S

ELS

Since January 2020 Elsevier has created a COVID-19 resource centre with
free information in English and Mandarin on the novel coronavirus COVID-
19. The COVID-19 resource centre is hosted on Elsevier Connect, the

company's public news and information website.

Elsevier hereby grants permission to make all its COVID-19-related
research that is available on the COVID-19 resource centre - including this
research content - immediately available in PubMed Central and other
publicly funded repositories, such as the WHO COVID database with rights
for unrestricted research re-use and analyses in any form or by any means
with acknowledgement of the original source. These permissions are
granted for free by Elsevier for as long as the COVID-19 resource centre

remains active.



Chaos, Solitons and Fractals 136 (2020) 109828

Contents lists available at ScienceDirect

Chaos, Solitons and Fractals

Nonlinear Science, and Nonequilibrium and Complex Phenomena

journal homepage: www.elsevier.com/locate/chaos

SBDIEM: A new mathematical model of infectious disease dynamics n

Check for
updates

Stelios Bekiros®”* Dimitra Kouloumpou®

3 European University Institute, Via delle Fontanelle, 18, Florence [-50014, Italy
b RCEA, LH3079, Wilfrid Laurier University, 75 University Ave W., Waterloo, ON N2L3C5, Canada
€ Hellenic Naval Academy, Section of Mathematics, Mathematical Modeling and Applications Laboratory, Piraeus 18539, Greece

ARTICLE INFO ABSTRACT

Article history:

Received 28 March 2020
Accepted 16 April 2020
Available online 23 April 2020

A worldwide multi-scale interplay among a plethora of factors, ranging from micro-pathogens and indi-
vidual or population interactions to macro-scale environmental, socio-economic and demographic condi-
tions, entails the development of highly sophisticated mathematical models for robust representation of
the contagious disease dynamics that would lead to the improvement of current outbreak control strate-
gies and vaccination and prevention policies. Due to the complexity of the underlying interactions, both
deterministic and stochastic epidemiological models are built upon incomplete information regarding the
infectious network. Hence, rigorous mathematical epidemiology models can be utilized to combat epi-
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Epidemiology nowcasting infectious dynamics, particularly in light of recent efforts to establish a global surveillance
85:2{)&11; analysis network for combating pandemics with the use of artificial intelligence. This model can be adjusted to

describe past outbreaks as well as COVID-19. Our novel methodology may have important implications
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1. Introduction

The World Health Organization (WHO) reported on December
31, 2019 cases of pneumonia of undetected etiology in the city of
Wuhan, Hubei Province in China. A novel coronavirus (CoViD-19)
was identified as the source of the disease by the Chinese authori-
ties on January 7, 2020. Eventually, the International Committee on
Taxonomy of Viruses on 11 February, 2020 named the Severe Acute
Respiratory Syndrome Coronavirus as SARS-CoV-2 [1]. Concerns on
public health were dispersed on a global scale about potentially
infected countries. The virus might have been generated by animal
populations and transmitted via the Huanan wholesale market [2-
4] albeit not proven, while clinical findings demonstrated that in-
ternational spread was caused mainly by commercial air travel [4-
7]. The WHO declared SARS-CoV-2 a pandemic on March 11, 2020.
Throughout the globe, huge efforts were in progress to limit the
spread of the virus and find medications and vaccines. However,
the scientific community could not fully comprehend the dynam-
ics of the spread [8-10].

Several outbreaks of infectious diseases have occurred in the
past with immense impact on public health. For instance, the Se-
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vere Acute Respiratory Syndrome (SARS) occurred in 2003, the
swine flu in 2009 and the Middle East Respiratory Syndrome Coro-
navirus (MERS) in Saudi Arabia in 2012, which still survives at
a sub-critical level causing some peaks [11-14]. Additionally, the
Ebola epidemic emerged between 2014 and 2016 and caused over
28,000 cases in West Africa [15]. Its temporal decline coincided
with the outbreak of Zika virus in Brazil [16]. Consequently, the
outbreak of severe pathogens such as the aforementioned, require
global interdisciplinary efforts in order to decode key epidemiolog-
ical features and their transmission dynamics, and develop possible
control policies.

Insights from mathematical modelling can be extremely benefi-
cial. Indeed, dealing with infectious diseases from a mathematical
angle could reveal inherent patterns and underlying structures that
govern outbreaks. Stakeholders utilize available data from current
and previous outbreaks in order to forecast infection rates, iden-
tify how to restrict the spread of diseases, and eventually intro-
duce vaccination policies that will be most effective. Epidemiology
is essentially a biology discipline concerned with public health and
as such, it can be heavily influenced by mathematical theory. Most
phenomena observed at population level are often very complex
and difficult to decode just by observing the characteristics of iso-
lated individuals [17]. Statistical analyses of epidemiological data
help to characterize, quantify and summarize the way diseases
spread in host populations. Interestingly, mathematical models ap-
pear as efficient ways to explore and test various epidemiologi-
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cal hypotheses, mostly due to the existence of ethical and practi-
cal limitations when deducting experiments on living populations.
Models provide conceptual results on e.g., the basic reproduction
number, threshold effects or herd immunity. One additional ele-
ment of epidemiological modeling is the link with data via sta-
tistical methods. Although simple epidemiological models are of-
ten used, viral and bacterial infections commonly require increased
complexity. There are many models in the literature on single epi-
demics, endemic diseases and spatiotemporal disease dynamics.
The aim is to develop robust public health policies in defining op-
timal vaccination strategies.

Our study presents for the first time a new stochastic math-
ematical model for describing infectious dynamics and tracking
virus temporal transmissibility on 3-dimensional space (earth).
This model can be adjusted to describe all past outbreaks as well
as CoViD-19. As a matter of fact, it introduces a novel approach to
mathematical modelling of infectious dynamics of any disease, and
sets a starting point for conducting simulations, forecasting and
nowcasting investigations based on real-world stereographic and
spherical tracking on earth.

In short, a single epidemic outbreak as opposed to disease en-
demicity occurs in a time span short enough not to have the de-
mographic changes perturbing the dynamics of contacts among in-
dividuals. The most popular mathematical model in this category is
the Susceptible-Infected-Recovered (SIR) epidemic model, in which
all individuals of a finite population interact in the same man-
ner. Individuals at time t are susceptible (S), infected (I) or re-
covered (R). The final size of the epidemic will strongly depend
upon the initial conditions of the number of susceptible and in-
fected individuals as well as the infection parameter. The final size
distribution of the simple SIR model in most cases is bimodal pre-
senting two local maxima. This bimodal feature is caused by two
likely scenarios; either the epidemic dies out quickly infecting few
individuals, or it becomes long-lasting and substantial. However,
stochasticity in the form of random walk transmission mechanisms
related to spreading processes has never been explored in epidemi-
ology widely [18-20]. For example, in computer science, some arti-
ficially created viruses propagate randomly by a plethora of online
communication channels. To the best of our knowledge, we are the
first to scrutinize extensively the role of random walks in epidemic
spreading and provide the proper mathematical arsenal to model it
robustly. Interestingly, random walk paths converge in distribution
to Brownian motions [21]. In this work, we assume that a biologi-
cal carrier of virus Y is at position X(t) at any given time t. We call
this the inaugural contamination focal point on earth.

The path defined by its motion is considered infectious. X;,t > 0
is supposed to follow a Brownian motion on a 2-dimensional
sphere S? of radius a, i.e the sphere in R of dimension 3. We
consider this a proxy for earth, spreading via spherical and stere-
ographic coordinates. Next, using the Laplace-Beltrami operator
we construct the Brownian motion infectious process on the 2-
dimensional sphere, using spherical and stereographic coordinates
as local coordinates. We evaluate explicitly certain quantities re-
lated to generated diffusion processes. In what follows, we com-
pute the transition and transmission density for the X;,t > 0, and
we derive the stochastic differential equations that govern the in-
fectious disease dynamics for X;,t > 0 in those local coordinates.
We continue with the calculation of expectations of outbreak exit
times in time and space of specific domains, possessing certain
symmetries. Moreover, the moment generating functions are pro-
duced. In mathematical terms, we derive the stochastic reflection
principle on S2 for the infectious disease transmission process. Re-
flection points can be extremely useful to calculate the distribution
functions of certain temporal quantities related to the dynamics.
Additionally, we evaluate boundary local times of first hitting of
the outbreak for an epidemic or a hybrid endemic-epidemic model.

Hence, biological carrier(s) of a virus (infectious individuals) are
tracked at any given time on earth coordinates, and the path(s)
defined by each infectious dynamical motion. In the following two
chapters we present a thorough literature review and a state-of-
the-art analysis in order to pose clearly our novel approach opti-
mally among the various methodologies followed thus far.

The rest of paper is organized as follows: Section 2 provides a
brief literature review, past and recent, of mathematical epidemi-
ology. Section 3 presents the state-of-the-art, and focal concepts
and term definitions required to introduce our novel model. It also
states which category the new model falls into, according to the
official taxonomy of the various methodologies already utilized so
far in the relevant literature. Next, section 4 exposes in detail the
mathematical formulation of the model. Lastly, Section 5 discusses
proposed policies and future paths of research, and concludes.

2. Literature review

The beginning of mathematical modeling in epidemiology dates
back to 1766, when Bernoulli developed a mathematical model to
analyze the mortality of smallpox in England [22]. Bernoulli used
his model to show that inoculation against the virus would in-
crease the life expectancy at birth by about three years. A revi-
sion of the main findings and a presentation of the criticism by
D’Alembert, appears recently in Dietz and Heesterbeek [23]. Lam-
bert in 1772 as well as Laplace in 1812 extended the Bernoulli
model by incorporating age-dependent parameters [24,25]. How-
ever, further systematic research was absent until the beginning of
the twentieth century with the pioneering work of Ross in 1911,
which is considered the inaugural study of modern mathemati-
cal epidemiology [26]. Ross used a set of equations to approxi-
mate the discrete-time dynamics of malaria via a mosquito-based
pathogen transmission [27]. Importantly, the past century has wit-
nessed the rapid emergence and development of substantial theo-
ries in epidemics. In 1927, Kermack and McKendrick [28] derived
the celebrated threshold theorem, which is one of the key results
in epidemiology. It predicts - depending on the transmission po-
tential of the infection - the critical fraction of susceptibles in the
population that must be exceeded if an epidemic is to occur. Ker-
mack and McKendrick published three seminal papers, establish-
ing what is called the deterministic compartmental epidemic mod-
elling [29-31], wherein they addressed the mass-action incident in
disease transmission cycles, assuming that the probability of infec-
tion of a susceptible is analogous to the number of its contacts
with infected individuals. This deterministic representation was in
line with the Law of Mass Action [32] introduced by Guldberg and
Waage in 1864 and renders the basic most commonly used SIR
model, which assumes homogeneous mixing of the contacts and
conservation of the total population and low rates of interaction.
MacDonald extended Ross’s model to explain in depth the trans-
mission process of malaria. Utilizing modern computer power, the
mathematical model for the dynamics and the control of mosquito-
transmitted pathogens provided robust results in real-word appli-
cations. Overall, the family of models they introduced is known by
now as Ross-MacDonald models [33]. Moreover, the classic work
of Bartlett [34] examined models and data to explore the factors
that determine disease persistence in large populations. Arguably, a
landmark book on mathematical modelling of epidemiological sys-
tems was published by Bailey [35] and highlighted the importance
of public health decision making [36]. Given the diversity of infec-
tious diseases studied since the middle of the 1950s, an impressive
variety of epidemiological models have been developed. In addi-
tion, we should highlight the 19th century works by Enko [37-39],
who first published a probabilistic model for describing the epi-
demic of measles, yet in discrete time. This model is the precur-
sor of the popular Reed-Frost chain binomial model introduced by
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Frost in 1928 in biostatistics’ lectures at Johns Hopkins University
[40]. It assumes that the infection spreads from an infected to a
susceptible individual via a discrete time Markov chain, and set the
basis of contemporary stochastic epidemic modelling, on which we
will also focus in our present work.

Moving to the 21st century, we mention some interesting
works; Xing et al., [41] introduced a mathematical model on H7N9
influenza among migrant and resident birds, domestic poultry and
humans in China. In this study they concluded that temperature
seasonality might be a source of the disease, yet they suggested
for the first time that controlling markets could help controlling
outbreaks. Lee and Pietz [42]| developed a mathematical model
for Zika virus using logistic growth in human populations. Sun
et al., [43] proposed a transmission model for cholera in China and
observed that reducing the spread requires extensive immuniza-
tion coverage of the population. Nishiura et al. [44]| developed a
Zika mathematical model which exhibited the same dynamics as
dengue fever, and Khan et al. [45] introduced a model whereby
a saturation function describes well the typhoid fever dynamics.
Gui and Zhang [46], developed a modified SIR model demonstrat-
ing nonlinearities in recovery rates. Their model exhibited a back-
ward bifurcation phenomenon, which in turn implied that a plain
reduction of the reproduction number less than one, was not ren-
dered sufficient to stop the disease spread. Li et al. [47] constructed
a multi-group brucellosis model and found out that the best way
to contain the disease is to avoid cross infection of animal pop-
ulations. Moreover, Yu and Lin [48] identified complex dynamical
behaviour in epidemiological models and particularly the existence
of multiple limit cycle bifurcations using a predictor-prey model.
Shi et al. [49] proposed an HIV model with a saturated reverse
function to describe the dynamics of infected cells. Additionally,
Bonyah et al. [50] developed a SIR model to study the dynamics of
buruli ulcer and suggested policy measures to control the disease.
Lastly, Zhang et al. [51] developed a model with a latent period of
the disease wherein the person is not infectious with saturated in-
cidence rates and treatment functions, called SEIR epidemic model.

3. State-of-the-art analysis and definitions

The SIR model is the basic one used for modelling epidemics.
Kermack and McKendrick created the model in 1927 [29] in which
they considered a fixed population with only three compartments,
susceptible (S), infected (I) and recovered (R). There are a large
number of modifications of the SIR model, including those that in-
clude births and deaths, the SIR without or with vital dynamics,
a model where upon recovery there is no immunity called SIS and
where immunity lasts for a short period of time, called SIRS model.
Furthermore, a model where there is a latent period of the disease
and where the person is not infectious is indentified as SEIS and
SEIR respectively, or where infants can be born with immunity is
named MSIR. Also, we mention the herd immunity model [52,53].

Overall, the transmission mechanism from infective populations
to susceptibles is not well-comprehended for many infectious dis-
eases. Interactions in a population are very complex, hence it is
extremely difficult to capture the large scale dynamics of disease
spread without formal mathematical modeling. An epidemiological
model uses microscopic effects - the role of an infectious individ-
ual - to forecast the macroscopic behavior of disease spread via a
population.

Deterministic models do not incorporate any form of uncer-
tainty and as such, they can be thought to account for the mean
trend of a process, alone. On the other hand, stochastic models de-
scribe the mean trend as well as the variance structure of the un-
derlying processes. Two basic types of stochasticity are commonly
used: demographic and environmental. Within the context of de-
mographic stochasticity, all individuals are subject to the same po-

tential events with the exact same probabilities but differences in
the fates of population individuals. Disease propagation in large
populations obeys to the weak law of large numbers, thus effects
of demographic stochasticity can be decreased significantly, and
many times a deterministic model becomes more suitable. How-
ever, random events cannot be neglected and a stochastic model
can be equally appropriate. Environmental stochasticity involves
variations in the probability associated with an exogenous event.
Model parameters of stochastic models are characterized by proba-
bility distributions, whilst for fixed parameter values deterministic
models will always produce the same results, except when chaotic
behaviour emerges.

In the classic SIR model it is assumed that the individuals leave
the infectious class at a constant rate and even if this assumption
seems most intuitive, it is not always the most realistic, regard-
ing the duration individuals stay infective [54-56]. Usually, ran-
dom variables describe the time of recovery since infection. For
discrete random variables (e.g., number of individuals) it is easy
to define a probability distribution, whilst for continuous variables
the time of recovery since infection is modelled. Often, in this last
category it is not possible to fix a probability as there is infinity
of such times. Hence, we first define a cumulative distribution and
then express a probability density function from this cumulative
distribution. Infectious periods are exponentially distributed with
a mean infectious duration, however as frequently real data does
not back up this assumption, we rather use constant duration. To
account for such more realistic distributions, the assumption that
the probability of recovery does not depend on the time since in-
fection, is often relaxed. Then, a common method of stages can be
used to replace the infective compartment by a series of successive
ones, each with an exponential distribution of the same parameter,
leading to a total duration of the infectious period modelled by a
gamma distribution [17].

Epidemic models presented above describe rapid outbreaks dur-
ing which normally the host population is assumed to be in a con-
stant state. For longer periods, deaths and births feed the popula-
tion with new susceptibles, possibly allowing the disease to per-
sist at a constant prevalence. This state renders an endemic state
in the population [17]. In this case, we account for birth and death
rate of the host population, whereby a good approximation is that
the population size N = S + I + R is constant. When determinis-
tic dynamics prevail a threshold on the value of the basic repro-
duction number exists. Conditions regarding this number guaran-
tee the disease persistence, but in epidemic models such persis-
tence can be dependent upon the magnitude of the stochastic fluc-
tuations around the steady-state equilibrium. Furthermore, many
times diseases are in an endemo-epidemic state. As endemic mod-
els exhibit damped oscillations which converge toward an endemic
equilibrium, this equilibrium can be weakly stable with perturba-
tions (intrinsic or extrinsic), which excite and sustain the inherent
oscillation behaviour [57]. This behaviour is due to heterogeneity
that is added temporally to the coefficient of transmission, spa-
tially in the context of meta-populations, or by cohorts for age-
structured models. Lastly, heterogeneity can be added statistically
in case of stochastic versions. For example, a stochastic version of
the endemic SIR model can utilize a Markov process, in which the
future is independent of the past given the present, with a state
space defined by the number of individuals in each of the three
classes, and changes in the state space characterized by probabilis-
tic transition events. And as future events are independent on past
events, the time to the next event follows a negative exponential
distribution.

Over the years, a vast number of mathematical modeling ap-
proaches has been proposed, tackling the problem from differ-
ent perspectives. The prevailing taxonomy proposed by Siettos and
Russo [58] encompasses three general categories: (1) statistical
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Fig. 1. Updated taxonomy of mathematical models for contagious diseases (source [58]). The new stochastic model lays in the intersection of categories (1) statistical

methods and (2) state-space models of epidemic spreads.

methods of outbreaks and their identification of spatial patterns
in real epidemics, (2) state-space models of the evolution of a “hy-
pothetical” or on-going epidemic spread, and (3) machine learning
methods, all utilized also for predictability purposes vis-a-vis an
ongoing epidemic. In particular, the first category includes i) re-
gression methods [59-64], ii) times series analysis, namely ARIMA
and seasonal ARIMA approaches [65-68], iii) process control meth-
ods including cumulative sum (CUSUM) charts [69-74] and expo-
nentially weighted moving average (EWMA) methods [75,76], as
well as iv) Hidden Markov models (HMM) [77,78]. The second cat-
egory incorporates i) “continuum” models in the form of differen-
tial and/or (integro)-partial differential equations [79-82], ii) dis-
crete and continuous-time Markov-chain models [83-85], iii) com-
plex network models which relax the hypotheses of the previous
stochastic models that interactions among individuals are instanta-
neous and homogeneous [86-91], and iv) Agent-based models [92-
95]. Lastly, the third category includes well-known machine learn-
ing approaches widely used in computer science, such as i) arti-
ficial neural networks [96], ii) web-based data mining [97,98] and
iii) surveillance networks [99], to name a few.

For the first time in the relevant literature, we introduce a new
stochastic model laying in the intersection of categories (1) and (2),
called “Stereographic Brownian Diffusion Epidemiology Model
(SBDiEM)". Fig. 1 presents a graphical overview of the models uti-
lized so far, and the “positioning” of our novel approach for mod-
elling infectious diseases.

4. Mathematical formulation
4.1. Preliminaries
4.1.1. The n-Sphere S™

Definition 4.1. Let n € N* = {1, 2,3, ...}. The n-dimensional sphere
S" with center (cq,...,Cny1) and radius a > 0 is (defined to be)
the set of all points x = (X1,Xy,...,X,41) € R™! satisfying (x; —
€1)? 4 ...+ (Xn1 — Cpy1)? = @2, Thus,

S" = { (X],Xz,...,XnJrl) ER"+1|(X1 —C])2+...

+Xng1 — Cn+l)2 =a }

4.1.2. Stereographic projection coordinates

Definition 4.2. We consider R" c R™! to be the hyperplane given
by x™1=0. For convenience, we will let (X{,X,,...,Xn, Xns1)
be coordinates on R™!' and (&;,&,,...,&) be coordinates
on R"cR™!, Let S"={ (x1,X3,...,%p41) € R"*1 |x%+...+x%+
(Xni1 — a)? = a? }. The stereographic projection coordinates of S" is
the map © : 5" - {0,0,...,2a} — R" given by

2ax, 2axy )
20 —Xpy1 20 —Xnp1 )

D(x1,X2, ..., Xn, Xpp1) = <

This map defines coordinates (&1, &, ...,&n) on S" so that the

point (x1,X3,...,Xn,Xp41) of S" has coordinates (&,&,...,&n),
where
2ax, 2ax
Sl = s s %_n =" .
2a — Xp41 2a — Xni1

The inverse map is given by
. 40251
E2+. . +&2+4a%

2a(53 + ...+ £2)
E24+ ... +&2+4a2

4a2&,

X1 ., Xn = ,
"TE 4 rEI 4

Xny1 =

4.1.3. Spherical coordinates

The points of the 2-sphere with center at the origin and radius
a may also be described in spherical coordinates in the following
way: X, = asing, where 0 < ¢ < 27.

S?2 = {x = (acosfsing,asinf sing, acos ) e R3‘0 <0<
2r,0<¢ <m}ie.

X1 =acosf sing
X2 = asinf sing

X3 =0ACOSQ,

where 0 <6 <2mand 0<¢ <.
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4.1.4. The Laplace-Beltrami operator

Definition 4.3. A C* differentiable manifold of dimension n is a
set M together with a family of one-to-one maps x,: Uy — M of
open sets Uy ¢ R" into M such that

1. Uy X Uy) =M.

2. For each pair o, B with x4 (Uy) Nxg(Ug) =W # &, we have
that x;! (W)’X/? (W) are open sets in R" and that x? o
Xa, x;l oXg are C*> differentiable maps.

3. The family {Uy, X} is maximal relative to conditions 1 and 2.

Each pair (xy, Uy) is called a coordinate chart on M. (For more
details see [100])

Definition 4.4. A C" function f: M — R, where M is a C* differ-
ential manifold is a function f, such that fox, : Uy — R is C" for
every cordinate chart (xy, Uy) on M.

Let g= [gl-j] be the Riemmanian metric tensor on a Riem-
manian manifold M. This means that, in any coordinate chart

(X1, %2, ..., xn) on M, the length element can be computed by
n n
d52 = Z Zg,-jdxidxjA
j=1i=1
Given local coordinates (xq,..., Xn), we can easily compute the

matrix g = [g;;] by the inner product

0%
8Xj

0%
glj - 8Xl'
(see [100]). We denote by gi the elements of the inverse matrix
g
Definition 4.5. The Laplace-Beltrami operator A, associated with
the metric g is defined by

G 0f
Jd . i1, 41
det(g El 8x< et(g) Ej g ij) (4.1)

X9Xg
&= [gij] = <X<pX9

XoXyp
XpXy s

and

1

- 0
» . @ sin’ @
g'=["]=1 o 2

1< s i Of
of azsin(p;a l(a sm(pjz‘glfaxj), (4.2)
where x; = 6 and x, = ¢. Thus
1 &9 . _
8of = rsing 2 g [0 S0 €y +8°,)]
or
Aof = 21. (f‘)@ +f¢,c05(p+f¢<psin(p). (4.3)
azsing \ sing

In case where the function f is independent of 6 the Laplace-
Beltrami operator of f is

Ay f = (4.4)

m(ﬁﬂ cos@ + fop 5in(/’)~
Generally the Laplace-Beltrami operator of a smooth function f
on S" is

n
Lof
where fis a C" function on M. M 121: 56, (\/det 8- ;g"%), (4.5)
In this work we are interested in the case where M =S2, h
i.e., the 2 -dimensional sphere. We will denote the corresponding where
Laplace-Beltrami operator of S2 by A, or just A using the spherical LI _
coordinates. If M = S2, i.e. det(g) = a*" l_[ (sin 6>, (4.6)
k=2
M=5%={x=(acosfsing,asinfsing,acosp) cR*|0 <06 < .
27, 0<@<m), gl =0 ifi#j g'=—7F — and6, = ¢
N azsin“ 6.1 -...-sin“ 6,

we have

Ix If f is independent of 61, 6,, ...,0,_1, the Laplace Beltrami oper-
Xo =55 = (—asinf sing, acosd sing, 0) ator of f is

af 32f
. . =—=|m-1)coty - -—+ = 47
Xp = 90 = (acos® cos g, asinb cos @, —asing) Buf <( )cotg- dp  0¢? (4.7)
Using Stereographic projection coordinates, if M = S, i.e.
M=S"={x= 40%6, 40’6, 2a(‘g_lz""""‘gnz) eR™ | & En eR
E24 4 E24+A’ T B4+ EX+ A E2 4. +E2 + 4 Sl ’
we have
x = 0% _ —8a%£:§; —8a*§i 1§ 4’ (XL, &7 - 28 +40%)
WT0E T \E 1 E+A)? T B+ EI+4a)? (ED+...+E +4a?)
—8a*£ 16k —8a*£n;

&+ 18 1A €2

160351(
L+ EF+4a2)?7 (B2 4. +ER+4a2)? )
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Hence
B 16a*
T O(E2 4.+ E2 +4a2)?
Thus we have

) 2 2 4 4q2)2 B
g = (§1+'”1Jg§2+ @) gi_0, if i%j and

Jdet(g) = (4a)"

(E2+...+82 +4a2)"

Therefore, the Laplace Beltrami operator of a smooth function f on
S2, using Stereographic projection coordinates is

(E2+ &2 +4a?)" (92F  92f

4.1.5. Brownian motion on a riemannian manifold

8ii and 8ij = 0, if i #* J

(4.8)

Definition 4.6. Let M be a Riemannian manifold (see definition
1.5) and A its corresponding Laplace-Beltrami operator. Any func-
tion P(t, x, ¥) on (0, o0) x M x M satisfying the differential equa-
tion

P 1

ﬁ_iAXP:O’

where Ay is A acting on the x-variables and the initial condition

(4.9)

t— 0"

P(t.x.y) = &) as,

(where 8x(y) is the delta mass at x € M) is called a fundamental
solution of the heat Eq. (4.9) on M.

(4.10)

The smallest positive fundamental solution of the heat
Egs. (4.9) and (4.10) is the heat kernel on M. It has been proved by
J. Dodziak [101], that the heat kernel always exists, and is smooth
in (¢, x, ). Moreover the heat kernel possesses the following prop-
erties.

1. Symmetry in x, y, that is

P(t,x,y) = P(t,y.X)
2. The semigroup identity: For any s € (0, t)

P(t,x,y) = /MP(S, X, 2)P(t —s,z,y)du(z),

where du is the area measure element of M. In polar coor-
dinates du = ,/|g|dO; ...6,, where 6, = ¢ and |g| is given by
(4.6).

3. The total mass inequality, i.e., for all t > 0 and x ¢ M

/MP(t,X,y)du(y) <1 (4.11)

In case where M is compact and smooth, there is only one so-
lution of (4.9) and (4.10) which is positive and satisfies

/MP(t,x,y)du(y) =1 (4.12)

Definition 4.7. A process X; t > 0 is a Markov process if for any
t, s > 0, the conditional distribution of X;,s, given the informa-
tion about the process up to time t, is the same as the conditional
distribution of Xi,s, given X;.

Definition 4.8. The Brownian motion X;, t > 0, on a Riemannian
manifold M is a Markov process with transition density function
P(t, x, y) the heat kernel associated with the Laplace-Beltrami op-
erator.

Remark 4.1. In the case where M = S", n > 2, the transition den-
sity function P(t, x, y) of the Brownian motion X; depends only on t

and d(x, y), the distance between x and y. Thus in spherical coordi-
nates it depends on t and the angle ¢ between x and y. Hence, the
transition density function of the Brownian motion can be written
as

P(t,x,y) = p(t. @), (4.13)
where p(t, ¢) is the solution of

ap 1 1 ap d%p
at_ZA,,p_202<(n—1)c0tg0-aw-s—a(p2 (4.14)
and

Jim aA,_1p(t. @) -sin" (9) = 8(¢). (415)

Here §( - ) is the Dirac delta function on R and A, denotes the area
of the n-dimensional sphere S" with radius a. It is well known that
[102]

ntl

2m 7 a’

A — ; (4.16)
N CS
where I'( - ) is the Gamma function. More precisely
LESR]
Ap = 2z al for n odd (4.17)
(550!
212 —1)lwia
An = S CEE T for n even (4.18)

Remark 4.2. The fact that S" is a compact and smooth manifold
implies that (4.14) and (4.15) has a unique positive solution which
also satisfies

[ Pexpauem =1 (419)

Furthermore, as t — oo, P(t, x, y) approaches the uniform density
on S", i.e. P(t, x, y) — ¢, where

1

Ap’
In the sequel for typographical convenience we will write X;
instead of {X;}; > O.

c=

4.2. Transition density function p(t, @) of X, t > 0

In this section we shall represent the transition density func-
tion p(t, ) of the position X(t) of a biological carrier (infected in-
dividual) of virus Y at any given time t. For the next sections we
suppose that the infected individual is at position X(t) at any given
time t, namely the path defined by its motion is considered infec-
tious. X;,t > 0 describes a Brownian motion on a 2-dimensional
sphere S? of radius a. From the (4.14), (4.15) and (4.17) the transi-
tion density function p(t, ¢) of X; is the unique solution of

op 1 9%p(t. o) . ap

9 " 2@sing ( 352 sing + 70 cos @ (4.20)
and

tlir(1)1+ 2wa’sing - p(t, @) = 8(p). (4.21)

The solution of the diffusion equation

oK(t,p) 1 K, o) . 3%K(t, @)
5% _Sin(p(cosgo 30 +51n(;387§02 (4.22)

with initial condition

tlirgl 27 sin(@)K(t, @) = §(¢) (4.23)
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is given by the function

K(t, @) = % > @n+1)exp (—n(n+1)V2t)P)(cosp). (4.24)

neN

see[103]. Here P9, n=0,1,2,...
nomials of order zero, i.e.

1 dr
2mn1 dx”[(x _1)]

This fact implies the following

, is the associated Legendre poly-

PO(x) = (4.25)

Proposition 4.1. The transition density function of the Brownian mo-
tion X;, t > 0 on S with radius a it is given by the function

p(t, @) = Z(Zn + 1) exp ( n(n Zl)ﬁ)P,?(cos ®)

neN

(4.26)

Proof. First we prove that p(t, ¢) satisfies the differential equa-
tion

2
@: L (8 P, 9) singo—i—apcosgo).

ot 2a?sing dp? a
We have that
pt, o) = —K< 2 w)

where K(t, ¢) is given by the (4.24), therefore

Iplt,p) _ 1 9K
ot 2a* at’

ap(t,p) 10K
99 " @iy and

*p(t.g) 1 93%K
02 a2 0¢?’

However from the (4.22)

oK 1 oK 92K
"~ simp( Y30 +sm<pa ) 427
hence

A0pte) 1 [ Ip(t. @) 5. 0°p(t. @)
2a* a5 qu)(a cosqu—i—a smgoai(p2 ,
i.e.
apt, ) ap(t, ) 9?p(t, @)

ot ~ 2a?sing S5, dp Fsing—g 0¢? ‘

Furthermore p(t, ¢) satisfies the
1 t
. . o 21 . ot
[1_19)1+ 27 sin(@)p(t, @) = tlirg 2ma z 51r1(<,0)1<<202 , (p)
and if we set u = ZLZ we imply that
llm 2 sm((p)K(2 5 go) = lir})l 27 sin(@)K(u, ¢) = 6(p).
u—0+
Therefore
[lir(1)1+ 2ma? sin(p)p(t, @) = 8(@).

and this complete the proof. O

4.2.1. Stochastic differential equation of the brownian motion in local
coordinates
We recall the following well-known fact

Theorem 4.1. Let
[oi®].

be such that a(x) = o (x)-oT(x) is positive definite. If X; is the Ito
diffusion process

dX[ = b(Xt)dt + O'(Xt)dBt,

then, its generator A is given by the formula

o(x) = with 1<j<n1<k=<m,

(4.28)

Af() = waw ZZwﬂmwM£

Conversely, the operator A given above is the generator of dif-
fusion (4.28). For the proof see [104].

Case of spherical coordinates

The generator of Brownian motion on S2 in spherical coordi-
nates is

1
Af = 5 8o,
ie.

Af = 059 3f+2< 1 9%f

2a2sing d¢ a2 sin® ¢ 962

Q= O

1 92
L Lo
az 9gp?
Therefore, the Brownian motion on S? in spherical coordinates
is the solution of the stochastic differential equation
1
Y] dB, (t)
COS(p(t) asing(t)
dX; =0, -————— ]dt dB;(t ,
’ ( ' 2aZsing (D + 0 2 (t)
where
= (00, @()).
Case of sterographic projection coordinates
Expressed in stereographic projection coordinates, the generator
of Brownian motion on S? is
2
pp V@8 aR) (2 oy
) 16a4 082~ 02 '
Hence, the Brownian motion on S? in stereographic projection co-
ordinates is the solution of the stochastic differential equation

(%1 (6)+x3 (1) +4a?)

e 0 dBy (t)
dX; = 0 (x?(t)+x§(t)+4a2) dB, (t) ,

4a2

(4.29)

where
= (X1(£), x2(t)).

4.3. Expectations of exit times of X(t)

We recall some basic definitions.

Definition 4.9. A measurable space {2, F} is said to be equipped
with a filtration {F;}, t € [0, +00), if for every t > 0 {F;} is a o-
algebra of subsets of €2 such that F:c F and for every ty,t; €
[0, +o0) such that t; < tp, we have that F¢ C Fy,. (ie. {F¢} is an
increasing family of sub o -algebras of F).

Definition 4.10. Let us consider a measurable space {2, F}
equipped with a filtration {¥:}. A random variable T is a stopping
time with respect to the filtration {F;}, if for every t > 0

{we QT(w) <t} e F.
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Let X; be the Brownian motion in S" and DcS" a domain.
Then

= inf{t > O|X; ¢ D}

is a stopping time with respect to Fr= o {X;|0 < s < t}, called the
exit time on dD.

Proposition 4.2. Let ¢ < [0, ) be fixed. We consider the set D in
S2, such that

D={(0,¢)|0 €[0,2r) and ¢ €[0,¢o)}.
Of course,
dD={(0,¢9)|0 €[0,2r) and ¢ = @o}.

If X; is the position of the biological carrier of the virus Y at a
given time t starting at the point

=(0,9)eD,
and
T = inf{t > 0|X; ¢ D},
then the expectation of T is given by

EAIT] = 2a%In (%). (4.30)
Proof. Based on [105],

u(®. ¢) =EA[T]

we have the unique solution of the differential equation

%Azu =-1, (4.31)

with boundary condition as
u(®,¢0) =0

Here A, is the Laplace-Beltrami operator on S2. By symmetry of D,
it follows that the expectation value of T is independent of 6. From
(4.4) the differential Eq. (4.31) takes the form

1 du d%u
2az[cot(qo)d(p + ‘Wi| =-1, (4.32)
with boundary condition
u(po) =0 (4.33)
Set
du
flp) = w
hence from (4.32)
1 df (¢)
52 [cot(w)f(cp) + == do =-1,
or
cos(¢) (@) + sin(g) == f((p) —2a*sin(g),
Thus
202 (¢ . o
fle) = ~sing /0 sinwdw + g’
Therefore,
¢ [y sinwdw ¢ 1
92 0
(@) = —2a /w O dx /w Xt (434)

However (see [104])

u(p) =EA[T] < oo, for ¢ €[0,¢p)

hence
¢ =0.
Furthermore, we have
u(gpo) =0, ie. =0
thus,
¢ [X(sinw)dw
u(p) = 2a2/ Jo Ginw)de X dx
Consequently,
90 [*(sinw)dw
EA[T] =2a2f /O(STx)dx
@
Thus

Yo 1 —
EA[T] =2a2/ Oy,
,  sinx
or

%o %o
EA[T] = 2a° f —dx / (cotx)dx ),
o sinx o

hence

ET] = 207 In (tan (%2 )) = In (tan (%))

—In(sin¢gp) + In(sin (p)].
Finally,
EA[T] = 2% In (”ﬂ) (4.35)
1+ cosgp
O

Proposition 4.3. Let ¢, ¢, € (0, ), such that ¢; < ¢, are both
fixed. We consider the set D in S2, such that

D={(0,9)10€[0,27r) and ¢ € (p1,¢2)}.
We have,
dD={(0,¢9)|0 €[0,27r), and @ =¢; or ¢ =@}

Let X; be the position of the infectious individual Y is at a given time
t starting at the point

=(0,9)eD,
and
=inf{t > 0|X; ¢ D},

then the expectation of T is given by

cos (& sin (%
—In ( 2 ) Jn [ =2 )
cos (%) sin (%)
Proof. According to [105], E®[t] satisfies the Poisson equation on D
with Dirichlet boundary data. By uniqueness
u(®, ¢) = EA[T]
is the unique solution of the differential Eq. (4.31), i.e

(4.36)

%Azu =-1,

with boundary condition

u®, 1) =u®,¢;) =0



S. Bekiros and D. Kouloumpou/Chaos, Solitons and Fractals 136 (2020) 109828 9

Here A, is the Laplace-Beltrami operator on S2. By the symmetry
of D, it follows that the expectation value of T is independent of
6. From (4.4) the differential Eq. (4.31) takes the form (4.32) with
boundary condition

u(@.¢1) =u®.92) =0
Hence from (4.34)

(4.37)

¢ [Ysinwdw |
U((ﬂ) = _2‘12/ fo.id?(-i-(fl/ .7dX+C2.
o sinx ¢ SINX
However
u(®, 1) =u@,¢) =0
i.e.
¢t [*sinwdw oo
—2a° fo.idx-i-c]/ ——dx+c,=0
o sinx ¢ SINX
and
#2 [*sinwdw 1
—2a2/ fo,idwrc] / ——dx+c, =0.
o sinx o Sinx
Thus
02 Jo sma)da)
f : sinx X
a= ¢ 1
@1 sinx
and
C = 0.
Consequently,

02 [y sinwdw dx

EA[T] = 2a2 f Josinwdw . Jp ~ s fw L ).
sinx Jor awdx o, SInX

namely,
¢ Y2 (cotx)dx o
EAT] = 2a2< (cotx)dx — # / .ldx),
o <p1 > Ldx J, sinx
hence
EA[T] =

4a cos (4) sin (%)
EA[T] = |:ln ( ) -In ( - )

tan (7 cos (£ sin (4

ln(tan(%,)) (2) (2)

cos(";’)) (sin (?)>i|

—In Jn | — 4.38)

(cos(‘ﬁ) sin (4) (
O

Proposition 4.4. We consider the 2-dimensional sphere S* of radius
a. Let two circles pass through the North pole, such that in stereo-
graphic coordinates are represented by the parallel lines & = b and
& =c, where b,c € R, say b < c. We consider the set D in S?, whose
stereographic projection is

D={(1.&)|5& R and &€ (bo)}

Of course
0D={(51.62)|61eR and & =b or & =c}.

If X; is the position of the carrier of virus Y at a given time t starting
at the point A, where the stereogrpaphic projection coordinates of A
are

(61,62) €D.
and
=inf{t > 0|X; € D},
then,
EAT] = f(&1. &) — 2a° In (&7 + &7 + 4a?), (439)
where
f(&, Sz)
1 g(&. c)exp (Z5) sin (Z&;2) .
0 exp 2n51 slnz(n(céi;b)) ( (”fl)cos (n(gz b))+n)
l/ g(n. b) exp (=) sin (Z&) o
7)o exp (22 ) sin? () + (exp (ZE) cos (T622) 77)2
(4.40)
and
g(€.t) =2a’In (%jnzm iy +4a2) (4.41)

Proof. As we have seen the function

EAT] = U (61, &2)

satisfies the differential equation
1

EAZU = —]

with boundary conditions
U,b)=UG1,0)0=0

Here, A, is the Laplace-Beltrami operator on S? expressed in stere-
ographic projection coordinates. Hence, the differential equation
takes the form

1(62 +82 +4a2)’ (azu 82U>__l

27 e 282 " 9&2

or

BZU 02U 32a4 . (4.42)
& " 0E - (82 +£2 + 4a2)

However the function

Ur(&1.&) = —2a* In(§] + & + 4a°)

satisfies the differential Eq. (4.42). Thus

U&, &) = —2aIn(§7 + &5 +4a%) + f(§1, &)
where fl€4, &,) satisfies

RE f 02f
851 852
with boundary conditions

f(&1,b) =2a® In(E2 + b* + 4a?)

and

f(&1.0) =2a%In(EF + 2 + 4a?).

If we take the transformation of variables x = & and y = & — b and
set the function ¢ (x,y) = f(&1, &), then ¢(x, y) we satisfy

0%¢ 3%
9x2 + 9y

=0,

=0,
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with boundary conditions

¢ (x,0) = 2a® In(x* + b* + 4a?)
and

o (x, B) = 2a* In(x* + c* + 4a?)

where 8 =c—b. Now let z=x+yi and w=exp(%), ie. z=
Blnw
T

. Thus, if w=u+vi, u,v € R then

u=exp (%) cos (%) and v=exp (%) sin (%)

(4.43)
Introducing the function ¥ (u,v) = ¢(x,y). It follows that ¥ (u, v)
satisfies
0%y 0%y
g a0
with boundary conditions

ﬂzln u

w(u,O):Zazln( +b2+4a> for u>0
and

2
w(u,0)=2a2ln<ﬂ l;; |u|+c +4a ) for u<0.

This is the standard Dirichlet boundary value problem for the half
line, and it is well known that (see e.g. [106]) its solution is given
by the Poisson integral formula for the half-plane:

4.3.1. Hitting probabilities

Proposition 4.5. Let ¢1, ¢, € (0, ), such that ¢; < ¢, are both
fixed. We consider the sets Dy, D, in S2, such that

D ={(0.9)|0<[0,27r) and ¢ € (p1,7]}

and

Dy ={(0,9)|0 €[0,27) and ¢ €[0,¢7)}.
We have,

D1 ={(6.9)|0 €[0.2m). and ¢ =g}
and

0D, ={(0,9)|01 €[0,27), and ¢ =@y}

If X; is the position of the infected (I) at a given time t starting at the
point

A= (0,90) € D1 N Ds.
and in case

=inf{t >0|X; ¢ D1},

T, =inf{t > 0| X; ¢ Dy }
and
=inf{t > 0|X; ¢ D1 N Dy},
then the probabilities
PAMT =T} and PrM{T =T}

* vy(.0)
vun=z [ wrate e sty
or tan ()
_ 10 ugéo ~  vg&,b) In ( an (7) )
where wn (5)
2 and
g(é,t):Zazln(ﬂ In® |§|+t2+4a) 1 (tan(%))
n z
Notice that g(—&,t) = g(£,t). Hence, PT =Tr} = l(tm}ﬁé;) (4.45)
n =
_ 1, _sG.o g(€,b) (%)
V)= 71}/0 (vz +Wu+§)? + 2+ (u— §)2>d§’ Proof. It is known that (see [21]),
where u, v are given in (4.43). Therefore u(@,p) = Pri{T = Ty}
X\ . (7Y [ g(n,0)
o y)=— exp sin | —&- dn
E) )L g ot T
1 X\ . (7wy\ [ g(n.b)
+— exp | —- ) sin( —%- dn,
&) e - eommm
ie.
St =1 [ sn.0)exp (&) sin (*552) n
ST e () sin® (25) + (exp (25 cos (7552) + )
o a0, b) exp () sin (65"
7o exp (25) sin” (ME52) + (exp (25) cos (HE52) — )
Finally
EAIT] = f(£1. &) — 2¢*In (%_12 LE 4a2). ils the unique solution of the differential equation
O =Aju=0, (4.46)

2
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with boundary condition

u@ @) =1 and u@;.....00 1,9) =0

Here A, is the Laplace-Beltrami operator on S2. By the symmetry
of D, it follows that the probability value of T = T; is independent
of 6. From (4.7) the differential Eq. (4.46) takes the form

1 du d’u
2(12[(n 1)cot(<p)— + d(pZ] 0, (4.47)
with boundary condition
u(p1) =1 and u(ey)=0. (4.48)
In we set
du
fle) = w,
hence from (4.47)
1 df (¢)
cot + =0,
552 [ (@) f) do }
or
cos() f(p) + sm(<p)df(¢) 0.
Thus
flp) = W
ie.
u( )—/wc—]dx+c (4.49)
$)= g, SINX > ’
However,
u(pr1) =1 and u(gy) =0,
hence
c 1
1=~ 1 1.
«ﬁ G dx
and
C) = 0.
Thus
f‘/’z - _1 _dx
u(p) = L I
<p1 sinx X
Consequently,
©2 L
@ sinx
PPYT =T} = 05— T
@1 sinx
or
In (tan (?f) >
PAT =Ty} = (&) ] (4.50)
In (tan (%) )
tan ("77’)
Moreover,
PMT =T} =1-PMT =Ty},
hence
1 ( tan (%) >
[
PrAT =Ty} = Ziﬁi (451)
in (i)

Proposition 4.6. We consider the 2-dimensional sphere S? of radius
a. Let two circles pass through the North Pole, such that in stereo-
graphic coordinates are represented by the parallel lines & = b and
&) =c, where b,c e R, with b < c. Next consider the sets Dy, D, in
S2, for which the stereographic projections are

Di={(§1.5) |6 R and & e (b, +o0)}

and

D, ={(1,8)|5& R and & € (—o0,0)}.
Of course,

D1 ={(51.52) |61 eR and &, = b}

and

0Dy ={(61.8) |51 eR and & =c}.

Let X; be the position of the carrier of virus Y at a given time t start-
ing at the point A, and the stereographic projection coordinates of A
are

(61.82) e D1 ND,.
If
T] = inf{t > O|Xr ¢ D] }7

T, =inf{t > 0| X; ¢ D, }
and

=inf{t > 0|X; ¢ D;ND,},
then

Sz

PrA{T = Tl}— and PrM{{T=T,} =

&—b
: (4.52)

b
Proof. It is known that (see [21]) the function
u(€1. &) =Pri{T =Ty}

is the unique solution of the differential equation

S Au=0 (453)

with boundary condition

u(é;,b)=1 and u(&,c) = (4.54)

Here, A,, is the Laplace-Beltrami operator on S? expressed in the
stereographic projection coordinates. Hence from (4.8) the differ-
ential Eq. (4.53) takes the form

2
V@ ad) o )
2 16a* 082 07 )
or

o

o€y 087

From (4.54) and (4.55) we see easily that

u. &) = CC__%

Therefore,

(4.55)

-&
~b

&-b

PAT =Ty} = and PMT=T1) = —

O
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4.3.2. Moment generating functions

Proposition 4.7. Let ¢q € [0, ) be fixed. We consider the set D in
S2, such that

D={(0,9)10 €10,2m),
Then,

D ={(0,¢9)|0 €[0,2r) and ¢ = @}

If X; is the infectious position at a given time t starting at the point
A=(0.¢) €D,

and

T = inf{t > 0|X; ¢ D},

then the expectation of exp(—AT) is given by

P, (cos @)
P,(cos¢o)’

where v is such that v(v +1) = —2a?X and P,( - ) is the Legendre
function

l T
Py(2) =P_,_1(2) = ;/0 (z++/22—1cosp)'do,

where the multiple-valued function (z++/z%2 —1cos¢)" is to be de-
termined in such a way that for ¢ = 3 it is equal to (the principal
value of) z¥ (which is, in particular, real for positive z and real v).

and ¢ € [0, g)}.

EAlexp(=AT)] = (4.56)

Proof. If A\ > 7%1, where A; is the first Dirichlet eigenvalue of
D c S?%, then

EAlexp(=AT)]

it satisfies the differential equation

%Azu = Au(p) (4.57)
with boundary condition
u(go) = 1. (4.58)

Here A, is the Laplace-Beltrami operator on S2. By the symmetry
of D, it follows that the expectation of exp[—AT] is independent of
6. Hence u is independent of 6. From (4.4) the differential equation
(4.57) takes the form

1 du d’u .
< cos @ + dg? sin (p) = Au(p),

2a%sing \ do
i.e.
d (du . 2
o (d(p sin (0) - (Zka sin (p)u(go) =0. (4.59)
If we set
Z=cos¢,
then
@ = —sin d—u
dp — iz
and (4.59) transforms to
d%u du
_atu o du o,

1-z )d22 2Zdz 2 a‘u =0,
or

2
(1 —22)d u sz—u +v(v+1Du=0.

dz2  “Tdz
This is Legendre’s differential equation. However, u(¢) is bounded
for all ¢ € [0, ] and u(gy) = 1. Therefore (see [106]), the solution
of (4.59) is
P,(cos )
u =—
@ P, (cos ¢o)

i.e.

P, (cosg)

P,(cos¢g)’

where v is such that v(v + 1) = —2a%A. O

EAlexp(—AT) =

4.4. Reflection principle

Theorem 4.2. Let X; be the position of the infectious carrier of virus
Y at a given time t starting at the point

A= (6 ¢p)eD,

where

D={(0.¢)eS*|0 ]

If

T =inf{t > 0| X; ¢ D},
then

PrT <t} = 2Pr{X, ¢ D}. (4.60)
Proof.

PT <t} =PrM{T < t,X; ¢ D} + Pr*{T < t,X; e D}. (4.61)

However, if X ¢ D then of course T < t.
Thus,

Pr{T < t,X; ¢ D} = Pr*{X, ¢ D}.
On the other hand, if we set

Xt, if tST
Xt: )Zt, lf t>T 5

(4.62)

then by the strong Markov property of X;
Pr{T <t,X; e D} =Pr*{T < t.X e D},
but if X; € D then X; ¢ D. Hence,
Pr{T <t,X; e Dy = Pr*{T < t, X, ¢ D},
or
Pr{T < t,X; e D} = Pr*{X, ¢ D}.
Therefore from (4.61)-(4.63) we obtain that
Pr{(T <t} = 2Pr*{X; ¢ D}.

O

(4.63)

4.4.1. Applications of the reflection principle

The reflection principle can help to calculate the distribution
functions of certain exit times.

Let X; be the position of the infected individual at a given time
t starting at the point N(0, 0) in spherical coordinates. If

D= {(G,go) e §? ’9 €[0,2m),¢ € (%n]}
then
5 2w
Pr¥{X; ¢ D} =/ p(t, p)a®sin(p)dfde,
o Jo
i.e.

Pr¥{X, ¢ D} = 2 a? /07 p(t, @) sin(@)de,
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where p(t, ¢) is the transition density function of the Brownian
motion on S? of radius a. Hence from (4.26)

fid

21, n(n+ 1)Vt
N _ 2 _ 0
PrV{X, ¢ D} = 2ma /0 dg g SN HGZN(Zn +1)exp < ; )Pn (cos@)dg,
or
PrV{X; ¢ D} =

neN*

However for every n € N*

z 1
I, = / PY(cos @) sin(p)dep = / PO (x)dx.
0 0

It is known that (see [106])
1 d

0
P/ (x) = Int1dx [ n+1 (x) — (X)]
However, P9(1) =1 for every n € R. Thus
1
]n=2n+]( +1(]) 1(1) +1(0)+ 1(0))
or
1
n= 5 (PR (0) = PL,; (0)).
It is also known that for every n € N*
2n)!
Thus, if n is even then I, = 0. If n is odd, i.e. n =2k + 1, then
1
I” 4k +3 (ng(o) 2(k+1) (O))’
i.e.
_1)n ]
I = SROUCIL (4.65)

(k+ 1) (k!)222k+1"
From (4.64) and (4.65) we get that

St 5 (1) ex

neN
5 2n)!(4n+3)
22+ 1(m2(n+1)°
Furthermore, if S0, 7r) namely the South Pole of S2, then

Pr¥{X. ¢ D} =

(_ @2n+ 1)(2n+2)ﬁ)

a

(4.66)

PTS{Xt ¢ D} = rN{)’ft ¢ D} = PrN{Xt eD}=1- PT'N{Xt 4D},
Therefore
P X ¢ D) = % - % > (~1)"exp (— (2n + 1)(5" +2)ﬁ>
neN

(2n)!(4n + 3)

X ST (Y2 (o 1) COLCESIE (4.67)
By using Theorem 3.2, if T = inf{t > 0|X; ¢ D}, then
— n @n+1)@2n+2)vt
Pr{T <t} _1_%(_1) exp (_ . )
(2n)!(2n+3) (4.68)

22+ 1)

4.5. Local time estimation

Definition 4.11. Let ¢, € [0, r]. We set
={(01,....0n1,9) 161 €[0,27),0; € [0, 7] for
i=2,...,n—1 and ¢ € (0,¢]},

is a subset of S2. The reflected Brownian motion in D; is the diffu-
sion Y; whose generator is A, in D; with Neuman boundary con-
dition at aD;.

1] Z(zn+1)exp< ’“"*a”ﬁ) [ Rcosgsinpte

(4.64)

Roughly speaking Y; behaves like X; inside D; but when it
reaches the boundary, it is reflected back in D;.

Definition 4.12. Let a fixed open set D cS" with C3—boundary 0D.
If Y; is the reflected Brownian motion in D, and Ds the domain

={xeD:d(x,9D) <6},

we define the boundary local time L; of Y;, as

= 35 J, 1m0

It can be shown that the limit exist in the L, sense.

4.5.1. Boundary local time until first hitting

Proposition 4.8. Let ¢g, ¢1 € (0, ), such that ¢y < ¢4, both fixed.
We consider the sets D, Ty in S2, such that

D={(0,9)|0€[0,2mr) and ¢ € (@0, 1)}
and
1—‘0 = { (99 (p0)|9 € [07 2”)}

Let Y; be the reflected Brownian motion in ' starting at the point

A=,p)eD

if
T =inf{t > 0|X; € o}
and L; is the boundary local time of Y;, then,

tan (4L)
! 7}»ln(tan(%)> it a < 1

Elexp (hlp) ] = - e ()
st~ (2C2)) sin(en) In ({75
(4.69)

and

. r
. tan (51)\°

sin(en) In (2262 )

2

EAlexp (ALT)] = 400, if A > (4.70)

Proof. It is known that the function
2(0, ¢) = E*[exp (ALr) ]

satisfies the differential equation

Ayz=0

with boundary condition
2(8, o) =1

and

0
—é(e,go])mz(e,so]):o

as long as the function z is positive (see [107]). Here A, is the
Laplace-Beltrami operator on S2. By the symmetry of D it follows
that FA[exp(ALr)] is independent of @. From (4.2) the differential
equation takes the form

zdz

cot((p) =0

4.71
e (47)
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We have shown that the solution of (4.71) is
? 1

z =cC —dx+c, ¢, €eR.
(®) 1/%51nx +C 1,C €
However,

z(0,¢0) =1

and

9
75(9,%)”49,%) —0.

Hence
c A
1= — — .
(singq)1 —)Lf%‘ (sinx)-1dx
and
c;=1.
Thus
(singy)~! — kf(;p] (sinx)~ldx
2(p) = — — TR
(singq)-1 — kaO (sinx)~1dx
However,
. . (singq)~!
z 0 ifandonlyif A < —~ T F—.
@)= Y ) Jor(sinx)~1dx
Therefore,

(sing;)~! — )\ffl (sinx)~ldx
(sing;)-1 — )\f;’;‘ (sinx)-ldx’

. (sing;)~!
if A« ——7—"—
= f(fu‘ (sinx)~1dx

EAlexp (A1) ] =

and

L. (singn)!

EA ALp)] = , if —_—
Lexp (Wl =+ee. ~ Jor(sinx)-1dx

i.e
1 Aln(ta”(%))
sing; tan (%
E*lexp (ML) | = 1 t::((%l)) )
s~ 40 (5)
1

if A<

o (E)
and
1

EA[exp (ALr)] = +o0, —
TEE

if A>

O
5. Discussion and conclusions

A worldwide multilevel interplay among a plethora of fac-
tors ranging from micro-pathogens and individual interactions to
macro-scale environmental, socio-economic and demographic con-
ditions, necessitate the development of highly sophisticated math-
ematical models for robust representation of contagious dynamics
of infectious diseases that would lead to the establishment of ef-
fective control strategies and prevention policies.

Ethical and practical reasons defer from conducting enormous
experiments in public health systems, hence mathematical models
appear to be an efficient way to explore contagion dynamics. A key
aspect of epidemiological models is their link to real data, which is

of particular utility toward the design of vaccination policies. Two
major vaccination strategies exist currently, i.e., the mass vaccina-
tion, which is most applied, and the recently developed pulse vac-
cination which is used in an increasing number of countries. How-
ever, most vaccination strategies are imperfect in the sense that
they decrease the number of cases, without however eradicating
the disease.

Public-health organizations in the world use the epidemiolog-
ical models that fall in the three categories already presented in
this work, to evaluate disease outbreak policies for epidemics. As
we pointed out, many shortcomings exist for those models. All
the models already used in the literature assume that the host
population has constant size. However, this excludes diseases in
exponentially growing populations as in most developing coun-
tries, or disease-induced mortality as childhood diseases in de-
veloping countries e.g., malaria. Modeling infectious dynamics in
non-stationary host populations requires explicit modeling of the
host population as well as of the disease per se. Models some-
times can be highly complicated in order to improve best fit to
real data. Nonetheless, very complex models do not always per-
form optimally in real-world applications or in simulations. Real-
world models allow for swift decision making, and suitable quan-
tification of the spatiotemporal dynamics of an outbreak. Multidis-
ciplinary research efforts are speeding up, integrating the advances
in epidemiology, molecular biology, computational science and ap-
plied mathematics. Mathematical modeling allows better under-
standing of the transmission process of infectious diseases in space
and time, by setting forth rigorously the proper assumptions, the
variables, the equations and their parameters.

Due to the complexity of the underlying complex interactions,
either deterministic or stochastic epidemiological models are built
upon incomplete information about e.g., the basic reproduction
number, threshold effects, intensity of spread, precise data of in-
fected versus susceptible individuals, and other inaccuracies re-
garding the entire infectious network. Simulations or brute-force
computational techniques have been implemented in that direc-
tion to provide approximate solutions with encouraging results.
Nevertheless, some of the underlying generating processes of the
outbreaks, such as the virus pathogenicity or variant social net-
work topologies, ethnological characteristics and other quantities,
may influence the spread of an outbreak. Simulations often prove
to be inefficient for the systematic analysis of an emergent epi-
demic. New rigorous mathematical modeling methodologies, such
as the one presented in this work for the first time, can be used
to address inherent incomplete data structure and hidden nonlin-
ear complex dynamics, with an aim to enhance forecastability in
combating epidemic outbreaks.

In the present study we introduced a novel approach for
surveillance and modeling of infectious disease dynamics, called
SBDIiEM. We explicitly described the mathematical framework un-
derpinning the implementation and conceptualization of our new-
age epidemiological model. Our goal is to contribute to the arsenal
of models already developed so far. It can be of particular inter-
est, in light of a recent intensive worldwide effort to speed up the
establishment of a global surveillance network for combating pan-
demics of emergent and re-emergent infectious diseases. Toward
this aim, mathematical modeling will play a major role in assess-
ing, controlling and forecasting potential outbreaks. We have to
better understand and model the impact of numerous variables on
contagious dynamics, ranging from the microscopic host-pathogen
level, to individual and population interactions, as well as macro-
scopic environmental, social, economic and demographic factors all
over the world.

As a path for future research, we intend to conduct simula-
tions, and empirical analyses based on real-time spatiotemporal
datasets, in case of past outbreaks of infectious diseases as well as
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for COVID-19. Furthermore, we plan to convey an extensive com-
parative evaluation investigation of SBDiEM vis-a-vis the three ma-
jor categories set forth by the taxonomy of Siettos and Russo [58],
and more specifically versus (1) statistical methods for epidemic
surveillance, (2) state-space models of epidemic spread and (3)
machine learning methods. In this way, the forecasting and now-
casting capabilities of the new model will be thoroughly explored.
We also intend to investigate embedding the proposed analytical
model into integrated artificial intelligence systems in the near fu-
ture.

Our novel methodology apart from offering a much better un-
derstanding of the complex and heterogeneous infectious disease
dynamics could enhance predictability of epidemic outbreaks as
well as have potentially important implications for national health
systems, stakeholders and international policy makers.
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