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a b s t r a c t 

The recent Coronavirus has been spreading through all the world fastly. In this work we focus on the 

evolution of the COVID-19 in one of the most populous Brazilian states, namely the Rio de Janeiro state. 

The first case was reported in March 5, 2020, thus we have a considerable amount of available data to 

make a good analysis. We study the dynamics of COVID-19 through a Susceptible-Infectious-Quarantined- 

Recovered (SIQR) model with an additional mechanism that represents the implementation of public poli- 

cies of social isolation. Based on the data collected from the Rio de Janeiro state Department of Health 

from March 5, 2020 through April 26, 2020, we observed that the implementation of social distanc- 

ing policies changed the initial exponential growth to a sub-exponential one. The SIQR model with the 

above-mentioned mechanism is capable of reproducing the data of confirmed cases in Rio de Janeiro, and 

it explains how that change occurred. The model also predicts an important mitigation effect, namely the 

flattening effect, i.e., the considerably decrease of the maximum number of confirmed cases. Through the 

results of the model, this effect can be directly related to the social isolation policies. Finally, we consider 

the relaxation of such policies, and discuss about the ideal period of time to release people to return to 

their activities. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

The world observed recently the emergence of a new pandemic,

he COVID-19 (coronavirus 2) caused by severe acute respiratory

yndrome SARS-CoV-2 [1] . As other pandemics observed during

he time, COVID-19 has been caused a lot of fatal victims. The

mergence of diverse epidemics led the scientific community to

eveloped diverse methods to study and analyze the evolution of

iseases. The classical compartmentals mathematical models are

sually the starting point for the study of epidemics [2,3] . 

In the last two months a considerable number of works was

ublished considering studies related to the COVID-19 evolution

hrough the world [4–22] . Some of such papers considered the

ase of Brazil. Our interest in this work is to study the evolution

f COVID-19 in one of the most populous Brazilian states, namely

he Rio de Janeiro state. 

The first case in the Rio de Janeiro state was reported in the Rio

e Janeiro city in March 5, 2020. After that, the disease spreaded

o all the State, achieving the majority of state’s cities. To avoid the

apid growth of the number of cases, the Rio de Janeiro state gov-

rnment implemented some policies of social isolation. Such poli-
E-mail address: nuno@mail.if.uff.br 
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960-0779/© 2020 Elsevier Ltd. All rights reserved. 
ies were started at March 17, 2020, and of course they lead some

ays to produce effective results. The government did not imposed

 lockdown, they suggested people to stay in home, schools and

niversities were closed, public events were banning, and only the

ssential activities are in progress, for example delivery of food,

rugstories, supermarkets, and so on. The mentioned policies con-

inue to be implemented in May, 2020: no lockdown was imposed

o the population, the government continues asking population to

tay home, and the police is monitoring agglomerations to avoid

he rapid dissemination of the virus. 

The target of this work is to implement social isolation in a

imple way in a compartmental epidemic model, and study it im-

act on the evolution of cases in Rio de Janeiro state. In this case,

e consider a Susceptible-Infectious-Quarantined-Recovered (SIQR) 

odel. Based on the data collected from the Rio de Janeiro state

epartment of Health [23] , one observed that the social distancing

olicies led about 7 days to effectively decrease the rate of growth

f confirmed cases in Rio de Janeiro. In this case, we observe a

ub-exponential growth of cases, and this nonexponential behavior

s reproduced by our model. Finally, we used the model to discuss

bout the relaxation of such isolation policies, since this is in dis-

ussion by the Rio de Janeiro state government. 

This work is organized as follows. Section 2 is divided in two

ubsctions. In the first one, we present the SIQR model, and define

https://doi.org/10.1016/j.chaos.2020.109930
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2020.109930&domain=pdf
mailto:nuno@mail.if.uff.br
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its parameters, in order to study the early evolution of the COVID-

19 in Rio de Janeiro state. In the second subsection we consider

the implementation of isolation policies, and study their impact on

the dynamics of the SIQR model. Finally, we present a discussion

in Section III. Some other details are presented in the Appendix. 

2. Methodologies and COVID-19 overview 

2.1. Model 

To study the evolution of the COVID-19, we consider a

Susceptible-Infectious-Quarantined-Recovered (SIQR) model with

containment [5,15,24] . The individuals in the population are di-

vided in 4 compartments, namely: 

• Susceptible individuals (S): the healthy ones. They are individ-

uals that were not contaminated by COVID-19; 
• Quarantined individuals (Q): we are observing that the govern-

ments (including the Rio de Janeiro governor’s) are forcing indi-

viduals tested positive (confirmed cases) to self-isolate from the

community (quarantine). These individuals will be called Quar-

antined individuals; 
• Infectious individuals (I): represent individuals infected by

COVID-19 but that did not develop symptoms and are not aware

of actually being infectious, or individuals with mild symptoms;
• Recovered individuals (R): the individuals that have recovered

from COVID-19. 

The dynamics of the model is defined as follows. A Susceptible

individual can be infected by COVID-19 with rate β if he/she is in

contact with an Infected (I) individual ( S → I ). A given I individual

can be tested for COVID-19 with rate η, and in this case he/she is

forced to quarantine ( I → Q ). On the other hand, the I individu-

als that did not develop symptoms or present mild symptoms are

not quarantined, and they can recover from COVID-19 with rate α
( I → R ). A Quarantined (Q) individual, after being isolated, will re-

cover from the disease with rate γ ( Q → R ). Finally, we have to

consider the self-isolation of individuals due to the implementa-

tion of public policies of social distancing. A simple form to mod-

eling the isolation policies is to consider a mechanism that can be

interpreted as a process of removing susceptibles from the trans-

mission process, as discussed recently [15] . Thus, we consider that

S individuals are removed from the dynamics with a containment

rate k 0 . 

Thus, our model may be described by the following equations:

dS 

dt 
= −β S I/N − k 0 S (1)

dI 

dt 
= β S I/N − (α + η) I (2)

dQ 

dt 
= η I − γ Q (3)

dR 

dt 
= γ Q + α I (4)

Eqs. (1) –(4) describes the dynamics of the disease spreading,

taking into account the parameters β , k 0 , α, η and γ , denoting

the infection rate, the containment rate, the recovering of asymp-

tomatic individuals, detection of infected individuals and recov-

ering of quarantined individuals, respectively. The simplified case

case k 0 = 0 corresponds the to a scenario in which the general

population is unaffected by policies or does not commit behavioral

changes in response to an epidemic. 

In the next subsections, we discuss separately two stages of the

evolution of COVID-19 in Rio de Janeiro state. The first one is the
arly evolution of the disease, in the last 20 days since the first

onfirmed case, where the growth of cases show the usual expo-

ential behavior. After that, the implementation of public policies

f social distancing changed the growth of cases, and we study this

econd phase separately. 

.2. Initial evolution of COVID-19 

First, we wil consider the early evolution of COVID-19 in Rio de

aneiro state. As pointed in the Introduction, the first documented

ase occurred in March 5, 2020 [23] . So, we considered the first

ays of the evolution of the disease, namely from March 5, 2020

hrough March 24, 2020. As it is usual, we expect an exponential

rowth of the number of confirmed cases in such initial phase of

he epidemics. 

To study the initial evolution of the COVID-19, we consider the

odel defined in Eqs. (1) –(4) with k 0 = 0 . As pointed above, the

impler case case k 0 = 0 corresponds to a scenario in which the

eneral population is unaffected by policies or does not commit

ehavioral changes in response to an epidemic. Indeed, the social

solations policies were not implemented in the initial stage of the

isease in Rio de Janeiro. 

We are discussing the early evoution of COVID-19 in Rio de

aneiro (first 20 days). Thus, a relatively small fraction of the state’s

opulation has been found positive for COVID-19, which means

e have S / N ≈ 1. In this case Eq. (2) can be approximated to

 I/d t = [ β − (α + η)] I, that can be directed integrated to obtain 

(t) = I 0 e 
[ β−(α+ η)] t , (5)

here I 0 is the number of infectious individuals at the beginning

f the outbreak. Eq. (5) can be rewriten as I(t) = I 0 e 
(α+ η)(R 0 −1) t ,

nd one can obtain the expression for the basic reproduction num-

er R 0 , 

 0 = 

β

α + η
(6)

One can found a relevant analytical expression summing

qs. (3) and (4) , 

d [ Q + R ](t) 

dt 
= (α + η) I(t) (7)

Substituting the result (5) in Eq. (7) and integrating over t , one

btains 

 Q + R ](t) = 

α + η

β − (α + η) 
I 0 (e [ β−(α+ η)] t − 1) (8)

We fitted Eq. (8) to the Rio de Janeiro state COVID-19 data

23] from March 5, 2020 through March 24, 2020. The estimated

alues were (α + η) I 0 = 0 . 3303 and β − (α + η) = 0 . 2782 . First,

e can estimate I 0 , the number of infectious individuals at the

eggining of the outbreak. Based on the data, we take I 0 = 8 . Con-

idering this value, the above fitted results give us α + η = 0 . 0412

nd β = 0 . 3194 . Following the discussion in Pedersen and Menegh-

ni [5] , we have η = α = 0 . 0206 and γ = 0 . 02 . Considering those

stimates, we plot in Fig. 1 the temporal evolution of the number

f cases together with Eq. (8) . 

Taking the estimated values, from Eq. (6) we estimate R 0 ≈ 7.7,

hat is compatible with the range 1.4 < R 0 < 6.5 estimated for

hina [7,10–12] . One can also estimate the epidemic doubling time,

hat characterize the sequence of intervals at which the cumulative

ncidence doubles. From Eq. (5) the doubling time is given by 

= 

ln 2 

β − (α + η) 
(9)

ased on Eq. (9) , and on the estimated parameters, we have

≈ 2.5 days, which falls in the range 1.4 < τ < 3.1 estimated

or China [13] . 
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Fig. 1. (Color online) Comparison between the number of confirmed cases in Rio de 

Janeiro state (circles) and Eq. (5) (full line), for the initial epidemic phase. In this 

case, we considered k 0 = 0 , i.e., no implementation of isolation policies. The param- 

eters are I 0 = 8 , β = 0 . 3194 , α + η = 0 . 0412 , as discussed in the text. In the inset we 

exhibit the graphic in the log-linear scale, showing the typical linear behavior of the 

exponential function. 

Fig. 2. (Color online) Time evolution of the number of Infected (I), Quarantined 

(Q) and total confirmed cases (Q+R) predicted by the SIQR model, for the initial 

epidemic phase, obtained by the numerical integration of Eqs. (1) –(4) with k 0 = 0 

(no isolation policies). The parameters are I 0 = 8 , β = 0 . 3194 , η = α = 0 . 0206 and 

γ = 0 . 02 . 
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1 We obtained from a least square fitting c = 0 . 0167 ± 0 . 0031 and d = 3 . 28 ±
0 . 05 . 
Considering the estimated parameters, we exhibit in Fig. 2 the

ime evolution of the number of Infected (I), Quarantined (Q) and

otal confirmed cases (Q+R), obtained by the numerical integration

f the Eqs. (1) –(4) . For these curves, we considered N as the to-

al population of the Rio de Janeiro state, N = 1 . 646 × 10 7 . One

an see that the number of infected and nonconfirmed cases I

rows faster than the number of quaratined individuals Q (con-

rmed cases). This unbalance is observed in all the world, since

here is a huge number of undocumented infection cases for the

OVID-19, as discussed in a recent work [4] . 

The above-mentioned unbalance among I and Q individuals can

e estimated by the model. Taking the ratio of Eqs. (3) and (2) ,

nd considering the obtained approximated result for short times,

 I/d t = [ β − (α + η)] I, one can obtain [5] 

I 

Q 

= 

γ + β − (α + η) 

η
(10) 

q. (6) gives us I / Q ≈ 14.5, i.e., for each patient in quarantine ap-

roximately 14 infectious individuals are present in the popula-

ion. This number is greater than the estimated for Italy ( I / Q ≈ 10)

5] and China ( I / Q ≈ 7) [4] , but due to the very small number of

ests made in all Brazilian states, it is compatible with the estimate

2–15 made in brazilian studies [25] . 
.3. Implementation of isolation policies 

In Fig. 3 (left side) we plot the data of confirmed cases of

OVID-19 for the Rio de Janeiro state, now considering all the evo-

ution of cases, from March 5, 2020 through April 26, 2020, ob-

ained from [23] . For comparison, we also plot Eq. (8) (dashed line)

ogether with data of the initial epidemic phase. As one can see,

he behavior is not purely exponential, as was the case for the

arly growth of cases discussed in the previous subsection. This

s consequence of the policies of social isolation implemented by

he Rio de Janeiro state governement. Indeed, the number of con-

rmed cases is still growing, but this growth is slower than the

nitial exponencial behavior. We observed a linear behavior when

e plot the data in the log-log scale, as observed in the data from

everal provinces of China [15] , as well for some other countries

26] . Thus, to guide the eyes, we also exhibit a power law func-

ion f (t) = c t d (full line). 1 As one can see in Fig. 3 (left side), the

onfirmed cases are growing sub-exponentially. We also exhibit in

ig. 3 (right side) the same curves in the log-linear scale. The verti-

al dotted line marks the beginning of the isolation policies in Rio

e Janeiro (March 17, 2020). One can see that the social distancing

olicies changed the initial exponential growth after 7 days (March

4, 2020). 

In this case, to reproduce the mentioned sub-exponential be-

avior of the number of confirmed cases, we have to consider the

odel defined by Eqs. (1) –(4) with k 0 � = 0, which represents the

mplementation of public policies of social distancing. 

Typically in outbreaks a small number of people are infected

nitially. In this case, we have for small times S / N ≈ 1 and I ≈ 0,

uch that Eq. (1) can be linearized, yielding the solution [15] 

(t) = N exp (−k 0 t) (11)

hich implies that the depletion of susceptibles available to the

ransmission process will be dominated by shutdown policies. Con-

idering this result, one can integrate Eq. (2) to obtain 

(t) = I 0 e 
−(α+ η) t exp 

[
− β

k 0 
(e −k 0 t − 1) 

]
(12)

For small values of t we can expand the exponential e −k 0 t in

he last term to obtain the approximate growth function 

(t) = I 0 e 
[ β−(α+ η)] t exp 

[ 
−1 

2 

β k 0 t 
2 
] 

(13)

The first factor implies that quarantining infecteds merely de-

reases the rate with which their number will grow exponentially,

s occurred in the SIQR model studied in the previous subsection.

n the other hand, the second term suppresses the whole trans-

ission process well enough to alter the growth behavior, due to

he quadratic term t 2 . This implies that public shutdown policies

acilitate epidemic containment in a more effective way than quar-

ntine measures [15] . 

We can add Eqs. (6) and (7) , one obtains d[(Q + R )(t)] /dt =
(α + η) I(t) . Using Eq. (13) in this last result and integrating over

 , one obtains 

 Q + R ](t) = 

1 

2 

C 

√ 

π

B 

e A 
2 / 4 B 

[
er f 

(
2 B t − A 

2 

√ 

B 

)
+ er f 

(
A 

2 

√ 

B 

)]

(14) 

here erf ( x ) is the error function, and we have A = β − (α + η)

nd B = (1 / 2) β k 0 and C = (α + η) I 0 . 

Observe that we are not anymore in the early evolution of

OVID-19. In such case, Eqs. (11) –(14) are poor approximations for
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Fig. 3. (Color online) Left panel :Time evolution of the total number of confirmed cases from March 5, 2020 through April 26, 2020 (squares). The dashed line is given by 

Eq. (5) . As a guide to the eyes, we also show a power law fit of the data (full line). In the inset we exhibit the same data in the log-log scale. Right panel : Log-linear plot of 

the same quantities. The vertical dotted line marks the beginning of the isolation policies in Rio de Janeiro (March 17, 2020). One can see that the social distancing policies 

changed the initial exponential growth after 7 days (March 24, 2020). 

Fig. 4. (Color online) Left panel : Time evolution of the number of Infected (I), Quarantined (Q) and total confirmed cases (Q + R) considering isolation policies, obtained by 

the numerical integration of Eqs. (1) –(4) . Data of confirmed cases are exhibited as well (squares). In the inset we show a zoom in the region of the current data (from March 

5, 2020 through April 26, 2020), to highlight the agreement of the model with the data. Right panel : Flattening the curve: comparison between the predicted number of 

Quarantined individuals for the model with (full line) and without (dashed line) the implementation of isolation policies. The peak of the curve is considerably reduced. In 

both figures the parameters are I 0 = 24 , β = 0 . 32 , η = α = 0 . 018 , k 0 = 0 . 033 and γ = 0 . 02 . 
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the real evolution of Eqs. (1) –(4) . Thus, a fitting procedure based

on the data together with Eq. (14) will not give accurate parame-

ters, but they can be usefull. In such case, fitting Eq. (14) to the

data of confirmed cases from March 5, 2020 through April 26,

2020, we obtained A = 0 . 26 6 67 ± 0 . 01218 , B = 0 . 00297 ± 0 . 00019

and C = 0 . 68921 ± 0 . 12740 . Based on such values, the estimated

parameters are β = 0 . 29539 , α + η = 0 . 02871 (considering I 0 = 24 ,

see bellow) and k 0 = 0 . 02011 . Eq. (14) can fit well the data, how-

ever if we consider the estimated parameters and perform a nu-

merical integration of the model’s Eqs. (1) –(4) , there is a good

agreement only for short times. This explains why we will fit the

data for the window March 5, 2020 through April 26, 2020, with

other values of the parameters, namely β = 0 . 32 , η = α = 0 . 018 ,

k 0 = 0 . 033 and γ = 0 . 02 . Finally, the time in our graphics were

counted after the first confirmed case in Rio de Janeiro state, i.e.,

Day 1 was March 5, 2020. The number of confirmed cases kept al-

most constant for some days, and start to grow faster since day

10 (March 14, 2020), where 24 cases were confirmed. In this case,

we take the number of initial cases as I 0 = 24 for the model’s pur-

poses. 

In Fig. 4 (left side) we plot the total number of confirmed cases

of COVID-19 in Rio de Janeiro state, as well as the temporal evo-

lution of the quantity Q + R numerically predicted by the model.

There is a good agreement between data and model for the ad-

justed parameters I 0 = 24 , β = 0 . 32 , η = α = 0 . 018 , k 0 = 0 . 033 and

γ = 0 . 02 . For comparison with the model with no isolation poli-

cies, we also plot in Fig. 4 (right side) the evolution of the Quar-
ntined (Q) individuals for the above-mentioned parameters, and

he same quantity obtained in the absence of isolation measures

namely, for k 0 = 0 ). One can see the flattening of the curve: the

aximum number of quarantined individuals decreases consider-

bly, even for a small value of k 0 . 

Considering the result of Fig. 4 (right side), the peak of the

uarantined individuals is expected to occur in the Day 99, i.e.,

une 11. Some local governments in Brazil are discussing about

he relaxation of isolation of people including the Rio de Janeiro

tate government. A question of practical interest arises: when is

t really safe to relax the isolation policies? To address this issue,

e considered the following slight modification of the model pre-

ented in this section. In this case, the dynamics is implemented

ormally considering Eqs. (1) –(4) from the initial time t = 0 until

 given time step t ′ . After t ′ , we take k 0 = 0 in order to simulate

he relaxation of isolation policies, and the model is reduced to

he SIQR model presented in section II.A. The equations are inte-

rated numerically, and the results for distinct times t ′ are exhib-

ted in Fig. 5 . One can see that if the relaxation of isolation poli-

ies is started at t ′ = 61 (May 4, 2020), the result is disastrous:

he peak of Quarantined individuals increases fast. However, one

an also see in Fig. 5 that after June 1, 2020, there is no con-

iderably change in the peak, suggesting a security date to relax

he isolation policies. Even after May 20 the peak does not in-

rease considerably, which lead us to conclude that if the end of

solation procedures occurs about June 1 the damage will not be

onsiderable. 
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20

Fig. 5. (Color online) Time evolution of the number of Quarantined (Q) individuals. 

The full line represents the main result of section 2.2, i.e., the original model with 

isolation policies ( k 0 = 0 . 033 ). The other curves represent the relaxation of such 

policies, starting from the days t ′ indicated in the graph. The inset shows a zoom 

of the smallest peaks. One can see that after June 1, 2020 there is no considerably 

change in the peak. 
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. Results 

To summarize, in this work we study the evolution of COVID-19

ases in the Rio de Janeiro state, Brazil. The number of confirmed

ases are still growing. Based on the data, we considered a SIQR

odel on a fully-connected population in order to study the evo-

ution of the disease. Initially, when we do not have social isolation

olicies, the growth of cases is fast, and we identified a exponen-

ial growth. The parameters of such early epidemic phase such as

he epidemic doubling time and the ratio unidentified infected and

onfirmed infected indiviudals were estimated, based on the data. 

After the initial exponential growth, the implementation of iso-

ation policies changed the growth to a sub-exponential one. The

odel is capable of reproduce the data, since we considered an

dditional mechanism in the SIQR model, simulating the action of

ublic policies of social distancing. The model also predicts the so-

alled flattening the curve effect, when the maximum number of

onfirmed cases is reduced due to social isolation. 

However, this isolation can not lead an infinite time, due to

conomic consequences for the state. In this case, the government

s discussing about the relaxation of the isolation policies. In this

ase, we simulated the relaxation of isolation policies in our model,

onsidering that the isolation procedures will be adopted by the

opulation until a given number of days, namely until a time step

 

′ in the model. Thus, after such time step t ′ the isolation parame-

er k 0 is taken to zero, simulating the relaxation of people isolation

t home. Analyzing distinct values of t ′ , we concluded that if the

nd of isolation procedures occurs about June 1 the damage will

ot be considerably. A recent work, considering some countries,

lso suggested that the social distancing policies need to contin-

ed for some time in order to really produce effective results [26] .

. Discussion 

As as discussed in the text, the Rio de Janeiro state governe-

ent implemented isolation policies in March 17, 2020, in order

o avoid the explosion of cases of COVID-19. After the initial ex-

onential growth of cases (from March 5 to March 24), the cases

ontinue to growth, but it exhibits a distinct, sub-exponential be-

avior. The SIQR model with containment is capable of reproduce

he mentioned sub-exponential behavior. Considering the data, we

ave observed that the initial exponential behavior changed to the

ub-exponential one about 7 days after the implementation of so-

ial distancing policies. 
We found that the isolation policies really work, i.e., the fact

f isolate people in home, to avoid social contacts, decreased the

rowth rate of the number of cases. For the considered parameters,

e observed that the number of quarantined individuals grows,

tabilizes and after it decays to zero, as it is standard in compart-

ental models. Based on the data, we can see that the number of

uch isolated individuals grows until Day 99 from the beginning

March 5, 2020) of the disesase spreading. Thus, the model pre-

icts that the maximum number of quarantined individuals will

ccur about June 11, 2020. This is in line with a recent estimate [9] .

hat peak is associated with the quarantine of about 0.041% of the

io de Janeiro state population (about 6700 individuals). This num-

er is about 600 times lower than the one predicted by the SIQR

odel without isolation policies (taking k 0 = 0 ), suggesting the ef-

ectiveness of the social isolation. In fact, combining quarantine of

ndividuals tested positive (confirmed cases) with social distance,

.e., multiple interventions, appears to be effective to contain the

apid evolution of confirmed cases seen in the early evolution of

he COVID-19 in Rio de Janeiro state. This is in line with a recent

ork [9] , where the authors analyzed the potential role of non-

harmaceutical interventions in UK and USA. They conclude that

he effectiveness of any one intervention in isolation is likely to be

imited, requiring multiple interventions to be combined to have a

ubstantial impact on transmission. 

. Conclusion and future research 

Concluding, we proposed in this work to study the dynamics of

OVID-19 in Rio de Janeiro state, Brazil, by means of a SIQR model

ith containment policies. We confronted the model results with

ata from the Rio de Janeiro state Department of Health [23] , and

he agreement among data and our numerical results is very good.

he data shows that the social distancing policies led about 7 days

o change the initial exponential growth of cases and to effectively

ecrease the rate of growth of confirmed cases in Rio de Janeiro.

he relaxation of isolation policies was also discussed, in order to

void a second wave of cases. 

The impact of isolation policies in the economy is important to

e adressed. There is a fraction of the population related to the

nformal economy sector. These individuals are less propensed to

elf isolate, which impacts in the spreading of COVID-19. It can be

nteresting to split the population in two groups: one related to

he informal economy, and another group that has the option of

elf-isolation. This analysis will enrich the model, and it can help

he polciy makers to improve both the social isolation policies and

he support to the fraction of the population that cannot afford

or the self-isolation. The explicity analysis of deaths also need to

e studied. Those proposals certainly will be considerd in future

orks. 
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