell-intrinsic noise, we set σ = ω = 0 and discuss the layer 

behaviors with different cell-intrinsic noise levels ε. We show the statistical quantities TH, 

CV and SF. The number of simulations has been chosen such that all these quantities 

become stable in the mean sense. In particular, in this study, we run 20 simulations for each 

scenario.

3.1. Cell-intrinsic noise causes reduction and oscillations of tissue layer size.

For the system containing only cell-intrinsic noise (σ = ω = 0), we first present the layer 

thickness as a function of time for three different noise levels (Figure 3A). The layer 

fluctuates around the homeostasis when the noise level is small such as ε = 0.2. As the noise 

level increases, such as ε = 0.6 or 1, the layer oscillates below its thickness at homeostasis. 

Especially, the oscillation exhibits a clear pattern with a period around 400 cell cycles at e = 

1 (Figure 3A).

Next we look into the statistical behaviors of the mean and variability of the layer thickness 

TH and CV, respectively (Figure 3B and 3C). As e increases, TH decreases and a 50% 

reduction can be observed at ε = 0.6 with TH = 0.24mm. The thickness variability (CV) 

increases as e increases. At ε = 0.2, CV = 7% and a 3-fold increase on CV can be observed 

at ε = 0.6. Interestingly, when the thickness variability is high, the high value quantity CV 
seems to reflect the oscillation amplitude of the layer. Especially, at ε = 1, the strongly 

oscillatory layer (Figure 3A) results in a high variability with CV = 89% (Figure 3C).
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Then we look into the tissue stratification for both stem cells and TA cells (Figure 3D and 

3E). Although the SFs have minor reduction when noise is induced, any SF above 0.8 still 

indicates a well-stratified structure for both stem cells and TA cells. One specific example of 

the cells distribution displays the well-stratified tissue structure (Figure 3F).

Therefore, the cell-intrinsic noise usually causes reduction of layer thickness and leads to 

oscillations on the thickness. The oscillations exhibit a periodic pattern when the noise level 

is high. While the noise may cause a minor reduction in stratification, the layers remain well 

stratified when the cell-intrinsic noise is presented only.

3.2. Cell-extrinsic noise causes rapid growth, and deteriorates layer stratification.

For the system containing only cell-extrinsic noise (ε = ω = 0), we first study the layer 

thickness as a function of time for three different noise levels (Figure 4A). All layers grow 

monotonically in time and their growth rates have positive correlation with the level of noise 

σ. The layer grows slowly at early time and then stops growing when the noise level is low 

such as σ = 1 × 10–3 and σ = 2 × 10–3. The unbounded growth can be observed when the 

noise level is large such as σ = 4 × 10–3 (Figure 4A).

Next we look into statistical behaviors of the mean and variability of the layer thickness TH 
and CV, respectively Figure 4B and 4C). As a increases, the average TH shows an 

exponential growth. A 6-fold increase (2.90mm) can be observed at σ = 4 × 10−3, the TH is 

even over 10mm at σ = 5 × 10−3 (Figure 4B). Also the layer thickness variability quantified 

by CV grows exponentially as a function of σ. When σ < 3 × 10–3, CV is still lower than 

10%. At σ = 4 × 10–3, we observe CV = 42%, and at σ = 5 × 10−3 CV is as high as 106% 

(Figure 4C).

On the tissue stratification (Figure 4D and 4E), the SFs decrease quickly as a function of σ. 

The stratification level of stem cells is already small at σ = 2 × 10–3 with SF = 0.4. The stem 

cells distribute nearly uniformly at σ = 4 × 10–3 with SF = 0.08 (Figure 4D). The 

stratification of TA cells behaves similarly as the stem cells (Figure 4E). As also seen in a 

typical simulation of the cell distribution (Figure 4F), the stem cells and TA cells locate in 

narrow regions close to the basal lamina with highest densities. Outside of those regions, the 

distribution of cells is nearly uniform with non-negligible densities, resulting in a low 

stratification level near sf = 0.2.

It is clear from the simulations that the cell-extrinsic noise increases layer thickness and 

hinders the stratification. Such noise can lead to unbounded growth of the layer when the 

noise level is high.

3.3. Noise in morphogens increases layer size without affecting tissue stratification.

For the system containing only noise on morphogen (ε = σ = 0), we first present layer 

thickness as a function of time for three different noise levels (Figure 5A). The layer 

thickness is increased within a short time and the layer fluctuates slightly later. As the noise 

level ω increases, the layer fluctuates around a higher size.
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Interestingly, the average TH has an inverted U-shape with a maximum 1.36mm at ω = 1.2 

(Figure 5B). Unlike the unbounded growth caused by cell-extrinsic noise, the morphogen 

noise can only induce an increase up to 3-fold (Figure 5B). The layer thickness variability is 

low with CV < 12% (Figure 5C), neither strong oscillation nor rapid growth is observed.

By looking at the average SF of stem cells or TA cells (Figure 5D and 5E), we see the 

average SF decreases slowly as the noise level w increases. The minimums of SFs are larger 

than 0.8, indicating the layers remain well stratified. An example of the simulation shows the 

layer has a clear stratification despite morphogens are very noisy (Figure 5F).

We observe that the morphogen noise can increase the layer thickness up to a limited level 

and the thickness remains bounded. The tissue stratification is preserved when the 

morphogen noise is present only. Although such noise often causes minor reduction of 

stratification, the layers remain well stratified.

4. The effects of two different combinations of two types of noise.

We have studied the effects of single noise in Section 3. Here we combine two types of noise 

that have shown opposite effects on layer thickness individually, and investigate the layer 

thickness and stratification under such noise combination. For convenience, from now on, 

the stratification factor presented below is only for stem cells as the similar stratification 

pattern are observed for the stem cells and TA cells.

4.1. Cell-extrinsic noise reduces the variability of the layer thickness caused by cell-
intrinsic noise but with less stratified layer.

For the system containing both cell-intrinsic noise and cell-extrinsic noise (ω= 0), we first 

plot layer thickness and stratification factor as functions of time in several stochastic 

simulations (Figure 6). With small noise levels, the layer thickness and stratification both 

fluctuates slightly around homeostasis (Figure 6A). As the cell-extrinsic noise level σ 
increases, the mean thickness increases regardless of the levels of cell-intrinsic noise ε 
(Figure 6A–C, Figure 6D–F, and Figure 6G–I). For the thickness variability, it has little 

changes when the cell-intrinsic noise is small, but interestingly, with a larger cell-intrinsic 

noise level, the thickness variability actually decreases as σ increases (Figure 6D–F, and 

Figure 6G–I). On the other hand, the mean thickness decreases as the cell-intrinsic noise 

level e increases (Figure 6 ADG, Figure 6 BEH, Figure 6 CFI). For the thickness variability, 

there are little changes as ε increases, except a clear increase when the noise is small (Figure 

6AD). For the stratification, the mean of stratification factor decreases as either a function of 

the cell-intrinsic noise level ε or cell-extrinsic noise level σ.

The statistical quantities of TH, CV and SF (Table 1) show the behaviors of the layer 

thickness and stratification are consistent with the individual stochastic simulations (Figure 

6). With low cell-intrinsic noise levels, such as ε = 0.2, CV is an increasing function of the 

cell-extrinsic noise level σ but the values of CV are always small (CV < 10%). With high 

cell-intrinsic noise levels, such as ε = 0.6 and 1, CV is a decreasing function of σ. 

Especially, the decreasing rate is high when the cell-extrinsic noise is near zero. For 

example, CV decreases from 89% to 36% as σ increases from 0 to 5 × 10–4 at ε = 1. 
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Interestingly, CV is always below 20% when σ = 2 × 10−3 regardless of the value of e. On 

the other hand, as a function of ε, CV is an increasing function with small increasing rate.

In summary, with the combination of cell-intrinsic noise and cell-extrinsic noise, the cell-

intrinsic noise causes reduction of layer thickness and the cell-extrinsic noise causes increase 

of layer thickness. These observations are similar to the observations when each of the two 

types of noise appears individually. For the thickness variability, we surprisingly observe 

that the cell-extrinsic noise can actually suppress thickness variability below a low level (CV 
< 20%). For the stratification factor, these two types of noise have accumulative effects on 

reducing stratification.

4.2. Combination of cell-intrinsic noise and morphogen noise.

For the system containing the cell-intrinsic noise and the morphogen noise (σ = 0), we first 

study the layer thickness and the stratification factor as functions of time in several 

stochastic simulations (Figure 7). With small noise, the layer thickness and stratification 

both fluctuates slightly around homeostasis (Figure 7A). As the morphogen noise level ω
increases, both the mean thickness and the thickness variability increase regardless of the 

levels of cell-intrinsic noise ε (Figure 7A–C, Figure 7D–F, and Figure 7G–I). The mean 

stratification factor changes little as ω increases. On the other hand, as the cell-intrinsic noise 

level ε increases, the mean of the layer thickness decreases. Also oscillation becomes more 

obvious and the thickness variability increases as ε increases. For the stratification, as ε 
increases, the stratification factor (sf (C0)) shows short-time corruption in its long-time 

dynamics but its mean seldom changes (Figure 7ADG, Figure 7BEH, and Figure 7CFI).

As seen through the statistical quantities of TH, CV and SF (Table 2), the behaviors of layer 

thickness, variability and stratification are all consistent with the individual stochastic 

simulations (Figure 7). In particular, CV increases as a function of both cell-intrinsic noise 

level ε and morphogen noise level ω . Its increasing rate with respect to ε is higher than that 

regarding ω . The layers always have well-stratified structure where SF is always above 0.80.

In summary, with the combination of the cell-intrinsic noise and the morphogen noise, the 

cell-intrinsic noise causes reduction of layer thickness and the morphogen noise causes 

increase of layer thickness. These observations are similar to the observations when each of 

the two types of noise appears individually. With a higher level of cell-intrinsic noise level, 

the layers show higher thickness variability. The variability becomes even higher when the 

morphogen noise level increases. On the other hand, such combination of noise has little 

impact on the stratification.

5. The combination of three types of noise during homeostasis: Tradeoff 

between low layer thickness variability and strong layer stratification.

From the above study, either the cell-extrinsic noise or the morphogen noise alone results in 

an increase of layer size away from the homeostasis. However, by adding the cell-intrinsic 

noise to either one of them, the layer thickness decreases compared to the case with only 
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cell-extrinsic noise or morphogen noise. Next we include all three types of noise to explore 

the conditions under which the homeostasis is maintained.

With the homeostasis maintained, the cell-extrinsic noise level σ and the morphogen noise 

level ω exhibit a negative correlation when the cell-intrinsic noise level e is fixed (Figure 

8A). The ω plane is divided into stabilized (region I-IV) and non-stabilized region (region 

V). As long as the levels of cell-extrinsic noise and morphogen noise are located in the 

stabilized region, the homeostasis can be maintained with a proper cell-intrinsic noise level 

ε. Particularly, the curves with ε = 0.6, 0.8 and 1 are located in a region with narrow width at 

σ direction. This indicates even a small change in the cell-extrinsic noise level σ requires a 

large change in the cell-intrinsic noise level ε to maintain the homeostasis. Therefore, it 

suggests that the balance between the cell-intrinsic noise and cell-extrinsic noise plays a key 

role during the homeostasis maintenance regardless of the morphogen noise. On the other 

hand, inside non-stabilized region, the layer is unable to maintain homeostasis for any value 

of ε.

The stabilized region can be divided into two parts either with respect to CV by a red strip 

with CV = 20% (Figure 8A–D), or with respect to SF by a green strip with SF = 0.4 (Figure 

8A–B and 8E–F). Together, the stabilized region can be divided into four regions based on 

the thickness variability and the stratification level (Figure 8A–B): low-CV and high-SF 
region (region I); high-CV and high-SF region (region II); low-CV and low-SF region 

(region III) and high-CV and low-SF region (region IV).

The CV can be considered as a three-variable function in terms of noise levels (ε, σ, ω) . With 

fixed cell-intrinsic noise level ε, the CV is a decreasing function of the cell-extrinsic noise 

level σ (Figure 8C) and an increasing function of the morphogen noise level ω (Figure 8D). 

It increases slowly when ω < 0.4 and then increases linearly. Interestingly, as a function of ω
CV looks independent of ε and σ where all data points are located in a narrow region in the 

ω − C′V  plane (Figure 8D), which suggests that the layer thickness variability is mainly 

adjusted by morphogen noise.

The SF can also be considered as a three-variable function in terms of noise levels (ε, σ, ω) .
With fixed cell-intrinsic noise level e, the SF is a decreasing function of σ (Figure 8E) and 

an increasing function of ω (Figure 8F). Its value also highly depends on ε. Therefore, all 

three types of noise play important roles in layer stratification.

There exists a clear tradeoff between low variability and strong stratification (Figure 8A and 

8B). With low cell-intrinsic noise levels (ε ≤ 0.4), all data points are contained in region I. 

But a high morphogen noise level w improves layer stratification without affecting the 

thickness variability. With medium cell-intrinsic noise levels (0.6 ≤ ε ≤ 0.8), data points 

move from region III to region II as the morphogen noise level w increases. The layer can 

only have either low thickness variability or high stratification. The morphogen noise 

improves stratification but increases variability. In the other word, the cell-extrinsic noise 

improves thickness variability but deteriorate stratification. With high cell-intrinsic noise 

level, such as ε = 1, the data points move from region III to region IV as w increases. In this 

case, the low morphogen noise level w results in low thickness variability. Although the 
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stratification factor is still an increasing function of w, the layer stratification is always in the 

undesirable range due to the high value of ε, regardless of the value of ω .For the 

homeostasis maintenance, the balance between cell-intrinsic noise and cell-extrinsic noise is 

dominant in the combination of three types of noise. The morphogen noise can adjust the 

layer thickness variability, and plays a complementary role by adjusting the balance between 

layer thickness variability and stratification.

6. Method.

All simulations are conducted in MATLAB 2015b. The numerical methods are described as 

below.

6.1. Solving morphogen gradient equations by using quasi-steady state.

The time scale of cell cycle lengths is days, whereas the time scale of molecule interactions 

is hours. The morphogen system can reach the steady state quickly compared to the cell 

cycle. Therefore, in the deterministic system, we calculate the quasi-steady state of Eq. (5) at 

each computational time step:

0 = DA
∂2[A]
∂z2 + ∑

i = 0

2
μiCi − adeg[A]

0 = DG
∂2[G]
∂z2 + ∑

i = 0

2
ηiCi − gdeg[G],

(14)

A second order central difference method is carried out to approximate Laplacian operators 

in Eq. (14). The resulting linear systems are solved by the MATLAB’s built-in backslash 

function / ,,

In the stochastic system, we also acquire the same quasi-steady state and then add 

fluctuations according to Eq. (8).

6.2. Solving stochastic cell lineage equations.

To solve the cell lineage equations Eq. (2, 3, 4, 7), we first transform the spatial domain 

0, zmax(t)  to a unit domain [0,1] by a transformation [34]:

z = F(X, τ) = zmax(τ)X,
t = τ .

(15)

By applying Eq. (3), we have the transformed derivatives:
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∂
∂t = ∂

∂τ − Fτ
FX

∂
∂X = ∂

∂τ − V zmax, τ
zmax

∂
∂X ,

∂
∂z = 1

FX
∂

∂X = 1
zmax

∂
∂X ,

∂2

∂z2 = 1
FX

∂
∂X

1
FX

∂
∂X = 1

zmax2
∂

∂X .

(16)

Using Eq. (2), we obtain the transformed equations of Eq. (7) in the new coordinate system 

(X, τ) ∈ [0, 1] × [0, ∞):

∂C0
∂τ + V (X, τ) − V (1, τ)

zmax

∂C0
∂X = ν0 2p0 − 1 C0

− ν0C0 + ν1C1 − d2C2 C0 + σ0
dW 0

a

dτ + ε0C0
dW 0

m

dτ ,

∂C1
∂τ + V (X, τ) − V (1, τ)

zmax

∂C1
∂X = ν0 2 1 − p0 C0 + ν1 2p1 − 1 C1

− ν0C0 + ν1C1 − d2C2 C1 + σ1
dW 1

a

dτ + ε1C1
dW 1

m

dτ ,

C2 = 1 − C0 − C1 .

(17)

The transformed Eq. (2) and (3) are given as the following: dV

∂V
∂X = zmax ν0C0 + ν1C1 − d2C2 ,

dzmax
dτ = V (1, τ) .

(18)

All equations in the new coordinate are included in Eq. (17) and Eq. (18). To discretize them 

in space, we use a uniform grid with N + 1 grid points x(j) = j
N , j = 0, 1, …, N . In Eq. (17), 

the advection term 
∂Ci
∂X  is discretized by the second order upwind method. The infinite-

dimensional noise term dw(j)
dt at x = x(j) [16], where w ( j ) are independent of different j . The 

trapezoidal rule is used to discretize V (X, τ) in Eq. (18).

For temporal discretization, we apply Euler-Maruyama method [19] with time step Δt. To 

ensure Ci ∈ [0, 1], we make the following adjustments to the numerical solution at each 

computational time step:

1 . C0 = max C0, 0 , C1 = max C1, 0 ;

2 . C0 = C0
C0 + C1

, C1 = C1
C0 + C1

, if C0 + C1 > 1.
(19)
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6.3. Noise combination during tissue homeostasis.

In Section 5, we search for the combination of all three types of noise where the homeostasis 

is maintained. We solve the equation TH (ε, σ, ω) — SS in the average sense for noise levels 

(ε, σ, ω) . By fixed ω and σ, we solve w by using bisection method with tolerance 3% of the 

homeostasis (SS). The mean TH is captured based on 20 simulations. The noise level e and a 

are chosen to satisfy ε = 0.2k1, k1 = 1, …, 5  σ = 10−4k2, k2 ∈ ℤ+ .

6.4. Parameters and computational setup.

In this study, only noise levels ε, σ and ω are varied. The parameters used in Eq. (2) to Eq. 

(7) are listed in Table 3. The noise levels in Eq. (7) and (8) used in different figures are listed 

in Table 4. For the initial conditions in the stochastic simulations, we take the steady state 

solutions of the deterministic system, with its initial thickness being SS = 0.49mm.

In all simulations, we choose N = 128 as the number of grid points and the time step Δt = 

0.002. Numerical tests have been performed with different grid sizes and time steps to assure 

the convergence of the numerical solutions.

7. Discussion and conclusions.

Here we have explored noise effects on the epithelium layer maintenance on its thickness 

and stratification. We have found that the cell-intrinsic noise causes reduction and oscillation 

of layer on its thickness. The cell-extrinsic noise or the morphogen noise introduces an 

increase in the layer thickness. The cell-extrinsic noise can reduce the layer thickness 

variability introduced by the cell-intrinsic noise, but resulting in weaker stratification. To 

study layer homeostasis, we explore different combinations of three types of noise. The cell- 

extrinsic noise level and morphogen noise level display a negative correlation under a fixed 

cell-intrinsic noise level. With the low cell-intrinsic noise levels, the high morphogen noise 

levels actually improve layer stratification. With the medium cell- intrinsic noise levels, 

there exists a tradeoff between low layer thickness variability and strong stratification, and 

the high morphogen noise levels lead to better stratification whereas the low morphogen 

noise levels lead to lower thickness variability. However, with the high cell-intrinsic noise 

level, the layer stratification becomes weaker, but the layer thickness variability can be 

reduced through low morphogen noise levels.

The randomness in morphogen dynamics can come from multiple biological processes with 

both cell-intrinsic and cell-extrinsic sources: noise in the downstream gene expression, 

randomness in diffusion, and stochastic bindings between morphogen and their receptors. It 

is not surprising that our study finds the morphogen noise has both effects similar to the cell-

extrinsic noise on increasing layer thickness, and to the cell-intrinsic noise on increasing 

layer thickness variability without damaging stratification. Morphogen noise exhibits 

properties of a mixture of cell- intrinsic noise and cell-extrinsic noise.

In this study, the stochastic simulations have been performed on a very long time scale with 

2000 cell cycles in order to study noise effects on homeostasis. The biological relevant span 

for regeneration or development is much shorter in a range of 50 cell cycles, corresponding 
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to a few weeks in real time. During the homeostasis study, one layer oscillates with a time 

window shorter than 50 cell cycles (e.g. Figure 2E). The long time dynamics in the 

simulation allows us to check if the layer really approaches to a stable state or only exhibits 

short time transient properties.

To the best of our knowledge, our study is the first work to include noise dynamics to the 

cell lineage models. In stochastic gene expression modeling, the internal (or intrinsic) noise 

and external (or extrinsic) noise in stochastic gene expression systems are modeled in a 

similar way, respectively [14]. In particular, the internal noise alters the transcription rate, 

and is modeled by multiplicative noise, and the external noise alters the background 

production of gene expressions, and is then modeled by additive noise [14].

In our model, different types of noise in cell lineage equations affect the layer growth 

velocity through cell densities. Such stochastic effects consequently affect the layer 

thickness. It would be interesting to explore how other types of stochastic effects may also 

affect layer growth by adding noise directly to the equations for growth velocity or/and layer 

thickness. Biological identities in the environment not included in our current model, such as 

cells in the dermal, may be modeled through the boundary conditions. Study the stochastic 

dynamics of those quantities requires new approaches of including noise in the boundary 

conditions, which is computationally challenging.

Rather than using the generic noise considered in this model, one may include more specific 

types of noise in the system. For example, noise on cell cycle, noise on cell death and noise 

on morphogen synthesis rate may be modeled in an explicit way. Complex tissue 

morphology in two or three dimensions may also have synergistic effect with noise. 

Simulations for noise in PDEs (e.g. through the two-dimensional model [35]) in two or three 

dimensions are usually much more challenging than the one-dimensional system studied in 

this work.

The morphogen is the only factor considered for regulation of stratification in our work. 

There are many other important factors that may also affect stratification. The selective cell-

adhesion, one type of intercellular mechanical force, is another mechanism that can improve 

the stratification [9]. In order for the tissue to control the layer thickness variability, 

mechanical forces may play important role [39], for which discrete cell model may provide a 

convenient framework [9]. Gene regulatory networks in the downstream of the morphogens 

are neglected in this work. In many cases, the network structure and dynamics are critical to 

attenuate noise [44] and sometimes, noise in gene expression actually benefits spatial 

organization of cells [49, 45].

In summary, our study suggests the cell-intrinsic noise can battle the stochastic uncertainty 

in cell population size caused by cell-extrinsic noise. While the morphogen noise has 

properties of both types of noise, it can be utilized through its regulation of the downstream 

gene expressions to adjust the cell-intrinsic component of the stochastic effects to regulate 

the variability and stratification, consequently improving tissue homeostasis.
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Figure 1. A schematic diagram of a main cell lineage in epithelium.
Stem cells and TA cells proliferate with probabilities p0 and pi and differentiate with 

probabilities 1 — p0 and 1 — p1. TD cells undergo cell death with rate d2. All three types of 

cells can secrete molecule A that inhibits self-renewal probability p0. TD and TA cells 

secrete molecule G that inhibits self-renewal probability p1. Molecules A and G are diffusive 

in the epithelium. The apical surface is moving with the dynamic position zmax and no-flux 

boundary condition is imposed. On the other hand, leaky boundary condition is imposed at 

the basal lamina with its position fixed.
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Figure 2. A baseline simulation for the system containing all three kinds of noise.
The spatial distribution of three types of cells and different mophogens at four different time 

points: A. t=0; B. t=330; C. t=860; D. t=1200. E. Layer thickness in one particular 

stochastic simulation. F. Stratification factor of stem cells (sf(C0)). G. Stratification factor of 

TA cells (sf(C1)). In E-G, the black dash line is the steady-state value for corresponding 

quantities in the deterministic system. The noise levels used are ε0 = ε1 = 0.6, σ0 = σ1 = 

10−4, and ω0 = ω1 = 0.58.
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Figure 3. Simulations with only cell-intrinsic noise.
Dash lines represent the corresponding quantities at homeostasis. A. Layer thickness in three 

simulations with ε = 0.2, 0.6 and 1. B. The mean TH. The error bars show the standard 

deviation. C. The mean CV. The error bars show the standard deviation of CV. The mean SF 
of D. stem cells and E. TA cells. The error bars show the standard deviation. F. Distribution 

of cells and morphogens in a specific simulation with ε = 0.6 at time t = 400. In (B-E), all 

statistical quantities are captured based on 20 simulations, and the standard deviations (error 

bars) are negligible compared to the means.
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Figure 4. Simulations with only cell-extrinsic noise.
Dash lines represent the corresponding quantities at homeostasis. A. Layer thickness in three 

simulations with σ = 1 × 10–3, 2 × 10–3 and 4 × 10–3. B. The mean TH. The error bars show 

the standard deviation. C. The mean CV. The error bars show the standard deviation of CV. 

The mean SF of D. stem cells and E. TA cells. The error bars show the standard deviation. F. 
Distribution of cells and morphogens in a specific simulation with σ = 3 × 10−3 at time t = 

400. In (B-E), all statistical quantities are captured based on 20 simulations, and the standard 

deviations (error bars) are negligible compared to the means.
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Figure 5. Simulations with only morphogens noise.
Dash lines represent the corresponding quantities at homeostasis. A. Layer thickness in three 

simulations with ω = 0.4, 0.6 and 1. B. The mean TH. The error bars show the standard 

deviation. C. The mean CV. The error bars show the standard deviation of CV. The mean SF 
of D. stem cells and E. TA cells. The error bars show the standard deviation. F. Distribution 

of cells and morphogens in a specific simulation with ω = 0.6 at time t = 400. In (B-E), all 

statistical quantities are captured based on 20 simulations, and the standard deviations (error 

bars) are negligible compared to the means.
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Figure 6. Simulations with both cell-intrinsic noise and cell-extrinsic noise.
Simulations with different noise levels are shown in (A-I). In each subfigure, the panel on 

the top shows the dynamics of layer thickness, the panel on the bottom shows the dynamics 

of layer stratification of stem cells (sf (C0)). The dash line represents for the corresponding 

quantity at homeostasis. Three different levels are chosen for each type of noise. For cell- 

intrinsic noise level ε: 0.2 (Low), 0.6 (Medium), 1 (High). For cell-extrinsic noise level σ: 5 

× 10–4 (Low), 1 × 10–3 (Medium), 2 × 10–3 (High).
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Figure 7. Simulations with both cell-intrinsic noise and morphogen noise.
Simulations with different noise levels are shown in (A-I). In each subfigure, the panel on 

the top shows the dynamics of layer thickness, the panel on the bottom shows the dynamics 

of layer stratification of stem cells (sf(C0)). The dash line represents for the corresponding 

quantity at homeostasis. Three different levels are chosen for each type of noise. For cell- 

intrinsic noise level ε: 0.2 (Low), 0.6 (Medium), 1 (High). For morphogen noise level ω : 0.2 

(Low), 0.6 (Medium), 1 (High).
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Figure 8. Simulations for maintaining homeostasis (SS=0.49mm) with different combinations of 
three types of noise.
Points with the same color and the same marker represent for simulations with the same cell-

intrinsic noise level ε, where ε = 0.2, 0.4, 0.6, 0.8 and 1 respectively. The strips, filled with 

color gradient, roughly divide the plane into several regions. Data points located in the 

region next to dark/light color of an individual strip have more/less desirable properties. A. 
The relation between the cell-extrinsic noise level σ and the morphogen noise level ω . The 

blue strip sketches the green points with maximal cell-intrinsic noise level ε = 1. It divides 

this plane into stabilized region (region I-IV) and non-stabilized region (region V). The 

stabilized region is divided into four parts (region I-IV) by a red strip and a green strip. 

These regions will be introduced next. B. The relation between layer thickness variability 

(CV) and layer stratification factor of stem cells (SF(C0)). The red strip with CV= 20% 

divides this plane into two regions with low CV or high CV. Also the green strip with 

SF(C0) = 0.4 divides the plane into two regions with high SF or low SF. The red and the 

green strips together divide the stabilized region into four regions (Region I: low CV and 

high SF; Region II: high CV and high SF; Region III: low CV and low SF; Region IV: high 

CV and low SF). C. The relation between σ and CV. D. The relation between ω and CV. E. 
The relation between σ and SF (C0). F. The relation between ω and SF (C0).
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Table 1.
The statistics of TH, CV and SF(C0) with combined cell-intrinsic (ε) and cell-extrinsic (σ) 

noise.

All quantities are captured based on 20 simulations.

ε╲σ 0 5 × 10−4 1 × 10−3 2 × 10−3

0

TH 0.49mm 0.53mm 0.58mm 0.75mm

CV 0% 1% 3% 7%

SF 0.91 0.90 0.88 0.40

0.2

TH 0.45mm 0.49mm 0.54mm 0.69mm

CV 7% 7% 7% 8%

SF 0.91 0.90 0.82 0.39

0.6

TH 0.24mm 0.28mm 0.30mm 0.44mm

CV 30% 25% 23% 17%

SF 0.84 0.69 0.52 0.27

1

TH 0.12mm 0.19mm 0.22mm 0.38mm

CV 89% 36% 32% 19%

SF 0.88 0.42 0.32 0.18
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Table 2.
The statistics of TH, CV and SF(C0) with combined cell-intrinsic (ε) and morphogen (ω) 

noise.

All quantities are captured based on 20 simulations.

ε╲ω 0 0.2 0.6 1

0

TH 0.49mm 0.58mm 1.06mm 1.33mm

CV 0% 3% 9% 11%

SF 0.91 0.92 0.92 0.91

0.2

TH 0.45mm 0.54mm 0.98mm 1.23mm

CV 7% 7% 11% 13%

SF 0.91 0.91 0.92 0.90

0.6

TH 0.24mm 0.26mm 0.43mm 0.52mm

CV 30% 29% 30% 33%

SF 0.84 0.83 0.84 0.81

1

TH 0.12mm 0.13mm 0.15mm 0.16mm

CV 89% 87% 97% 108%

SF 0.88 0.88 0.87 0.84
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Table 3.

Parameters used in Eq. (2) to Eq. (7).

Parameters Values Units

ν0, ν1 1 ln2*(cell cycle)−1

d 2 0.01 ln2*(cell cycle)−1

DA , D G 10−5 mm2s−1

μ0, μ1, μ2, η1, η2 10−3 s−1μM
adeg, gdeg 10−3 s−1

αA, αG 10 mm−1

p0 0.95 -

p1 0.5 -

γA 1.6 μM−1

γG 2 μM−1
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Table 4.

Noise levels used in Eq. (7) and (8) in different figures.

ε0, ε1 σ0, σ1 ω0, ω1

Figure 2 0.6 10−4 0.58

Figure 3F 0.6 0 0

Figure 4F 0 3 × 10−3 0

Figure 5F 0 0 0.6

Figure 6

Low; 0.2 LOW: 5 × 10−4

0Medium: 0.6 Medium: 1 × 10−3

High: 1 High: 2 × 10−3

Figure 7

Low: 0.2

0

Low: 0.2

Medium: 0.6 Medium: 0.6

High: 1 High: 1

Discrete Continuous Dyn Syst Ser B. Author manuscript; available in PMC 2020 April 08.


	Abstract
	Introduction.
	A stochastic spatial cell lineage model and quantifications of layer thickness and stratification.
	A deterministic model.
	A stochastic model on cell lineages and morphogens.
	Quantification of layer thickness, variability and stratification.
	A baseline simulation.

	The effects of single type of noise.
	Cell-intrinsic noise causes reduction and oscillations of tissue layer size.
	Cell-extrinsic noise causes rapid growth, and deteriorates layer stratification.
	Noise in morphogens increases layer size without affecting tissue stratification.

	The effects of two different combinations of two types of noise.
	Cell-extrinsic noise reduces the variability of the layer thickness caused by cell-intrinsic noise but with less stratified layer.
	Combination of cell-intrinsic noise and morphogen noise.

	The combination of three types of noise during homeostasis: Tradeoff between low layer thickness variability and strong layer stratification.
	Method.
	Solving morphogen gradient equations by using quasi-steady state.
	Solving stochastic cell lineage equations.
	Noise combination during tissue homeostasis.
	Parameters and computational setup.

	Discussion and conclusions.
	References
	Figure 1.
	Figure 2.
	Figure 3.
	Figure 4.
	Figure 5.
	Figure 6.
	Figure 7.
	Figure 8.
	Table 1.
	Table 2.
	Table 3.
	Table 4.

