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ABSTRACT

It is well established that the chemistry in microdroplets has been found to be radically different from reactions in bulk, particularly in the
case of water. It has also been established that there is a threshold size for microdroplets to behave differently than droplets near the 10
pm diameter range. We present a three-dimensional electrostatic treatment in the spirit of the Gouy-Chapman model for double layers at
interfaces. Our treatment predicts a strong concentration of charged molecules toward the surface of the droplet. As the droplet size deceases,
the majority of the volume of the liquid experiences a large DC electric field. Such electric fields are highly unusual in a conducting fluid such
as water. We believe that this unique environment helps to explain the reaction rate acceleration and new chemistry that have been observed

in microdroplets compared to bulk phase.
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INTRODUCTION

Chemistry often relies on the assumption that the size and
shape of a reaction’s container have little effect on the reaction
itself. Recently, studies of reactions taking place in volumes on the
micrometer scale have been shown to be an exception to this rule.
Cooks’ group, our group, and others have shown increases in reac-
tion rate as large as 10° for reactions taking place in microdroplets
relative to the bulk solution. A good review of this topic already
exists.' It is readily apparent that a strong understanding of the
underlying principles of this phenomenon could lead to a break-
through in catalysis design. Unfortunately, the mechanism of rate
acceleration in small volumes is not yet fully established. This paper
models the concentration gradients inside microdroplets and the
resulting electric field so that their effects can be considered when
discussing mechanisms of reaction rate acceleration.

A notable feature of microdroplets is their high surface-to-
volume ratio. For a 5 ym diameter droplet, about half (48.8%) of
the droplet’s volume is found within 500 nm of the surface. This
study focuses on microdroplets of water. In this case, another dis-
tinctive feature is the existence of charges pinned to the surface when
the water droplet is in some hydrophobic medium, such as air or
oil” (see Fig. 1). The exact value of the surface charge density and
the source of the charges are both matters of debate. Recent work

suggests that these surface charges arise from trace impurities in the
water, which may explain the variation in the reported experimen-
tal results. These trace impurities often act as an anionic surfactant.’
It is the authors’ opinion that bicarbonate anion resulting from a
brief exposure of “pure” water to atmosphere is a major player in
this phenomenon. In order to sidestep this controversy, the mathe-
matical model used in this paper is agnostic toward the source of the
charged surfactant, its sign, and its identity. A spherical shell charge
distribution gives rise to no electric field inside the shell. Therefore,
the main parameter of the calculation is the average charge density
of the liquid—excluding the surface monolayer. Furthermore, the
model can be easily adapted to solvents other than water merely by
changing the dielectric constant.

It is quite difficult to describe different layers of a surface as the
terminology varies between disciplines. We are using conventions
from microfluidics. In order to draw parallels between microdroplets
and microfluidics, we briefly digress in giving a short description
of the one-dimensional Gouy-Chapman model. A more detailed
description can be found in the work of Probstein.*

The Gouy-Chapman model describes the surface between a lig-
uid and its container. The wall of the container typical has charged
functional groups, a classic example being deprotonated silanol
groups on glass when placed in water. There is a surface charge den-
sity of charged functional groups chemically bound or adsorbed to
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FIG. 1. (a) Sketch of the electric double layer from an infinite plane of wall-bound anions. (b) Section of the microdroplet showing an electric double layer from a surface
monolayer of anionic surfactants. (c) Concentrations of ions in solution from a negatively charged surface, which applies to both models. (d) Cross section of the microdroplet
ion distribution (not to scale). The red arrow represents a radial electric field terminating at the wall of anionic surfactants.

the wall of the container. The nearby liquid responds to the charged
wall by setting up an electric double layer [Figs. 1(a) and 1(c)]. The
electric double layer contains water with a net charge density. All
electric field lines from the charged wall terminate within the elec-
tric double layer so that the bulk of the water has zero electric field,
as would be expected inside a conductor. The charges in the elec-
tric double layer balance the charges on the wall, so the system is net
neutral. The thickness of the electric double layer varies with ionic
strength, but it can range from a few nanometers up to a micrometer.
The Gouy-Chapman model is used to determine the concentration
gradient of the ions within the electric double layer as well as the
electric field strength. In Fig. 1, for simplicity, we have assumed a
negative surface charge density so that the electric double layer of the
droplet is positively charged. The opposite assumption can be made
with no loss of generality to the model, but the sign of the electric
field changes while maintaining its magnitude.

As previously discussed, there are charged surfactant molecules
of unknown origin at the periphery of the microdroplet. These
charged surfactant molecules are diffusing in only two dimen-
sions at the surface monolayer between water and a hydrophobic
medium. We consider the surface charge density of these surfactant

molecules analogous to the wall’s surface charge density in the one-
dimensional Gouy-Chapman model [Figs. 1(b)-1(d)]. It is assumed
that the charged surfactant molecules are evenly distributed around
the microdroplet’s periphery by two-dimensional diffusion under
the action of Coulomb’s law.

Next, we model the electric double layer of the microdroplet
arising from the “wall” of charged surfactant molecules. For the
droplet to be net neutral in charge, the electric double layer of the
microdroplet must contain excess charge that balances the charge
on the “wall.” We refer to the ions that make up the excess charge in
the electric double layer as “unpaired ions,” as they do not have an
ion pair within the electric double layer. The average concentration
of “unpaired ions” in the electric double layer is a major parameter
of the model.

Recall that a spherical shell charge distribution gives rise to
no electric field inside the shell. The “wall” surface charge den-
sity does not matter to the calculation other than that it sets the
average unpaired ion concentration for the microdroplet. Thus,
for charged droplets—commonly created by electrospraying—the
important parameter is merely the average unpaired ion concen-
tration. Two microdroplets that differ only in net charge but have
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the same average unpaired ion concentration have the same ion dis-
tribution in their electric double layers. They are mathematically
equivalent in this model.

There is one important difference between the two cases. For
electrosprayed droplets, the Rayleigh limit’ constrains the amount
of unpaired ions in the droplet. In the neutral microdroplet case,
both the charged surfactant molecules and the amount of unpaired
ions need to be included when evaluating the Rayleigh limit. Thus,
in the neutral molecule case, it is possible for the concentration of
“unpaired ions” to exceed the Rayleigh limit seen for charged micro-
droplets. From a physical standpoint, the electric field pulling in on
the charged surfactant molecules helps counteract the repulsion of
the “unpaired ions” in the interior of the droplet.

For both electrosprayed and neutral droplets, repulsion of
unpaired ions in the volume of the microdroplet generates an electric
double layer at the surface of the microdroplet. Electric double lay-
ers are well known for water solutions and are commonly treated by
the Gouy-Chapman model, which has an analytical solution only in
one dimension. The one-dimensional solution requires two assump-
tions: (1) the dimension of the system is much larger than the double
layer, and (2) the bulk solution is unperturbed by the existence of the
double layer. Both of these assumptions are invalid for micrometer-
sized droplets. Assumption 1 is false because the curvature of the
microdroplet is at a similar scale to the thickness of the electric dou-
ble layer. The “wall” of the microdroplet cannot be approximated
well by an infinite flat plane. Assumption 2 is false because there
is not a point for the solution that is far enough away from the
wall to be unaffected by the concentration changes occurring in the
electric double layer. The farthest distance from the “wall” of the
microdroplet is the center of the droplet. For the one-dimensional
Gouy-Chapman model, the bulk solution is an infinite reservoir of
ions that remains unchanged by the increases and decreases in ion
concentration taking place in the electric double layer. In a micro-
droplet, the bulk is not an infinite reservoir of ions. Changes in the
concentration of ions in the electric double layer alter the remaining
concentration of ions at the center of the microdroplet.

We present here a computational solution for micrometer-
sized droplets in the spirit of the Gouy—-Chapman model. We start
with the same equations as those of the Gouy-Chapman model, but
we employ a different mathematical route with different boundary
conditions prior to analytically integrating the resulting system of
differential equations. One might wonder why little work has been
done in this area. It may be the lack of interest in microdroplets until
recently and the fact that the equations have no known analytical
solution in spherical coordinates.

The solutions we find have the following notable features: (1) as
expected, the droplet has a very strong electric field; (2) as the size of
the droplet decreases, the electric field penetrates surprisingly deeply
into the droplet; and (3) the electric field drives charged molecules
to the surface. We suggest that both the concentration enhancement
and the electric field itself can accelerate chemical reactions.

It is worth noting that strong DC electric fields in bulk water are
a highly unusual phenomenon. Water is a conductor with hydrox-
ide (OH™) and hydronium (H") ions as its charge carriers. Like all
conductors, when experiencing an electric field, water rearranges its
charge carriers at the surface to cancel all the electric field within
the bulk of the liquid. There are two main exceptions. First, a small
DC electric field exists in the bulk during electrochemical reactions,
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which drives the ion current through the liquid. Second, high fre-
quency AC electric fields, which vary faster than the ions can rear-
range, permit large electric fields in the bulk.”” Large DC electric
fields in water are commonly found only in the electric double layer
at the surface and not in the bulk of the liquid. While electric dou-
ble layers are common, they typically compose a negligible amount
of the liquid’s total volume. Thus, aqueous microdroplets, where the
majority of the volume can be in the double layer, are a rather unique
reaction system.

RESULTS AND DISCUSSION

A brief summary of the calculations made in this paper is as fol-
lows: Similar to the Gouy-Chapman treatment, a continuum model
is assumed for the concentration of species throughout the droplet
and, at steady state, the flux from electrophoresis and diffusion bal-
ance. This balance of driving forces allows us to write the electric
field as a differential function of ion concentration. Substitution of
the electric field into Gauss’s law creates a second-order differen-
tial equation in ion concentration, which can be numerically solved
in spherical coordinates. This strategy is later further expanded to
include multiple ionic species, the full details of which are discussed
in the section titled Calculations.

Case 1: Singly charged species in a droplet

A major contributor to reaction rate acceleration is increased
reactant concentrations in microdroplets. In situations with very few
charged ions, the ions distribute evenly throughout the droplet. As
more ions are added, the electric field grows. The electric field even-
tually overwhelms entropy, resulting in ions being packed almost
entirely close to the surface, and the ion concentration at the center
is depleted. The concentration at the edges of the droplet is greatly
increased from the concentration of the premicrodroplet bulk solu-
tion. This behavior can be clearly seen in Fig. 2(a). Although a much
smaller system, a similar ion concentration behavior has been seen
in atomistic simulations with nanodroplets containing 3 x 10* water
molecules.”

The source of the unpaired ion is ions in a microdroplet where
the counterion is pinned either to the monolayer surface or to a
system where the ion does not have a counterion as the droplet
is carrying intrinsic charge. This second case is often invoked for
advective current when electrospraying into a mass spectrometer.
Both cases are mathematically analogous via this treatment, and the
results shown below are true of both systems. All calculations were
performed assuming a singly charged positive ion (z4 = +1) at 25°C
with ¢ of water at 25 °C in a 20 yum diameter droplet. Equivalent fig-
ures for droplets of other sizes are included in the supplementary
material (Figs. S2-S4).

There is also work done by Malevanets and Consta using an
expansion of Jacobi polynomials to solve for the radial pH in a
charged microdroplet.” For micrometer-sized charged droplets, they
find large changes in pH, corresponding to a change of several orders
of magnitude in the H' concentration along the radius of the micro-
droplet. If we take our positive ion to be H' in Fig. 2(a), we similarly
find a change of several orders of magnitude in the H" concentration
along the radius of the microdroplet. Furthermore, the shape of the
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FIG. 2. (a) The radial dependence of ion concentration for a 20 um diameter water
droplet at 25°C. The distribution of ions changes markedly with different aver-
age concentrations of unpaired ions. (b) Data from (a) graphed in terms of the
percentage of ions within a given radius. (c) The radial dependence of electric
field strength for a 20 um diameter water droplet at 25 °C for a variety of different
average unpaired ion concentrations.
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radial pH gradient is quite similar. We find good agreement between
our work and that of Malevanets and Consta.

Consider a reaction with second-order reaction kinetics in A,
with rate constant k and concentration 1 yM. In bulk solution, it
would have a reaction rate of k * 107> M/s. Using the concentra-
tions calculated for a 20 ym diameter microdroplet with 1 M aver-
age concentration of charged species A, the average reaction rate in
the microdroplet would be k * 1.09 * 10" M/s—a 10-fold increase.
For a 10 uM system, we obtain a reaction rate of k * 107'° M/s in
bulk and k * 1.02 * 10~® M/s in microdroplets; these values corre-
spond to an ~100-fold increase in the microdroplet compared to the
bulk,

S kea(r)anr*dr
droplet volume

average reaction rate = (1)
This calculation does not fully explain the reaction rate acceleration
seen in some reactions. We have neglected the effect of the electric
field. The electric field strength is shown in Fig. 2(c). The effect of
electric field on reaction rate is discussed later in this paper.

The electric field in a droplet covers a larger volume of the
droplet as the size decreases, as is shown in Fig. 3(a). To better
quantify this effect, Fig. 3(b) shows the percentage of the droplet’s
volume with a field greater than one-sixth of the edge electric field
for a droplet with a 600 V/cm edge electric field at 25 °C.

The change in electric field shape denotes an important regime
change for microdroplets vs larger bodies of water. The electric
field of the double layer stretches across most of the volume of the
droplet and interacts with the double layer on the other side of the
droplet, giving rise to a much wider double layer than provided
by the traditional one-dimensional Gouy—Chapman model. It also
causes molecules in microdroplets to experience a standing electric
field throughout most of the volume of the droplet. This situation
is not the case in larger reaction containers as typically the electric
double layer makes up a negligible percentage of the total volume.
We propose that this radial electric field contributes strongly to give
microdroplets their unique reaction environment.

Case 2: Uni-univalent electrolyte in a droplet

A uni-univalent electrolyte has two ionic species in the droplet,
of +1 and —1 charge, respectively. As can be seen in the section titled
Calculations, the final equations have no dependence on the spe-
cific ion other than sign and charge. We lump equivalent ions into
a single concentration, provided all ions obey the Nernst-Einstein
relation.” The distribution of a given species is then its mole fraction
times the combined equivalent ion distribution. For simplicity, all
combinations of equivalent ions are referred to as if they are a single
species in this paper.

It is helpful to think of the problem in two separate pieces. First,
there are paired ions in the solution, which can be thought of as the
concentration of salt in the solution. Second, there are unpaired ions,
which we define as the excess of whichever species is more abundant.
The “unpaired ions” have counterions pinned on the surface of the
droplet, or the droplet is carrying advective current.

Assuming that a hydroxide anion goes to the surface of the
droplet, as was discussed earlier in the paper, and that we have some
uni-univalent electrolyte, such as sodium chloride, we get the results
shown in Fig. 4.
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FIG. 3. (a) Size dependence of the electric field shape in a water microdroplet with 600 V/cm edge electric field at 25 °C. (b) Percentage of microdroplet volume with greater
than one-sixth (100 V/cm) of edge electric field strength (600 V/cm) as a function of droplet size.

The 2 ym diameter droplet shows two regimes at different ionic
strengths—a less pronounced similar effect is seen in larger droplets
(Figs. S5 and S6). At low ionic strengths, the electric field of the dou-
ble layer stretches across most of the volume of the droplet. At high
ionic strengths, the electric double layer stays close to the surface
with a relatively low or no electric field in the bulk.

Similar to the Gouy-Chapman one-dimensional case, where
increasing ionic strength shortens the Debye length of the dou-
ble layer, increasing the ionic strength in the droplet thins the
double layer. Because interactions between double layers on oppo-
site sides of the droplet define the two regimes, increasing paired
ion concentration takes the first regime slowly toward the second
regime.

The potential drop from the center to the edge of the droplet
provides a good visualization of this effect (Fig. 5). Droplets in the
second regime have the potential drop take place almost entirely
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FIG. 4. Shape change of the electric field in a 2 um diameter microdroplet with
an increase in salt concentration. Unpaired ion concentration is held constant at
1.3 x 10° M to give a 600 VV/cm edge field strength.

across the thin double layer at the surface. In the limit that the radius
is much greater that the double-layer thickness, this reduces to the
one-dimensional wall potential in the Gouy—Chapman model. Thus,
droplets in the second regime have the same center-to-wall potential,
regardless of droplet size.

Droplets in the first regime show a pronounced size depen-
dence. The electric field is stretched out to fill the droplet. As poten-
tial is the integral of the electric field, this increases the center-to-wall
potential above that of the second regime droplets. The amount
of this increase is capped by the radius, as smaller droplets have a
smaller distance to integrate the electric field over. Figure 5 shows
this effect at two different edge potentials.

There are two different ion concentrations, one for positive
species and the other for negative species. Based on the electric fields
in Fig. 4, Fig. 6 shows the expected result that the positive ions are
increased in the double layer being drawn in by the electric field, and
negative ions are depleted in the double layer having been repelled.
Of note, Fig. 6 shows that the change is concentration away from
the average concentration. This behavior reverses in cases where the
unpaired ion is negatively charged. Whichever ion is in excess is con-
centrated in the double layer toward the periphery of the droplet,
while the other ion is driven toward the center. Once again, atomistic
simulations with nanodroplets containing 3 x 10* water molecules
exhibit a similar ion behavior with the excess ion concentrated at the
edge and the other ion depleted at the edge and forced to the center.’
Not all the negative ions are concentrated toward the center. Note
that the formal counterion to the “unpaired ions” is the anionic sur-
factant at the interface between water and hydrophobic medium as
previously discussed. The extent of these effects again depends on
the ionic strength of the liquid.

Just as in the single ion case, the increases in ion concentration
result in reaction rate acceleration for bimolecular reactions in the
droplet.

Interestingly, the concentration effect on the reaction rate is
slower for regime 1 than regime 2 in droplets of the same size.
This fact suggests a methodology for experimentally separating the
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electrical field effects on the reaction rate from the ion concentrating
effects on the reaction rate by varying the ionic strength.

Concentration of neutral species

Neutral species are also affected by electric fields through inter-
actions of their dipoles (and induced dipoles) with the gradient of the
electric field. The possibility of this leading to unevenly distributed
neutral molecules in the droplet was considered.

The distribution of the neutral species is important as a com-
mon reaction is one between a neutral species and a charged species
that is first order in both reactants. If the neutral species is dis-
tributed evenly throughout the droplet, then no average reaction
rate acceleration will be seen from the changes in charged species
concentration as it is only first order in that reactant.

The concentration gradient depends greatly on the considered
molecule. We look at acetonitrile using its gas-phase dipole and
polarizability.’ Acetonitrile was chosen because of its large dipole
moment and water solubility.

Using the single charged ion electric field found earlier and
sweeping from 10 ~'*M up to 10™*M of unpaired ions, no large chan-
ges were seen in the distribution of the neutral species. At the rather
absurd 10™*M of unpaired ions, there is a slight 14% increase in the
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neutral species concentration localized at the edge of the droplet.
The graph can be found in the supplementary material (Fig. S1).

Essentially, the divergence of the electric fields in the droplets is
insufficiently large to overcome entropy. Thus, we see no significant
change in the concentration of the neutral species, even at quite large
concentrations of unpaired ions. It seems safe to approximate neu-
tral species as being in one of two regimes. They are either evenly
distributed in the droplet or pinned to the surface by hydrophobic
forces. Importantly, neutral species have no strong concentration
gradient in the volume of the droplet.

Mechanisms of rate acceleration

The reaction rate equation consists of two parts: a rate constant
term and a term containing the concentrations of the reactants. Both
are affected by the double layer in microdroplets as follows:

rate = k[reactant A][reactant B].... ()

The double layer in the droplet acts to accelerate the reaction rate
via two different mechanisms. In the first mechanism, the double
layer contains gradients of reactant concentrations such that the
reactant concentration term can be increased far beyond the reac-
tion rates calculated using the average concentrations of reactants.
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FIG. 6. Change in ion concentration from average ion concentration in a 2 um D microdroplet with an increase in ionic strength. Unpaired ion concentration is held constant

at 1.3 x 10 M to maintain a 600 VV/cm edge field strength.
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In the second mechanism, the electric field of the double layer can
alter the rate constant of the reaction. We discuss each mechanism
separately.

Concentration gradient mechanism

A common bimolecular reaction is that of a neutral species with
charged species with first-order kinetics for both reagents. Now that
we understand the concentration gradients in microdroplets, we can
consider concentration gradient effects on such a reaction.

First, we consider the case of both reagents being distributed
in the double layer of the microdroplet. Let us briefly approximate
the neutral species as evenly distributed in the double layer, which
is reasonable, given the minimal concentration gradient from the
double layer on neutral species, as shown above. In this case, the
reaction is not accelerated by the concentration gradient mecha-
nism. All gains in the reaction rate from higher concertation areas
are exactly offset by slower reaction rates at places depleted of reac-
tants. This is only strictly true when the neutral species is homo-
geneously distributed. Thus, in this case, the observed increase in
reaction rate must be attributed to factors other than concentration
gradients.

Next, we consider the case where the neutral species acts as a
surfactant and is pinned to the outer surface monolayer and reacts
with an ion in the double layer. The ion concentration gradient is
largest right where the double layer touches the outer surface mono-
layer, which is also where the neutral species is located. This case
should show large increases in reaction rates from the concentra-
tion gradient mechanism. Given that many neutral organic reactants
have poor water solubility for at least some portion of the molecule,
we hypothesize that this case is quite common for reactions that are
accelerated in microdroplets.

For completeness, we briefly discuss the other two cases. When
the neutral species is in the double layer and reacts with the ion
pinned to the surface monolayer, there is little increase in reaction
rate from the concertation gradient mechanism as the neutral species
has very little increase at the wall above the average concentration.
This is not to say that reaction will not be accelerated, as the reac-
tion rate constant can be very different for reaction with one reactant
pinned to a surface. The last case, where both reactants are pinned to
the surface monolayer, has no species in the double layer, and thus,
the concentration gradient mechanism does not apply.

We have looked at a simple reaction between the neutral and
charged species, but similar statements can be made about other
reaction systems.

Electric field effect on reaction rate constants

The second mechanism is that the electric double layer in the
microdroplet alters the reaction rate constant in the presence of the
strong electric field that the double layer generates. This field in
the double layer orients molecules based on their dipoles, includ-
ing the orientation of the solvent cages around the reactants as well
as the orientation of the reactants themselves. Orienting the reac-
tants changes the pre-exponential factor in the Arrhenius equation.
Orientation of the solvent cage alters the solvent stabilization of
the transition states and the reactants, which changes the activation
energy of the reaction and thus its rate.
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Furthermore, strong electric fields alter the electronic states
of the reactant molecules. Recent experimental results in molec-
ular beams have shown that strong AC electric fields from non-
resonant light can alter reaction pathways giving different prod-
uct ratios."" " The electric double layer has a DC electric field as
opposed to an AC field that has been studied experimentally; how-
ever, the underlying mechanism of a Stark shift of the molecule’s
energy levels is well known to occur with both AC and DC
fields.

There is mounting evidence that the environment in micro-
droplets is highly unique. Work in our group has shown that reac-
tion thermodynamics are different in microdroplets.”” A recent
paper by Pestana and co-workers on the acceleration of Diels-
Alder reaction in microdroplets stated, “Our results also suggest that
significant acceleration of Diels—Alder reactions in microdroplets
or on-water conditions cannot arise from local microsolvation
when water is present but instead must come from highly altered
reaction environments that drastically change the reaction mecha-
nisms.”'” We hypothesize that the electric field from the double layer
may provide the necessary highly altered reaction environment,
although a more detailed study would be needed to show this
conclusively.

Model limitations

A continuum model assumes that the ion concentration is
infinitely divisible. Continuum models break down when applied
to very small concentrations or on very short length scales as they
require sufficient ions to average over. For example, a 1 ym diameter
droplet has a volume of 0.524 pl. A 1 pM solution of ions, ina 1 ym
diameter droplet, averages roughly 0.31 ions per droplet. Obviously,
this model does not apply well to such a droplet. Care should be
taken that the number of ions in the microdroplet remains reason-
able. Note that droplet volume decreases with the cube of the radius.
Thus, nanoscale clusters of water are particularly prone to this issue
when treated with this model.

The model also breaks down for values taken very close to the
edge of the droplet. At distances from the edge of the droplet smaller
than the distance between ions pinned to the surface, local atomistic
fluctuations in the electric field dominate over the field predicted by
the continuum model. These fluctuations are rapidly averaged out at
larger distances, but they do present an issue for values taken near
the microdroplet surface.

For large concentrations of charged ions, a different issue arises.
At high surface potentials, the one-dimensional Gouy-Chapman
model has to be corrected by the inclusion of a Stern layer." The
Stern layer consists of a layer of partially or fully dehydrated ions
sitting against the charged surface held there by the electric field.
The ions in the Stern layer are not freely diffusing, thereby caus-
ing the Gouy-Chapman model to break down. Taking a new wall
potential as the wall potential minus the Stern layer allows the
Gouy-Chapman model to be applied to the remaining ions in the
system.

Similarly, in microdroplets, at large unpaired ion concentra-
tions, we suspect that a Stern layer can form at the microdroplet
surface. In such an event, our model can still be used with the cor-
rection that the surface monolayer needs to be expanded to include
both the surface monolayer and the Stern layer.
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CONCLUSIONS

We have shown that the solution inside microdroplets is not
homogeneous. We propose that microdroplets may be described
well by a three-dimensional model consisting of a surface mono-
layer of charged surfactant molecules and then an electric double
layer at the periphery of the microdroplet. Our results show that the
electric double layer penetrates deeply into the droplet much farther
than would be predicted by the one-dimensional Gouy-Chapman
model. As the microdroplet size decreases, the double layers on
opposite sides of the microdroplet interact, which causes the elec-
tric field to penetrate deeply into the volume of the microdroplet
much more deeply than would be predicted by the traditional one-
dimensional Gouy-Chapman model. For small microdroplets, the
double layer causes a large concentration gradient of ions and a
large DC electric field throughout the volume of the microdroplet.
The effects of the electric field and concentration gradients must be
taken into account in understanding reaction rate acceleration in
microdroplets as compared to bulk solutions.

CALCULATIONS

A similar continuum solution for microdroplets has been pro-
vided by Malevanets and Consta using an expansion of Jacobi poly-
nomials to solve for the potential in the microdroplet.” In this work,
we instead express the system of equations in terms of the ion con-
centrations. The electric field can then be extracted from the ion
distribution using Eq. (7). We start by writing the electric field as a
differential function of ion concentration. Substitution of the electric
field into Gauss’s law creates a second-order differential equation
in ion concentration, which can be numerically solved in spherical
coordinates.

lon distributions with no reactive species

At equilibrium, the concentration of species A (ca) throughout
a droplet does not change in time. From this fact, we conclude that
the ion flux is equal to zero at equilibrium. Implicit in this is the
assumption that there are no loops of ion current at equilibrium.
This is a fair assumption as the drag on the ions from such a loop
would require an exterior force to maintain the ion motion,

ja(x.y,2) = 0. 3)

We also restrict the system to a droplet where the water in the droplet
is still with respect to the droplet’s frame of reference; furthermore,
there are no external applied forces such as external electric or mag-
netic fields. Ion flux is attributed to only two factors: flux from the
electric field generated by the ions and diffusion. These factors must
balance to prevent any net flux. Hence, we obtain the result

pacaE = DaVea, 4)
where
pa = ion mobility( ”’72 ) (signed),
za = ion charge(unitless, but signed),
ca = local concentration of A( %sle ),
E = electric ﬁeld( % ), and
Dy = diffusion coefﬁcient("’;).
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We solve the following equation for the electric field:

_ DaVea

E .
HACA

(5)

We then use the Nernst-Einstein relation to relate ion diffusivity to
ion mobility,

k, T
Dy = #Aib_ (6)
zae
Upon substitution, we find
g lIVe @)
zZpaeca

The ion mobility cancels out of the equation, so this result is general
to any combination of charged ions of same charge provided that
they obey the Nernst-Einstein relation. In cases where ions do not
follow the Nernst-Einstein relation, the same equation holds, but
with a different coefficient.

Next, we consider the differential form of Gauss’s law

V- (¢E) = p, (8)
where

p = local charge density(-5) and
€ = dielectric constant.

Next, we replace E using Eq. (7) to obtain
ky, TV
V- ( Eu) = p. )
€ZACA

Up to this point, the equations are general with regard to the shape of
the system. We now assume a spherical droplet in which c4 depends
only on the radial distance (r). Converting to spherical coordinates
and assuming that ¢ is a scalar whose value is independent of the
electric field strength, we find that

8ka1 a(zi%)

eza 12 Or

=p. 10
ca Or P (10)
Any charge density p will typically include Faraday’s constant (F)
times a concentration. For simplicity, we now define a new con-
stant K with the unit of meters per mole, which also incorporates
Faraday’s constant,

eF
= 11
kb Te ( )
for non-Nernst-Einstein cases
vaF
zaKg = —. 12
aKa= o (12)
This treatment gives the following equation:
1 0(,1 Oca ) K
—— | r=="Z)=zs—0p. 13
r28r( ca Or AP (13)

This is a second-order differential equation and thus has two bound-
ary conditions. The concentration of species A and its derivative
must be continuous in the droplet. This gives the first boundary
condition

Vea(0) = 0 at center of the droplet. (14)
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The moles of ion A in the droplet gives the second boundary con-
dition. Presumably this constant is known experimentally as it can
be calculated from the concentration of A in the liquid before it is
formed into a droplet and the resulting volume of the droplet,

f cadV = Moles of A in the droplet. (15)

Case 1: Singly charged species in a droplet

We consider a droplet with only one charged species in the
bulk. Presumably the counterion of this charged species is fixed
to the surface of the droplet or the droplet is charged. The charge
density is directly related to the concentration with

p =Fzaca. (16)
Using this charge density in Eq. (13) gives the following:

1 8 2 1 8CA 2
—Z(P=22) = ke 1
r2 Br( ca Or ) zaca (17)

The boundary conditions were previously discussed and are as
follows:

Vea(0) = 0 at center of the droplet, (18)

/ cadV = Moles of A in the droplet. (19)

Equations (17)-(19) were evaluated using MATLAB’s® ODE45 dif-
ferential equation solver. Full details of the integration are in the
supplementary material. Calculations were performed assuming a
singly charged positive ion (z4 = +1) at 25 °C with a value of ¢ of
water at 25 °C. The results of the calculated distribution of species A
in the droplet are shown in Figs. 2 and 3. Other sizes of droplets are
shown in the supplementary material.

Case 2: Uni-univalent electrolyte in a droplet

Next, we consider a uni-univalent electrolyte, wherein there are
two ionic species in the droplet, of +1 and -1 charge, respectively.
Note that as z = =1, for simplicity, z has been replaced in the fol-
lowing equation with the appropriate sign. Charge density is related
to the difference in concentration of the two species at any point as
shown in the following equation:

p=F(ci —c-), (20)

where c; and c_ are the concentrations of the positive and negative
ions, respectively. Substituting p into Eq. (13) for each ion results in
the following pair of differential equations:

1 8 2 1 3c+ _
ZE(T Z or ) = K(C+ C_), (21)
10 2 1 Oc- _
Borlr ) K e, @)

This set of two second-order differential equations has four bound-
ary conditions as follows:

ve.(0) =0, (23)
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R
f co(r)dV = 4n / ¢, (r)r*dr = Moles positive ions in the system,
0

(24)
Ve-(0) =0, (25)

R
/ c-(r)dV =4n f c_(r)r*dr = Moles negative ions in the system.
0

(26)

Note that the number of negative and positive ions in the system
is different by the net charge on the droplet and the number of
ions pinned to the surface monolayer. Again, Eqgs. (21)-(26) were
evaluated using MATLAB’s ODE45 differential equation solver. Full
details of the integration are in the supplementary material. Calcu-
lations were performed assuming 25 °C with the value of ¢ of water
at 25 °C. The results of the calculated distribution species A in the
droplet are shown in Figs. 4, 5, and 6. Other sizes of droplets are
shown in the supplementary material.

Neutral molecules

A neutral molecule’s dipole interacts with the gradient of the
electric field to concentrate the molecule in solution. In the case of
neutral nonpolar molecules, the electric field will induce a dipole
from the molecule’s polarizability.

The force on a molecule depends on its dipole and the electric
field gradient as well as any induced dipole from the polarizability,

F=((d+aE)-V)E. (27)

Furthermore, we assume that the dipole is aligned with the field such
that it points in the r direction,

F = (d+aE)VE. (28)

Force times general mobility of a molecule in a liquid gives the
terminal velocity,

Fu=v4=u(d+aE)VE. (29)

Combining this result with the concentration at a given r gives the
molecular flux arising from the dipole, which we set equal to the flux
from diffusion,

(d + OCE) %E!ACN = DnVCy. (30)
The Nernst-Einstein relation written in terms of general mobility is
D = uk,T. (31)
Substitution gives
(d+ aE)diEyCN = uk, TV Cn, (32)
r
which can be rearranged to yield
d kb TVCn
d+aE)—E= ———. 33
(d+aE) dr Cn (33)
Integrating gives
(dE+ %Ez) = k,Tln Cy. (34)
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Solve for Cy,

o = Coxo| B 4p (35)

N = L exp kbiT .

We solve for C using the boundary condition,
f cndV = Moles of N in the droplet. (36)

SUPPLEMENTAL MATERIAL

See the supplementary material for figures of several other sizes
of microdroplets, the distribution of neutral molecules due to their
dipole and induced dipole, the MATLAB code for both the single ion
and uni-univalent electrolyte cases, and documentation explaining
the shooting method integration used in the MATLAB code. Note
that the MATLAB code for uni-univalent electrolyte case will not
display results without MATLAB’s mapping toolbox installed. The
MATLAB code for the single ion case will run on the base version of
MATLAB.
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