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Abstract

The immersed boundary method is a mathematical framework for modeling fluid-structure
interaction. This formulation describes the momentum, viscosity, and incompressibility of the
fluid-structure system in Eulerian form, and it uses Lagrangian coordinates to describe the
structural deformations, stresses, and resultant forces. Integral transforms with Dirac delta function
kernels connect the Eulerian and Lagrangian frames. The fluid and the structure are both typically
treated as incompressible materials. Upon discretization, however, the incompressibility of the
structure is only maintained approximately. To obtain an immersed method for incompressible
hyperelastic structures that is robust under large structural deformations, we introduce a
volumetric energy in the solid region that stabilizes the formulation and improves the accuracy of
the numerical scheme. This formulation augments the discrete Lagrange multiplier for the
incompressibility constraint, thereby improving the original method’s accuracy. This volumetric
energy is incorporated by decomposing the strain energy into isochoric and dilatational
components, as in standard solid mechanics formulations of nearly incompressible elasticity. We
study the performance of the stabilized method using several quasi-static solid mechanics
benchmarks, a dynamic fluid-structure interaction benchmark, and a detailed three-dimensional
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model of esophageal transport. The accuracy achieved by the stabilized immersed formulation is
comparable to that of a stabilized finite element method for incompressible elasticity using similar
numbers of structural degrees of freedom.

Keywords

Immersed boundary method; fluid-structure interaction; volumetric stabilization; incompressible
elasticity

1. Introduction

The immersed boundary (IB) method [1, 2] is a framework for modeling fluid-structure
interaction (FSI) that was introduced by Peskin to simulate blood flow through heart valves
[3, 4]. This formulation describes the momentum, viscosity, and incompressibility of the
fluid-solid system in Eulerian form, whereas Lagrangian variables describe the
deformations, stresses, and resultant forces of the immersed structure. Integral transforms
with Dirac delta function kernels link the Eulerian and Lagrangian frames. When the 1B
equations are discretized, regularized delta functions are commonly used to construct
coupling operators that connect the Eulerian grid and the Lagrangian mesh. This approach
maintains a continuous velocity field across the fluid-solid interface while avoiding the need
for body-fitted descriptions of the fluid and structure. The method was originally formulated
to describe thin structures occupying zero volume within the fluid [3, 4], and it was later
extended to describe structures with finite volume [1]. In the work of Boffi et al. [5], the IB
equations are systematically derived in the framework of large-deformation continuum
mechanics. This formulation is particularly useful for applications that use nonlinear
mechanics-based descriptions [6] of the immersed structure. Such models are commonly
used, for instance, in biomedical applications, in which many physiologically realistic and
experimentally validated models of soft tissue rely upon a continuum mechanics description.
For this reason, in this work, we adopt the continuum formulation posed by Boffi et al. [5].

A key feature of the immersed formulation for FSI introduced by Peskin, which is also used
in the formulation considered herein, is that a common momentum equation is used for both
the fluid and solid. This means that the incompressibility constraint is imposed in Eulerian
form throughout the entire computational domain, automatically ensuring incompressibility
in the solid region in the continuous IB formulation. This constraint is maintained via a
Lagrange multiplier defined in the Eulerian frame. IB formulations have also been
developed that treat compressible structures immersed in incompressible fluids [7, 8]. As
noted in various works on immersed methods for FSI [7, 9, 10], even if the solid is modeled
as incompressible in the continuum equations, typical discretizations do not automatically
satisfy this constraint.

There are three main sources of error that lead to volume losses within the framework of
immersed methods. One source of error is introduced by the coupling operators that link the
Eulerian and Lagrangian descriptions of the structural velocity. Discrete coupling operators
commonly used in practice generally do not preserve the divergence of the Eulerian velocity
field when transferring it to the Lagrangian mesh, although specialized approaches have
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been developed [11]. Another source of error is caused by the choice of approximation space
used to represent the structural velocities. In commonly used IB methods, the Lagrangian
velocity field is typically not represented in a way that allows for pointwise divergence-free
discrete velocity fields (although see the work of Casquero et a/. [12]). Finally, time
integration errors are another source of spurious changes in volume. Specifically, even if the
discretized structural velocity is continuously divergence free, as in the 1B formulation of
Bao et al. [11], time discretization errors can induce changes in the volume of the discretized
structure. The approach introduced in this work addresses effects of volume errors
originating from all these sources.

The approach taken in this work to improve volume conservation is to reinforce the Eulerian
incompressibility constraint (V - u = 0) by additional structural stresses that act to ensure that
the Lagrangian incompressibility constraint (/= 1) is satisfied by the computed structural
deformation. Specifically, the present work demonstrates that a simple stabilization method,
active only in the solid region, can greatly improve the volume conservation properties of the
hyperelastic immersed boundary method. The proposed method can be used with standard
nodal Lagrangian finite element (FE) basis functions. To assess the performance of the
proposed method, we employ standard quasi-static benchmark problems traditionally used
for large-deformation incompressible elasticity. Our tests differ from standard elasticity
benchmarks, however, in that the solid is immersed in a fluid and is treated dynamically.
Comparisons to benchmark results are performed after allowing the fluid-structure system to
reach equilibrium. This allows us to evaluate the accuracy of the structural component of our
FSI calculations and enables direct comparisons to results obtained using FE methods
specially designed for large-deformation incompressible elasticity. Additionally, we
investigate the impact of the method on an FSI test that is driven by fluid forces, rather than
a solid traction, and an FSI application involving a detailed three-dimensional model of
esophageal transport [13, 14].

The proposed stabilization method is rooted in the deviatoric-spherical decomposition of the
Cauchy stress tensor. In nearly incompressible solid mechanics, a volumetric term is
included in the stress to resist compressible deformations [15], and the magnitude of this
additional term is related to a physical parameter, the bulk modulus «, representing the
resistance of the solid to compression. As x — oo, the material can only experience
incompressible deformations. We introduce a similar penalization method to stabilize the 1B
formulation. Specifically, our method penalizes changes in volume in the solid region by
adding an additional isotropic stress to the structural stresses. For hyperelastic formulations,
the pressure-like term can be derived from a volumetric term included in the strain energy as
in standard nearly incompressible formulations of solid mechanics. In our 1B formulation,
the stabilization is controlled by a numerical parameter that we refer to as the numerical bulk
moaulus xsn. We emphasize that xgn does not represent a physical parameter. Instead,
Kstab 1S @ Umerical parameter that, in concert with the discretized Lagrange multiplier,
reinforces the incompressibility constraint. Furthermore, as detailed in Section 2.2, this
formulation satisfies both kinematic and dynamic conditions at fluid-solid interfaces,
whether or not the volumetric stabilization terms are active in the solid stress.
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Numerical examples show that the proposed stabilization can improve simulations in which
the elastic stress tensor is not deviatoric, but we also demonstrate that using a traceless
Cauchy stress tensor generally results in further improvements in the volume conservation of
the present formulation. We analyze two different strategies to achieve a traceless stress: the
first is based on the Flory decomposition of the deformation gradient tensor [16]; the second
eliminates the volumetric contribution of the stress tensor using a deviatoric projection.
Whereas the Flory decomposition is mainly used for hyperelastic materials, the deviatoric
projection strategy is easily implemented for general elastic and hypoelastic materials. The
Flory decomposition for hyperelastic materials is equivalent to a formulation that additively
decouples the isochoric (volume-preserving) and dilatational (volume-changing) parts of the
strain energy functional. The admissibility of such decompositions requires physical
assumptions about the solid being studied: namely that uniform pressure only results in a
change in size and does not result in changes in the shape [17].

It is well known that with many simple numerical methods for nearly incompressible
elasticity, large values of the bulk modulus lead to volumetric locking or sub-optimal
convergence rates in the computed displacement [18]. In the proposed method, the
penalization does not require gt — ©° because the penalty method acts alongside the
Eulerian Lagrange multiplier, and we demonstrate that locking can be avoided even with
simple linear finite elements. Throughout this work, we determine the numerical bulk
modulus from a parameter that we refer to as the numerical Poisson ratio vy along with
standard linearized elasticity relations. We therefore limit the values of vxap to lie in the

interval [—1, %) In this work, v = —1 corresponds to no volumetric stabilization (xgtap =

0). We show that setting vgtan = —1 (xstap = 0) can result in large changes in the solid volume
along with nonphysical solid deformations. We explore the effects of vap as a volumetric
stabilization parameter used to reinforce the incompressibility of the structure. To achieve
this goal, we empirically demonstrate that vy, = 0.4 is sufficient for several benchmark
problems and across a range of grid spacings. We emphasize that vy, is used to augment
the Eulerian Lagrange multiplier field that imposes incompressibility within the structure,
not to model a compressible material. Like xgtap, the numerical Poisson ratio vggp is a
numerical parameter and not a physical parameter of the model.

The regularized delta function kernels used in the IB method to couple the Eulerian and
Lagrangian frames can be interpreted as weighting functions. In this sense, the IB method
resembles mesh free and particle based methods, including the element-free Galerkin
method (EFG) [19] and reproducing kernel particle methods (RKPM) [20], which use
weighting functions to reconstruct continuum fields. In fact, neither the regularized delta
functions typically used with the IB method nor the weighting functions typically used with
the EFG and RKPM are interpolatory. Particle based methods may also be paired with
traditional FE methods, yielding a combined method with the flexibility and smoothness of
particle based methods but with the ability to more easily impose Dirichlet boundary
conditions [21, 22, 23, 24]. As shown by Zhang et al. [23], they can be made
computationally efficient and amenable to parallelization. In the EFG method, in particular,
it is known that if the support of the weighting functions is small, volumetric locking may
result. A simple way to alleviate volumetric locking for hexahedral elements, known as
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selective reduced integration (SRI) [25], is to integrate the volumetric term associated with «
using a quadrature rule with reduced order of accuracy. A procedure equivalent to SRI has
been shown to correct this issue [26]. We demonstrate herein that volumetric locking also

occurs in our implementation of the IB method if we let vy, — % As already mentioned,

however, the proposed method can circumvent issues with locking and obtain accurate

solutions by using values of vty much smaller than % even with low order elements. This

is permissible because, as stated previously, the penalty parameter acts alongside the
Eulerian Lagrange multiplier field to maintain incompressibility in the discrete case.

The numerical method used here follows the one described by Griffith and Luo [27]. This
method uses a finite difference scheme to approximate the Eulerian equations and an FE
scheme for the Lagrangian equations, and it uses regularized delta functions in
approximations to the integral transforms. In this method, an intermediate Lagrangian
velocity field is projected onto FE basis functions to determine the velocity of the immersed
structure. This FE and finite difference based method stands in contrast to an alternative
numerical method, the immersed finite element method (IFEM) [28], that uses the FE
method to approximate both the Eulerian and Lagrangian equations. The IFEM can be
directly applied to unstructured Eulerian grids, which is an advantage when working with
complex computational domain geometries. This method achieves this by constructing delta
functions using RKPM [20, 29]. For structured grids, a single kernel function may be used
for the entire domain, which is also the case in the method considered here [27, 30].

Another hybrid IB method combining finite difference and FE methods was proposed by
Devendran and Peskin [31]. This method has only been formulated using a representation of
the structure based on linear simplicial elements. Although different continuum material
models may be selected, their implementation requires analytically calculating derivatives of
the strain energy functional with respect to the coefficients of the FE representation of the
displacement field. Other implementations include an extension using radial basis functions
to represent the structure [32], a particle based method to represent the structure [33], and
the numerical methods of Boffi ef al. [5] and Roy et al. [34] that avoid the use of regularized
delta functions, achieving regularization instead via the FE basis functions. A systematic
study of the loss of incompressibility of the immersed solid was performed by Casquero ef
al. [12] using an IB-type method with divergence-conforming B-splines. Through the use of
these basis functions, their method achieves negligible changes of volume in the Eulerian
frame and reduced incompressibility errors in the Lagrangian frame.

The first two cases we employ in our numerical tests, the compressed block [35] and Cook’s
membrane [36], are two-dimensional problems that invoke the plane-strain assumption. Two
additional quasi-static tests, an anisotropic extension to Cook’s membrane [37] and a torsion
test [38], are fully three-dimensional. We also consider a fully dynamic “elastic band” test,
which is a two dimensional FSI test driven by fluid traction boundary conditions. As a more
complex example, we also consider the impact of volumetric stabilization on a fully three-
dimensional model of esophageal transport based upon the model of Kou ef a/. [13]. These
tests all demonstrate that in the absence of stabilization, corresponding to xytzp =0
(equivalently vy, = —1 for the cases considered here), leads to unphysical and inaccurate
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deformations and large volume conservation errors. Further, in the tests detailed herein, it is
generally the case that using the Flory decomposition with a finite choice of xgt,, provides
the best accuracy. An important result of these tests is that they clearly demonstrate that the
accuracy of the structural response provided by the present stabilized 1B formulation is
comparable to that yielded by specialized methods for incompressible nonlinear elasticity.

2. Continuous Formulation
2.1. Continuous Equations of Motion

LetQ = Q,f u &} be the computational domain, in which Q,f and 7 are respectively the

regions occupied by the fluid and the structure at time ¢ We describe the computational
domain using fixed Eulerian coordinate x € Q. We describe the reference configuration of

the structure using Lagrangian reference coordinates. X € 5, in which & is the physical
region occupied by the solid at time #= 0. The mapping y(X, r): £ — €} connects the

reference configuration of the structure to its current configuration. The IB formulation for
an immersed elastic structure employed in this work defines the Cauchy stress on the
computational domain to be

0 X € Q{,
o(x,1) = ol(x, 1) + ‘ Q)
c%(x,t) x € ;.

Because we use a Lagrangian description of the structure, it is convenient to use the first
Piola-Kirchhoff stress P® to describe the elastic response of the structure. Let F = g—)’g be the
deformation gradient tensor, and let J = det(F). For the material models considered here, P®
is determined from a strain energy functional ¥(F) via P° = ‘()TB:. The first Piola-Kirchhoff
stress is related to the corresponding Cauchy stress by ¢¢ = }Pe[FT. We consider a

Newtonian fluid with Cauchy stress given by of = — 21 + u(Vu + VaT), in which %’ is the

Eulerian velocity field and 7 is the Lagrange multiplier for the constraint v - % = 0. We
discuss the relationship between sz and the pressure, pin Section 2.3. The resulting 1B form
of the equations of motion, as derived by Boffi et al. [5], is:

porx, 1) = = Ve, 1)+ uVPux, )+ fx, 1), ®
V- ulx,1) =0, (3

flx, 1) = ,[(;S Vx - PS(X, Hé(x — x(X, 1))dX
0
“
- f sPEX, HN(X)8(x — (X, 1))dA,
02
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%—)t((X, Hn=UX,1t) = Lu(x, Ho(x — y(X, 1)dx. (5)

Here, U(X, 2 is the Lagrangian velocity of the structure, p is the constant mass density, 4 is
the viscosity, f(x, 9 is the Eulerian form of the elastic body force of the immersed solid, and

N(X) is the outward unit normal along the solid boundary 042 in the reference configuration.

The Lagrange multiplier rz(x, 2 is responsible for maintaining the incompressibility

constraint, equation (3), and within the fluid domain, s is the physical pressure. The
D _ 9

operators V2, V -, and V are with respect to spatial coordinates, and = TuV is the

material time derivative. The differential operator Vy - is the Lagrangian divergence
operator. Equations (2) and (3) are the Navier-Stokes equations for an incompressible
Newtonian fluid, augmented by elastic forces in the solid region. In the IB formulation,
interactions between the Eulerian and Lagrangian variables occur via integral transforms
with Dirac delta function kernels, equations (4) and (5). These relationships exploit the
defining feature of the Dirac delta function as a linear functional. Equation (5) ensures that
there is no slip along the solid boundary, and in partitioned methods for FSI, this no-slip
condition is often referred to as the kinematic boundary condition.

In this immersed formulation, the solid motion is exactly incompressible, which follows
from equations (3) and (5). To demonstrate this, let f) C £ be a subregion of the solid
domain in the reference configuration, and let wj = x(w{, r) be the current configuration of
this subregion at time ¢ The volume of this subregion in the current configuration is

V() = fwtsdx, and its volume in the reference configuration is v = /wng- Because ‘z)—’f =U
and V - u =0, the Reynolds transport theorem implies:

d
E'Ltsdx = A}V ~u(x,t)dx =0, (6)

i.e. the volume of material region «f, does not change in time, and W = V4. Because
w{ C £ is arbitrary, it also holds pointwise. It is also useful to recall that
V(D) = [psdx = jw(s)J(X, 1ydX. For §) = W to hold for an arbitrary region, we must have

AX, ) = 1. Deviations from J= 1, which can occur in discretizations of these equations,
indicate local changes in volume. In the continuum equations, however, the present
formulation consistently treats both the fluid and solid as exactly incompressible.

The internal forces exerted by the structure 2§ are defined by equation (4). In practice,
forces are evaluated using f(x, t) = fg;}F(X, 1é(x — x(X, t))dX, in which F(X, 9 is

determined by a weak version of equation (4). More precisely, we determine F(X, § by
requiring:
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/ FX,0) - V(X)dX = f (Vx - PX.0) - V(X)dX — / J(PSX. N (X))
0 2 [N
SV(X)dA

M

for all smooth V(X). From the divergence theorem, we obtain
/SF(X,I) -V(X)dX = — /SIP‘“'(X,t):VXV(X)dX. (8)
2 2

This definition of the elastic forcing is amenable to discretization via standard nodal FE
methods. In our numerical method, the force F(X, # is computed in a weak sense before
being spread to the background grid, whereas f(x, £ is used in the strong form of the
equations of motion in the Eulerian frame (2). This method of calculating the internal force
with respect to undeformed coordinates is effectively a total Lagrangian approach, as
commonly used in nonlinear FE methods [39]. The definition of the elastic body force f(x, 9
is called the unified weak formulation by Griffith and Luo [27].

2.2. FSI Sub-Problems and Boundary Conditions

A partitioned formulation of incompressible FSI, in Eulerian form, can be written
alternatively as:

Duf 2
f f f f
—(x,t) = -V D+ u'V 1
Fluid sub-problem : P DRV 0 x e, ©)
vV -uf(x,1) =0,
s Du® s sw2,,8 e
"Dy (x,t) = = V2°(x,t) + i’ Vu(x,t) + V - 6%(x, 1)
Solid sub-problem: {V -uS(x,7) =0,
S
—DDa; (x,1) =us(x,1),
(10)

x € 2,

in which d5(x, # is the Eulerian displacement field of the solid. Superscripts of ‘f* and ‘s’
indicate that a variable describes a fluid or solid quantity, respectively. Specifically, we are
concerned with the case of 4/ = /£ and pf = 0%, In the partitioned context, the quantities u, o,
and r denote variables that have been extended to the entire domain Q. When restricted to
each sub-domain, these quantities take on the values of their respective fluid and solid
counterparts. As in the IB formulation, the computational domain is @ = Q,f U To

complete the specification of the problem, we require continuity of velocity and traction at
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the interface ths = Q,f N 5,5 and suitable initial conditions and boundary conditions along the

remaining boundaries.

At the interface, continuity of velocity and traction serve to couple the fluid and structure
and are often referred to as interface conditions. As mentioned previously, the imposition of
continuity of velocity u across the fluid-structure interface is known as the kinematic
interface condition. Continuity of traction across the interface is known as the dynamic
interface condition. These conditions are equivalent to requiring that the jumps in these
quantities are zero along the fluid-solid interface 'f. Together, these two conditions are:

[ux,)1 =0,xe and (11)

[o(x,n(x,)] =0,xeTI™S. 12)
The jump operator [ - ] is defined for a function g(x) on Q as

[egx)] = limglx + en) — lim g(x — en) = gy (x) — g_(x), 13)
elo elo
in which n is the outward normal at x € I''* pointing into the fluid region 2f. We use the
notation g, and g- to denote the limits approaching Ffs from the fluid region and from the
solid region, respectively, and apply this notation to other quantities such and o7 .

Sub-problems (9) — (10) with interface conditions (11) — (12) are equivalent to the IB
equations (2) — (5). However, the two formulations are amenable to different discretization
strategies. Previous work by Peskin and Printz [9] and Lai and Li [40] establish the jump
conditions within IB equations that imply the formulation satisfies conditions (11) — (12). To
briefly summarize, first note that in the immersed formulation, equation (11) is maintained
by definition of the Dirac delta function. Equation (12) may be decomposed as

[on] = [ofn] + [o°n 1 within the IB context. Noting that o = 0 by equation
(1), we have the simplification that [ ofn 1 = 6&n must hold for continuity of traction.
The aforementioned work [9, 40] demonstrate that the IB formulation yields jump
conditions that, in the present context, imply the discontinuity in the fluid stress along ' is
precisely ¢ n. In both formulations, the discontinuity in the Lagrange multiplier field

across the interface F,fs is specifically
[Iz1 =n'sn, (14)
and the viscous stress jump is

u [ tT(Vu + VuT)n 1 =to%n, (15)
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for any unit vector t tangent to I''*. Using Nanson’s relation, we may write the limiting value

of the elastic traction in terms of P€ via

PN
€y — 1
o-n ”[FTl X [FTzll’ (18)

in which T1 and T, are mutually orthogonal vectors that are tangent to F(f)s [41]. In summary,
the 1B formulation given by equations (2) — (5) satisfies interface conditions (11) — (12), and
this is achieved through balancing the structural traction force with discontinuities in the
viscous stress and Lagrange multiplier 7.

Du
YDtl

the partitioned formulation is zero. The stress in the solid region has the form

We remark that at steady-state which implies the left hand side of each sub-problem in

-7+ MS(VuS + (VuS)T) + 6%, 50 the equilibrium configuration defined zero velocity implies

—-Vz*+ V-6 = 0. This yields the same steady-state configuration as that of an uncoupled
hyperelastic solid mechanics problem. This fact, which also holds true for the 1B equations,
forms the basis of our comparisons in Section 4 to benchmark results computed using FE
numerical methods for solid mechanics problems.

2.3. Volumetric Stabilization

For an artibrary second order tensor T, there is a unique decomposition into deviatoric and

tr(T)
3

isotropic parts, such that T = dev[T] — ¢l. Here ¢ = — and

tr(T)

dev[T] =T - 3

0. ("

By construction, the deviatoric part will satisfy the property tr(dev[T]) = 0. In continuum
mechanics, the Cauchy stress may be similarly decomposed as

o = dev[c] — pl, (18)
in which pis the physical pressure and ¢ = p. That is, the physical pressure pis,

(]

3 (19)

which means that p= s in the fluid regionand p = 7 — @ in the solid region. For

incompressible motions, the pressure is determined by the incompressibility constraint. For
compressible motions, the pressure encodes the volume change of the structure. As
described in Section 2.1, common IB formulations [27, 28] decompose the Cauchy stress via

0 xEQ,f,
c=oc"—7l+ (20)
c® x e,
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inwhich ¢V = p(Vu + VuT) is viscous stress and the elastic stress o° is not necessarily

deviatoric. Note that ¢V is already deviatoric because of equation (3). As we will show in our
simulations, using (20) in the discretized equations may lead to very poor numerical results,
such as unphysical and sometimes extreme contractions of the immersed structure (see, for
example, Fig.~20d).

As described in Section 1, loss of incompressibility in the solid region can be affected by the
FSI coupling operators, choice of approximation space for the Lagrangian variables, and
time integration errors. We wish to introduce a stabilization to the structural stress that
corrects for the loss of incompressibility resulting from any of these sources of volume
conservation errors. We first take the deviatoric component of ¢ and then introduce a
volumetric stabilization, such that the stress is

0 x e Qf
c=c"—7nl+ (21)
dev[c®] — mgap] x € €2,

in which zg,p! is a stabilization term that acts like an additional pressure in the solid region.

This will introduce an additional force in the structural region that, when spread to the
background grid, will act to combat spurious compressible motions in the solid region.
Considering equation (21), we can see that the jump in the Eulerian Lagrange multiplier r is
nowbe [z1 = nTdev[o®]|n — zyyp, and the pressure in the solid region is p= 7 + gy, for
this model. Such volumetric stabilization can also be included if the deviatoric solid stress is
not considered specifically,

0 xe Qf
oc=c"—xl+ (22)
0% — Tgapl X € 2} .

Here, as well, we have a change in the jump condition satisfied by 7 along I's. With
formulation (22), the pressure discontinuity isnow [z 1 = nT6®n — zyy,. The pressure in
the solid region is

t c
p= n+7rsmb—@. 23)

Similar to treatments of nearly incompressible elasticity, we define 7y, as a volumetric
penalization term. More specifically, gy, is derived from a volumetric energy ((J) that
depends only on changes in the volume of the structure,

ou(J
Tstab = — 0.(] ) (24)

Thus this stabilization approach parallels models of nearly incompressible elasticity [15],
except we have adopted the sign convention for the pressure commonly used in fluid
mechanics, in which compressive stresses are positive.
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In nearly incompressible elasticity, restrictions are placed on {{J) to achieve certain
physically motivated properties. Specifically, a definition of ({J) in which (1) =0 is
physically meaningful because no additional energy is introduced if F = 1. Because the
contribution of the volumetric energy to the first Piola-Kirchhoff stress is JUHF T itis
also common to require ((J) to satisfy ¢/ (1) = 0, which implies that no extra stress is
introduced if J= 1. We also require that lim ;0o ({J) = 00 and lim ;.o UJ) = 00, so that
large dilatations and contractions are energetically unfavorable. Finally, we want to control
the effect of ((J) through a stabilization parameter, referred to as the numerical bulk
modulus xgtap. A simple example of U(J) that satisfies the above conditions is

K
U = %ﬁb(ln 2. (25)
To modulate the xgtap, We introduce the numerical Poisson ratio vgiap. The two parameters

are related via

26(1 + vggap )
Kstab = 3(1 — zvstab) ) (26)
in which G is the shear modulus. This relationship provides a mechanism for determining
Kstap that mimics the relationship between the physical Poisson ratio vand the physical bulk
modulus x in a compressible material model. Note that vy, = —1 yields rzgap = 0, retrieving
the case with no stabilization. As discussed in Section 1, the numerical bulk modulus and the
numerical Poisson ratio are not physical parameters of the model because the present
formulation describes the immersed structure as incompressible in all cases.

The previously mentioned models, (20) — (22), are all capable of modeling incompressible
materials in the continuous case. In fact, 755 = 0 in the continuous IB formulation because
J= 1; any value of x5 = 0 describes an incompressible solid in this formulation. It is
interesting to study all these formulations, however, because we may lose discrete
incompressibility of the solid even if we maintain a discretely divergence-free Eulerian
velocity field. Therefore, (20) — (22) may result in different structural deformations in the
discretized equations.

As mentioned previously in Section 2.2, including the stabilization pressure rgan and using
the dev|[-] operator will change the jump conditions satisfied by the Eulerian Lagrange
multiplier. Continuity of traction, equation (12), is maintained in all cases, however. This is
because condition (12) may be simplified to either [ ofn 1 = (dev[6®] — zgapl)n OF

[ofnT = (68 — myapl)n, depending on whether we use (21) or (22), respectively, for the
solid stress formulation. Like-wise, it may be shown that the jump in the fluid traction is the
structural force evaluated at the interface; see previous work by Lai and Li [40]. Explicitly,
the jump in fluid traction is either (dev[c® | — zgapl)n OF (6& — 7gapl)n, depending on our
choice of solid stress. Therefore, the dynamic boundary condition is satisfied for all
formulations introduced in this section. Additionally, these changes to the elastic part of the
stress will not alter the jumps in the viscous stress because the changes involve isotropic
tensors &1 (for some scalar &) that disappear when multiplied by two mutually orthogonal
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vectors (e.g. ¢” &ln = 0). Furthermore, it is important to note that these jump conditions apply
to an arbitrary stabilization pressure, not only one of the form in Eq. (24). In fact, rtab of
this form will not change the jump in the Eulerian Lagrange multiplier in the continuum
equations because J = 1.

2.3.1. Unmodified Model—Model (20) and (22) can be derived by assuming the energy
functional:

¥ = W(F), and (27)

Y=WwmE+UWJ), (28)

respectively. Note that ({J) represents the stabilization energy proposed in our method.
Model (20) and therefore energy (27) lead to poor numerical results (see Section 4).

2.3.2. Modified Model—It is possible to obtain models (18) and (21) in different ways.
One way is through the Flory decomposition F = J~!/3F [16]. Note that det(F) = 1 by
construction. We reformulate strain energy functionals (27) and (28), respectively, as:

¥ = W(F), and (29)

Y =WE+UWJ). (30)

The energies given by (29) and (30) completely decouple energy associated to volume
changing and volume preserving motions and achieves the desired split in the Cauchy stress.
This decoupling is motivated by the physical assumption that a uniform pressure only
produces changes in size but not changes in shape. Work by Sansour [17] explores this
physical assumption in depth, but we include only a brief explanation here. Specifically,
with (30), we obtain an additive split in the Cauchy stress into purely deviatoric and
dilatational stresses. This means that the only contributions to the stabilizing pressure will
come from UJ).

We show that using the model with the Flory decomposition has a similar effect as using the
deviator operator. Let W denote W (F). The derivative of W is W _ W . or

. . oF -
3F = o oF in which SE IS

a fourth order tensor. Explicitly,

oF _ 13 g _ LT
SE=7 (J 3([F ®[F)), (1)

with .7 denoting the fourth order identity tensor. By contracting (31) with ‘)(TVFV, we obtain

oW oF _ J_1/3(6W - l(aW : [F)[F_T)' 32)

oF ~oF oF 3\ oF °
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Pushing forward (32), it is evident that using the Flory decomposition yields an elastic stress
whose corresponding Cauchy stress is traceless,

1(oW oF\_r B
tr[j(aT : ﬁ)ﬂ: tr =0. (33)

=t
f oF 3

oF

J_4/3(0W[FT_ 1 (aW[FT)[I

Alternatively, note that applying the deviator operator (17) and subsequently the trace

operator to J‘4/3%[FT yields the same result as (33). These calculations are well

established in literature on nonlinear solid mechanics and FE methods for nearly
incompressible elasticity [15, 39].

2.3.3. Deviatoric Projection—For material models in which an elastic energy cannot
be defined, it is possible to define a deviatoric Cauchy stress using the deviatoric projection
implicitly defined by equation (17). In our tests, deviatoric projections of hyperelastic
models will be constructed by using the deviator operator for the first Piola-Kirchhoff stress,

DEV[P?] = P° - %(Pe: FF . (34)

Note that (34) resembles (32) except for the J-1/3 pre-factor. Also notice that pushing
forward (34) yields a traceless tensor,

DEV[P|F’ = PF’ — %tr([P’eFT)]I], (35)

in which we have used the identity «(P°F) = P®: F’. Thus we have the relationship
DEV[P|F" = dev[P°F"]. (36)

The quantity on the right of equation (36) is equal to dev|[J¢¢]. In some of our numerical
computations, the DEV[:] operator defined by (34) is applied to the first Piola-Kirchhoff
stress derived from equation (27) and, yielding a Cauchy stress with the desired split. We
study these models with and without the volumetric stabilization.

2.4. Constitutive Laws
For incompressible solids with isotropic material responses, we express ¥ as a function of
the first two tensor invariants of the right Cauchy-Green tensor, C = F!F. These invariants
are Iy = w(C)and I, = %(1% - tr(Cz)). This relationship between ¥ and F ensures material
frame indifference [15]. In incompressible cases, J= 1, and there is no dependence on the
third invariant, I3 = det(C) = J2. In the compressible regime, of course, this is not the case.
Often, the energy for compressible and nearly incompressible materials is written as a
function of 7, = =231, and I, = J=*31,, which are the invariants of € = F! F. Modifying

the invariants in this way removes information about the volume change. Thus we refer to
the invariants of C as the modified invariants.
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The invariant based models used in this work are of the form

Y = W(ly, 1), and (37)

VY=w({,1L)+UWJ) (38)
for the deviatoric projection and unmodified models and

¥ = W(I, 1), and (39)

¥ =Wl I,)+U{J) (40)

for the modified models. We briefly describe specific constitutive models that do and do not
have the desired deviatoric split.

2.4.1. Neo-Hookean Models—The neo-Hookean model is a simple hyperelastic model
that depends only on the first invariant. Using the unmodified invariants, its energy and first
Piola-Kirchhoff stress with stabilization are

v = (11 - 3)+ 5200 1) and @
P = GF + kg In(J)F 7. (42)

The Young’s modulus is commonly used to describe neo-Hookean materials. The Young’s

modulus E£'is related to Gvia G = Here we use v = %to relate Gand £ because we

_E
20 +0)"
are modeling an incompressible material.

When using modified invariants, the energy and stress are

v = 9(0) - 3)+ 507 and (43)
- I __ _
P = GJ 2’3([F -5F T) + Kyap In(F T (44)

Taking the deviatoric projection of (42), we have

I
p® = G([F - ?HF—T) + Kggan IN(NF T (45)

Note the similarities between equations (44) and (45); the difference is that equation (44)
includes the J2/3 pre-factor.
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2.4.2. Mooney-Rivlin Models—Mooney-Rivlin material models also include linear
dependence on 4 in the energy. The unmodified invariant case is given by

W = o(I) = 3) + ool - 3) + 52 ) and (46)
P® = 2¢;F + 2¢5(I4F — FC) + kgqpIn(N)F 7, @7

in which ¢, and ¢, are material constants. Using modified invariants yields

Kstab

¥ = c(I) - 3)+ ol —3) + T(1nJ)2and (48)

Pt = 2clJ_2/3([F _hper

3 + kgapIn(DF T, (49)

21
+ 2000 Y 3(11[F —FC - TZ[F_T

Taking the deviatoric projection of (47) yields

3

I
P = 2c1([F — 2T :

21
+ 2c2(11[F —FC - —2[F_T) + kg In(F T (50)

As with the neo-Hookean models, we study material models described in this work with and
without volumetric stabilization. For the Mooney-Rivlin material law, this will require being
able to relate material constants to xta. FOr consistency between the small deformation
(linear) and large deformation (nonlinear) regimes, we set G = 2(¢; + ¢,) when calculating
xstap- 1His allows the use of the same formula, equation (26), that relates xstap and vt t0 @
material quantity.

2.4.3. Modified Standard Reinforcing Model—To examine the effects of anisotropy,
we use the modified standard reinforcing model [42]. This model describes transversely
isotropic materials with fibers given by a material vector A in the reference configuration
and a = FA in the current configuration. The effect of the anisotropy appears through the
anisotropic invariants /4 and /:

Iy = ATcA = aTaand (51)

Is = ATC?’A = a'Ba, (52)
in which B = FF” is the left Cauchy-Green strain. Because a is the stretched and rotated

material vector, /4 measures the stretch of the fiber, whereas /5 encodes information related
to the shear as well as the stretch [43]. The modified standard reinforcing model is
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-G Ey + - 4G K
Y = ?([1 -3)+ ot 5 L(2]4 —I5-1)+ #([4 - 1)2 + s;ab(an)Zand(ﬁ)
Ep + GT — 4G
P® = GTF + (G — GL)(2FM — FMC — FCM) + #(u — 1)FM + kggapIn(HE T, (54)

inwhichM = A ® A. Here, Gy is the shear modulus of the material in the plane transverse
to the fibers, and G, is the shear modulus along the length of the fibers. To determine xgtgp,
Gt is used in equation (26) because this material model does not involve an isotropic shear
modulus G. The parameter £ is similar to a Young’s modulus but in the direction of the
fiber. When we modify /;, we instead obtain:

- - Ep + Gy —4
Y = ﬂ(11 —3)+M(214—15— 1)+M(14— 1)2
2 2 8
KStab 9)
+ Ta(ln J)2, and
1
P® = GTJ‘2/3([F - ?I[F_T) + (Gr — GL)(2FM — FMC — FCM)
E + Gy — 4G _ 0
+ %(14 — 1)FM + kg In(NF 7.
Likewise, for the modified standard reinforcing model, the deviatoric projection is:
1
P® = GT([F - ?IEF_T + (Gt — GL)(2FM — FMC — FCM)
E +Gr—4 (57)
+ #(14 — 1)FM + ke In(NF 7.
The anisotropic models considered for the benchmarks herein take the following forms:
¥ = W(I, I, 14, Is) + UWJ), (58)
¥ =Wy, I, 14, 15) + U(J), (59)
¥ = W(I_l,l_z, 1y, 15), or (60)
¥ = W1y, Iy, 14, Is), (61)

with the exception of the deviatoric projection of the standard reinforcing model, which does
not arise from an energy functional. If we modify both /; and /5 by using C and use the
volumetric stabilization, we arrive at a Cauchy stress with an additive deviatoric-spherical
split. In cases of uniform pressure, however, it is possible that a body will undergo a shape-
changing deformation if the material is anisotropic. Consequently, following Sansour [17],
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we model fiber reinforced materials using the Flory decomposition only on the isotropic
invariants.

We remark that in biomechanics literature, the standard reinforcing model is often defined as
¥ = ¢(h - 3) + cu( /s — 1)2, without any dependence on /5 [43]. It can be shown that
omitting this anisotropic invariant implies that the linearized shear moduli in the direction of
the fibers and perpendicular to the fibers must be the same. It can also be shown that the
three modes of shear characteristic of transversely isotropic materials are not represented if
I5 is omitted [42]. The modified standard reinforcing model is arrived at by augmenting the
standard reinforcing model in a way that allows for the consistency between the linear and
finite regimes [43].

3. Numerical Methods

This work focuses on improving the treatment of incompressible, nonlinearly elastic
structures of the immersed boundary-finite element method of Griffith and Luo [27]. The
benchmark problems that we consider here do not have analytic solutions, and so reference
solutions are obtained using an FE method for large-deformation incompressible elasticity
[44, 45]. We briefly describe both numerical methods here. For FSI simulations, we use
IBAMR [46, 47], which is an open-source adaptive and distributed-memory parallel
implementation of the IB method. Specifically, we use the “IBFE” module in IBAMR,
which allows the use of volumetric structures. The quasi-static finite element benchmark
solutions are computed using Beatlt [48]. Both IBAMR and Beatlt rely on the parallel C++
finite element library libMesh [49] and on linear and nonlinear solver infrastructure provided
by the PETSc library [50].

3.1. Immersed Boundary-Finite Element Formulation

The Immersed Boundary-Finite Element (IBFE) method for FSI has been described in detail
previously [27, 51]. Briefly, a staggered-grid finite difference method is used to discretize
the Eulerian equations, and a nodal FE method is used to discretize the Lagrangian equations
[52]. In this scheme, the Eulerian velocity u is approximated at the cell edges (faces in three
spatial dimensions), and the Eulerian Lagrange multiplier field r is approximated at cell
centers. We use standard second order accurate finite differences to discretize the Eulerian
incompressible Navier-Stokes equations (2) and (3) [51, 53]. In our computations, we use
the unified weak formulation of the hyperelastic IB method, to determine the structural force
F via equation (8) [27].

We discretize the structure 2§ via a triangulation 7, = u, K¢, in which K® are isoparametric

elements. On 7, we define Lagrange basis functions {¢.(X)}7 = {, in which m s the

number of FE nodes in our mesh. In the computations performed in this study, these
functions belong to the common FE spaces of P1, P2, Q1, and Q2, which in two spatial
dimensions denote the spaces of linear, quadratic, bilinear, and biquadratic basis functions,
respectively; see, for instance, Elman et a/. [52]. In three dimensions, we only use P1 and
Q1, which are the spaces of linear and trilinear basis functions. We include low order spaces
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to demonstrate the robustness of the stabilization method and show that even low order
approximations may also achieve favorable volume conservation.

In all cases, the mapping y is approximated by yu(X, 1) = Y7 _ | x/()s(X). The
Lagrangian force is also approximated with the same FE basis via
Fu(X, 1) = Y7 _ | Fat)¢o(X). Let [F] be the vector representation of Fj, and let [B] be the

vector with entries —/QBP‘* - Vx ¢ (X)dX. Equation (8) may be written discretely as

[/][F] = [B], (62)

in which [.] is the vector mass matrix consisting of scalar mass matrices as the diagonal
blocks. The scalar mass matrix has entries /Q(S)¢,(X)¢m(X)dX . Gaussian quadrature rules are

used to approximate the integral equations. For each case, we choose integration orders that
would exactly integrate the bilinear form that arises in the weak form of static linear
elasticity. Specifically, in this work, we do not employ selective reduced integration [18].

To describe equation (4), we say the force is prolonged, or spread, from the solid region to
the computational domain. For equation (5), we say the solid /nterpolates the Eulerian
velocity. The force prolongation and velocity restriction operators of the coupling are
constructed to be adjoints. This means that there is conservation of power as we map data
between the Eulerian grid and Lagrangian mesh [1]. The discrete force prolongation
operator & relates f and F via f = $[x] F. In two spatial dimensions, the operator $[y] is
implicitly defined by

Ne

(fl)i—%,j = z Qlel(ngv t)éh(xi—%,j — xn(Xo, ’))WeQa (63)
Keegp“=
Ne

(f2)ij-1 = > Qlez(XEz, t)éh(xi,j—% — xn( X0 t))wer (64)
Keegp“=

in which X7 are quadrature points, wp are quadrature weights, and A# is the number of

quadrature points on element é. 5,(x) = ]‘[,-2: 16n(x;) denotes a two-dimensional regularized

delta function corresponding to the four point kernel function used by Peskin [1]. We denote
. S ) o1 o1 .

by x; _ %,j and x; j_ % the Eulerian grid point at (zAx, (/ + E)Ax) and ((1 + E)Ax,ij),

respectively. Ax is the Eulerian grid spacing. The first component of the Eulerian force
density is (f1); — %J and it is evaluated at x; _ %,j; (f2)i,j - % is evaluated at x; ; _ % The

discrete velocity restriction operator 7 relates Uand u via U = #[y]u. The operator #[y] is
implicitly defined by first determining an intermediate velocity field (/B via
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UPX, 1) = ) (w); -1 j5h(xi—%, j = xn(X, t))sz, (65)
i,J
UPX 1) = Y )iy Lonxi ;- L = (X, )ax? (66)

i,J
in which (u;); _ %,j and (w);, _% are the components of the discrete Eulerian velocity field

evaluated at x; _ %J and x; j _ % respectively. U'B is a Lagrangian velocity field that is in

general not a linear combination of the basis functions {¢(X)}7 - ;. To obtain a velocity field

Uy that can be represented using the FE basis functions, U'B is projected onto {$(X)}% _ | in
an L2 sense.

We use the notation 3’ to denote our discrete approximation to the deformation at time 71A¢,
in which Atis the time-step size, and apply this convention to all quantities of interest;
x™V2 indicates an intermediate value used to calculate the solution at the next time-step.

The operators V4, V4, and V%, denote second order finite difference operators as defined in
previous works [51, 53]. The convective term 4"+ 1/2 = %u" Vpul - %u” -1 v —lis

computed using a piecewise parabolic method-type (PPM) spatial approximation [51] along
with an Adams-Bashforth temporal discretization. The basic time stepping scheme is
summarized in Algorithm 1. Notice that this scheme requires the solution of two mass
matrix systems (to determine the Lagrangian structural force F and the Lagrangian structural
velocity U) along with the incompressible Stokes equations (to determine the Eulerian
material velocity field u and Lagrange multiplier field 7). Notice also that it is not possible
to determine the structural deformation without accounting for the effects of the force-
spreading and velocity-interpolation operators. Although it is possible to formally eliminate
the Eulerian velocity and Lagrange multiplier fields from the equations of motion [54, 55],
e.g. by forming an appropriate Schur complement system, doing so affects the algorithms
used in solving the discrete equations but not the solutions themselves. Algorithm 1 uses
multiple previous values for u and 7z to compute subsequent approximations, so this scheme
cannot be used for the initial time-step. Instead, a predictor-corrector method is used. For
further details, we refer to the description of the method by Griffith and Luo [27].

All Dirichlet boundary conditions for the structure are imposed via a penalty method.
Specifically, surface forces of the form T = xp(y¥p — x) are applied to the boundary of the

structure to approximate Dirichlet boundary conditions given by yp. In this approach, the
parameter xp denotes a stiffness that penalizes deviations from the desired value. We use the

scaling kp o A—xz, so that the stiffness parameter increases as the mesh is refined. For all
(4n)
Ax

(41)?

tests, we use a proportionality constant of 2.5 to determine «xp, yielding xp = 2.5
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3.2. Structural Mechanics

The results from the FSI calculations are compared to quasi-static fully incompressible
elasticity finite element simulations. Specifically, we use a mixed displacement-pressure
formulation to enforce the incompressibility constraint [56]. Piecewise linear polynomials
are used to interpolate the displacement and pressure fields. This choice leads to an unstable
numerical method, as the corresponding P1/P1 elements (indicating a piecewise linear
approximation for both the displacement and pressure) do not satisfy the Ladyzhenskaya-
Brezzi-Babuska (LBB) condition [52]. Work by Hughes, Franca, and Balestra [57]
circumvented the LBB condition for the Stokes equations using a simple stabilization
method suitable for equal order approximations and recovering the optimal order of
convergence. Their method has been extended to linear and nonlinear elasticity [58, 59], and
it has been reinterpreted in a variational multiscale framework [44, 45]. We use this
stabilized method [44, 45] to solve the quasi-static incompressible nonlinear elasticity
equations given by

Vyx - -PX,1) =0, (67)
J(X, 1) =1, o8
Xeq. (68)
Here P¢ = % and¥ = W — p(J — 1). Modified invariants are used in this FE method by

defining Was either W = W(I,1,) or W = W(Iy, Iy, 14, I5). Note that the variable p serves
as both the physical pressure and the Lagrange multiplier for the incompressibility
constraint. We emphasize that this numerical scheme is not used for the FSI computations,
but is merely employed to generate reference values of the structural deformations used for
comparison against our FSI numerical methods. The FSI numerical methods, as detailed
above, independently compute the deformations of the immersed solid.

Update "' = " + AT [y2] (#52)

4. Benchmarks

Most of our benchmark tests are derived from standard benchmark problems for
incompressible elasticity drawn from the solid mechanics literature, except that here the
solid bodies are embedded in an incompressible Newtonian fluid. As mentioned in Section
2.2, the steady-state solutions of the FSI problems are the same as those from pure solid
mechanics formulations. This follows from that the fact that at steady-state (u = 0),

V.¢% = 0implies vV - ¢° — Vz = 0, which has the same solution as the solid mechanics
problem described by (67) — (68).

We report the computed displacements of a point of interest and the total volume
conservation for each benchmark. Where relevant, we study the same points of interest as
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employed in previous studies. We also report the displacement results from the fully
incompressible elasticity calculations, labeled as “FE (P1/P1)” in the displacement plots.
The majority of the deformations presented in the figures do not show the Eulerian velocity
field of the computational domain because the fluid flow field will be zero at steady state.
When listing the ranges of the percent change in volume, we omit the coarsest
discretizations of the structure. We also present the deformations of each benchmark for all
relevant formulations of the energy functional (e.g. equations (27) — (30) for the isotropic
material models). These visualizations depict the average values of Jfor each element, and
the extents of the color bar indicate cutoff values. The average of Jfor element eis
calculated as:

/ , (69)

AvgJ® = (Z J(Xo)wp
[9]

21
0

recalling that X and w) are the quadrature points and quadrature weights associated with

the element e. We use the same Gaussian quadrature rule here as for the approximation of
the integrals in other parts of our method. We also report the stresses, pressures, and
principal stretches for a representative selection of the benchmark tests.

We use material models for the structure with modified isotropic invariants, unmodified
isotropic invariants, and the deviatoric projection of the isotropic material response of the
elastic stress. These models are studied with varying levels of volumetric stabilization that
are tuned through different choices of vy, Except where otherwise noted, we consider
numerical Poisson ratios of v = —1, 0, 0.4, and .49995. We recall that vy = -1
corresponds to the case of zero numerical bulk modulus and thus zero volumetric energy-
based stabilization. We use vgiap = .49995 to study the effect of volumetric locking (if any),
and vytap = 0 and wgigp = .4 are studied as intermediate values between the two extremes.
Preliminary tests indicated that the displacement solutions begin to deteriorate (experience
locking) slightly past vstan = 0.4 in many cases, especially on coarser computational grids.
In fact, finer discretizations can withstand larger values of vy, Without suffering from
locking, whereas coarser cases are more sensitive to values of vy close to 0.5. This is
consistent with the computational mechanics literature [18].

Except where otherwise indicated, the computational domain is Q = [0, £]¢, in which d=2,
3 is the spatial dimension and L is the domain length. Each structure is placed in the center

of this computational domain. The Eulerian grid spacing is Ax = % in which NVis the

number of cells in one spatial dimension. The Lagrangian mesh width is AX; and the mesh
factor ratio Mpac = % describes the relative grid spacing between the Eulerian and

Lagrangian meshes. In our tests, the choice of Mgac < 1 is used for pressure driven cases,
and Meac ~ 2 is used for shear driven cases. These choices of Mrac Were made based on
preliminary tests. More specifically, we use Mgac = 1 for the compression block test

(Section 4.1); Meac = 2 for the Cook’s membrane, the anisotropic Cook’s membrane, and
the torsion test (Sections 4.2 — 4.4); and Mrac = 0.5 for the elastic band test (Section 4.5).
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Most tests use zero velocity boundary conditions on the computational domain [51]. This
allows for the fluid velocity to decay to zero. Additionally, for some tests viscous damping is
used in the solid region to dampen oscillations and achieve near-critical damping of the
structure’s motion. This substantially decreases simulation time to reach steady state.
Viscous damping is included to the solid region by adding a term —nUto the Lagrangian
force F, in which 7> 0 is the damping coefficient. The simulations are run until a final time
Tt, which is chosen such that the velocity is approximately zero. We use the polynomial

3 2 . . .
qt) = — 2(%1) + 3(%1) to load the structure. At time 7; = a 7 the load is fully applied and

sustained until the end of the simulation 7t. Here a € (0, 1). Between times 7;and 7¢, we let

the structure relax to its resting configuration. Except where otherwise noted, the density is
dyn -s

R corresponding to water. In all tests, the
cm

p = 1.0-£_, and the viscosity is u = .01
CIII3

structure and fluid are given the same density. This has no effect on the steady state cases but
is a convenient choice that allows for efficient constant-coefficient linear solvers.

4.1. Compression Test

This test is a plane strain problem involving a rectangular block with a downward traction
applied in the center of the top side of the mesh and zero vertical displacement applied on
the bottom boundary; see Figure (1) for the loading configuration and dimensions of the
structure. Zero horizontal displacement is also imposed along the top side. All other
boundaries have zero traction applied. This test was used by Reese et a/. [35] to test a

stabilization technique for low order finite elements. A neo-Hookean model is used with
dyn

shear modulus set to G = 80.194 3

, and damping is set to n = 4.0097% for this test. The
cme
dyn

em?’

downward traction has magnitude 200 The computational domain is Q = [0, £]? with L

=40 cm. The numbers of solid degrees of freedom (DOF) range from m=15to m= 4753
for the FE (P1/P1) results and all the IBFE results. Specifically, we use a sequence of
meshes that yields the same node locations for each element type (e.g. for m=15,a P1
mesh and a Q2 mesh have FE nodes located in the same positions).

The primary quantity of interest is the y~displacement at the center of the top face. Figure (2)
shows deformations at time 7; = 500 s. The load time is 7; = 100 s. Figure (3) shows the
deviatoric stresses for both the FE method and the IBFE method with modified invariants
and stabilization. The states of stress are clearly converging to distributions that are in
excellent agreement with the FE results. Additionally, we report the pressure field of the
IBFE method and the pressure field of the FE method in Figure (4). The pressure fields are
qualitatively in agreement with the exception of the boundary, which is less accurate for the
IBFE method. This is a result of the use of regularized delta functions in the Lagrangian-
Eulerian coupling operators, which smooth discontinuities in sz that can occur at fluid-
structure interfaces. Figure (5) shows the behavior of the point of interest under refinement.
Note the performance of the unmodified invariants in the final row of plots. The convergence
behavior of the single recorded point is satisfactory although the overall deformations are
unphysical in these cases; again, see Figure (2). Particularly noticeable in this benchmark is
the effect of using modified invariants versus unmodified invariants while using a nonzero
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numerical bulk modulus. This is apparent in Figures (2a) and (2b), in which the
deformations of the elements are smoothest in (2a), in the case in which modified invariants

are used. As expected for values of vap close to % volumetric locking plagues the lower

order elements, resulting in poor convergence. Locking is avoided, however, for different
values of vgap, corresponding to smaller numerical bulk moduli, even for low order
elements. Figure (6) depicts the displacement of this point as a function of vy, for the
compression test. Note that the locking behavior appears for values of vy larger than vgap
=0.4.

Figure (7) reports the percent change in total volume. Formulations using modified
invariants and deviatoric projection yield superior volume conservation. The percent change
for all element types considered range between .0004% and 2.1% for the modified
invariants, between .001% and 14% for the unmodified invariants, and between .0005% and
2.4% for the deviatoric projection. These ranges account for change in area in an absolute
sense, whereas the plots display whether the change in area was a gain or loss.

4.2. Cook’s Membrane

Cook’s membrane is a classical plane strain problem involving a swept and tapered
quadrilateral. The dimensions of the solid domain and overall problem specification are
shown in Figure (8). This benchmark was first proposed by Cook et al. [36] and is common
in testing numerical methods for incompressible elasticity. An upward loading traction is
applied to the right side, and the left hand is fixed in place; see Figure (8). All other
structural boundaries have stress-free boundary conditions applied. The upward traction is

dyn

given as 6.25 The y-displacement of the top right corner is measured at 7 =50 s. The

>
cm
load time is 7) = 20 s. The neo-Hookean material model, equations (41) — (45), is used with

a shear modulus of G = 83.3333%; this value is equivalent to using a Young’s modulus of
cm

E = ZSOdL; if o = % Damping is set to 1 = 4.16667% for this test. The computational
cme

domain is Q = [0, £]? with L = 10cm. The numbers of solid DOF range from m= 25to m=
4225. As was the case for the compressed block benchmark, we use a sequence of meshes
that yields the same node locations for all element types considered.

Deformations and results for this benchmark are shown in Figures (9) — (12). Figure (9)
shows the deformations of the structure along with the elemental Jacobian determinant J.
Note that, at least qualitatively, the deformation in the unmodified and unstabilized case is
unphysical; see Figure (9d). We emphasize that the case of unmodified invariants and zero
volumetric energy are the only cases in which this unphysical behavior is observed. Figure
(10) demonstrates that the deviatoric stresses for the IB computations are in agreement with
those from the FE method when modified invariants and volumetric stabilization are used.
As shown in Figure (11), most cases converge to the benchmark solution. With values of

Vitah Close to % the solution exhibits volumetric locking as in a typical displacement based

FE formulation. Note the unmodified case in the final row of plots in Figure (11) and that
the displacement of the single point of interest does not seem to behave well for these cases.
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Figure (12) shows the percent change in the total area of the mesh after deformation. It is
clear that the modified invariants and deviatoric projection yield improved results in terms of
global area conservation in comparison to the unmodified invariants. This effect becomes
more pronounced as the numerical bulk modulus is decreased. It may appear as though the
modified invariants and deviatoric projection cases have zero volume change, but this is not
the case. The percent change in total volume for all elements considered rang

between .000021% and .10% for modified invariants and between 0% and .10% for the
deviatoric projection. For the unmodified cases, this range was between .000065% and
7.45%.

4.3 Anisotropic Cook’s Membrane

This benchmark involves a fully three-dimensional and anisotropic Cook’s membrane; see
Figure (13). It is similar to and based upon one studied by Wriggers et al. [37]. The
boundary conditions are the same as the two-dimensional model: an upward traction of

6.25‘% is applied to the right face, the body has zero prescribed displacement on the left
cm

face, and there is zero applied traction on all other faces. The displacement of the upper
righthand corner of the right face is measured at 7¢ = 35 s, and the load time is 7; = 14 s.
This benchmark uses the standard reinforcing model, equations (53) — (57). Only two
choices of numerical Poisson ratio are considered, vstap = .4 and vgian = —1, because of the
extra computational effort required for three-dimensional simulations. Further, values of

Vstab = -49995 will exhibit locking. The fiber direction is A = %(1, 1, 1), and we use

dyn

material parameters G = 8% G, = 16022, and £ = 1200 -

1 )
sz sz cm

The density is

dyn-s

p = 1.0-£_, and the fluid viscosity is 4 = .16 5

cme cme
the model to more quickly reach steady state, and no damping is used in this test. The
computational domain is Q = [0, £]2 with L = 12 cm. The numbers of solid DOF range from
m=42to m=60,025. In our three-dimensional computations, we opt for structured
tetrahedral meshes. Effectively, this means that FE nodes will have different locations for Q1
and P1 elements, and the sequence of meshes for each element type will have different
numbers of solid DOF. IBFE computations using P1 elements use the same meshes as those
for the FE computations, whereas this is not possible for Q1 elements.

The larger viscosity is chosen to allow

As in the other cases considered, the behavior for the case of zero volumetric penalization
with unmodified invariants yields unphysical deformations. In this case, the poor behavior is
located at one of the corners on the face where the traction is applied; see Figures (14) and
(15). Specifically, the element at this location collapses; two of the FE nodes are
approximately in the same location. We also show the principal stretches (eigenvalues of )
for this test when using modified invariants and volumetric stabilization in Figure (16),
which appear to be converging to results from the FE computations. Figure (17) shows plots
of the y~displacement, which is measured at the encircled point in Figure (13). Finally, as in
the other cases considered, the case of unmodified invariants is associated with poor volume
conservation. Figure (18) depicts the percent change in total volume for these cases. The
percent change for all element types considered ranges between .0087% and 2.2% for
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unmodified invariants. For the modified invariants and the deviatoric projection, both ranges
were .00014% and .11%.

Unlike the other cases considered, the computation with zero volumetric penalization seems
to perform nearly as well as or better than the case with volumetric penalization; see Figure
(17). For the modified invariants, however, Figures (14a) and (14c) show that using a
nonzero numerical bulk modulus produces a more uniform distribution of Jthat is closer to J
= 1. Overall, the differences among all cases in the results presented for this test are fairly
minimal, with the exception that omitting volumetric penalization and using unmodified
invariants yields unphysical deformations at the corners.

4.4 Torsion

This benchmark is based on a similar test by Bonet et a/. [38]. It involves applying torsion to
the top face of an elastic beam, while the opposite face is fixed in place; see Figure (19). All
other faces have zero traction applied. The torsion is imposed on the top face via
displacement boundary conditions, and this face is rotated by & = 2.5 The angle of
rotation &(f) increases linearly in time from 0 to & and reaches & at £= 0.4 7¢, with 7 =5.0

s. We use a Mooney-Rivlin material model, equations (46) — (50), and with material
dyn

parameters ¢; = 9000dL; and ¢; = 90003 The density is p = 1.0, and the fluid
cm cm”

cm

viscosity is set to u = .04 dy—"'zs. The larger viscosity is chosen to allow the model to reach
cm

steady state more quickly. The choices of numerical Poisson ratio are the same as the
anisotropic Cook’s membrane because the computations are in three spatial dimensions. No
damping is used. The computational domain is Q = [0, £]3 with £ =9 cm. The numbers of
solid DOF range from m = 65 to m = 12,337. As with the anisotropic Cook’s membrane test,
P1 and Q1 meshes use different numbers of solid DOF.

Figure (20) shows the computed deformations for modified invariants, unmodified
invariants, and the deviatoric projection as well as for different values of the numerical
Poisson ratio. The cases of unmodified invariants and zero numerical bulk modulus lead to
the most extremely unphysical deformations in all benchmarks studied; see Figure (20 d). As
shown in Figure (21), the principal stretches for the IB method with modified invariants and
volumetric stabilization are approximately the same as those from the FE method. Figure
(22) shows the displacement in the y~direction at the center point of the twisted face. Notice
that in these plots, the cases with unmodified invariants and zero volumetric energy clearly
delineate themselves from other cases. Unique to this test, the convergence of the computed
displacement of this case is not deceptive; the convergence is poor and the deformations are
also poor. Additionally, the effect of volumetric penalization is more drastic in this
benchmark: the percent change in volume is generally much larger than the previous tests;
see Figure (23). Specifically, the range of percent change for all element types considered is
between .16% and 11% for the modified invariants, between 8.5% and 93% for the
unmodified invariants, and between 1.5% and 61% for the deviatoric projection. The choice
of numerical Poisson ratio also has a large effect on the displacement of the twisted face,
which can be seen in Figure (22). The differences between displacement curves for with and
without volumetric penalization is more apparent, with the case of volumetric penalization
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performing much better here. We contrast that with the anisotropic Cook’s membrane
benchmark, which has only slight differences between the displacement curves for vy = .4
and Vstab = _1.

Finally, in this benchmark the deviatoric projection delineates itself from the modified
invariants. In this test both the volume conservation and the displacement performed worse
for the deviatoric projection than the modified invariants; see Figures (22) and (23). For the
other benchmarks, there was a negligible difference between the solution produced by the
modified invariants and that produced by the deviatoric projection.

4.5. FSI Test: Elastic Band

The elastic band test is a plane strain benchmark in which the loading on the structure is
completely driven by fluid forces. The top and bottom of the structure are fixed in place by
two rigid blocks as shown in Figure (24). Fluid forces act on the left and right side and so
the traction supplied as a boundary condition on the structure is T = 0. Unlike previous
benchmarks, the computational domain is rectangular Q = [0, L;] x [0, L], with L; =2 cm
and L, =1 cm. Fluid traction boundary conditions of the form sf(x, H)n(x) = — h(r) and
ol(x,)n(x) = h(r) are imposed on the left and right boundaries of the computational domain,

respectively. Here, h(r) = (10sin(”—’), 0) Y \when ¢< 7y and h(r) = (10,0)

dyn dyn
2T cm?

> Otherwise, and
cme

the loading time is 7] = 5 s. Zero fluid velocity is enforced on the top and bottom boundaries
of the computational domain. The x-displacement of the middle of the right face is measured

at 7: = 15 s; see the encircled point in Figure (24). The neo-Hookean material model,

equations (41) — (45), is once again used with a shear modulus of G = 200%. The solid
cm

viscous damping parameter is set to n = 60%. The solid DOF range from m= 42 to m=

3255. As with the two-dimensional tests, the meshes all share the same node positions.

As shown in Figure (25), and in more detail in Figure (26), the unmodified and
unstabililized regime causes the structure to crinkle, whereas the modified and stabilized
regime produces smoother deformations. Figures (27) and (28) show steady state results for
this benchmark. The range of percent change in area for all element types considered is
between 0.0015% and 0.69% for the modified invariants, between 0.0% and 2.1% for the
unmodified invariants, and between 0.0015% and 0.69% for the deviatoric projection. At
steady state, the Lagrange multiplier 7z will be constant within the regions separated by the
structure, as shown in Figure (29). Consequently, we are able to compare the FSI results
against results from a quasi-static solid mechanics version of the problem with pressure
boundary conditions. The reported results do indicate convergence under grid refinement.
Cases with vy, = .49995 experience volumetric locking, although it is less pronounced in
this example.

Because this benchmark includes nontrivial fluid dynamics, we also present results for the

transient behavior of a dynamic version of the test. Instead of gradually applying the fluid
dyn

> for the entire duration of the

traction in this dynamic version, it is set to h(r) = (10,0)
cm

simulation. The test parameters are the same as the steady state version with the exception of
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using a final time of 7; = 9 s and using no solid damping. This alternate problem
specification will result in oscillations of the elastic band, and so we show the Eulerian
velocity field of the entire computational domain at a collection of time slices; see Figure
(30). For the plots of the transient behavior of the dynamic case, see Figure (31) for the
displacement plotted against time and Figure (32) for the total area plotted against time. It
can be seen that the dynamics of the point of interest are similar between modified and
unmodified invariants for vy = 0.4, and there is a noticeable difference for vy = -1.0.
For modified and unmodified cases, Figure (32) shows the area change noticeably decreases
when vytgp, increases from vyeap = =1 t0 wiap = 0.4. Additionally, the total area change
decreases under grid refinement for the dynamic case. Figure (33) shows that the mean and
amplitude of the oscillations in displacement converge under grid refinement for the
stabilized case.

5. Effect of volumetric stabilization on a model of esophageal transport

The phenomenon of esophageal transport involves the passage of a fluid bolus that is
accompanied by a significant amount of solid deformation in the esophageal walls. The
amount of deformation is closely related to the velocity and pressure of the fluid, and the
wall stiffness also has an important effect on the rate of bolus emptying through peristalsis.
Thus esophageal transport is a strongly coupled fluid-structure interaction problem. This
Section demonstrates that introducing volumetric stabilization, along with using modified
invariants to describe the isotropic material response, substantially reduces unphysical
deformations during simulations of esophageal bolus transport and emptying.

We construct a model that follows previously published work by Kou et a/. [13, 14]. The
esophageal model used for this demonstration consists of a thick-walled cylindrical tube.
The walls are divided into five layers, and each of these layers has different material
properties and fiber orientations that resemble observed tissue mechanical properties; see
Figure (34). The outermost layer and the three inner layers are described as an anisotropic
material with fibers oriented along the axis of the tube, and the fibers of the fourth layer have
circumferential orientation. The three innermost layers do not have any active component
resembling muscular contractions. The remaining two layers contract in a manner
resembling peristalsis. This effect is achieved by changing the rest length of the fibers that
are embedded in these layers.

The three passive layers have a neo-Hookean isotropic component and an anisotropic fiber
component that is described by

G G
P = 71(11 ~3)+ 72(14 —1)%+ %annz, and (70)
P° = G\F + 2Gy(I4 — 1)FM + k(I J)F 7 . 7

The modified versions are
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G b
Y = 2(11—3)+—(14—1) + S;‘ (InJ)%, and 72)

I
P =G 3([F - ?I[F_T) +2Gy(I4 — 1)FM + k(I J)F 7 . 73)

For the active layers, the strain energy and stress are, respectively,

G3 G4 \/— Kstab
¥= 7(11—3)+7(T‘ ) +=5(nJ)", and 9
Iy — A1 -
= G3F + G4(4/12—I\/_4 FM + K5ab(In J)F T’ (79)
4

in which A = A(X, 9 is the resting length. The modified versions are

stab
3 5177 + (an) and (76)

w:ﬁ(il_3)+ﬂ(£_

FM + Kgap(In J)F L. 7

Pe = G3J_2/3([F - ﬂ[F‘T) + 04(—14 nkalll
3

P,

The effect of a peristaltic contraction on the system is achieved by changing the value of A
in a sinusoidal, traveling wave-like manner via

AKX, 1) = dge=(X3—e/(20%), (78)

This wave travels at a speed of ¢ = 10%, with width w = 1.5 cm, and maximum amplitude

Ao = 0.4. The motivation for these fiber strain energy functions and model of peristalsis is
discussed in previous work [60, 61].

The innermost layers model the mucosal part of the esophagus and have stiffnesses of

Gy = 40090 o

dy“ for the isotropic matrix and G, = 400.0-%
cm? cm?

layers of the esophagus are considerably stiffer, and the assigned material properties for

for the anisotropic part. The active

these two layers are Gz = 4000% for the isotropic part and G4 = 40, 000—= dy“ for the
cm cm

anisotropic part. Additional physiological details, implementation of peristaltic contraction,
insights on esophageal transport, and the effect of different material properties and strain
energy functions on bolus transport are discussed in prior work by Kou et af. [13].

As in Section 4.3, we only modify /; for the modified cases. Because the layers have
different stiffnesses, different values of x,p, are computed for each layer using its respective
stiffness, and we use either vgiap = 0.4 for the stabilized case or v, = —1.0 for the
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unstabilized case, using equation (26). For each layer, we select the largest elastic modulus
to use in equation (26).

The computational domain in this problem is Q = [-0.7,0.7] x [-0.7,0.7] x [-1.6,18.5], in
which each linear dimension has units of cm. The inner and outer radii of the tube are 7 =
0.03 cm and 7, = 0.53 cm, respectively, and the tube extends from z=0cmto z=18.0 cmin

the reference configuration. The density of the fluid is p = 1.Oi3 and the viscosity is
cm

dyn-s

n=01="%5" These values of density and viscosity reflect the properties of ingested food

cme
after it has been considerably mixed with saliva from chewing and forms a bolus when
entering the esophagus. The velocity at the top face of the computational domain is zero and
zero traction boundary conditions are enforced for the remaining fluid boundary faces. The
top end of the esophageal tube is fixed using a penalty force and the bottom end of the tube
is free to move.

The computational domain is discretized by Ay = 70, A, = 70 and N, = 335 grid cells in the
X, ¥, and zdirections, respectively. The Lagrangian domain is described using Q1 elements
with m, =7, m, = 32, and m, = 180 elements in the radial, circumferential, and axial
directions, respectively.

Figure (35) shows the transport of the bolus down the length of the esophagus for the case
with modified invariants and volumetric stabilization. Once the bolus is vacated, the
esophagus returns to its undeformed state with minimal deformation artifacts. For each of
the four cases, we inspect cross-sections of the deformations of the esophageal structure at
time £= 0.8 s. This occurs when the bolus has traveled slightly past halfway along its length,
i.e. the middle panel shown in Figure (35). During this moment, we consider the section of
the esophagus behind the bolus and the deformations observed at the free and fixed ends.

During the passage of the bolus, the tube walls undergo large deformations and eventually
return to their undeformed shape. We consider the deformation patterns at the fixed end of
the tube because it is the first section that is allowed to return to its original configuration.
Figure (36) shows the Lagrangian mesh when the contraction wave has propagated partway
down the tube. It is clear that the most unphysical deformations occur in the case with
unmodified invariants and no volumetric stabilization. We also observe that that the recovery
of the tube is imperfect in all cases, with case (a) most closely resembling the undeformed
configuration.

Figure (37) shows the deformations of the tube behind the bolus after the contraction has
traveled along the tube. As before, Figure (37d) shows that the unstabilized and unmodified
case yields unphysical deformations. The other three scenarios display reasonable
deformation fields, and the computed bolus profile is quite similar. Further differentiation
between these three approaches can be made when the tube profile at the free end is plotted
as in Figure (38). Observing the deformations of the tube at the free end during the bolus
transport process clearly demonstrates the effectiveness of the stabilization methods and
their ability to reduce or remove unphysical deformations. When no stabilization is applied,
we see completely unphysical deformations. In our tests, the case shown in Figure (38d)
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never reached completion because of extreme unphysical deformations. Between the cases
shown in Figure 38, panels (b) and (c), we see that, for this problem at least, it is preferable
to use modified invariants with no volumetric energy as opposed to using a volumetric
energy stabilization with unmodified invariants. This is because the difference between the
modified stabilized case and the modified unstabilized case is less pronounced in this
problem. If unmodified invariants are used, we observe irregular deformations of the
mucosal layers regardless of whether or not volumetric stabilization is employed. Finally, at
the final time step of each simulation the percent changes in volume were 0.7% for the
modified stabilized case, 5.0% for the unmodified stabilized case, 1.2% for the modified
unstabilized case, and 262.2% for the unmodified unstabilized case.

6. Discussion and Conclusion

This work develops simple stabilization methods for the hyperelastic IB method that correct
for spurious volume changes that the immersed structure may experience in the discretized
equations. Following standard nonlinear solid mechanics formulations, our strategy is to
include an additional volumetric energy in the strain energy functional of the immersed
structure. Although our numerical examples demonstrate that the volumetric stabilization
alone may improve the accuracy of the method, the Cauchy stress can also be decomposed
into deviatoric and dilatational components, offering further improvements in accuracy. We
present two approaches to achieve a deviatoric Cauchy stress in the solid region: using the
Flory decomposition to reformulate the strain energy with the modified strain invariants
[16], and using the deviatoric projection operator (17). Prior benchmark studies in the solid
mechanics literature have indicated that the decomposition into deviatoric and dilatational
components is important for accurate simulations, especially in the nearly incompressible or
fully incompressible limits. Although these changes are standard in solid mechanics,
previous hyperelastic extensions of the IB method have not used them [5, 27]. To date, the
effect of the formulation of the elastic stress on the accuracy of the 1B method does not
appear to have been systematically studied. This type of study is the main contribution of the
present work.

The effect of the volumetric stabilization is controlled by a parameter that we refer to as the
numerical bulk modulus xgtap that is linked to a numerical Poisson ratio vy through a
standard linear elasticity relationship (26). Setting xstap = 0 (corresponding to vgtap = —1)
describes the situation of no volumetric penalization. As described herein, the IB method is
exactly incompressible in the continuum limit, and the pfiysical Poisson ratio of the

immersed structure is automatically v = % Thus, including a volumetric energy term makes

no difference in the continuous equations. Upon discretization, however, incompressibility is
exactly maintained only for the Eulerian velocity field in the present methodology.
Nonetheless, even in the discrete case, it is clear in the numerical tests presented herein that
the solid does inherit some incompressibility from the discretized Eulerian incompressibility
constraint. Specifically, in the benchmark cases considered herein, the unstabilized
formulation does appear to converge under grid refinement. In these cases, however, the
stabilized method is generally much more accurate than the unstabilized method on a given
Eulerian grid and Lagranginan mesh. If the solid stress is not fully deviatoric, we show that
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poor results can be expected if no volumetric penalization is added. The numerical Poisson
ratio thereby acts as a stabilization parameter in the discrete IB equations, rather than a
material parameter. Further, as is desirable for a stabilization parameter, the effect of the
numerical Poisson ratio vanishes in the case that the structural deformations are exactly
incompressible.

This work documents the practical impact of the proposed stabilization method within the
context of four common benchmark problems drawn from structural mechanics literature
[35, 36, 37, 38], a fully dynamic FSI benchmark, and a detailed three-dimensional model of
esophageal transport. Two-dimensional plane-strain problems, the compressed block and
Cook’s membrane, are used to perform an in depth study of the proposed volumetric
stabilization. For these problems we are able to consider many element types and choices of
Vetah- Ve report the components of o® for these two tests and the pressure fields for the
compressed block, and we demonstrate that these quantities converge to the same solution
offered by a high resolution FE method. We also perform extensive tests for the elastic band
benchmark to investigate whether the results for quasi-static cases extend to a fluid-driven
FSI test. We also use three-dimensional benchmark problems, specifically an anisotropic
extension to Cook’s membrane and a torsion test. For these two three-dimensional tests, we
report the principal strains of the deformation and show that these quantities also converge to
principal strains yielded by the FE approach. A consistent finding in all of the tests
considered herein is that appropriate levels of volumetric stabilization improve volume
conservation and reduce spurious, nonphysical deformations. More specifically, the results
suggest that a numerical Poisson ratio of v,y = 0.4 yields results with accuracy that is
comparable to a fully incompressible FE approach to large deformation nonlinear elasticity
across a broad range of benchmarks and grid spacings. Although we stop short of
completing the argument that v, = 0.4 is an optimal value to determine the stabilization
parameter xgiap, it does strike a balance between maintaining solid incompressibility and
enabling accurate solutions in the displacement field for the multiple cases presented here.
Investigation of a scaling law for more precisely determining x4 is left as future work.

AS V'stap — % our method suffers from volumetric locking, as in many other low order

displacement-based FE formulations. This phenomenon is demonstrated in our results for
the compressed block and Cook’s membrane benchmarks: if vy, = 49995, the linear and
bilinear elements do not converge to the benchmark solution for the number of solid degrees
of freedom considered. Reducing the numerical Poisson ratio is demonstrated to be a simple
fix for these tests, and convergence behavior is improved for all element types considered,
including second order elements. Additionally, this change yields only a small change in
total volume conservation. As indicated by Figures (2), (9), (14), and (20), the reduction in
pointwise volume conservation is also small. This change in numerical Poisson ratio is
justified because vytap is @ numerical parameter, not a physical parameter. Specifically, and
unlike the typical situation in nearly incompressible elasticity, changing the numerical
Poisson ratio does not affect the limiting material model obtained under grid refinement.

The effect of anisotropy is explored through study of the anisotropic Cook’s membrane
benchmark and model of esophageal transport. Broadly, the same conclusions which hold
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true for the other benchmarks also hold for these simulations. That is, unmodified isotropic
invariants paired with zero volumetric penalization yield unphysical deformations.
Introducing anisotropy opens the door for many more possible forms for the elastic energy
functional such as modifying the anisotropic invariants or including the anisotropic
invariants in the volumetric term (only for nearly incompressible materials). Though we
argue that the use of /; and % is not appropriate for the cases considered here [17], the study
of their use in an 1B framework may still prove interesting in future work.

Of the benchmark problems considered, the effect of the proposed changes is most
pronounced for the torsion test. Introducing the volumetric term leads to extremely
noticeable improvement in numerical results, especially when paired with modified
invariants. More specifically, the volume conservation can be greatly improved by using this
formulation, and the displacement of the point under study converges much more quickly.
Even for relatively fine discretizations of this benchmark, our method demonstrates
improvements in volume conservation of up to 59% when compared to the unstabilized case
with unmodified invariants.

Finally, we explored the effect of the stabilization method in the dynamic FSI regime with
the elastic band benchmark and the esophageal transport model. Results from both tests are
in agreement with the conclusions from the quasi-static tests. Specifically, volumetric
stabilization and use of modified invariants greatly qualitatively improve the deformations
for FSI problems and reduce deviations of Jaway from 1. The esophageal test in particular
demonstrates how the lack of stabilization may lead to very low quality results; see Figure
(38d), in which can elements are inverted, and computation can even become infeasible.

In closing, we emphasize that using elastic energy functionals with unmodified invariants
and zero volumetric penalization, given by equations (27) and (61), can yield unphysical
deformations in our 1B computations. Further, such choices of energy functional produces
noticeably worse volume conservation. Even further, modified invariants generally perform
better than unmodified invariants in all our results. Including a volumetric penalization term
also generally produces more accurate results, with the exception of the anisotropic Cook’s
membrane in which the differences in performance are minimal. The present method is easy
to implement and requires only a change in the way that the elastic stresses are evaluated.
Further, in our experience, it has no effect on the stability of the numerical method. Thus, it
results in a potentially large improvement in accuracy of computed displacements and
volume conservation at negligible computational cost. Given these desirable features, this
study strongly indicates using volumetric energy-based stabilization with modified invariants
as the default structural formulation for IB-type methods in which the solid elastic response
is hyperelastic. For other material models, the tests reported herein suggest using the
stabilization technique proposed here with the deviatoric projection formulation.
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Highlights:
. The hyperelastic immersed boundary method may not maintain solid
incompressibility
. A stabilizing pressure in the solid region reduces spurious volume changes
. The method is inspired by volumetric penalization used in solid mechanics

but not widely used in the 1B method

. Excellent volume conservation is demonstrated via widely used elasticity
benchmarks, a dynamic FSI test, and a model of esophageal transport

. The stabilization can be readily integrated in existing implementations
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Specifications of the compressed block benchmark (Section 4.1). The quantity of interest is
the y~displacement as measured at the encircled point. The structure, shown here in its initial

configuration and denoted by .QS, is immersed in a fluid denoted by .Q(f). The entire

computational domain is 2 = Q}c u ;. Zero fluid velocity is enforced on the boundary of Q.
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Figure 2:
Deformations of the compressed block benchmark (Section 4.1), along with mean values of

Jwithin each element calculated using equation (69), using a neo-Hookean material model,
equations (41) — (44), with G = 80.194 91 The background Eulerian grid is not shown.

Cl’l’lzl
Shown here are solid deformations computed using Q1 elements and /m = 153 solid degrees
of freedom. The first row shows cases with vy, = .4, and the second row shows cases with
Vetab = —1 (here equivalent to xgtzp = 0 and no volumetric-based stabilization). The first
column depicts cases with modified invariants, and the second column depicts cases with
unmodified invariants. Notice that the case with modified invariants with nonzero numerical
bulk modulus has the smoothest deformations, whereas those of the case with unmodified
invariants and zero numerical bulk modulus behave unphysically.
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Figure 3:
The three components of the deviatoric part of o® for the compressed block benchmark

(Section 4.1). The IBFE method uses modified invariants and volumetric stabilization (vsap
= 0.4). Each row is labeled with the solid degrees of freedom (DOF), and the bottom row
depicts the FE (P1/P1) solution with m = 8385 solid DOF (higher than that of the highest
resolution IBFE results presented in this figure). We use P1 elements for each method. The
results from the IBFE formulation are clearly converging to the higher-resolution FE
solution.
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Figure 4:
The pressure distributions of the compressed block benchmark (Section 4.1) for the FE

(P1/P1) solution (left) and for IBFE solutions corresponding to the modified case with
stabilization (middle) and the unmodified case without stabilization (right). We show a
coarse and fine discretization and use P1 elements for each method. Results from all
formulations appear to be converging to the same solution. The IBFE method uses /7= 1089
DOF and m= 9409 DOF for the coarse and fine cases, respectively. The FE method uses m
= 1089 DOF and m= 16,641 DOF for the coarse and fine cases, respectively.
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Figure 5:

Displacement of the center point in Figure (1) for the compressed block benchmark (Section
4.1) for different choices of elements and numerical Poisson ratio. The solid degrees of
freedom (DOF) range from m=15to 4753. Notice that each row has the same extents. If

vglabis close to

elements are needed for convergence at reasonable numbers of DOF.
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Figure 6:
Displacement of the encircled point, shown in Figure (1), plotted against different values of

Vo for the compressed block benchmark (Section 4.1). Results indicate that for a
discretization with /m = 2145 DOF, the displacement is insensitive to larger values of vsap.
For the coarser case of m =153 DOF, volumetric locking begins to pollute the solution just
past vgiap = 0.4. Results are for Q1 elements.
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Figure 7:

Percent change in total area for different numbers of solid degrees of freedom (DOF) for the
compressed block benchmark (Section 4.1) after deformation. The DOF range from m= 15
to 4753, and the xaxis is on a log scale. Omitting the coarsest discretizations (/= 15), the
largest deviations in total volume among all element types used are approximately 2.1% for
the modified case, 14% for the unmodified case, and 2.4% for the deviatoric case.
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Figure 8:
Specifications of the Cook’s membrane benchmark (Section 4.2). The primary quantity of

interest is the y~displacement as measured at the upper right hand corner, indicated by the
circle. The structure, shown here in its initial configuration and denoted by Q(S), is immersed

in a fluid region denoted by .(26. The entire computational domain is 2 = Qtf U . Zero fluid

velocity is enforced on the boundary of Q.
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Figure 9:
Deformations of the Cook’s membrane benchmark (Section 4.2), along with mean values of

J within each element calculated via equation (69), using a neo-Hookean material model,
equations (41) — (44), with G = 83.3333.30 The background Eulerian grid is not shown.

sz '
Shown here are solid meshes with Q1 elements and /7 = 289 DOF. The first row shows cases
with vy = .4, and the second row shows cases with vgiap = —1 (here equivalent to xgap = 0
and no volumetric-based stabilization). The first column depicts cases with modified
invariants, and the second column depicts cases with unmodified invariants. Notice that the
case with modified invariants with nonzero numerical bulk modulus have the smoothest
deformations and provides the best volume conservation, whereas those of the case with
unmodified invariants and zero numerical bulk modulus behave unphysically.
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Figure 10:
Three components of the deviatoric part of o® stress for the Cook’s membrane benchmark

(Section 4.2). The IBFE method uses modified invariants and volumetric stabilization (vitan
= 0.4). Each row is labeled with the DOF, and the bottom row depicts the FE (P1/P1)
solution with m = 4225 solid DOF (equal to that of the highest resolution IBFE results
presented in this figure). We use P1 elements for each method. The results from the IBFE
formulation are clearly converging to the high-resolution FE solution.
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Figure 11:

Corner y~displacement for different number of solid DOF for the Cook’s membrane
benchmark (Section 4.2) for different choices of elements and numerical Poisson ratios. The
solid DOF range from /m = 25 to 4225. Notice that each row has the same extents. If viabis

close to % low order elements produce volumetric locking, and higher order elements are

needed for convergence at reasonable numbers of DOF.
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Figure 12:

Percent change in total area for different numbers of solid DOF for the Cook’s membrane
benchmark (Section 4.2) after deformation. The DOF range from m= 25 to 4225, and the x
axis is on a log scale. Note the different scales on the y~axes. Omitting the coarsest
discretizations (/m = 25), the largest deviations in total area among all element types used are
approximately .10% for the modified case, 7.45% for the unmodified case, and .10% for the

deviatoric case.
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V/

Figure 13:
Specifications of the anisotropic Cook’s membrane benchmark (Section 4.3). Traction in the

Jy-direction is applied to the smallest face, and the opposite face is kept fixed. The quantity
of interest is y~displacement as measured at the encircled point. To simplify the diagram of
this three-dimensional test, we omit the computational domain in this figure describing the
problem setup. In the IBFE model, however, the structure is contained within a
computational domain with dimensions Q = [0, ]2 with L = 12 cm, and the solid mesh is
placed in the center of this domain. Zero fluid velocity is enforced along the boundary of Q.
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Figure 14:

Deformations of the anisotropic Cook’s membrane benchmark (Section 4.3), along with
mean values of J within each element calculated via equation (69), using the modified
standard reinforcing model, equations (53) — (56). The background Eulerian grid is not
depicted. Shown here are solid meshes with Q1 elements and /7= 2601 solid DOF. The first
row is shows cases with vgan = .4, and the second row shows cases with second column
depicts cases with unmodified invariants. Notice that the case with unmodified invariants
and zero numerical bulk modulus leads to vt = —1 (here equivalent to xgtap = 0 and no
volumetric-based stabilization). The first column depicts cases with modified invariants, and
the second column depicts cases with unmodified invariants. Notice that the case with
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unmodified invariants and zero numerical bulk modulus leads to a collapsed element on the
face where the traction is applied.

Comput Methods Appl Mech Eng. Author manuscript; available in PMC 2021 June 15.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Vadala-Roth et al. Page 53

(a) Modified Invariants (b) Unmodified Invariants (c) Modified Invariants (d) Unmodified Invariants
Vstab = 4 Vstab = 4 Vsab = —1 Vstab = —1
Avg J
m I A
0.85 1.05
Figure 15:

Deformations and mean values of J of the anisotropic Cook’s membrane benchmark
(Section 4.3) with zero and finite volumetric energy from a different view; see also Figure
(14). The collapsed element in panel (d) is clearly visible.
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Figure 16:

Principal stretches (eigenvalues of F) of the anisotropic Cook’s membrane benchmark
(Section 4.3) for the IBFE method using P1 elements with modified invariants and
volumetric stabilization (vsp = 0.4) and the principal stretches for the FE (P1/P1) method.
The solid DOF for the IBFE method are listed in the leftmost column, and the FE (P1/P1)
method uses m = 36,920 solid DOF.
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Figure 17:

Corner y~displacement for different numbers of DOF for the anisotropic Cook’s membrane
benchmark (Section 4.3) for different choices of elements and numerical Poisson ratios. The
solid DOF for the IBFE tests range from /m = 42 to 60,025. Notice that each row has the
same yextents, and each column has the same x extents. The structural mechanics method is
run with an additional discretization of /7= 86,097 DOF. The displacement of the point of
interest for the case with P1 elements and vy, = —1 is in particularly good agreement with
the FE (P1/P1) method here, but the deformations include numerically inaccurate artifacts,

as seen in Figure (15).
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Figure 18:

Volume conservation for the anisotropic Cook’s membrane benchmark (Section 4.3) for
different choices of elements and numerical Poisson ratio. The DOF range from m=42to m
= 60,025, and the xaxis is on a log scale. Omitting the coarsest discretizations (/m= 42), the
largest deviations in total volume among all element types used are approximately .11% for
the modified case, 2.2% for the unmodified case, and .11% for the deviatoric case.
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X

Figure 19:
Specifications of the torsion benchmark (Section 4.4). The face opposite the applied torsion

is kept fixed. The quantity of interest is the y~displacement as measured at the encircled area.
To simplify the diagram of this three-dimensional test, we omit the computational domain in
this figure describing the problem setup. In the IBFE model, however, the structure is
contained within a computational domain with dimensions Q = [0, £]% and L = 9 cm, and the
solid mesh is placed in the center of this domain. Zero fluid velocity is enforced on the
boundary of Q.
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Figure 20:
Deformations of the torsion test (Section 4.4), along with mean values of J within each

element calculated via equation (69), using the Mooney-Rivlin material model, equations
(46) — (49), with ¢1, ¢ = 900022 The background Eulerian grid is not shown. Shown here

sz.
are solid meshes with Q1 elements and /7= 3969 solid DOF. The first row shows cases with
Vstab = -4, and the second row shows cases with v = —1 (here equivalent to xgtap = 0 and
no volumetric-based stabilization). The first column shows cases with modified invariants,
and the second column depicts cases with unmodified invariants. Note the extremely
unphysical deformations shown in panel (d) generated when using unmodified invariants
without volumetric-based stabilization.
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Figure 21:

Principal stretches (eigenvalues of F) of the torsion test (Section 4.4) for the IBFE method
using P1 elements with modified invariants and volumetric stabilization (vgap = 0.4) and the
principal stretches for the FE (P1/P1) method. The solid DOF for the IBFE method are
listed in the leftmost column, and the FE (P1/P1) method uses /7= 17,089 solid DOF. The
IBFE results appear to be converging to those yielded by the high-resolution FE solution.
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Figure 22:
Axial displacement for different solid DOF for the torsion test (Section 4.4) for different

choices of elements and numerical Poisson ratio. The solid DOF for the IB tests range from

m=65to m=12,337. Notice that each row has the same y extents, and each column has the
same x extents. The structural mechanics results include an additional discretization with m
= 17,089 DOF.
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Figure 23:

Volume conservation for the torsion test (Section 4.4) for different choices of elements and
numerical Poisson ratio. The DOF range from /m= 65 to m = 12,337, and the xaxis ison a
log scale. Omitting the coarsest discretizations (/m = 65), the largest deviations in total
volume among all element types used are approximately 11% for the modified case, 93% for
the unmodified case, and 61% for the deviatoric case. In fact, in all cases where there was no
volumetric stabilization, the change in volume was greater than 5% for all discretizations.
Further, the modified cases with volumetric stabilization were the only ones where the error
dropped below 1%, and this was achieved for /m= 625 DOF.
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Figure 24:

Specifications of the fluid-loaded elastic band benchmark (Section 4.5). The block boxes are
rigid structures that help tether the band in place. Fluid traction boundary conditions are

applied on the left and right faces. Tests described herein set h(t) = (IOSin(%), O)Tdi‘; when
cm

t< 7jand h(r) = (10, O)TdL’; otherwise. The quantity of interest is the x-displacement as
cm

measured at the encircled point.
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Figure 25:
Deformations of the elastic band (Section 4.5), along with mean values of J within each

element calculated via equation (69), for the steady state version of the test. This test uses a

neo-Hookean model, equations (41) — (44), for the solid, equations, with G = 200di';. The
cm

background Eulerian grid is not shown. Shown here are solid meshes with Q1 elements and
m= 424 solid DOF. Deformations are depicted at final time, £= 15 s. We show cases with
Vitab = -4 and viian = —1 (here equivalent to xgtn = 0 and no volumetric-based stabilization)
and cases with modified invariants and unmodified invariants.
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Figure 26:
Deformations and mean values of J of the elastic band (Section 4.5), as also shown in Figure

(25). Note the smoother deformations in the panel (a), the modified and stabilized case, as
compared to panel (b), the unmodified and unstabilized case.
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x-displacement of the center point in Figure (24) for the steady state elastic band benchmark
(Section 4.5) for different choices of elements and numerical Poisson ratio. The solid DOF
range from m =42 to m= 3255. Note that for vyzn = .49995 low order elements produce
volumetric locking, and higher order elements are needed for convergence at reasonable
numbers of DOF. Also note that the differences between different methods are somewhat
less pronounced in these tests.
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Figure 28:

Percent change in total area for different numbers of solid DOF for the steady state elastic
band benchmark (Section 4.5) after deformation. The DOF range from m =42 to 3255, and
the xaxis is on a log scale. Omitting the coarsest discretizations (/= 42), the largest
deviations in total volume among all element types used are approximately 0.69% for the
modified case, 2.1% for the unmodified case, and 0.69% for the deviatoric case.
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Figure 29:

EL?Ierian Lagrange multiplier field rt(X, 7) of the steady state elastic band benchmark
(Section 4.5). The case shown here uses Q1 elements, an Eulerian grid of 192 x 96,
modified invariants, and vgp = 0.4. The Lagrangian mesh is not shown. At steady state, the
Lagrange multiplier field is constant in the two regions separated by the elastic body. The

dyn

region on the left has pressure z(x,t) = 10 5
cm

and the region on the right has pressure

dyn

n(x,t) = =10 )

at the end of the computation (¢= 15 s). Within the region occupied by the

cme

solid, 7 is non-constant, as shown in the figure. Note that 7z corresponds to the physical
pressure only in .Q,f In the solid region &7, the physical pressure includes an additional

contribution from the solid model, p= 7 + 755p. The contribution of gy is not depicted in
this figure.
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Eulerian velocity field and deformations of the fully dynamic version of the elastic band
benchmark (Section 4.5) at £=0.02's (a), £=0.1s (b), #=0.34 s (c), and £=0.46 s (d). Each
of these time slices corresponds to a different characteristic deformation: (a) near initial
configuration; (b) early deformation; (c) largest deformation; and (d) right before the
structure enters another period of oscillation. Note that the Eulerian velocity field u(x, &
corresponds to the velocity of whichever material is located at position Xx; it describes the
velocity of the fluid as well as the structure. The color corresponds to the magnitude of the

velocity at each spatial point x.
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Figure 31:

Transient behavior of the elastic band (Section 4.5) for the dynamic version of the test for
different discretizations between times = 7.0 s and #= 8.0 s. Plot shows x-displacement of
point of interest against time. A/ describes an 2/Vby A Eulerian grid. /=16 corresponds to
m= 135 solid DOF, /=64 corresponds to /77 = 1456 solid DOF, and /=96 corresponds to
m= 3255 solid DOF. Results shown here are for Q2 elements.
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Figure 32:
Transient behavior of the elastic band (Section 4.5) for the dynamic version of the test for

different discretizations for the entire simulation. Plot shows percent change in area against
time. /=16 corresponds to /m = 135 solid DOF, /= 64 corresponds to m = 1456 solid
DOF, and NV= 96 corresponds to /m = 3255 solid DOF. Results shown here are for Q2
elements.
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Mean and max displacement of the transient elastic band benchmark (Section 4.5) for

different solid DOF. The displacement mean and max amplitude were calculated from the
data presented in Figure (31), which is over the time window of =7 sto £=8s. We also
include another discretization with /m = 5562 solid DOF.
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(a) Tissue layer properties (b) Fiber Directions

Figure 34:
Diagram depicting properties of each layer of the esophageal model and the fiber directions

used in that model (not drawn to scale). The esophageal tube is shown from a top down view
in panel (a). A label of “passive” means that the passive model, equations (70 — 73), is used
in that region, whereas a label of “active” means that the active model, equations (74 — 77),
is used in that region. “Axial” and “circumferential” mean the fibers run in those directions,
respectively. Panel (b) shows fibers running in the circumferential direction, which is used
for the fourth layer, and fibers running in the axial direction, which is used for all other
layers. The diagrams in panel (b) were previously reported in a work by Kou et al. [14]
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Figure 35:
Two-dimensional cross-section of a bolus traveling down a three-dimensional model of the

esophagus resulting from peristalsis (Section 5). The panels show the structural
deformations along with contours of velocity magnitude. Shown here is the stabilized case
with modified invariants. Note that after the bolus has traveled through the vessel, the
geometry returns to its initial configuration with minimal artifacts.
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Figure 36:

Two-dimensional cross-sections of the deformation fields and mean values of Jfor the
esophageal transport model (Section 5), along with values of J, at the fixed end of the tube at
time ¢£= 0.8 s. Note the that panel (d) shows extreme deformations for the case of
unmodified invariants and no stabilization.
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Figure 37:

Deformation fields and mean values of Jof the esophageal transport model (Section 5)
behind the bolus at 7= 0.8 s. Here the differences between each case is less pronounced, but
note the wider distribution of Jas found in panel (d) as compared to panel (a).
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Figure 38:

Deformations and mean values of Jof the esophageal transport model (Section 5) at the free
end of the tube at #= 0.8 s. Note that the case with unmodified invariants and no stabilization
once again experiences extreme deformations. Also, note how panels (a) and (c) are nearly
indistinguishable.
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