
Analysis of multiple shear wave modes in a nonlinear soft solid: 
experiments and finite element simulations with a tilted acoustic 
radiation force

Annette Caenen1,2, Anna E. Knight3, Ned C. Rouze3, Nick B. Bottenus3, Patrick Segers1, 
Kathryn R. Nightingale3

1IBiTech-bioMMeda, Ghent University, Ghent, Belgium 2Department of Biomedical Engineering, 
Erasmus University Medical Center Rotterdam, Rotterdam, the Netherlands 3Department of 
Biomedical Engineering, Duke University, Durham, NC, United States

Abstract

Tissue nonlinearity is conventionally measured in shear wave elastography by studying the change 

in wave speed caused by the tissue deformation, generally known as the acoustoelastic effect. 

However, these measurements have mainly focused on the excitation and detection of one specific 

shear mode, while it is theoretically known that the analysis of multiple wave modes offers more 

information about tissue material properties that can potentially be used to refine disease 

diagnosis. This work demonstrated proof of concept using experiments and finite element 

simulations in a uniaxially stretched phantom by tilting the acoustic radiation force excitation axis 

with respect to the material’s symmetry axis. Using this unique set-up, we were able to visualize 

two propagating shear wave modes across the stretch direction for stretches larger than 140%. 

Complementary simulations were performed using material parameters determined from 

mechanical testing, which enabled us to convert the observed shear wave behavior into a correct 

representative constitutive law for the phantom material, i.e. the Isihara model. This demonstrates 

the potential of measuring shear wave propagation in combination with shear wave modeling in 

complex materials as a non-invasive alternative for mechanical testing.
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1. Introduction

The field of ultrasound based shear wave elastography (SWE) comprises techniques aiming 

for the non-invasive assessment of mechanical properties of biological soft tissue based on 

shear wave propagation characteristics (Ophir et al., 2002). The basic principle of SWE 

relies on the generation of shear waves in the tissue of interest through physiological motion 

(Kanai, 2005), an external mechanical excitation (Gao et al., 1995; Konofagou and 

Hynynen, 2003; Urban et al., 2012) or an acoustic radiation force (ARF) impulse (Bercoff et 

al., 2004; Nightingale et al., 2001; Sarvazyan et al., 1998); and subsequently the analysis of 

the shear wave propagation. As an end result, a SWE method typically displays the 

estimated shear wave propagation speed for the selected region of interest, which can be 

directly converted into the tissue’s shear modulus under the assumptions of homogeneity, 

isotropy and linear elasticity.

Even though SWE has proven its clinical added value in several domains (differentiating 

malignant (stiff) from benign (soft) breast lesions (Barr et al., 2015) and staging liver 

fibrosis (Ferraioli et al., 2014)), disease diagnosis could potentially be further refined by 

investigating other properties of soft tissue such as tissue anisotropy, viscoelasticity and 

nonlinearity. Initial steps have been taken in the SWE field towards more advanced 

mechanical material characterization. For example, tissue anisotropy can be assessed by 

analyzing shear wave speed measurements for various probe orientations with respect to 

fiber orientation, as has been described for skeletal muscle (Gennisson et al., 2010), arteries 

(Couade et al., 2010; Shcherbakova et al., 2014) and cardiac tissue (Couade et al., 2011; 

Villemain et al., 2018). Evaluation of tissue viscoelasticity has been reported through a 

frequency analysis of the recorded shear wave data (Gennisson et al., 2010; Nenadic et al., 

2011) or estimation of the shear wave propagation speeds based on velocity and 

displacement data of the axial particle motion (Rouze et al., 2016). Efforts have also been 

made to quantify tissue nonlinearity in kidneys (Aristizabal et al., 2018) and breast tissue 

(Bernal et al., 2016) by performing multiple SWE measurements while varying the degree of 

tissue compression.

In this study, we focus on the assessment of tissue nonlinearity using ARF-based SWE. 

Tissue nonlinearity is conventionally evaluated in SWE based on the theory of 

acoustoelasticity, which assumes that a nonlinear elastic material exhibits a variation in 

measured shear wave speed when a uniaxial stress is applied (Catheline et al., 2003; 

Gennisson et al., 2007). Therefore, the shear wave will propagate faster along the stretch 

direction than across, resulting in apparent anisotropic behavior similar to that of transverse 

isotropic materials (Chatelin et al., 2014; Urban et al., 2015; Wang et al., 2013). Current 

ARF-based SWE measurements in this area have focused on the excitation and analysis of 

the shear horizontal (SH) mode, for which the wave polarization vector is perpendicular to 
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the plane formed by the material symmetry axis and wave propagation direction (see also 

Fig. 1). Analysis of additional wave modes such as the shear vertical (SV) mode – defined 

by a wave polarization vector parallel to the plane formed by the material symmetry axis and 

wave propagation direction – can be used to advance material characterization techniques. 

Indeed, (Rouze et al., 2013) have shown that analysis of both SV and SH mode in an 

incompressible transverse isotropic material (such as skeletal muscle) resulted in estimation 

of all three elasticity constants instead of the conventional two parameters derived from 

examining only SH wave propagation. Excitation of both modes was realized in one SWE 

acquisition by tilting the ARF 45 degrees with respect to the material’s symmetry axis (fiber 

orientation), but the study lacked experimental demonstration of this principle.

Therefore, the aim of this work is to demonstrate, in a physical experiment, the feasibility to 

generate and detect both SV and SH wave modes using ARF-based SWE in a tissue-

mimicking medium with a symmetry axis induced by the acoustoelastic effect. SWE 

acquisitions were performed for various uniaxial stretch levels and ARF tilt angles. 

Complementary simulations using the finite element method (FEM) (Caenen et al., 2015; 

Palmeri et al., 2005) were performed to mimic our experimental SWE acquisitions, in which 

the phantom material parameters were derived from uniaxial mechanical testing. The aim of 

the FEM simulations was two-fold: (i) to compare the numerical and experimental shear 

wave speeds when the transducer is oriented perpendicular to the phantom’s stretch axis (no 

ARF tilt angle) to assess the effect of material nonlinearity on shear wave propagation 

speeds and (ii) to gain insights into the complex experimental shear wave propagation 

patterns when the transducer is tilted with respect to the phantom’s stretch axis by studying 

simulated shear wave propagation in various hyperelastic material models.

2. Materials and Methods

2.1 Phantom set-up: geometry and material

A rectangular prism shaped polyvinylalcohol (PVA) phantom with dimensions 50×50×200 

mm was created by freeze-thawing a mixture of 8 wt% PVA (PVA 98–99% hydrolyzed, Alfa 

Aesar, Ward Hill, MA, USA), 1 wt% cellulose (Sigmacell Cellulose 20 μm, Sigma Life 

Science, Darmstadt, Germany), 50.4 wt% coolant (Concentrate Antifreeze, Prestone, 

Chicago, IL, USA) and 33.6 wt% deionized water one time, following the preparation 

method as reported in (Surry et al., 2004). The phantom was clamped at both sides as shown 

in Fig. 2 and subsequently subjected to an uniaxial stretch λ along its longest dimension (x-

direction in Fig. 2), based on the measured length between the clamps. The stretch varied 

from 1.0 to 2.0 in steps of 0.2 and a maximal reachable uniaxial stretch of 2.14 was 

considered at last.

A small sample at the edges of the fabricated PVA phantom was cut off for mechanical 

testing purposes. PVA’s material properties were characterized using a tensile testing 

machine (Instron 5944, Norwoord, USA) by uniaxially stretching the sample at a strain rate 

of 3.5 % per second up to an extension of 220% of its original length. During this stretching 

procedure, extension and load measurements were recorded every 10 ms.
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2.2 Shear wave elastography experiment

3D SWE measurements were performed with a Verasonics Vantage research system 

(Verasonics Inc., Kirkland, WA, United States) by rotating a L7–4 probe (ATL, Philips 

Ultrasound Inc., Bothell, WA, United States) around its axis in steps of 2.5°, as shown in 

Fig. 2 (blue arrow). Shear waves were generated in the PVA phantom submerged in water 

using a 4 MHz push with F-number of 3 for 300 μs at 50 mm axial focal depth (= z or z’-

direction in Fig. 2) and were subsequently imaged for 20 ms using plane wave imaging. To 

improve SNR without compromising the temporal resolution, this sequence was repeated 

while varying the steering angle of the plane wave (−3°, 0°, 3), resulting in an effective 

frame rate of 5 kHz for the compounded image (Montaldo et al., 2009). These 3D 

compounded SWE measurements were also performed for a probe tilt of 45° (rotation axis 

of mechanical arm is the y-axis (=y’-axis) located at the center of the phantom, see Fig. 2). 

While the induced displacements were mainly oriented in the z-direction and tracked in the 

x-direction for the 0° ARF tilt, the main displacement component was along the z’-direction 

and tracked in the x’-direction for the 45° ARF acquisition (see also Fig. 2). These SWE 

acquisitions for 0° and 45° ARF tilt were repeated for every considered strain level.

All SWE data were post-processed in Matlab R2018b (The MathWorks Inc., Natick, MA, 

USA). The beamformed in-phase and quadrature (IQ) data of the SWE acquisitions were 

used to estimate the axial particle velocity motion (z-component for 0° ARF and z’-

component for 45° ARF) according to Kasai’s autocorrelation technique (Kasai et al., 1985). 

The particle velocity data was averaged over a depth of field of 1 mm at a depth of 47.5 mm, 

slightly lower than the focal depth due to acoustic attenuation. Subsequently, the data was 

temporally up-sampled by a factor 10 before shear wave propagation analysis (see section 

2.5).

2.3 PVA material model

The uniaxial mechanical test data, described in section 2.1, served as input for the PVA 

material model fitting procedure to estimate the material parameters which can be 

subsequently used in our shear wave simulations (see section 2.4). PVA is an essentially 

isotropic and nonlinear rubberlike material (hyperelastic). Its material behavior can be 

described in terms of a strain energy potential, which defines the strain energy stored in the 

material per unit of reference volume as a function of the current strain (Simulia, 2017). The 

strain energy function ψ can be decomposed in a volumetric part ψvol and a deviatoric part 

ψdev, as follows:

ψ = ψvol + ψdev (1)

As it is unknown which hyperelastic material model can accurately represent the 

experimentally observed shear wave physics, we considered three analytical forms for the 

strain energy function which are all commonly used when limited test data are available for 

material calibration (Arruda and Boyce, 1993; Isihara et al., 1951; Mooney, 1940; Rivlin, 

1948):
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ψvol ψdev

Arruda-Boyce 1
D

J2 − 1
2 − ln(J) μ 1

2 I1 − 3 + 1
20λm2

(I1
2 − 9) + 11

1050λm4
(I1

3 −

27)+ 19
7000λm6

(I1
4 − 81) + 519

673750λm8
(I1

5 − 243)

(2)

Mooney-Rivlin 1
D (J − 1)2 C10 I1 − 3 + C01 I2 − 3 (3)

Isihara 1
D (J − 1)2 C10 I1 − 3 + C01 I2 − 3 + C20 I1 − 3 2 (4)

For the volumetric part, J represents the total volume ratio and the material parameter D is 

linked to the bulk modulus K0 (D = 2/K0). For the deviatoric part, Cij, λm, μ are material 

constants, I1, I2 are material invariants (I1 = λ1
2 + λ2

2 + λ3
2 and I2 = λ1

2λ2
2 + λ2

2λ3
2 + λ1

2λ3
2) and 

λi is the deviatoric stretch (λi = J− 1
3λi). Note that the deviatoric strain energy function of the 

Mooney-Rivlin and Isihara model can be generalized to a polynomial function, 

ψdev = ∑i + j = 1
N Cij I1 − 3 i I2 − 3 j, with N = 1 for the Mooney-Rivlin model and N = 2 for 

the Isihara material law (with C11 = C02 = 0).

The material parameters, grouped in vector k, were found by performing a nonlinear least 

squares optimization procedure in Matlab based on the differences in modeled and 

experimentally measured uniaxial Cauchy stresses, σxxmodel and σxx
exp respectively. The 

objective function f(k) which should be minimized is defined as follows:

mink(f(k)) = mink ∑
i = 1

m
σxxmodel λi, k − σxx

exp λi
2

(5)

with m the number of measurement points during uniaxial testing.

2.4 Shear wave simulations

Shear waves were simulated in a numerical PVA phantom to mimic the experimental SWE 

acquisitions using an explicit integration scheme in the FEM software Abaqus (Abaqus Inc., 

Providence, RI, USA), as has been described before (Caenen et al., 2015; Palmeri et al., 

2005). The geometry of the PVA phantom was modeled as a cylinder with a diameter of 40 

mm and a height of 30 mm, smaller than the actual dimensions of the PVA phantom as 

described in section 2.1 in order to reduce the computational demands of the simulation, but 

still sufficiently large to ensure minimal effects of the boundaries on shear wave propagation 

after ARF application (see Fig. 3). Symmetry boundary conditions were applied to the xz-

plane in Fig. 3. The mesh size of the model varied between 0.1 mm and 0.3 mm, resulting in 

a total of 1 851 200 hexahedral solid elements, taking into account the 10–15 elements per 

shear wavelength criterion (Kocbach, 2000) and the requirement of mesh refinement in the 

region of ARF application (Caenen et al., 2017). The circular edges of the modeled cylinder 
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were assumed to be infinite by modeling structural infinite elements at these boundaries to 

avoid spurious reflections arising from the model boundaries, as shown in Fig. 3.

PVA’s mechanical behavior was described by an Arruda-Boyce (AB), Mooney-Rivlin (MR) 

or Isihara material model, of which its material parameters were determined from the 

uniaxial mechanical test data – as explained in section 2.3. As limited test data is available, 

the parameter D was chosen as 0.01 MPa−1 to ensure quasi-incompressibility of the PVA 

phantom (large enough bulk modulus) and computational efficiency (reasonably small time 

increment in explicit numerical integration scheme). The stretching of the PVA phantom 

itself was not simulated to reduce computational time as quasi-static simulations of the 

uniaxial stretching procedure require different spatial and temporal discretization than wave 

propagation simulations (Caenen et al., 2018). Instead, a uniform uniaxial pre-stress, derived 

from the mechanical test data, was applied to the model along the x-direction. The phantom 

was subsequently kept fixated at its borders in the x-direction to maintain the applied pre-

stress, as visualized in Fig. 3.

The ARF was applied as a body force F(x, y, z) for a duration of 300 μs in the central region 

of the model (Caenen et al., 2015; Palmeri et al., 2005). The ARF orients dominantly 

downwards with respect to the probe orientation (Palmeri et al., 2005), which was modeled 

as a force vector pointing in the positive z-direction for 0° ARF tilt and in the positive z’-

direction for 45⁰ ARF tilt (see Fig. 2). Further, the force F(x, y, z) was implemented as a 3D 

Gaussian function in the model in order to minimize computational time (Caenen et al., 

2018; Palmeri et al., 2014):

F(x, y, z) = 2αImax
cL

e−
x − x0

2

σx2
+

y − y0
2

σy2
+

z − z0
2

σz2
(6)

with attenuation coefficient α, longitudinal wave speed CL, maximal acoustic intensity Imax, 

coordinates of the focus (x0, y0, z0), and 3D Gaussian width (σx, σy, σz). The coordinates of 

the focal point were the same as in the experiment, i.e. (0 mm, 0 mm, 50 mm). We assumed 

Gaussian widths of 0.4 mm, 0.4 mm and 7.5 mm for x-, y- and z-direction, respectively 

(Caenen et al., 2018; Palmeri et al., 2014). The maximal amplitude of the ARF was 

calculated by assuming an attenuation coefficient of 0.4 dB/MHz/cm at 4 MHz, a 

longitudinal wave speed of 1540 m/s and a maximal acoustic intensity of 1500 W/cm2 

(typical for ARF excitations (Nightingale, 2011)).

Varying material model, stretch level and ARF tilt angle resulted in a total of 42 simulations, 

each run to simulate 5 ms physical time. Velocity data in the z-direction for 0° ARF tilt and 

in x- and z-direction for 45° ARF tilt were extracted at a sampling rate of 10 kHz. 

Subsequently, the extracted data was interpolated to an equidistant rectangular grid with 0.2 

mm sampling in all directions and a polar grid with a sampling of 0.2 mm, 5° and 0.2 mm in 

radial, angular and z-direction, respectively.

2.5 Shear wave propagation analysis

Shear wave propagation was analyzed by studying normalized axial particle velocities (z-

component for 0° ARF and z’-component for 45° ARF) for both experiments and 

Caenen et al. Page 6

J Mech Behav Biomed Mater. Author manuscript; available in PMC 2021 July 01.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



simulations. Shear wave speeds were derived from the global (and local) maximum of the 

Radon sum transformation of a selected spatial temporal domain depicting the axial 

velocities (Rouze et al., 2010).

3. Results

3.1 Material model fitting to mechanical test data

Three different material models were fitted to the measured uniaxial tensile data using a 

least-squares procedure, resulting in the material parameters listed in Table 1. The uniaxial 

tensile responses of the fitted Arruda-Boyce (AB) and Isihara material models are in 

excellent correspondence with the measured data, as shown in Fig. 4. However, the Mooney-

Rivlin (MR) material model is not able to generate the same up-turn in axial stresses as is 

measured. Note that a negative C01 coefficient is obtained for the Isihara and MR model in 

Table 1, which sets – for the considered mechanical testing procedure – no stability limits on 

the Isihara model but does affect the performance of the MR model. Drucker’s stability 

criterion (Bergstrom, 2015) is taken into account during fitting of the MR model, which sets 

a lower limit on the C01 coefficient, to ensure stability for large compressive strains (across 

the uniaxial stretch direction). Additionally, the presented solution for the Isihara model is 

not unique due to the larger number in material parameters compared to the mechanical test 

data available, as is also reflected by the wider confidence interval of the fitted parameters.

3.2 Shear wave propagation in the experiments

The measured shear wave propagation in the xy-plane is visualized in Fig. 5 for three 

stretches and the two considered ARF tilts at different time instances. The first row of panels 

depicts shear wave propagation for no stretch (λ=1.00) and shows clearly a circular shear 

wave propagation pattern for both 0° and 45° ARF tilt, as expected. For 45° ARF, the 

magnitude of the main shear wave front is significantly lower for positive x’-coordinates 

(lower signal-to-noise ratio (SNR)), due to the increased attenuation resulting from the 

unequal distribution of phantom material between probe and measurement plane along the 

x’-direction, as can be seen in the right bottom B-mode of Fig. 2. This is observed for all 

stretches. The second row in Fig. 5 visualizes an elliptical shear wave propagation pattern 

for a stretch λ of 1.60 for both 0° and 45° ARF tilt, with the major ellipse axis 

corresponding to the stretch direction. The third row of images demonstrates shear wave 

propagation in the maximally stretched phantom (λ=2.14). For 0° ARF, the wave 

propagation ellipse is more elongated than the one for a stretch λ of 1.60. For 45° ARF, two 

wave features become obvious: (i) an extra ridge appears in the main wave front pattern 

along the major ellipse axis (cusp-like pattern) and, (ii) shear wave splitting along the minor 

ellipse axis.

The phenomenon of shear wave splitting is better detectable when we look at the spatio-

temporal plots along the minor ellipse axis (y-axis = y’-axis) of the three considered 

stretches in Fig. 6 for 0° and 45° ARF tilt. The right bottom two images demonstrates shear 

wave splitting for a stretch λ of 1.60 and 2.14 for 45° ARF tilt, whereas the other spatio-

temporal plots depict the presence of one main wave front.
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3.3 Shear wave propagation in the simulations

Fig. 7 illustrates the simulated shear wave propagation in the lateral-elevational plane for 

three stretch states and three material models at two time instances. Note that in these 

images the left half portrays results from the 0° ARF tilt in the xy-plane, and the right half 

represents the results from the 45° ARF tilt in the x’y’-plane. For a stretch λ of 1.00 (resting 

state), the shear wave acquisitions for 0° and 45° ARF depict similar circular shear wave 

propagation for all material models. The shear wave does propagate substantially faster for 

the MR material model compared to the other two (0° ARF speeds of 3.8 m/s vs. 3.2 m/s and 

3.0 m/s for AB and Isihara model, respectively), which might be due to the higher 

instantaneous stiffness at λ=1.00 (larger slope of stress-strain curve at λ=1.00 in Fig. 4). For 

a stretch λ of 1.60, the shear wave propagation becomes elliptical for both 0° and 45° ARF 

acquisitions. Slight differences start to appear between the shear wave propagation along the 

minor ellipse axis between 0° and 45° ARF tilts for the MR and Isihara material model: the 

shear wave propagates faster in the 45° ARF tilt (shear wave speed of 3.1 m/s and 2.8 m/s 

for MR and Isihara model, respectively) compared to the 0° ARF tilt (shear wave speed of 

2.9 m/s and 2.5 m/s for MR and Isihara model, respectively). For a stretch λ of 2.14, the 0° 

ARF shear wave simulations are very alike for all material models. Small wave reflections 

are noted along the major ellipse axis at t2, probably due to a mis-match in material 

definition between finite and infinite elements (infinite elements can only have an elastic 

material definition (Simulia, 2017)) or non-optimal wave impinging conditions for the 

infinite elements (ideal working conditions for the infinite elements are orthogonally 

impinging waves (Simulia, 2017)). However, for 45° ARF, clear differences are observed in 

the shear wave propagation patterns between the different material models. The AB model 

shows cusp-like patterns along the major ellipse axis, whereas the MR model displays shear 

wave splitting along the minor ellipse axis. The Isihara model shows a combination of both 

wave features.

The shear wave splitting along the minor ellipse axis is also visualized in the spatio-temporal 

domain in Fig. 8 for all material models and both ARF tilts. The first two columns of images 

visualize the axial particle velocities of 0° and 45° ARF acquisition – as would be measured 

in actual experiments (see also Fig. 6). This figure again clearly demonstrates shear wave 

splitting for the MR and Isihara material model. When we analyze the velocities in the 

coordinate system representing the model’s geometry (i.e. the x- and z-direction as depicted 

in Fig. 2), the spatio-temporal plots depict one wave front for all material models (see last 

two columns of Fig. 8). For the second column of images from the right in Fig. 8, the 

polarization vector (x-direction) of the wave is thus parallel to the plane formed by the 

symmetry axis of the material (x-axis) and the wave propagation direction (y-direction = y’-

direction), indicating that this is the SH mode. For the column of images on the farthest right 

in Fig. 8, the wave polarization vector (z-direction) is perpendicular to that same plane, 

making this the SV mode. The speeds of these modes are 2.8 m/s and 2.8 m/s (AB), 2.7 m/s 

and 2.3 m/s (MR), and 2.8 m/s and 2.4 m/s (Isihara) for the particle velocities in the x- and 

z-direction, respectively.
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3.4 Shear wave speed analysis as a function of stretch in experiments and simulations

For the shear wave speed analysis as a function of stretch, we focused on the Isihara material 

model for the simulations, as its wave features corresponded best to the ones observed in the 

experiment. Shear wave speeds were estimated along the major and minor ellipse axis of the 

shear wave propagation surfaces for the 0° and 45° ARF acquisition, and are illustrated as a 

function of stretch in Fig. 9 for simulation and experiment. The experimental shear wave 

speeds are indicated as errorbars of which the caps correspond to the wave speeds 

determined for both shear waves in Fig. 5. The speeds of both waves correspond in general 

well except along the major ellipse axis in the 45° ARF acquisition (difference of 5.2 m/s at 

λ=2.14). This is probably due to the non-uniformity in uniaxial stress distribution linked to 

the geometry of the set-up (see Fig. 2): shear wave speed estimations are sensitive to local 

spatial stress variations, which vary especially in the proximity of one of the clamps, 

affecting mostly the tracking of the right shear wave in Fig. 2.

For 0° ARF, we can observe an increasing trend in shear wave speed as a function of stretch 

for the major ellipse axis (+153% and +187% for experiments and simulations, 

respectively), whereas a decreasing trend in wave velocity is noticed for the minor ellipse 

axis (−20% and −25% for experiments and simulations, respectively). Similar trends are 

observed for the 45° ARF acquisition. A second wave front is visible starting from a stretch 

λ of 1.60 for the 45° ARF measurement, whereas this is yet observed from a stretch of 1.20 

in the simulations using the decomposition illustrated in Fig. 8. Simulated shear wave speeds 

agree in general well with the measured shear wave speeds. Along the major ellipse axis, the 

simulations slightly overestimated the experimental shear wave speeds (e.g. +17% at λ=2.14 

for 0° ARF acquisition).

4. Discussion

4.1 Tilted ARF configuration for SH and SV mode excitation

In this work, we studied the feasibility of a novel method in SWE – tilting the ARF with 

respect to the material’s symmetry axis – using experiments and FEM simulations to excite 

multiple wave modes at the same time. This method has been originally proposed by (Rouze 

et al., 2013) for transverse isotropic materials, but lacked experimental demonstration. This 

work translates the proposed method to other materials with a symmetry axis, i.e. a 

uniaxially stretched tissue-mimicking material, and demonstrated its experimental 

feasibility. The principle of exciting multiple wave modes for material characterization is 

also used in other fields, such as the field on non-destructive material testing where a 

technique called ultrasonic polar scan insonifies a composite plate from multiple angles to 

generate quasi-longitudinal, quasi-SH and quasi-SV modes for estimation of various 

material properties such as viscoelasticity or fiber volume fraction (Kersemans, 2016).

The 0° ARF acquisitions in Fig. 9 showed an increase in shear wave speeds along the stretch 

direction when stretch increased, and a speed decrease when measured across the stretch 

direction, as is expected from the acoustoelastic effect (Catheline et al., 2003; Chatelin et al., 

2014; Gennisson et al., 2007; Urban et al., 2015). Additional FEM simulations allowed us to 

directly link the mechanically measured hyperelastic material behavior in Fig. 4 to the shear 
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wave speed behavior measured for the 0° ARF acquisition at increasing stretch in Fig. 9. The 

45° ARF acquisition showed clear differences in shear wave propagation patterns with the 0° 

ARF measurements: cusp-like patterns appeared along the stretch axis, whereas the 

phenomenon of shear wave splitting was observed across the stretch direction (see Fig. 5 and 

Fig. 6). FEM simulations with various material models (AB, MR and Isihara material law – 

all typically used for a rubber-like material such as PVA (Simulia, 2017)) provided insights 

into the complex shear wave physics of the 45° ARF measurement. Only the Isihara material 

model was able to represent the two previously mentioned wave features as observed in the 

experiment. Furthermore, when analyzing the shear wave propagation in the 45° ARF 

acquisition according to the geometry’s coordinate system (xyz in Fig. 2), it was clear that 

shear wave splitting arose due to a combination of the SH and the SV mode propagation, as 

demonstrated in Fig. 8. The shear wave speed analysis in Fig. 9 further demonstrates this 

effect: the speeds of the second mode along the minor ellipse axis of the 45° ARF 

acquisition corresponded to the ones observed for the 0° ARF acquisition, again confirming 

the presence of the SH mode. Furthermore, analysis of the simulated particle velocities in 

two directions allowed wave speed estimation of both SV and SH mode at each stretch state, 

whereas for the experiments shear wave splitting was only visible at high stretches λ≥1.60. 

This can be explained by the small difference in between SV and SH mode speed at low 

stretches (≤0.2 m/s) in combination with the selected set-up settings (spatial resolution, 

lateral tracking range and SNR). For the major ellipse axis, there is only one main wave 

front present, indicating that SV and SH mode have similar propagation characteristics. The 

experimental wave speeds for 0° and 45° ARF measurements along the major ellipse axis 

are in the same range, but cannot be more precisely quantified due to the large variety in 

speed estimations of the 45° ARF measurements. The simulations demonstrate here a small 

discrepancy between 0° ARF speed (e.g. 8.7 m/s at λ=2.14) and 45° ARF speed (e.g. 8.1 

m/s at λ=2.14), probably due to the cusp-like wave patterns and wave front smearing caused 

by the cylindrical geometry of the push (Rouze et al., 2019), both resulting in speed 

estimation inaccuracies.

4.2 Shear wave behavior of the AB, MR and Isihara material model

Multiple material laws, i.e. AB, MR and Isihara model, were considered in this study to 

model the material response of the tissue-mimicking material PVA. Even though the 

mechanical response of all material models was very similar for uniaxial tensile testing (see 

Fig. 4), the observed shear wave behavior in Fig. 7 and Fig. 8 for the 45° ARF simulations at 

stretches λ≥1.20 was different. The AB law was able to model the cusp-like patterns along 

the major ellipse axis of the shear wave surface – as observed in the measurements (see Fig. 

7), but the simulations did not show any shear wave splitting for the minor ellipse axis. The 

opposite is true for the MR material model: the simulations in Fig. 7 did not demonstrate 

cusp-like patterns along the ellipse major axis, but did show shear wave splitting along the 

minor ellipse axis. The simulations with the Isihara material model displayed a combination 

of both wave features, and thus mimicked best our experimental observations.

Even though a mix of phenomenological and physics-based material models were 

considered in this study, interpreting the shear wave behavior for the 45° ARF simulations of 

the different material models in terms of their strain energy potential equations reveals two 
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important observations. First, based on equation (2) for the AB law and (4) for the Isihara 

law, we note that the appearance of cusp-like wave patterns along the major ellipse axis is 

linked to the higher order power-dependence of the first material invariant. Additionally, the 

absence of the higher order power-dependence of the first material invariant in the MR 

model (equation (3)) results in failure of reflecting the strain-stiffening effect that is 

experimentally observed when the stretch increases (see also Fig. 4 – even when the 

Drucker’s stability criterion (Bergstrom, 2015) is not set). Second, equation (3) of the MR 

law and (5) of the Isihara law show that the phenomenon of shear wave splitting is 

associated with the term involving the second material invariant (with a negative coefficient). 

Both observations are in correspondence with what has been reported before in the field of 

constitutive modeling of soft biomaterials: the power dependence of the first material 

invariant is important for strain-stiffening at high stretches and the dependence on the 

second material invariant results in more accurate stress responses and deformations 

(Horgan and Smayda, 2012; Wineman, 2005), but their importance for SWE modeling has 

not yet been described to the best of our knowledge.

Shear wave speed estimations for the Isihara material model corresponded in general well 

with the measured shear wave speeds. Part of the discrepancies between simulated and 

measured shear wave speeds can be explained by the clamping system visualized in Fig. 2. 

Indeed, when we mimic this clamping system in FEM simulations (data not shown), we 

obtain a smaller Cauchy stress along the stretch direction (σxx) in the central portion of the 

phantom than the stress derived from Fig. 4: the uniaxial stress is overestimated by 27.7% on 

average. This clarifies the overestimation of the simulated speeds for 0° ARF along the 

stretch direction in Fig. 9. This also results in an overestimation of the simulated shear wave 

speeds along the stretch direction for 45° ARF, but the exact experimental shear wave speeds 

are unsure due to local stress variations and measurement uncertainties (such as decreased 

SNR). Other relevant factors that may explain the discrepancy between simulated and 

measured shear wave speeds are viscoelasticity in the experiment and potential clamp 

slipping.

4.3 Clinical relevance: advancing material characterization

Excitation of the SV mode next to the traditionally analyzed SH mode in nonlinear solids 

such as soft tissue results in additional information about the material parameters and 

internal stress state, potentially improving disease diagnosis. Currently, (pre)clinical 

applications of the acoustoelasticity theory employ a combination of static and shear wave 

elastography to monitor the changes in strain and shear wave speed of only the SH mode 

during axial compression (Aristizabal et al., 2018; Bernal et al., 2016; Latorre-Ossa et al., 

2012). Therefore, they utilized two different material laws to approximate the constitutive 

behavior of soft tissue: (i) Hooke’s law to determine the shear modulus μ and the uniaxial 

stress component σz, and (ii) the general weakly nonlinear third-order elasticity expansion to 

obtain an estimate of the nonlinear shear modulus A (the elasticity expansion coincides with 

the MR model in equation (3) as shown by (Rivlin and Saunders, 1951): μ = 2(C10 + C01 

and A = −8(C10 + 2C01)). The MR model does not incorporate the strain-stiffening effect, as 

shown in Fig. 4 and Fig. 7, which is known to be relevant for soft tissues at much smaller 

values of stretch than in the case of rubber-like materials as PVA (Horgan and Smayda, 
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2012). It might thus be more appropriate for a quantitative material parameter analysis to use 

only one material law that includes an extra material parameter to describe this strain-

stiffening effect – as described in the Isihara material model in this study.

Another option is to fit simulated or theoretical data to the measured observations for a more 

quantitative material parameter analysis – also known as solving an inverse elasticity 

problem. This has yet been demonstrated for compression elastography in breast tissue 

where linear and nonlinear elastic parameters were derived based on displacement data 

(Goenezen et al., 2012). For the SWE-technique, the group speed surfaces for both SV and 

SH mode can be used for this purpose. The forward problem for the predicted group speed 

surfaces can be solved using finite element simulations in the time domain as proposed in 

this work or in the frequency domain (Caenen et al., 2016) or theoretical analysis with 

Green’s tensor method (Boulanger and Hayes, 2001). A theoretical derivation for shear wave 

propagation in an uniaxially stretched Isihara material is the subject of ongoing and future 

work, and is feasible due to the recently published tractable calculation of Green’s tensor for 

shear wave propagation (Rouze et al., 2019).

Before the suggested inverse problem solution can be applied for advancing material 

characterization in clinical SWE, future work should first demonstrate the feasibility of SV 

and SH mode excitation in various ex vivo and in vivo tissue materials with different 

material characteristics. Indeed, current work only presents a proof-of-concept study for 

exciting two shear wave modes using a tilted ARF axis with respect to the symmetry axis of 

the material, and future work should investigate which sensitivity is necessary in terms of 

SNR, spatial and temporal resolution to excite and detect both the SH and SV mode ex vivo 
and in vivo. It is expected that application of high uniaxial stresses as reported in this work 

is not necessary to excite both SH and SV modes, but this should be further investigated. 

Furthermore, the residual stress state in in vivo soft tissues needs to be taken into account in 

new analyses. Ideally, future developments should also circumvent the requirements of 

uniaxial stress and a priori known material orientation, which is (partly) possible by the 

advent of 3D SWE (Wang et al., 2013). The current set-up for 45° rotation of the ARF with 

a mechanical arm is impractical to be integrated into daily clinical practice, however this 

limitation can be overcome by electronically steering the ARF.

4.4 Study limitations

Our study successfully demonstrated the potential of using a tilted ARF axis for advancing 

material characterization in SWE, though there are a few limitations. First, the chosen 

clamping system for the experimental set-up did not evoke a completely uniform uniaxial 

stress, especially closer to the edges of the phantom and the clamps. These local stress 

variations resulted in differences in shear wave speed estimations between the two shear 

waves in the experiment, as shown in Fig. 9. Second, the increasing acoustic attenuation for 

one of the shear waves in the 45° ARF experiment (see Fig. 5) reduced shear wave visibility, 

which resulted in less accurate shear wave speed estimations. Third, solely uniaxial testing is 

not sufficient to characterize the constitutive behavior of PVA completely. Multiple 

mechanical tests or advancing the chosen mechanical test (e.g. perform a biaxial test instead 

of an uniaxial test) can improve material characterization of hyperelastic materials. Indeed, 
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the Isihara model better described the PVA’s mechanical behavior than the MR and AB 

material law, but the found parameter set had a fairly wide confidence interval because of the 

limited available test data. The parameter fitting procedure for the Isihara model used the 

found parameters for the MR law as input, which allowed the model to realistically represent 

the shear wave propagation as observed in the experiments.

5. Conclusion

Analyzing multiple shear wave modes using ultrasound-based SWE has potential to advance 

non-invasive material characterization, which can ultimately contribute to improving disease 

diagnosis. In this work, we demonstrate for the first time the experimental feasibility to 

excite and detect both the SH and the SV modes in an uniaxially stretched nonlinear soft 

solid by tilting the ARF with respect to the material’s symmetry axis. Tilted ARF 

measurements showed the propagation of a second shear wave mode across the stretch 

direction for larger stretches (≥160%). Complementary finite element simulations using the 

material parameters derived from uniaxial mechanical testing revealed the link between 

shear wave propagation properties and PVA’s mechanical behavior and allowed 

identification of the optimal constitutive law for PVA in these experiments, i.e. the Isihara 

model. This combination of SWE experiments and simulations is a promising approach for 

advanced mechanical material characterization and can be considered an attractive non-

invasive alternative for mechanical testing.
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Fig. 1 –. 
Illustration of a shear horizontal (SH) and a shear vertical (SV) mode in a material with a 

symmetry axis. P is the polarization vector and N is the propagation direction vector. In the 

SH example, the material is oscillating vertically; while in the SV example, the material is 

oscillating horizontally.
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Fig. 2 –. 
Experimental set-up illustrating the clamping system in the left panel, the probe rotation 

system in the middle panel and the B-modes in the right panels. The B-modes also 

demonstrate the location of the measurement plane along which particle velocities are 

extracted.
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Fig. 3 –. 
Set-up of the finite element model demonstrating geometry, mesh and boundary conditions.
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Fig. 4 –. 
Uniaxial tensile test data of measurement together with response of fitted material models 

(Arruda-Boyce (AB), Mooney-Rivlin (MR) and Isihara material model). Note that not all 

measurement points are represented on the graph for clarity.
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Fig. 5 –. 
Measured shear wave propagation in the xy-plane at axial focus at time points 1.4 ms and 

3.4 ms for three stretches λ (1.00, 1.60 and 2.14) and ARF tilts of 0° and 45°.
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Fig. 6 –. 
Spatio-temporal plots depicting shear wave splitting along the y-direction (across the stretch 

axis) when stretch increases (λ=1.00–1.60–2.14) for 45° ARF.
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Fig. 7 –. 
Simulated shear wave propagation in the xy-plane at time points 1.4 ms and 3.4 ms for 

stretches λ 1.00, 1.60 and 2.14 and three material models (Arruda-Boyce, Mooney-Rivlin, 

Isihara material law). The axes demonstrate x- and y-coordinates in case of 0° ARF and x’- 

and y’-coordinates in case of 45° ARF. Due to symmetry in our model about x(’)=0 mm, half 

of the shear wave propagation pattern in the x(’)y(’)-plane is shown, with left half of images 

depicting 0° ARF and right half of images showing 45° ARF.
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Fig. 8 –. 
Spatio-temporal plots demonstrating simulated shear wave propagation along the minor 

ellipse axis (across the stretch direction) at a stretch λ of 2.00 for both ARF tilts (0° and 

45°) and three material models (Arruda-Boyce, Mooney-Rivlin, Isihara material law). The 

split wave front for 45° ARF can be broken down into individual wave fronts when 

decomposing the tissue velocity vector according to the non-tilted coordinate system of 0° 

ARF (xyz-system). The left two columns visualize axial particle velocities as would be 

measured in the experiments.
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Fig. 9 –. 
Shear wave speeds as a function of stretch λxx for experiments and simulations (with Isihara 

material model). Errorbars indicate the range of shear wave speed estimations for left and 

right shear wave observed in the experiment.
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Table 1 –

Results of material model fitting to measured uniaxial tensile test data (goodness of fit is expressed as the 

coefficient of determination R2 and 95% confidence interval for each fitted parameter is indicated in between 

the rectangular brackets).

Arruda-Boyce (R2=0.9989) Mooney-Rivlin (R2=0.9677) Isihara (R2=0.9999)

μ 8.01 [7.99, 8.04] kPa C10 7.89 [7.66, 8.11] kPa C10 5.44 [4.61, 6.26] kPa

λm 1.58 [1.58, 1.59] C01 −0.538 [−0.959, −0.117] kPa C01 −0.523 [−1.44, 0.392] kPa

C20 0.677 [0.455,0.900] kPa
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