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1 Introduction

Corona viruses are a large family of viruses that have a distinctive corona or ‘crown’ of
sugary-proteins, and because of their appearance, they were called corona viruses in 1960.
Viruses that cause common cold diseases and fatal diseases, such as Middle East respi-
ratory syndrome (MERS-CoV) and severe acute respiratory syndrome (SARS-CoV), are
from the corona viruses family. Detailed investigations found that corona viruses are trans-
mitted between animals and people, for instance, SARS-CoV and MERS-CoV were trans-
mitted from civet cats and dromedary camels to humans, respectively. Also, several known
corona viruses that have not yet infected humans are circulating in animals.

COVID-19, which was first identified in the Wuhan city, is a new strain that has not been
previously identified in humans. Snakes or bats have been suspected as a potential source
for the outbreak, though other experts currently consider this unlikely. Fever, cough, short-
ness of breath, and breathing difficulties are the initial symptoms of this infection. In the
next steps, the infection can cause pneumonia, severe acute respiratory syndrome, kidney
failure, and even death.

The study of disease dynamics is a dominating theme for many biologists and mathe-
maticians (see, for example, [1-10]). It has been studied by many researchers that frac-
tional extensions of mathematical models of integer order represent the natural fact in a
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very systematic way such as in the approach of Akbari et al. [11], Baleanu et al. [12—24],
and Talaee et al. [25]. In this paper, we use the new fractional Caputo—Fabrizio derivative
[26] to express the mathematical modeling for simulating the transmission of COVID-
19. Recently, many works related to the fractional Caputo—Fabrizio derivative have been
published (see, for example, [21, 23, 24, 27-30]). The Caputo—Fabrizio fractional deriva-
tive is also used to study the dynamics of diseases (see, for example, [31-34]). Mathe-
matical models are used to simulate the transmission of corona virus (see, for example,
[35, 36]). A mathematical model for the transmission of COVID-19 was presented by Chen
et al. [37]. In this work, we investigate this model by using the Caputo—Fabrizio fractional
derivative.

Now, we recall some fundamental notions. The Caputo fractional derlvatlve of order n
for a function f via integrable differentiations is defined by *D"f(t) = s n) f T M ds,
where 7 = [5] + 1. Our second notion is a fractional derivative without singular kernel
which was introduced by Caputo and Fabrizio in 2015 [26]. Let b > a, f € H'(a,b), and
n € (0,1). The Caputo—Fabrizio derivative of order 7 for a function f is defined by

EDIf(t) = ) (—(t—s>)/<s> ds,

where ¢ > 0, M(n) is a normalization function that depends on n and M(0) = M(1) = 1. If
f ¢ H'(a,b) and 0 < 7 < 1, this derivative can be presented for f € L!(—c0, b) as

D () =

(s)) exp(—(t s)) ds

(see [38]). Let # > 1 and 5 € (0,1). The fractional derivatives “* D" of order 5 + n are

defined by “FD"f(¢) := CFD"(D"f(¢)) [28]. The Laplace transform of the Caputo—Fabrizio
vative i CE y(n+n) "L (0)]=5"f(0)=s""1f'(0) ==/ (0)

derivative is defined by L[~ D' f(£)](s) = s+n(1 ) ,where0<n <1

and M(n) =1 [38].

The Riemann-Liouville fractional integral of order n with Re(n) > 0 is defined by
If(t) = 1ﬂ) fot (t - s)”‘lf (s)ds [ 28] The fractional integral of Caputo—Fabrizio is defined
by CEIf(¢) = (2 n )f(t) + oA fof(s) ds (0 < 1 < 1) [38]. The Sumudu transform is
derived from the classmal Fourier integral ([39—41]). Consider the set

A= {F:E)\.,kl,kQ > F(t)} <Aexp(k£),te (1Y x [O,oo)}.
)

The Sumudu transform of a function f € A is defined by

F(u) = ST[f(t);u] = i/ooexp(—t/u)f(t)dt [ € (~k1, k)]

0

for all £ > 0, and the inverse Sumudu transform of F(u) is denoted by f(t) = ST[F(u)]

[40]. The Sumudu transform of the Caputo derivative is given by

sty 101

i=0
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where (m — 1 <n < m) [39]. Let F be a function such that its Caputo—Fabrizio fractional
derivation exists. The Sumudu transform of F with Caputo—Fabrizio fractional derivative
is defined by ST(S*D!)(F(¢)) = “4%_[ST(F(¢)) - F(0)] [42].

1-n+nu

2 A mathematical model for the transmission of COVID-19 with
Caputo-Fabrizio fractional derivative

Chen and colleagues have proposed a transmission network model to simulate possible
transmission from the source of infection (possibly bats) to human infection [37]. They
assumed that the virus was transmitted among the bats’ population, and then transmitted
to an unknown host (probably wild animals). Then hosts were hunted and sent to the
seafood market, which was defined as the reservoir or the virus. People exposed to the
market got the risks of the infection. In the presented model, people were divided into
five groups: susceptible people (S), exposed people (E), symptomatic infected people (I),
asymptomatic infected people (A), and removed people (R) including recovered and dead
people. COVID-19 in the reservoir was denoted as (W). This model was presented as
follows:

LB~ A-mS - B,SU +kA) - BuSW,

% — B,SU +kA) + BuSW — (1 - 8)wE — $'E — mE,
% =(1-8)wE - (y + m)I,

‘2—’: =dw,E—(y" + m)A,

% =yl+y'A-mR,

ﬂ—‘f:u[+u/A—sW,

where
A =nx N, N refer to the total number of people and n is the birth rate,
m: the death rate of people,
Bp: the transmission rate from I to S,
k: the multiple of the transmissible of A to that of I,
Byw: the transmission rate from W to S,
8: the proportion of asymptomatic infection rate of people

: the incubation period of people,

— & |-

: the latent period of people,
: the infectious period of symptomatic infection of people,
: the infectious period of asymptomatic infection of people,
the shedding coefficients from I to W,
: the shedding coefficients from A to W/,
L: the lifetime of the virus in W.

Also, the initial conditions are S(0) = Sy, E(0) = Ey, 1(0) = Iy, A(0) = Ag, W(0) = W

We moderate the system by substituting the time derivative by the Caputo-Fabrizio
fractional derivative in the Caputo sense [26]. With this change, the right- and left-hand

sides will not have the same dimension. To solve this problem, we use an auxiliary param-

o
1
14
1
v
7%
lL/

eter p, having the dimension of sec., to change the fractional operator so that the sides
have the same dimension [43]. According to the explanation presented, the COVID-19
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transmission fractional model for ¢ > 0 and 71 € (0, 1) is given as follows:

L CEDIS(8) = A — mS(t) - B,S(OU(E) + kA()) - BuSOW(2),

Z%n CEDYE(R) = BpS(e)U() + KA(D)) + BuS()W (1)
— (1 - 8)wE(t) - Sw'E(t) - mE(t),
i DY) = (1= §)wE() ~ (v + m)I(2), ¢))
i FDVA(L) = 8w, (1) — (v + m)A(2),
i EDIR(E) = yI(8) + y'A(t) - mR(),

A SEDIW (D) = kI (0) + W A(E) - W (0)

i)

where the initial conditions are S(0) = Sy, E(0) = Ey, 1(0) = Iy, A(0) = Ag, W(0) = Wy. In the
next section we investigate the existence and uniqueness of the solution for system (1) by
fixed point theorem.

3 Existence of a unique solution
In this section, we show that the system has a unique solution. For this purpose, employing
the fractional integral operator due to Nieto and Losada [38] on the system (1), we obtain

S(t) = S(0) = (0 ") FI/ A — mS(t) — B,S(E)U(2) + kA(2)) — BuSE)W (2)],
E(t) - E(0) = (0" “FI] [B,S(O)(U(2) + K A(2)) + B S(E) W (2)
— (1 - 8)wE(t) — 8 E(t) — mE(D)],
1(t) = 1(0) = (o) I} [(1 - 8)wE(t) - (v + m)I(2)],
A(t) = A0) = (0" FI [Sw E(t) — (v + m)A(t)],
R(t) - R(0) = (o' FL] [y I(2) + y'A(t) - mR(2)],
W(t) - W(0) = (o) SFL/ [ (t) + W A(t) — e W (2)].

Using the definition of Caputo—Fabrizio fractional integral [38], we obtain

S(6) — S(0) = 20 - mp™" {A=mS(t) - B,S(E)(I(2) + KA(t)) - BuSOW (£)}
R ’ ’
L2 t[A —mS() - BySO) (1) + kAW)) - BuSHIW ()] d
@ M) J ’ ’ "’
E(t) - E(0) = % {B,SO)(1(2) + kA®)) + BuSE)W (2)

— (1 - 8)wE(t) - o'E(t) — mE(t)}

t

1-n
2 [B,S0)(16) + kAD)) + BuSH)W )

T e nMm) Jo
—(1-8)wE(y) - 8'E(y) — mE(y)] dy,

2 -np)p'"
~(2-n)M(n)
L 2t
(2-mM(n) Jo

I(t) - 1(0) {1 =8)wE®) - (y + m)I(t)}

t

[(1=8)wEW) - (v + m)I()]dy, 2)
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_2(1-n)p” {
~(2-n)M(n)
2np!"
+ —_—
(2-mM(n) Jo
2 -p)p'"
-~ (2-n)M(n)

2 1-n t
* o J, 00V A0 - Ry

_2(1-n)p'"
C(2-n)M(n)
2np! "

+ m /0 [MI()’) + (WA - SWU’)] dy.

A() - A(0) S, Et) - (v' + m)A(®))

t

[Sw;E(t) -(y'+ m)A(t)] dy,

R(2) - R(0) {yI(t) + y'A(t) - mR(t)}

W(£) - W(0) [WI(@®) + WA®) - W ()

For convenience, we consider

Py(t,S) = A= mS(t) = BpS(O)U(2) + kA(2)) = BuS()W (1),

Py(t,E) = B,S()U(E) + kA(®)) + BuS(E)W (£) — (1 - 8)wE(t) - 8o/ E(t) — mE(2),
Ps3(t,1) = (1 = 8)wE(t) - (v + m)I(2),

Py(t,A) = 8w, E(t) - (v + m)A(2),

Ps(t,R) = yI(t) + y'A(t) — mR(z),

Po(t, W) = ul(t) + W A(t) — e W ().

Theorem 3.1 The kernel Py satisfies the Lipschitz condition and contraction if the follow-
ing inequality holds:

O<m+ Byl + Buly < 1.
Proof Consider functions S(¢) and S;(¢), then

|P1(&:5@) - Pr(t,5:0) |
= |-m(S(2) - $1(9)) = BpI()(S(2) — S1(2)) — B W (2)(S(2) — S1(2)) |
=m|S@) =10 + B |1 [ &) - i@ + Bu | W@ [[5) - 5,8
< (m+ B[ 1@ + B | W@ [) [5) - $:0)|
< (m+ Bply + Bub) | S@) - S1(®) .

Let Ay = m + Bply + Bula, where [y = ||[1(2)]| and [, = || W (¢)]| are bounded functions, then we
have

|1P1(5,S(®)) = Pr(£,51(8)) | < 21 [|S(2) = S1(0)]-

Thus, the Lipschitz condition is fulfilled for P;. In addition, if 0 < m + B,/ + Byly < 1, then
P; is a contraction. O

Page 5 of 27
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Similarly, Py, Ps, Pa, P5, Pg satisfy the Lipschitz condition as follows:

[P E0) - P2 (6 E1@) | < 22| E@) - E1 )]

|1P5(£,1(2)) = P5 (6, 11(®)) || < 23]

[Pt R®) - Ps (6. Ru) | < 25| R@) - R1(>H

(
(

|P4(t, A(®)) = Pa(t, A1 (1)) || < ha|A(t) - A
(&R

|1Ps (£ W(2)) = Po (£, Wi(2)) | < Ae|| W (&) — Wi (0)|.

On consideration of Py, Py, P3, Py, Ps, P, we can write equation (2) as follows:

S(t)=5(0)+%zﬁl(t,5) 5 '7:);\; o ), (210:9)
E(t) = E(0) + %Pﬂfﬂ % Ot(Pz(y,E)) dy,
10100+ 500 ey o 2 [ ()

A(t) = A(O)+%P (¢, A)+% t(P4(y,A))dy,
W (t) = W(0) + (;__T%PG(L W) + % Ot(PG(y, W) dy

Thus, consider the following recursive formula:

5.0 = %Pl(t,&m ; % Ot(Pl(y,sn_n) d,
E,(t) = %Pﬂm_l) + % fo t(Pz(y,En_l)) dy,
1) = %Pa(t,zn_l) + % ot(Pg(an_l)) .

A(0) = f(;_‘n—mm,m_l) + (zf’fw [ (Pins )y
Ry(2) = fz(l__n—mps(t,ml) + % Ot(Ps(y, Ry.1)) dy,

2(1 - ’7)/017'7 2;7,01*’7 t
Wn = —P ) Wn— _— P . Wn— d
(¢) 2= )M 6( 1) + @~ M) /0 ( 5(y 1)) Y.

where So(£) = S(0), Eo(£) = E(0), 1o(£) = 1(0), Ao(£) = A(0), Ro(t) = R(0), Wo(£) = W(0).
Now, we consider

Hln = Sn(t) - Sn—l(t)

2 -n)p'"

" mmgy S = P Sl
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wpln [t
oA J, [Pi00 S~ Pi S ]

Hy, = En(t) _En—l(t)
2 -n)p'"

C(2-n)Mn)

A _
iCE n)M(n)/o (P20 Encr) = Paly, Ena) | by

HSn = In(t) - In—l(t)
2 -n)p'"
S (2-nMn)

2 1-7n t
% /0 [Ps (3, In-1) = P3(y, L) ] dy,

H4n = An(t) - An—l (t)

_2(1-n)p'”
C(2-n)M(n)

2np! " !
T NaAsl N y4ip-1) — yLlp— d ’
+ @m0 _/0 [Pa(y, Aut) — Pa(y, Anz)] dy

HSn = Rn(t) - Rn—l(t)

_2(1-n)p'”
- n)M(n)

[Pa(t,Ey1) = Pa(t, Enn)]

[Ps(t,1,-1) — P3(t,I,-2) ]

[Pa(t,An-1) = Pa(t, Ana) ]

[P5(t, Ry-1) — P5(t, Rys)]

2 1-n t
+ % /0 [PS()/’RVI—I) —Ps(y,R,,,z)] dy,

He, = Wy(t) = Wi (2)

— 1-
- i 1P e =Pt )
Inpl-n t
ot [P W)= W]

Given the above equations, one can write

Si) =Y Hyt),  Eft)=) Hy(t),  L(t)=)_ Hy(),

Jj=0 Jj=0 Jj=0

Au(t) = ZH4j(t): R,(t) = ZHSj(t)’ W(t) = ZHe;‘(t)
j=0 Jj=0 j=0

®3)

According to Hi,,’s definition and using the triangular inequality, we have

| @) = [|S4(®) = Sua )

(L—n)p'
H (2- n)M(n)
L

(2-mM(n) Jo

PltSn 1) Pl(tSn 2)]

t

P05~ 0.51- )]

Page 7 of 27
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< 2(1-n)
(2-nM(n

277/01"’

P, satisfies the Lipschitz

(2020) 2020:299

P!
”Pl t Sn 1) Pl(t:Sn—Z) ||

t

condition, therefore

[P1 ()’; Su-1) —P1 (Y, Sn—Z)] dyH.
0

2(1-n)p'" 2np' " !
1S4(2) = Suca ()| < lens,ﬂ = Spall + mxl /0 [1Sn-1 = Suzll dy.
Thus we get
[t @] < 2 a0 ¢ ot [ i) @
— 2-nM(n) 2-mM@m) ~ Jo
It can be shown that similar results are obtained for H;,,i = 2, 3,4, 5, 6, as follows:
2(1-n)p'" 2np'”
||H2n(t) ” = mkz ”HZn—l(t) ” m / HH2n 1(9) ” dy,
2(1-n)p'" 2np’
] = 0 st s + 20 [ a0,
—-n)p'" 2np'~
D e A G W o [ 1] ©
2(1
)] < sl 0]+ o [ 1 0)]
-mpt" 27791‘
] < 8 s ¢ 20 [ Lt 10)]

According to the above result, we show that system (1) has a solution.

Theorem 3.2 The fractional COVID-19 model (1) has a system of solutions if there exist

t;,i=1,2,3,4,5,6, such that

2(1-n)p'"

2np'”

@-nMm "

2-

At < 1.
nM(n)

Proof Assume that functions S(¢), E(t), I(¢), A(t), R(t), W () are bounded. We have shown
that kernels H;,,i = 1,2,3,4,5,6, satisfy the Lipschitz condition. By using the recursive

method and the results of (4) and (5), we obtain

J#1,0] =I5

2(1-n)p*™"

2np'”

(2—=n)M(n)

e M)

2(1 n)p -n 2’7,01—") ]n
0 < IO Aot |,
o] < [EO | Ty e 2o
n)p'" 200"
Hs, 1(0
|| 3 (t)” ” ( )|||:(2 n)M(n) +(2—r])M(77)
(1-n)p*- 2np" "

1,0 = a0 3

(2-n)M(n)

TR M)

n
]

n
.

n
.

Page 8 of 27
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I 2]
(2 - nM(n) (2 —nM(n)

2(1—n)p' 2np' " 8
e-nMm) * " 2- n)M(n)M] '

I, 0] < Wil

Thus, functions (3) exist and are smooth. We claim that the above functions are the solu-

tions of system (1). To prove this claim, we assume

S() = S(0) = Hin(t) = Gua(t),  E(¢) — E(0) = Hzu(£) — Gan(2),
1(t) - 1(0) = H3,(t) — G3a(2),  A() — A(0) = Hyp(t) — Gan(2),

R(t) - R(O) = HSn(t) - GSn(t)’ W(t) - W(O) = H6n(t) - G6n(t)'

We have
|G @) = ”W%[Pl(t,s)—ﬂ(ﬁsn—l)]
2np'” !
= [ [P(5,S) - P($,S,.1)]d
* G i) Jy 109~ P0S)] yH
s%”&(m) P65,
np'”
| Py, S) = P(5,S,1)| &
+(2—n)M(n)/o” 109 =0, 51|
2(1 - n)p'" 2np' "
T S =Sl —— 1 IS = Spa it
< (2—77)M(77)A1H il + (2—7))M(77)M” e

By repeating this process, we obtain

2(1—n)pt 2npt" }"” el
G < .
6@ < [(2—77)1\/1(77) YeoomMmt| M

By taking limit on recent equation as # tends to infinity, we obtain ||G1,(¢)|| — 0. By the
same way, we get ||G;,(¢)|| — 0,i=2,3,4,5,6, and this completes the proof. O

To prove the uniqueness of solution, we assume that system (1) has another solution
such as S, Eq, 1, A1, R, W;. Then

NOEMO!
2(1—n)p'" 2npln t
H M0 Pl(t,S)—Pl(t,Sl))+m/(; (Pl(y,S)_Pl(y,Sl))dy‘l
: %”Pl(t’s)_l)l(t’sl)|| +w/ 1P, ) - Pr(3, $1)]| by

According to the Lipschitz condition of S, we get

—n)pt"
- n)M(n)

2np!"

IS -5 < @~ n)M(n)

M[S@O=-S10)| + Mt S@E) = $1(0)].

Page 9 of 27
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Thus

2(1 = n)pl" 2npl"
(1-n)p ne 1t)§0.

S-S - - ’
s 1(”“(1 CopMm T G- M ©

Theorem 3.3 The solution of COVID-19 fractional model (1) is unique if the following
condition holds:

2(1-n)p' 2np!" )
_ — 0.
(1 QM) " a—nmm M) = @)

Proof From condition (7) and equation (6), we conclude that

2(1—n)p"™ 2np! ™" _
Is@® -S4 (1 T oM @ n)M(n)M> =0

So ||S(¢) — S1(2)]| = 0, then S(¢) = S1(¢). In the same way, we can show that

E@)=E(t), 1&)=h@), AB=4A:10), RO=R(),  W()=Wi0.
The proof is complete. g

4 Stability analysis by fixed point theory

Using the Sumudu transform, we obtain a special solution to the COVID-19 model and
then prove the stability of the iterative method using fixed point theory. At first, we apply
the Sumudu transform on both sides of equations in model (1), then

ST( i “FD]S(8)) = ST(A ~ mS(t) - BSO)U(2) + K A(1) ~ BuSE)W (1)),
ST (515 “*DJE()) = ST(B,S(OU(e) + kA(£)) + BuSE)W (2)
— (1 = 8)wE(t) — S E(t) — mE(2)),
ST (i *DI(®) = ST((1 - §)wE() = (v + m)I(t)),
ST (515 “*DJA(1)) = STSw,E(t) - (v + m)A(2)),
ST (515 *DIR(t) = ST(y1() + y'A(t) - mR(2)),

ST(% CEDTW (1)) = ST (I (t) + W' A(t) — e W(2)).

1-n

We conclude from the Sumudu transform definition of the Caputo—Fabrizio derivative
the following:

U (ST(S(1) - S(0)) = p'"ST(A = mS(t) - B,SOU(E) + KA®)) - BuSEW (®)),
U (ST(E(R) - E0)) = p'IST(B,S(E)I(1) + A®) + BuSE)W () = (1 - §)wE(z)
- S'E(t) — mE(t)),

2 (ST(I(t)) - 1(0)) = p'IST((1 = H)wE(®) - (v + m)I(2)),

1-n+nu
U (ST(A(8)) - A(0)) = p'IST (e, E(®) - (' + m)A(2)),
U (ST(R(2) - R(0)) = p' ST (v I(8) + y'A(t) - mR(2)),

M (ST(W (£) = W(0)) = p' ST (1l (t) + /' A(t) — e W ().

1-n+nu
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If we rearrange the above inequalities, then

ST(S(2) = S(0) + w PIIST[A = mS(t) - BpS(O)U(2) + kA(E)) — BuS(E)W (£)],

ST(E(t)) = E(0) + &5 ’7*”” IST[B,S(t)(I(2) + kA(2)) + BuS(E)W () — (1 — 8)wE(2)
~Sa/E(t > - mE(t))

STU(®) =1(0) + 573 pISTI(A = S)wE() - (v +mI(@)],

ST(A(t)) = A(0) + %pl‘”ST[Sw;E(t) - (v + mA(t)],

ST(R(®)) = R(0) + S35 ' "STIy 1) + y'A() — mR(®)],

ST(W(t)) = W(0) + %pl_”ST[ul(t) + WA(t) —eW(t)].

We obtain

Sni1(8) = S4(0) + ST™H{FZHHE ST A = mS,(t) = BpSu(O)Un(2) + kA, (0))
— BuSu(&)W(®)]},
Epa(£) = En(0) + ST {1 p ST (B, S, (8) (L (8) + 164 (0)) + BuSu(t) Wia(£)
— (1 -98)wE,(t) - 8a/E (t) = mE, ()]},
L (8) = 1,(0) + ST {355 p'1ST[(1 - §)wE, (1) - (v + m)L, (1))},
Api1() = A,(0) + ST-l{1 T p1INST (8w, E(2) — (v + m)A, ()]},
Ry1(2) = R, (0) + ST {150 '“"“ STy L(0) + ' Au(t) - mR, ()]},
Wise1(£) = W, (0) + ST~ 1{1 "*"“ INST [l () + p/ An(t) — e W(£)]).

8)

The approximate solution of system (1) is as follows:

S(t) = lim S,(¢), E(t) = lim E,(¢), I(t) = lim L,(¢t),
n—00 n—00 n—00

A() = lim A,(8),  R() = lim R,(2), W(o) = lim W, (¢).

4.1 Stability analysis of iteration method

Consider the Banach space (G, | - ||), a self-map T on G, and the recursive method ¢,,,; =
&(T,qy). Assume that 7 (T) is the fixed point set of T which 7(T) # @ and lim,_, g, =
q € T(T). Suppose that {t,} C 7 and r, = ||t,1 — &(T, t,)||. If lim,,—, oo r, = 0 implies that
lim,,_, » ¢, = q, then the recursive procedure g,.1 = ¢(T,q,) is T-stable. Suppose that our
sequence {£,} has an upper boundary. If Picard’s iteration g,,1 = g, is satisfied in all these
conditions, then g, = Tg, is T-stable.

Theorem 4.1 ([44]) Let (G, | - ||) be a Banach space and T be a self-map of G satisfying
1 Tx = Tyl < Bllx— Tyl + bllx -yl
forall x,y € G where B> 0 and 0 < b < 1. Suppose that T is Picard T-stable.

According to (8), the fractional model of COVID-19 (1) is connected with the subse-

quent iterative formula. Now consider the following theorem.
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Theorem 4.2 Suppose that T is a self-map defined as follows:

T(Su(t) = S (2)
= S,(t) + ST p ST A — mS, (2)
— BpSu()(Lu(t) + KA (1)) = BuSn(t) W ()]},
T(E(t)) = Ens1(2)
= E,(£) + ST {1558 o VST (B, Su()(n(2) + kA (8))
+ BuSn(t)W(t) — (1 8)WwE,(t) = $'Ey(t) — mE,(£)]},
T(I,(®) = Lina (8) = L,(®) + ST HIGHI p1IST((1 = 8)wE, (1) - (v + m)L (9]},
T(Au(t)) = Apia (£) = A (8) + ST " ”“’“ ST [8w,E,(t) - (v + m)A,(t)]},
T(Ry(#)) = Rysa (£) = Ry (8) + ST {5000 ”“’” P IST Iy L(t) + y'Au(t) - mR,(1)]},
T(W(£)) = Winar (£) = Wi(2) + ST~ 1{1 T pIIST [, () + WAL (2) — e W, (0)]).

]
]

This iterative recursive is T-stable in L' (a, b) if the following conditions are achieved:

(1= (m + BpMs + BpMa + BuMs)fr () = BpMifo (1) = By Mifa(n) = BuwMifa(n)) < 1

(L + BpMifs(n) + (ByMs + Bpk Ma + BuMg)fs(n) + By Mif7(17) + BuMifs (1)
—((1-8)m+d0 + m)fs(n)) <1,

1+ @1 =d)afio(n) - (v + m)fn(n) <1,

(L+dwpfia(n) = (v + m)fiz()) < 1,

(L+yfisn) + v'fis(n) — mfis(n)) <

(1 + uhr(n) + p'fis(n) — efio(n) < 1.

Proof To prove that T has a fixed point, we compute the following inequalities for (i,j) €
N x N:

T(S:(2)) - T(S(0))
—n+nu

= Si(t) - 5;(0) + ST-I{ ! aiiy ST =m0 - £SO (HO +A)

- BuSie)Wi(1)) = (A = mSj(t) = BpS() ((2) + kA1) = BuS; () Wj(0)) ] }

= (Si(6) - $(0)

1-n+ "upl—n
M(n)

+ STl{ ST[=(m + BpLi(t) + By Aj(2) + B Wi(0)) (Si(8) - S(2))
= BpSi(O)(Li(1) = (1)) — Bpr Si(2) (Ai(2) — Aj(2)) — BuSi(t)(Wilt) — Wj(2))] }
By applying norm on both sides, we obtain

|7(s:0) - T(50)]

(Si(®) - S(8)




Baleanu et al. Advances in Difference Equations (2020) 2020:299 Page 13 of 27

1-n+nu
M(n)

+ 8T { P IST[=(m + Bpli(2) + Bukc A (2) + B Wi(1)) (Si(2) — Si(2))

= BpSi@) (Ii(t) = I(2)) — Byxe Si(t) (Ai(2) — Aj(2)) = BuSi(e)(Wi(2) — Wj(1)) ] } H
< HSi(t) - Si(t) ||
+ST! { #pl_”ST[” —(m+ BoIi(£) + By As(®) + Bu WD) (Si(8) — ;1)) |

+ | =BpSi@) (1) = (D)) || + || -Bpr i) (Ai(E) — A;(0)) |

[ BuSi0) (Wit) - Wi0) ||]}. ©)
Since the solutions have the same roles, we can consider

[s:) -5 = [E0 - E@ = [10) - 50| = [A4:0) - 4,0

= |Ru(®) = Ru(®)]| = [[Ra() = Rin(D)]- (10)

From equations (9) and (10), we get

| T(:8) - T(S;0) |
S MOEMO]
+ ST { %pl_”ST[” (1 + BoI(0) + By Ai(D) + By WD) (Si(0) - S;0) |
+ [ =BpSie)(Si(6) = Si®) || + | -BprSi(e)(Si(8) - S;(0)) |

o |-BuSiO (S0 - S O] } a1)

Si, Ei, I;, A, R;, W; are bounded because they are convergent sequences, then for all £ there
exist M;,i=1,2,3,4,5,6, such that

IS:1l < My, 1 E:|l < Ma, 41l < Ms, |A:]l < My, 12
IR: |l < Ms, |Will < Mg, (i,j) € N x N.

From equations (11) and (12), we get

| 7(s:0) - T(S;0) ||
<[1-(m+ ByMs + BMas + BuMo)fi(n) — BuMfo(n) — Bpkc My fa(n) = BuMifa(n) ]

x || Si(e) - S;(2)

, (13)
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where f; are functions from ST [% p1ST[«]]. Similarly, we will obtain

I T(Ei() - TE @)
< [1+ BpMyfs(n) + (ByMs + By M + BuMe)fs(n) + By My f7()
+ BuMifs () — (1 = 8)m + 8 + m)fo(M]IEi(£) — E;(D)]],
ITi(8) = TN < [1+ (1 = 8)ewhro(n) = (v + m)fn (ML) - L(D)Il, (14)
IT(A2) - T(A;) = [1 +dwpfia(n) — (v" + m)fis(m)]IAi2) - A; (D,
IT(R:(8) = TR < [1 + vfia(m) + ¥ 'fis(n) — mhs(m]IR:(2) - R; (D),
IT(Wi@) - T(W;)Il < [1+ whz(n) + w'fis(m) — eframMIWi(6) — Wi @),

where

(1= (m + BpMs + BpMa + BuMe)1(n) — BpMifo(n) — By Mifa(n) — Burfa(n)) < 1,

(L+ BpMifs(n) + (ByMs + BpicMa + B )fs (1) + Bpx Mifz(n) + BuwMifs ()
—((1-8)m+ s + m)fs(n)) <1,

1+ =d)afio(n) - (y +m)fn(n) < 1,

(1 +3wyfia(n) = (v" + m)fis(m)) < 1,

(L+yfia(n) + v'fis(n) — mfis(n)) < 1,

(1 + ufiz(n) + wfis(n) — efio(n)) < 1.

Thus the T-self mapping has a fixed point. Also, we show that T satisfies the conditions
in Theorem 4.1. Consider that (13), (14) hold, we assume

B — (0, 0, 0; 0, 0) O),

(1 - (m+ ByM3 + ByMs + BuMe)f1(n) — BuMyfo(n) — Bpk My fa(n) — BuM1fa(n)),

(L + BpMyfs(n) + (ByMs + Bk Ma + BiwMe)fs(1) + Bpxc Muf7(n) + BuwMfs(n)
—((1 = 8)m + 8o + m)fs(n)),

b= (1+1-8wfon) -y +mfn),

(1 +8wyfia(n) — (v" + m)fis(n)),

(L + yfia(n) + v'fis(n) — mfie(n)),

(L + phiz(n) + wfis(n) = efro(n)).

So, all the conditions of Theorem 4.1 are satisfied and the proof is complete. d

5 Numerical method

In this section, we apply the homotopy analysis transform method (HATM) to implement
the fractional model (1) appropriately. Notice that HATM is a well-developed mixture of
the standard Laplace transform technique [45] and the homotopy analysis method (HAM)
[46]. To solve model (1) by HATM, first we apply the Laplace transform in the following
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way:

Ll “DYS01(s) = L[A = mS(t) - B,S(OU() + kA1) = BuSOW (1)),
L[5 “*DIE®))(s) = LIB,S()U (1) + kA®) + BuSE)W (2)
— (1 - 8)wE(t) - 8/ E(t) - mE®)],
L[5 “*DH®](s) = LIA - )wE®) ~ (v + m)(2)],
L[5 “DIA®(s) = LISw,E() - (v + m)A(®)),
L5 “DIR®)(s) = LIy I(t) + y"A(t) - mR(D)),
L[5 " DIW(©)](s) = LInI(®) + W' A() - e W (D)),

which results in

SO = pIILIA - mS(0) - B,S(E)I@) + kA(2)) - BuSE)W(2)),

SBES) = pIIL[B,S()I() + KA()) + BuSO W (2)
— (1 -68)wE(t) — S'E(t) — mE(t)],

LOLQ — pI1L[(1 - 8)wE(®) - (y + m)I(£)],

HEES = pILIBw E(®) - (v + mA(D)],

SORE) = pIIL[yI() + y'AR) - mR(2)),

SO0 = I L[l () + WA(E) — e W (D).

Then we get

L(S) - 52 — =08 51T [A — mS(8) - B,S()U(E) + kA()) - BuSE)W (£)] = 0,
L(E) - £ — =08 5101 [8S(6)(I(2) + kAD)) + BuS(E)W () — (1~ 8)wE(¢)
- S8w'E(t) —mE(t)] =0,
L) - %o — 5108 1 [(1 — §)wE() - (v + m)I(1)] = 0, (15)
L(A) - 22 - 8= o1 [5w E(@) - (v + m)A(8)] = 0,

L(R) - B — =249 o1 [y [(£) + y ' A(t) - mR(1)] = 0,
L(W) = Yo _ sl p1onp [ (8) + 10 AE) — e W ()] = 0.

Using the homotopy method, we define

N (¢1(89), $2(t; ), $3(t; @), pa(t:9), 5(8 9), p6(t; 9))
=L[A - m¢1(t;q) - Bp1 (& D3 q) + kda(t; 7)) — Budr (& D6 (t:0) ],
No(¢1(8 9), ¢2(; ), $3(t; 0), pa(t:9), 5(8 9), p6(t; 9))
= L[ By (t: @) (#3(8:9) + kpa(t; ) + Buthr (@6 (t; )
- (1= 8)ws(t;q) — 80/ da(t;q) — m(t;9) ],
N (¢1(89), ¢2(t; ), $3(t;0), ba(t:9), 5(8 9), p6(t; 9))
=L[(1-8)wpa(t;9) — (v + m)¢s(t;q)],
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Ni(d1(5:9), ¢2(t; @), 938 ), a(t:9), ¢5(559), d6(t; 7))
= L[8w,da(t;q) — (v + m)pa(t;9)),

N5 (01(59), $2(t; ), $3(t; q), $a(t9), B5(5 9), d6(£59))
= L[y ¢s(t:q) + y'dalt; q) — mes(t;9)],

No(1(5:9), ¢2(t; @), 838 ), a(5:9), ¢5(559), d6(t; 7))
= L{uos(tq) + W' du(t:9) — e¢6(t:q) |-

Then the deformation equations become

(1-q)L[p1(t:9) - So(®)]

= ghH(O)Ny (¢1(8 9), (6 9), d3(55.9), Pa(t; ), ¢5 (85 9), d6(5:.9)),
(1-q)L[¢2(t;q) — Eo(t)]

= qhH(t)Ny(¢1(t; @), 28 q), b3(6 9), da(t; 7). 5 (8 @), D68 9))»
(1-q)L[¢3(t;q) — Io(1)]

= ghH(t)N3(¢1(t; q), 92(t; @), d3(6:9), $a(t; 9), ¢5(t; ), b6 (£5.9)),
(1 - q)L[pa(t;q) — Ao(1)]

= ghH()Na($1(t;9), $2(8: ), $3(t:9), $a(8:9), b5(t:9), 96(559)),
(1 - q)L[¢s(t;q) — Ro(t)]

= qhH(t)N5(¢1(t; @), 28 q), b3(6.9), da(t; 9), 5 (8 @), d6(E:9))»
(1 - q)L[ps(t;9) — Wo(2)]

= ghH(t)Ne(¢1(t; @), $2(£;0), d3(6:9), da(t: 9), ¢5(; 0), b6 (559)),

where g € [0, 1] denotes an embedding parameter; ¢;(¢; g), i = 0, 1, are unknown functions;
S0, Eo, Lo, Ao, Ro, Wy are initial guesses; L[-] is the Laplace operator; H(t) # 0 is an auxil-
iary function, and % # 0 is a nonzero auxiliary parameter. Clearly, for g =0 and g = 1, we
have

$1(£0) = So(2), $1(81) = S(2),
$2(£;0) = Eo(2), $2(8;1) = E(2),
$3(£;0) = Io(2), #3(t:1) = 1(2),
$a(t;0) = Ao(2), $a(t;1) = A(2),
#5(£0) = Ro(2), ¢5(t;1) = R(2),
¢6(t;0) = Wo(2), ¢6(t;1) = W(t).

Thus, increasing g from zero to one varies the solution (¢1(%;q), d2(t; q), d3(t; 9), Pa(t; q),
#5(t;9), P6(t;q)) from  (So(2), Eo(t), Lo(2), Ao(t), Ro(t), Wo(2)) to (S(¢), E(2),1(2), A(t), R(¢),
W(¢)). Now, we expand ¢;(¢;q9) (i = 1,2,3,4,5,6) in the Taylor series with regard to q.
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This procedure yields

d1(t;q) = So + ZSn(t)q”, da(t;q) =Eo + ZE,,(t)q",
n=1

n=1

¢3(t;q) = Io + Zln(t)q", Pult;q) = Ao + ZA,,(t)q",
n=1

n=1

¢5(t; 61) = RO + ZRn(t)an ¢6(t; 61) =Wo+ Z Wn(t)qn’

n=1 n=1

where

1 9"¢1(t;q) 1 0"¢a(t:9)

R v I HO R Rl
n. q 4=0 n: q q=0
1 9"¢s(t:q) 1 9"¢ult; q)

I,(t) = | Ay) = e | (16)
n. q q=0 . q q=0
1 8"¢5(t;q) 1 9"6(t;q)

Ru(t)= —“T7E D = S EEONT)
n!  dq 4=0 n!  dq 4=0

If the auxiliary function H(t), the auxiliary parameter /4, and the initial guesses are
properly chosen, then series (16) converges at g = 1, as proved by Liao [46]. Thus, we

get

SO =50+ ) Sue),  E®)=Eo+ ) En(t),
n=1 n=1

IO)=D+) LO, AW®=Ao+) A,
n=1

n=1

R(t)=Ro+ Y Ry(t),  W(t)=Wo+ Y W().
n=1 n=1

In addition, we can express the mth order deformation equation by

LISu(®) = XuSu-1(£)] = KHT} (S, 1),
LIEx(t) = XuEn-1(8)] = KHT,0(Er),
LU() = Xulnr (O] = HHT3 (L),
LA = xnApr(O)] = hHHT40(An1),
LIRy(8) = xnRu-1(O)] = hHT5,(R,r-1),
LIWu(®) = X0 W1 (8)] = hHT6,5(Wyi_1),

(17)
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where

T1n(Su1 () = LISu-1(6)] = 2(1 = ) = S8 o101 [ A — S,y (2)
= BpSn-1(O)Lu-1(8) + kAp_1(£)) = BuwSu1 () Wi (8],
To(En1 () = LIE1 ()] — (1 ~ x,)
— ) S (B, 1 (6) (Lo () + KA1 (£)
+ BuwSu_1(O) Wiuo1(2) — (1 = 8)wE,_1(2) — Sw'E -1 (t) — mE,_1(t)],
TsnLuer () = LUy (8)]
— (1~ y,) = D I [(1 = )wE,1(8) — (y + M), (1)), (18)
Tan(An1 (8) = L[A, 1 (0] - 221 - 1)
— 2l G [8) E,a () = (v + m)A, ()],
Tsn(Ro-1(8) = LIRuo1 (8] = 22(1 = x,)
- 22U 10 [y L, 1 (8) + ' Apea (£) = mR, 1 (8)],
Ton(Woo1(£)) = LIW,i1(8)] = 22 (1 — x,)
— 2 I [, 3 () + W Ao (8) — e Wi (8)),

and

0, n<l,

1, n>1.

Xn =

Applying the inverse Laplace transform to equation (17), we obtain

Sn(t) = XnSn-1(8) + hHL™ [Tl,n(Sn—l)]» Ey(£) = xnEn-(2) + hHL™ [TZ,H(En—l)]r
() = Xulpr (8) + RHL [ T3nTi)], - A(8) = XnApa (6) + BHL [ Tap(An-1)],

Ry, (2) = xuRua () + hHL™ [TS,n(Rn—l)]’ Wiu(t) = xn W1 (£) + hHL™ [TG,n(Wn—l)]~
Solving these equations for different values of n =1,2,3,..., we derive

S1(t) = —hHp' (1 + a(t — 1))(A — mSo(t) — BpSo(t)Lo(2) + kAo (£)) — BuwSo(£) Wi (2))

= —hHM;p* (1 + a(t - 1)),
Ei(t) = —hHp' ™1 (1 + a(t — 1))(B,S0(£) (Lo (8) + kAo (2) + BuSo(£) Wi (2)

— (1 = 8)wEy(t) — 8a'Eo(t) — mEy(t)) = —hHMyp (1 + ae(t — 1)),

L(t) = —hHp (1 + a(t - 1))((1 - 8)wEo(t) — (v + m)I(1))

= —hHM;5p (1 + a(t — 1)),
Ay(t) = -hHp' ™" (1 + a(t - 1) (8w, Eo(t) — (v + m)Ao(t))

= —hHMp' (1 + a(t - 1)),
Ri(t) = —hHp' " (1 + a(t — )y Lo(t) + y'Ao(t) — mR(t))

= —hHMsp' (1 + a(t — 1)),
Wi(t) = —hHp' (1 + a(t — 1)) (udo(£) + i Ao(t) — e Wi (1))

= —hHMgp' (1 + a(t - 1)),

Page 18 of 27
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where

My = A —mSy(t) — BpSo(£)o(£) + kAo(£)) — BuwSo(£) Wo(2),

My = BpSo(t)Lo(2) + kAo(2)) + BuSo(t) Wo(t) — (1 = §)wEo(t) — dw'Eo(t) — mE(2),
M; = (1= 8)wEo(t) - (v + m)Io(2),

My = 8w, Eo(t) = (y" + m)Ao(2),

M5 = ylo(t) + y'Ao(t) — mRo(2),

M = pudo(t) + ' Ao(t) — e Wy (2).

Finally, the solutions of system (1) are obtained as follows:

S(t) = So(t) + S1(8) + Sa(t) + -+ -,

E(t) =Eo(t) + Ea(t) + E2(8) + - - -,

1) =L(t) + L&) + L(g) +-- -,

A(t) = Ao(t) + A1(t) + Ax(®) + - - -,

R(t) = Ro(t) + Ry (£) + Ry () + -+ -,

W () = Wo(t) + Wi(g) + Walg) +--- .
5.1 Convergency of HATM for FDEs

In the following, we discuss the convergence of HATM by presenting and proving the

following theorem.

Theorem 5.1 Let Y o0 Su(8), Do En(®), Y onooLu(®), Y020 An(®), D oooRu(t), and
> 220 Wau(t) be uniformly convergent to S(t), E(t), 1(t), A(t), R(¢), and W (¢), respectively,
where {S,(t), E,(t),1,(t),A,(t), R,(t), W, (t)} € L(R*) are produced by the mth order de-
Sormation (17). Also, assume that Y oo (CEDS,()), Yo ((SEDYE,(2)), Y oo o(SED*L,(2)),
Yo (CFDA,(8), Yoo o (CED R, (2)), D02 o (CED* W, (¢)) are convergent. Then S(t), E(t), 1(t),

n=0 n=0

A(t), R(t), W (¢) are the exact solutions of system (15).

Proof By assuming that >_°) S,(¢) is uniformly convergent to S(¢), we can clearly state
lim S,(t)=0, forallteR". (19)
n— o0

Since Laplace is a linear operator, we have

k
= ) [LSu() = (L Sua ()]
n=1

=LS1(2) + (LS2(8) = LS1(2)) + -+ + (LSk(8) — LSk-1(8)) = LSk (2). (20)
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E(t)

— = 1=0.9 1=0.8 —— 1=0.7 —— 1=0.6
— =05

Figure 1 Plots of approximate solutions of susceptible parameter S and exposed parameter E for different
valuesof n=1,09,08,0.7,0.6,0.5

Thus, from (19) and (20) we derive

;L[s,q(t) ~ KuSp1(0)] = lim L8,() = L(lim S(®)) =0.
Hence,
hH Y Tip(Sua(0) = D L[Su(®) = xuSua(8)] = 0.
n=1 n=1

Since 1 #0, H #0, this yields > -, Tl,n(g'n,l(t)) = 0. Similarly, we can prove

Z T2,n (Enfl(t)) =0, Z T3,n (Zq—l(t)) =0,
n=1 n=1
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Figure 2 Plots of approximate solutions of asymptomatic infected parameter A and symptomatic infected
parameter | for different values of n =1,0.9,0.8,0.7,0.6,0.5

Z T4,n (izn—l(t)) =0, Z TS,n(f/n—l(t)) =0, Z T6,n(‘7n—1(t)) =0.
n=1 n=1 n=1

Now, from (18) we get

0= Z{ nl(t) ——(1— )—Hai;S)pl_”L[A—nSn_l(t)

n=1

- IBpSn—l(t) (In—l(t) + KAn—l(t)) = BuSu-1(t) Wn—l(t)] }

- L[Z 5. 1(t)} ) IR @pl—u[zm S, (0)

n=1
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Figure 3 Plots of approximate solutions of removed parameter R and COVID-19 reservoir parameter W for
different values of n =1,0.9,0.8,0.7,0.6,0.5

- ﬂpSn—l(t) (In—l(t) + KAn—l(t)) - ,Ban—l(t) Wn—l(t)):|

= L[S(®)] - % - w P IL[ A - nS(E) - B,SW(I(E) + KAL) - BuSE)W(D)].

Therefore S(t) is the exact solution of system (15). Similarly, we can prove that E(¢), I(¢),
A(t), R(t), and W (t) are the exact solutions of system (15), and the proof is complete. [

6 Numerical results

In this section, we present a numerical simulation for the transmission model of COVID-
19 (1) by using the homotopy analysis transform method (HATM). To this end, we assume
that the total population is N = 100, and since the birth rate for China in 2020 is about
11.46 births per 1000 people, then A = n x N = 1.146. According to the news released by
the World Health Organization, the death rate is 3.4 percent and the incubation period
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Figure 4 Plots of the results of Caputo derivative and Caputo—-Fabrizio derivative for S, E with n = 0.96

of COVID-19 is 14 days. Of course, the new Chinese study, which has yet to be peer-
reviewed, suggests that the incubation period for the virus could be as long as 24 days.

Because the information is changing and due to the lack of complete information on
many parameters related to the transmission of this virus, we had to consider some of the
coefficients hypothetically. In this simulation, according to the news, we have chosen the
parameters as f8, = 0.0025, 8, = 0.001, « = 0.05, § = 0.25, w = 0.071, o' = 0.1, y = 0.047,
y'=0.1, u = 0.003, u’' = 0.001, & = 0.033, and the initial values are Sy = 35, Iy = 25, Ry = 0,
Ey=25,A0=10, Wy =5.

In Figures 1-3, we show the three-term solution of homotopy analysis transform
method (HATM) with the auxiliary parameter /# = —1 and the auxiliary function H = 1
corresponding to proposed model (1) for different values of n and modification param-
eter p = 0.99. Figures 1 and 2 show that the number of susceptible and exposed people
increases first with a birth rate of 1.146. And then, with COVID-19 infection, the popu-
lation of these two groups declines, and the population of the symptomatic and asymp-

tomatic infected people increases. Figure 3 shows that the population of the out-group,
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Figure 5 Plots of the results of Caputo derivative and Caputo-Fabrizio derivative for A, | with n = 0.96

i.e., the recovered and the dead, also increases with time. The amount of virus in the
reservoir also decreases first and then increases as people enter the reservoir from the
two infected groups. We put the Caputo fractional derivative in model (1) instead of the
Caputo—Fabrizio fractional derivative and solved the new model similarly and obtained
the results of the two derivatives for n = 0.96. Then, in Figs. 4—6, we compared these results
for system (1). We observe that the difference between the results of these two derivatives
increases with time.

7 Conclusion

In this paper, we investigate a model of the COVID-19 transmission in different groups of
people using the Caputo—Fabrizio fractional derivative. Using the fixed point theorem, we
prove a unique solution for the system. The resulting differential system is solved using
the homotopy analysis transform method (HATM), and we obtain approximate solutions
in convergent series. With the numerical results, we present a simulation for COVID-19,
which shows the rapid transmission of the virus to different groups of people. We com-
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Figure 6 Plots of the results of Caputo derivative and Caputo-Fabrizio derivative for R, W with n = 0.96

pared the results of the Caputo—Fabrizio fractional derivative with those of the Caputo
derivative.
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