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Similar to other epidemics, the novel coronavirus (COVID-19) spread very fast and infected almost two
hundreds countries around the globe since December 2019. The unique characteristics of the COVID-19
include its ability of faster expansion through freely existed viruses or air molecules in the atmosphere.
Assuming that the spread of virus follows a random process instead of deterministic. The continuous time
Markov Chain (CTMC) through stochastic model approach has been utilized for predicting the impending

Keywords: states with the use of random variables. The proposed study is devoted to investigate a model consist
Stochastic epidemic model of three exclusive compartments. The first class includes white nose based transmission rate (termed
CovID-19 as susceptible individuals), the second one pertains to the infected population having the same pertur-
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bation occurrence and the last one isolated (quarantined) individuals. We discuss the model’s extinc-
tion as well as the stationary distribution in order to derive the the sufficient criterion for the persis-
tence and disease’ extinction. Lastly, the numerical simulation is executed for supporting the theoretical

Stationary distribution .
y findings.

© 2020 Published by Elsevier Ltd.

1. Introduction

The 2019- novel coronavirus has been known to the virologist’s
community as Severe Acute Respiratory Syndrome Coronavirus-2
(SARS-CoV-2) [1]. The COVID-19 refers to the virus associated syn-
drome. SARS-CoV-2 being previously unrecognized novel-strain of
the coronavirus in humans [2,3]. Coronaviruses in general circulate
among various animals with some being highly susceptible for in-
fecting humans. Among these animals, naturally bats are thought
to be proven hosts of such novel coronaviruses, nevertheless, var-
ious species of other animals are also considered an active cause
for such spreads [4]. At present, the Middle East Respiratory Syn-
drome Coronavirus (MERS-CoV) which is much similar to COVID-
19 was spread from camels to humans, while the civet cats have
been considered as source of Severe Acute Respiratory Syndrome
Coronavirus-1 (SARS-CoV-1) for transmission into human. Bunch of
information are presented in the ECDC factsheet on coronaviruses
[4,5].

* Corresponding author.
E-mail address: dumitru@cankaya.edu.tr (D. Baleanu).

https://doi.org/10.1016/j.chaos.2020.110036
0960-0779/© 2020 Published by Elsevier Ltd.

Though the animals are understood to be a proven source, how-
ever, currently, human-to-human transmission is also considered
as one of the spread source. At present, the epidemiological in-
formation are sparse for the determination of an effortless spread
of this virus among the people, nonetheless, currently, on average,
it is estimated that, infection in one person can cause the spread
among 2-3 more people [1,5]. The virus appears to be transferred
mostly through narrow respiratory droplets by coughing, sneezing,
or people’s interaction in close proximity (usually less than one
meter) with each other for a certain time frame. These droplets
can further be inhaled, or can stay on the surfaces being came in
contact by the infected person, that can cause infection in others
by touching their nose, mouth or eyes. The virus possesses ability
to survive on various surfaces commencing several hours (e.g. cop-
per, cardboard) up to a few days (e.g. plastic and stainless steel).
Nonetheless, the quantity of the viable virus certainly decays over
a time span and might not be present in sufficient quantity for
causing the infection. It is currently estimated that the appearance
of symptoms and initial infections in case of COVID-19 almost lies
between 1-14 days [1,5,6]. Moreover till today there is no proper
treatment in term of vaccine etc. However, the scientists are work-
ing faster to develop vaccine for the novel COVID-19, which will
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take enough time. Therefore the only way to stop the spread of
this disease is to quarantine or isolate the initially infected popu-
lation as showed by the Chinese Govt and also the guide line of
WHO.

It could be also noted that most of the real world phenomenon
are not simply deterministic, because in deterministic models, the
output of the model is fully determined by the parameter values
and the initial conditions. Stochastic models possess some inher-
ent randomness. The same set of parameter values and initial con-
ditions will lead to an ensemble of different outputs or we can say
in simple world a deterministic model is one that uses numbers as
inputs, and produces numbers as outputs. A stochastic model in-
cludes a random component that uses a distribution as one of the
inputs, and results in a distribution for the output. These distribu-
tions may reflect the uncertainty in what the input should be (e.g.
a deterministic input plus noise), or may reflect a random process
(i.e. a stochastic input) [7-9].

For describing the changing behavior of several epidemic dis-
eases in a realistic sense, the mathematical modeling is consid-
ered as an influential tool. Several epidemic models have been
developed by various mathematicians and ecologists for compre-
hending and controlling various epidemic diseases in a region. In
last twenty years, mathematical modeling is widely used for char-
acterizing the communication of various infectious diseases (see
e.g. [10,11]. Recently various comprehensions have been made to
deepen the understanding about the novel coronavirus (COVID-19)
particularly grasping the valuable inferences through mathemati-
cal modeling [12-14]. The modelsdescribe the dynamics of infec-
tious diseases, however, for modeling biological phenomenon, it is
appropriate to use the stochastic differential equations due to its
realistic approach. Compared to deterministic models, the stochas-
tic models can generally result in more valuable output, by several
times execution, a distribution of the expected results can be built,
such as the average infections at any time t, whereas the deter-
ministic models result in a single predicted value [15-18]. Numer-
ous approaches and methods exist for studying stochastic models
(such as Binomial moment equation etc.) [19,20].

The most basic stochastic epidemic models are those involving
global transmission, meaning that infection rates depend only on
the type and state of the individuals involved, and not on their lo-
cation in the population. How can a model be defined explaining
the sometimes-observed scenario of frequent mid-sized epidemic
outbreaks? How can evolution of the infectious agent transmis-
sion rates be modeled and fitted to data in a robust way? In this
paper we understand the transmission mechanism of the COVID-
19 mathematically, we have formulated a model using the avail-
able literature on modeling epidemics, we propose a stochastic
epidemic model for the transmission dynamics of COVID-19 virus
with a varying population environment for a long-term behavior.
We categorize the total population into three different classes. The
first class is the susceptible individuals in which the transmis-
sion rate is distributed by white noise. The second class includes
the infected individuals in which the same transmission occurs.
The third class consists of the quarantine individuals with white
noise.

In the recent study, we proposed a stochastic epidemic model
for the transmission dynamics of the COVID-19 with a changing
environment considering long term behavior. The overall popula-
tion has been divided into three exclusive classes: the susceptible
individuals with white noise transmission rate distribution, the in-
fected individuals in which the same perturbation occur and quar-
antined individuals. Then, we will discuss the disease’ extinction
and stationary distribution and develop the sufficient condition for
the COVID-19. Furthermore, sample simulations are find out with
the help of stochastic Runge-Kutta method for supporting the the-
oretical results.

2. Mathematical Model for COVID-19 model

The present section is devoted to formulation of a model based
on stochastic theory for studying the transmissions dynamic of the
novel virus ie., COVID-19 pandemic. We propose a susceptible-
infected-quarantined epidemic model as according to the charac-
teristic of the disease. We also take the varying population envi-
ronment to study the dynamics of the COVID-19 particularly its
long-term behavior. Before to present the model, we put some as-
sumption as given by the following assertions.

(A71). The total population at any time t is symbolized by N(t)
and it is stratified into three exclusive groups of individual: the
susceptible class S(t), the COVID-19 infected people I(t) and the
quarantined Q(t), i.e., S(t) +I(t) + Q(t) = N(t) which is changing
with t.

(A;). The state variables and parameters included in the model
are assumed to be nonnegative.

(A3) The initially infected individuals move to the quarantined
class as performed by the Chinese in Wuhan city.

(A4). Once the infection confirmed then the quarantined will go
back to the infected compartment.

In the light of the above assumption (A;) — (A4), the proposed
model leads to the following stochastic epidemic problem which
consist of three stochastic differential equations

ds(t) = [A — BOO — y1oS(t)]de + miS(t)dBy (1),
di(t) =GO — (y1 +pu1+10) (D +0Q(0) ) dt+naI (0B, (1), (1)
dQ(t) = (I(t) — (o + i+ 0)QD))dt + n3Q(t)dBs3 (1)

Here in the model, A represents the per capita constant fecun-
dity rate. pg, ;1 and pu represents the natural mortality rate and
disease-related mortality rate, respectively. y; represents the con-
stant rate at which people getting quarantined from COVID-19 in-
fected class. B(t) is considered to be the usual Brownian motion
with intensity 11, 7, and n; taken to be positive.

3. Preliminaries

Let (€2, {Ft};> 0, P) be the complete probability space with
filtration {F¢};- ¢ which satisfy the normal conditions, X(t)=
(SE).1(0). Q()). [X(®)] = ($*(1) + () + Q2(£)?. and B = {xe
RI:x;j>0.j=1,--.d}.

Considering a d-dimensional SDE

dz(t) = f(z(t), t)dt + g(z(t). t)dB(t)

along with condition z(ty) = zy € RY, where B(t) denotes an m-
dimensional usual Brownian motion. Define the operator £ related
to (4) by

t >t (2)

82

9 & 3 1g T
L=or+ ;ff(z, Doz T2 ijz::l [¢' e 0ste t)]“m'

By operating £ on V (a function from the space C21(RY x
[tg, 00); Ry )), then we have

LV(z,t) =Vi(z.t) + Vo (z.t) f(z.1) + %trace[gT(z, OV (2, 1)gz )],

where
av
Ve= .

T
v= (V. vy
0z Bzd

%V
Va = (az"azf )dxd-
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By generalized It6's formula, we have
dv(z(t), t) = LV (z(t), t)dt + Vo (z(t), t)g(z(t), t)dB(t),
whenever z(t) € RY.

4. The existence and uniqueness of solution to COVID-19 model

This section is about studying the existence and uniqueness of
solution of the proposed stochastic COVID-19 model (1).

Theorem 1. The triplet (S(t), I(t), Q(t)) being solution of the devel-
oped stochastic COVID-19 epidemic model (1) is unique for t > 0 with
initial condition (S(0),1(0),Q(0)) € R3+. Further, the solution will al-
ways remains in Ri with unit probability, that is, (S(t),I(t),Q(t)) e
R3 V t > 0 almost surely (a.s).

Proof: As for initial value of the state variables
(5(0),1(0),Q(0)) e R3, the coefficients used in equations are
continuous and locally lipschitz. Thus, there must exists a local
unique solution (S(t), I(t), Q(t)) of the model over t ¢ [0, Te).
For detail analysis of the explosion time 7, one must see the
references [21,22]. To prove the global nature of the solution, we
must show that 7. = co a.s. Assume that we have a sufficiently
large nonnegative number kg such that all of the initial conditions
on the state lie within [%, ko). Let for each positive integer k > kg,

the finishing time be defined as
t € [0, ) : min{S(t), 1(t), Q(t)} < ¢
Ty =y o0r .
max{S(¢t), 1(t), Q(t)} = k
Throughout this manuscript, we must choose inf¢ = co where
¢ stand for the null set. Definition of t, force us to say that it is
increasing as k tends to oco. Setting T = limy_, ., with 7, > T a.s.
Upon showing 7., = oo a.s., we will declare that 7. = co and hence
(S(e), I(t), Q(t)) will lies in R a.s. Vt > 0. Thus, it is suffice to prove
that 7, = oo a.s. In otherwise case, there must exists two positive
constants € from (0,1) and T such that
P{T > 1.} > €. (4)
Hence there is an integer k; > kg, such that
P{T>1t)>¢€, Yk <k.
Next, we will define a C2-function H : Ri — R, in such a way that

3)

HGS L,Q)=S+1+Q-3— logI —logQ. (5)

It is to be noted that the H is a nonnegative function, and it can be
verified from the fact that 0 <y —logy — 1, VO <y. Assume that
ko < K and 0 < T are arbitrary. Upon applying It6 formula to
Eq. (5) gives us

dH(S,1,Q) = LH(S,1,Q) + n1(S = 1)B1(t) + n2(I - 1)Ba(t)
+13(Q — 1)Bs(t) (6)
In Eq. (6), LH : Ri — R, is defined by the following equation

LH(S.1Q) = (1~ %) (A - % - uoS(t)> L me

(e

+(1-5) 01O = o+ 1+ )00 +
=A—IL05—A+'BN+M0

logS —

2
(o + Y1+ m)I(E) + o‘Q(t)) + %

S
— (o + pu)I = BS+ (o + Y1 +H1)—0%
10 M2+ % +n3?
~(o+ QO ~yig ey + (ot o) + fﬁ

2
m2+n2+n; — K

SA+B 430+t tput+o+ 5

(7)
Thus,
E[HS(meAT), I(te AT), Qi AT))]
< H(S(0),1(0), Q(0)) +E|:/T o Kdt:|, (8)

= H(5(0),1(0),Q(0)) +KT.

Setting 2 = {7, < T} for k > k; and by Eq. (4), P(€2;) > €. Note
that for each w from 2, there must exist one or more than one
S(tk, ), [(T), ®), Q(T), w) which equals }—{ or k. As a result H(S(t ),
I(Ty), Q(tk)) is no less then ,l( —1+1logk or k — 1 — logk. Therefore,

H(S(w). (1), Q(50) = (1 ~1-+logk) AE(k—1-logk).  (9)

By using Eqgs. (4) and (8), we can write
H(S(0).100). Q(0) + KT = E[ o) H(S(r). (7. Q(w)))

> 6[(% -1 +logk> Ak—1-— logk)].

(10)
Here 1¢,) represent the indicator function of 2. Approaching k

to oo will lead us to the contradiction co > H(S(O),I(O),Q(O)) +
MT = oo showing that 7., = oo a.s.

Theorem 2. For any initial data (S(0), I(0), Q(0)) in Ri, the solution
of the developed model (1) will remains in R3 with unit probability,
that is, (S(t),1(t),Q(t)) € Ri for all t > 0 almost surely.

Proof: Letting I C [0, +oo0) and assuming that a solution of the
proposed stochastic COVID-19 pandemic model (1) exists in I, then
for each time t € I, solution of the first equation of the model
(1) becomes

S(t) = e " i (24 3 o) du=my 5 1()dBy )

[S(o>+A / ¢ ﬂ'(“)“”"z(”))d”"‘f"'(u)dBl(u)]du

which implies that S(t) > 0. Solving the second equation of the
model (1) gives us

(11)

i) = 1(0)e7<#0+“1 717 W)+ (%mg(uﬂ 1022 (u))du+n2 S S(u)dBy ()

o ot ev =S (B so 0+ §nds? w g ff sdsy @
/‘ ﬂS(u) (M0+M1+Vl y1S(u))du— fo(’35(”>+<7Q(u)+2n252(u))du nszS(u)de(u)

x du,

which simply means that 0 < I(t). It is handy to shown that
0 < Q(t). Hence (S(t),I(t),Q(t)) € Ri, for all t > 0, which proves
the conclusion.

Remark 1. Clearly, Theorems 1 and 2 guarantees that for the initial
data (5(0),1(0),Q(0)) € R3, there is a unique global solution (S(t),
I(t), Q(t)) of the model (1) in Ri almost surely. Thus

dN(t) < A — [toN(t). (12)
By solving the differential inequality Eq. (12) yields
A A
N(t) < 2 4 e ot (A — oN(t (NO——). 13
© = (A — oN(©) (N©) ~ - (13)

If MAO > N(0), then MAO > N(t), a.s. Thus the desired region for the
problem becomes
={(s,1,Q):5>0,120,Q>0,N5MA}. (14)
0

In upcoming study, we shall always assume that (S(0), I(0),
Q(0)) € Q* unless otherwise stated.
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5. The Extinction and Stationary Distribution of COVID-19
model

As for as the stochastic systems are concerned, they have no
endemic equlibria. Thus, the stability analysis cannot be used as
a tool for studying the disease’ persistence. As a result, one must
turn his/her attention to the existence/uniqueness theory of the
stationary distribution which in some sense, will work for persis-
tence of the disease. For this purpose, we will cite a famous result
from Hasminskii [23].

Let

1 t
(X(0)) = 7/ X(r)dr. (15)
tJo
Lemma 1. [16, 17](Strong Law of Large Number) Let M = {M};>o be a
continuous real valued local martingale and vanishing at t = 0, then

lim (M, M) = oo, as., implies that lim

t—o0 (M, M>[
=0, as., and also,
(M. m), i M,
tllm supf < 0, a.s., implies that [llm + = 0, as. (16)

Lemma 2. [16, 17] Assume that f € C[[0, co) x (0, o0)] and F(t) is
in C([0, o) x €2, R). If there exist three positive constant A, Aq and T,
such that

logf(t) < At —Xp fot f(s)ds+F(t) as.,Vt>T and

lime_oc ©2 =0 as., then lime_.sup? [ f(s)ds < AAT) as.
(17)
5.1. Stationary distribution
Suppose that X(t) is a regular Markov process (time-

homogeneous) in R whose dynamics is given by

k
dX(t) = b(X)dt + ) " 07dB;(t).
r
The diffusion matrix is of the form

k
AX) = > al()o] ().

r=1

[a; ()], a;;(x) =
Lemma 3. ([16, 17]).The process X(t) has the unique stationary dis-
tribution m(.) if there exist a bounded domain with regular boundary
such that U,U € R? U closure U € R4, having the following properties

1. In the open domain U and in its neighborhood, the least eigenvalue
of A(t) is bounded away from zero.

2. If x € RAU, the mean time T (at which a path starting from x reach
the set U) is finite, and Sup, . ¢E*T < oo for each compact subset
K c R". Further, if f(.) is an integrable function having measure r,
then

.17
p(Jim 7 [ foswydr= [ feom @) -

for all x e RY.
Define a parameter
dpy
R = = g (18)
d+H)y+d+d+a++4)

Theorem 3. The solution (S(t), I(t), Q(t)) of the model (1) is ergodic
as well as there is a unique stationary distribution m(.) whenever
RS >1

0> 1

Proof. In order to verify condition (2) of Lemma 3, we need to
develop a non-negative C2—function V : Ri — R,. For this, we will
first define

Vi=S+1+Q —c1InS—cyinl,

where ¢y, ¢, are the positive constant and need to be determined
later on. By using the Ito’s formula and the proposed model (1),
we obtain
LE+I+Q)=A—puo(S+1+Q)
2

L(=nS) = ~% + B + o+ %, Z
L(=Inl) = =BY 4 (uo+ w1 +y1) -0+ %,
L(-InQ) =M + (uo+p+0)+%

Therefore, we have

cv1=(1—c1>(A—ﬁNSI—Mos)+m 252

= pal — pnQ,
(19)

S 252"
&\ ( BSOIE)
*(1 %) (N -

2+ () — (o + 1+ U)Q(t)>

C1ACZI€S> ol - Q) + A + 2P

C C:
+lL0Ct + 5171 + (o + 1+ V1) + %GQ+ fn%.

(Mo + p1 + yD)I(t) + GQ(f))

252

< 3<uo(s+1+Q) 1ﬂ1

The above implies that
LVi < =3(c1poBA) + ¢ (Mo + '77%)

+62 (Mo U+ ”7%) +alfP 4o ("Q(”)
+A — - pQ.

Let
m ;5
ot 5 ) =C(Hot+ 1 +n+ 5 )=A

Namely
A A

— = .
ny P
Mo + 5 Mo+ U1+ Y1+ 3

Consequently

1 =

Adpop _ A)
(Ho+ 1)(M0+M1+V1+ ) (21)
+o B0 4 6,000 0.

]+Lﬁ’+ ‘71

LV) < —3(

LVy < -3A[(R)'? -1
In addition, we can obtain
Vo =c3(S+1+Q—c1InS—cInl) — (InS+1InQ) + S(t)
+I1(t) +Q(t)
= (c3+1)(SE)+I(t) +Q(t))—(c3¢c1 +1)InS — ¢3¢ Inl - InQ,

where the constant c3 > 0 to be determined at later stages. It is
handy to show that

liminf V,(5,1,Q) =400, as
(S.1,Q)eR3\U;
where Uy = (1.k) x (£.k) x (£.k). The next step is to prove that
V5 (S, I, Q) has one and only one minimum value V;(Sy, Iy, Qg).

The partial derivative of V,(S, I, Q) with respect to S, I, Q is as
follow

k — oo, (22)

3V2(SIQ) =1 +c3— ]+?C3
S - b

de(SlQ) _1+C Ccz

V. (S,I,Q)

ZQT == 1 + C3 - 6
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It could be easily obtain that V, have unique stagnation point
(So. Ip, Q) = <11++Clc§3 fﬁfé 1+C3) Moreover, the Hesse matrix of

Vy(S, I, R) at (So, Io, Qo) is

1+5623C1 0 0

0
B=| 0 9= o0
0 0 é

Obviously, the Hesse matrix is positive definite. Thus, V(S, I, Q) has
a minimum value V,(Sg, Iy, Qp). According to Eq. (22) and from the
continuity of V5(S, I, Q), we can say that V,(S, I, Q) has one and
only one minimum value V,(Sq, Iy, Q) inside R3.

Next, we will define a non-negative C2—function V : R3 — R,
as follows

V(5.1,Q) =V2(S5.1,Q) — V2(So. o, Qo).

Applying the Itd’s formula and using the proposed model, we
get

L) < C3[ —3A[(R5)1/3 - 1] +afl e g}

23
A B o+l V"+uo+,u+o+73 (23)
+A —uo(S+Q+I) /Lll—,uQ
which leads to the following assertion
LV < —6sei+ Oy +CzCz*—7+ﬂ+2M + 5B o

mu+o+A—pu(S+1+Q) —
where
Ci=3A[R)?-1]>0.
The next step is to define the set

1 1 1

— — 5 —

5 5o 3<Q< 56}’

where §; > 0 for (i=1,---,6) are infinitesimally small constants

to be determined later. For the sake of simplicity, we will divide
the whole R3\D into the following regions

={(5.1.Q)eR?.0<5<8;}. Do={(5.1.Q) e R}.0 <1<8,.5 > 51}
D;={(51,Q) eR},0 <Q <85,1> 8}, Ds={(51QeR?,S>4},
5={(5.1.Q) e RY. 1>}, D6={(S.1.Q)eR?. Q> 1 }.

Next, we shall prove that LV(S, I, Q) < 0 on Ri\D which is the
same as displaying it on the above-mentioned six regions.
Case 1. If (S, I, Q) € D4, then by Eq. (24), we get

D={§ <S< 8y <1<

A 2+ 2
LV < C3C4+C1C3%+C2€3$—*+,3+2 0+n22n3+l/«
vl
+O—+A7/¢L0(S+I+Q)*E
5+ 13 A
sasf+6oo+B+2U+ S5 pto A<
2 2
+ A
§C1C3ﬂ+C2C3U+ﬂ+2,bL0+%-ﬁ-ﬂ-ﬁ-d-&-A—S—
1

We can choose a small constant 81 > 0 in such a way that

51C3/3+02C3U+,3+2M0+ +rz3 -i—/L-i—(erA——1 <0 so we can
get LV <0 foreach (S, I, Q) e Dl.
Case 2. If (S, I, Q) € D,, then from Eq. (24
o A
LV < C3C4+C1C3'BN+C2C3TQ—f+,3+2 o+
+o+A—u0(S+I+Q)—

), we can obtain

n3 + 13
5 +

77 ’73
2
3 +n3
2

<C1C3,3 + 62030 + B+ 20 + +Uu+0+A-c0q

§c1c3,35+c2c30+ﬂ+2u0+ + U +0+ A -3

Let 8]2 = J5, we can select enough large c3; > 0 and as small as

2, 2
possible §; > 0 such that c¢ic3881 + 030 + B+ 2o + nzzﬁ +
U+0+ A —c3c4 <0, sowe can get LV < 0 for any (S, I, Q) € D-.
Case 3. If (S, I, Q) € D3, then from Eq. (24), we can obtain

LV < 63C4+C163%+c2c3%2—§+ﬁ+2 0+”§;"§
i+ +A—uoS+I1+Q)— nl
SC1C3I3+C2C3U+,3+2M0+772;”3+,bL+U+A Vé
<caaB+ 0o+ B+2u0 +’7 2n3+u+a+A—V(§7§2_

By choosing small §3 > 0 such that cic38 + 030 + B + 2o +

n2+n3 +U+o0+A- }’1;32 <0, so we can get LV <0 for each (S,
I, Q)ED3.
Case 4. If(S, I, Q) € Dy, from Eq. (24), we can obtain
o A 24+ 032
LV < c3C4+c163‘i+c2c3TQ——+/3+2 0+7722773
21
+u+o+A—M0(S+I+Q)——
<c163B + 6630 + B+ 210 Rl 2n3+M+U+A*M05
sclcaﬂ+c‘263a+ﬁ+2u«o+n22n3+M+0+A /go.
4

We can select enough small §4 > 0 such that c;c3881 + cyc30 +

Ba2po+ B L o4 A -
each (S, I, Q) € Dy.
Case 5. If (S, I, Q) € Ds, from Eq. (24), we can obtain

“0 <0, so we can get £V < 0 for

I o A 2403
[:VE—C3C4+C1C3%+C2C3TQ—*+,6+2/1«0+¥

I

+u4+0+A—upS+1+Q) - n

ns+n3
=a0f+6030 + B+ 200+ =5+ U+ 0+ A = pol

2 2

+
§C1C3ﬁ+C2C3O‘+,3+2Mo+w+ﬂ+0+[\—%.
5

We can choose sufﬁciently small §5 > 0 such that cyc388; +

230 + B+ 210 + 2 ”3+,u+a+A “°<0
LV <0 for any (S, I, Q) € Ds.
Case 6. If (S, I, Q) € Dg, from Eq. (24

SO we can get

), we can obtain

LV < c3C4+clc3‘il+c2c3¥—é+/3+2 04—77%—;’7§
+,u+a+A—,u0(S+I+Q)——I
<c163B+ 0030 + B+ 210 I Rl 2n3+u+o+A7qu
<c1¢:3;3+c2c30+/3+2M0+’7 2n3+,bL+U+A lgs
We can choose sufﬁciently small §g > 0 such that c;c388; +
czc3o+ﬂ+2uo+"2 n3+,lL+O'+A "°<O so we can get

LV <0 for any (S, I, Q) € Dg.
Thus, we reach to the conclusion that there exist a constant
W > 0 such that

V(S.1,Q) < -W <0 for all (5,1,Q) e R3\D.

Hence

dV(S,1,Q) < —Wdt + [(c3 + 1)S — (c3¢; + 1)o7 ]dB; (t)
+[(c3 + 1) — c3¢202]dB,(t) + [(c3 + 1)R — 03]dBs3 ().
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Assume that (5(0),1(0),Q(0)) = (x1,X2,X3) =X € Ri\D, and t¥* is
that time at which a path starting from x reach to the set D,

T, =inf{t : X ()| =n} and T (t) = min{t*, t, T,}.

Upon integration of both sides of the inequality (25) from zero to

(M(t), taking expectation, and then by applying Dynkin’s formula,
we obtain

EV(S(z™ (1)), I(r™ (1)), Q(z™ 1))V (%)
T(n)(t)

- E/ LV(S(u), I(u), Q(u))du
T(n)(t)
- E/ ~Wdu = ~-WET™ (¢).
0

Since V(x) is non-negative, therefore
V(x)
ET™(t) < ==~
=
Following the proof of Theorem 3 we have P{7, = oo} = 1. Alterna-
tively, one can say that the system (1) is regular. Thus, if we let
t — oo and n — oo then we have 7(n)(t) — t*almost surely.
Accordingly, with the help of Fatou’s lemma we get
Vix
ET™(t) < # < 00
Obviously, supy  kKET¥ < oo, where K being a compact subset of R3.
It directly proves the condition (ii) of Lemma 3.
Moreover, the diffusion matrix for system (1) is given by

ns2 0 0
B=| 0 n3? 0
0 0 2Q2

Choosing M = mm(S,Q)eDeR3{n15 n312, n3Q?},
that

we can obtain

Z a;j (S, 1, Q)Slé]

i,j=1

£ =(5.6.85)eR3.

It means, condition (1) of Lemma 3 also holds.

Concluding the above discussion, we can say that
Lemma 3 guarantees that system (1) is ergodic as well as it
has one and only one stationary distribution. Hence the proof,
(Figs. 1, 2,3). O

N2S2EL + nilPEZ + n3Q%EE > MIEI?, (S.1.Q) €D,

5.2. Extinction

Theorem 4. Assume that (S(t), I(t), Q(t)) be a solution of the devel-
oped COVID-19 model (1) along with initial data (S(0),1(0),Q(0)) €
, then limsup; . (S(t) +1(t) + Q(t)) < oo a.s. Further

SO g, 10

lim =0, =0, w =0 as,
tsoo tooo t—o0 t
lim InS(©) =0, lim Ini() =0,
t—o0 t t-oo t
t an(t) =0 as.

and

t “I(u)dB
fim 2 / S(u)dB; (u) = 0, 1imM 0.
t>oot 0 t

B
7f° QudBsW) _ o (26)

[%oo
Proof. From the proposed model (1 ) we can write
dS+1+Q) = A — o(S(t) +1(t) +Q(1))

27
—pil — nQ + 115dBy (t) + n2ldB; (t) + n3QdBs (t). 7)

The integration of both sides yields
SO +I1E)+ Q) = MA + (S(O) +Q(0)+1(0) — A)e”‘"t

—m/ I(u)e Fot=1dt 4 m/ S(u)e*o =W dB; (u)
n; f Q)00 dBy (u) + s f Qu)e ") dBs (u) o8)
—V-o/ Q(u)e ottt < MA +{ S(0) +Q(0) +1(0) — %)efﬂﬂf
*’71/ S(u)e o= gp, (u)+n2/ I(u)e "= dB, (u)

s [ Querot=nass ).

We define

X(t) = A(t) + M(t)
where

X(0) = S(O) +Q(0) +1(0),
A(t) = (1 —eHt),

Q(t) = (S(0) +Q(0) +1(0))(1
M(©) =i [ Sy 0aBy @)+ [ Sae B, (u)

t
" /0 Q(u)e#o W By (u).

- Q(t) +X(0), (29)

— e*llof) R

(30)

Clearly, M(t) is a continuous local martingale with M(0) =
From relation (28), we have S(t) +I(t) +Q(t) < X(t) as. for all
positive t. One can observe that Q(t) and A(t) are continuous

adapted increasing processes on t > 0 with A(0) = Q(0), we get
limg -, oX(t) < oo a.s. Thus
tlim sup(S(t) +1(t) + Q(t)) < oo, as. (31)

Thus, Eq. (4) holds. Keeping in view relation (31), it is handy to
show that

lim S(t) 0’ lm@:O’ lm%:O a.s,
t->oo t—oo t=o0
Jim 125 =0, lim 12/© =0,
f>oo t—>oo
[11 an(t) =0 as.
Setting

M (t) = /0 SdB (), My(t) = /0 1(u)dBs (u),

t
Ms () = /0 Q(u)dBs ().

Because of the quadratic variation, we can write

t

(M (6), Ma (1)) :/ S (u)du < (suptzosz(t)>t. (32)
0

By using Lemma 1 (see for detail [16-18]) and (31), we get

7f° S)dB, () =0, as.

t—>oo

Similarly, we also get

lim BB L QB W)

a.s,
t—o00 t t—o00 t

which proves Eq. (26) and hence the Lemma 4.1.
For the purpose of disease’ extinction, we have to state and
prove the following theorem. O
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Fig. 1. The incidence data of covid-19 from Khyber Pakhtunkhwa, Pakistan.
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Fig. 2. Covid-19 model comparison with real data of Khyber Pakhtunkhawa, Pakistan.

Theorem 5. Suppose that (S(t), I(t), Q(t)) be a solution of the COVID-
19 model (1) along with subsidiary conditions (S(0),1(0),Q(0)) e
R3.Ifa RS = (o) <1, then
n
(o+m+11+-4)

lim sup

t—o0

(@) < (Mo+m+yDER -1) <0,

a.s., (I(t) approaches zero exponentially as., i.e., the COVID-19 infec-
tion will dies out from the community with unit probability). More-
over

lim (5©0) = 1. Jim Q) =0, as (33)

Proof. To prove the theorem, we shall apply direct integration to
the proposed stochastic COVID-19 model (1). First of all, we will

apply the It6 formula to the second equation of system (1)

dlnI(t):[% — (e + y1)I+GQ(t)] }dt - %nﬁdt + 12dBs (0).
(34)

ainl©) = [B% — a1+ ) + 70O g e 4 pam o).
(35)

By integrating relation (35) from zero to t and dividing it by t leads
to

t 02
InI(t) — InI(0) < /0 [,3 —(Mo+ Y1+ 11+ 72) +G]dS+ 12B5(t),
(36)
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Fig. 3. The incidence data of covid-19 from Khyber Pakhtunkhwa, Pakistan.

2
Ini(©) = In1(0) = [ (B +0) = (o -+ 1 + 11+ 5) |t + mBa(0),

(37)

Ini(t) — InI(0) < <M0 Y1+ + 772)

(B+o)
<M0+M1+)/1+ )

—1|t+ nsz(t) (38)

X

2
InI(t) — InI(0) < (jo + 1 + b1 + %)[Rg _ 1]t + 1By (t), (39)

By using the theorem related to large number for local martingales,
we obtain

mBz—(t)zo a.s

t—o0

By taking the limit superior of both sides

ln() A
<M0+V1+m+22>(R8—1)

<0, as.

hmsup

It means that whenever Rg <1, then
[lim I(t) =0, as.

and

tlim (I(t)) =0, as.

Now from the model (1)

—

Ap<SOIO
8 < S<t>1<r)

— o <5(t)>+—/ SdB4 (s),

> —(Mo + Y1+ 1) <I(t) >

L0 -50)) =
HAMO ~10) =
+0 < Q(t) > +7/ Ide(S)

QO - Q0N =7 <1(0) > ~(uotero) <00 =+ [ a5
(40)

Adding respective sides of equations (40), we get
N0 5(0) 4+ 1O- 1(0) + 2O- Q(O)

= A Mo(s(t)) (o + M1 )(1(f)> — (Mo + M)(Q(U) (41)
+0 fo SdB; (s) + 1 fo IdB,(s) + fo QdBs(s).

Calculation leads to
A ot Mot p
(sm) = pr = 1) e (CIGIERIGN (42)

Mo
where

_ 1 S-S0 _ I)-1(0) _ Q(t)-Q(0)
¢(t) = o [ - t - t - t

+0 L SdBy (s) + 12 [LIdBy(s) + 2 [ QdBs (s)].
From the last equation of system (40) we have

Q) -Q) _

; M{IO) - (o + 1+ 0)QO) +

/ QB s).
(44)

which implies

1

Q(t) - Q(0) LS
(Ho+u+0)

(@)= ;

o) - / QaBs(s)).

(45)

we thus obtain
JL%(Q(t)):O a.s,
consequently, (42) implies

A
lim (S(t)) = — a.s.
t—o0 ( )> I,Lo
which proves the result. O
6. Case Study and Numerical simulation

6.1. Case study of Khyber Pakhtunkhwa, Pakistan

As other provinces of Pakistan, the Khyber Pakhtunkhawa
province is also effected by covid-19 virus. So we fit our model
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(a) Extinction

Fig. 4. The graphical results show the extinction

to the real data of Khyber Pakhtunkhawa (Pakistan) covid-19 cases
from 9th April to 2nd June 2020. We use Matlab minimization
technique and consider the following initial value in which E(0)
and Q(0) are estimated while the remaining values are taken from
[24] and Table 1

S(0) = 35,525,047,

E(0) = 15000,

1(0) = 10, 485,
Q(0) = 18000,
R(0) = 2973.

In Figure 1 the total cases of covid-19 has been depicted from
9th April to 2nd June 2020, which becomes one month and 24
days. In Figure 2 we fitted the real data with the infected class
of our covid-19 model which clearly shows the appropriateness of
behavior of the infected class. Figure 3 shows long time behavior
of the covid-19 cases vs time (months). We can see that the data
is accurately fit to the model curve and further, one can observe
that the cases with time on long term behavior grows exponen-
tially. This case could be alarming that the incidence may increases
further in the coming months if the government not applied the
proper optimal strategies.

6.2. Numerical Simulation

In the current section, we shall perform the numerical sim-
ulation of the developed coronavirus stochastic epidemic model.
The well know stochastic Runge-Kutta (RK) method for the pur-
poses of numerical findings will be used. This analysis will verify
our derived analytical results and will show the influence and ef-
fect of noise intensity. We assume the numerical value of the pa-
rameters with biological feasibility to verify the extinction result
are as: A =03, =05, up=02, u1 =02, =03, 0 =0.2,
i = 0.1, while the numerical values for the intensity of white
noise are supposed to be n; =0.5, n, =0.4 and n3 = 0.2. More-
over, we also assume some initial sizes of populations densities
i.e., (5(0)=0.9,1(0) =0.7,R(0) = 0.5) and units of time 0-10. The
long-term predictions and behavior of the model is presented in
Fig. 4. More, precisely Fig. 4a represent the dynamics of suscepti-
ble, infected and quarantined population. The dynamics of suscep-
tible population is shown by red dashed line, while the infected
with corona virus and quarantine are respectively represented by
green dashed and blue dashed lines. Clearly we noted that the dis-
ease will extinct i.e., the infection of novel corona virus vanishes

2.4
2.2

2
1.8
1.6
1.4
1.2

Compartmental population

5
Time (t)

(b) Stationary distribution

and stationary distribution of the COVID-19 epidemic.

Table 1

Parameters value
Notation ~ Value References
A 0.028  [24]
B 0.2 Estimated
o 0.011 [24]
1 0.2 Estimated
y 0.06 [24]
o 0.3 Estimated
nw 0.5 [24]

exponentially with increasing the value of white noise intensity.
However there will be always susceptible population in the case of
extinction. In a similar fashion, we assume the following parameter
value and the strong effect of white noise to show the permanence
or stationary distribution i.e.,, A =0.5, £g=0.2, § =0.6, y; =0.3,
M1 = 0.2, 0 =0.1, M= 0.2, m = 0.5, N3 = 0.7, and Ny = 0.6 while
the initial population sizes will be taken as above. The simulation
carried out for this are presented in Fig. 4b. Again the three trajec-
tories in Fig. 4b, which represent the dynamics of susceptible (red
dashed), infected (purple solid) and quarantined population (red
solid), which show that the model maintain the persistence i.e.,
there will be always susceptible, infected and quarantine individu-
als. Hence it could be noted from the simulation analysis that the
white noise intensity have a great influence on the dynamics of the
disease: as when the value of the white noise intensity increases
the infection will decreases, while on the other hand if the value
of the white noise intensity decrease, the infection will increases.

7. Conclusion

The novel COVID-19 is one of the severe disease in the world
and till today there is no proper treatment. It could be also noted
that majority of real world phenomenon are not simply determin-
istic, and contain randomness. With the help of stochastic theory,
we developed a model for the novel COVID-19 keeping in view the
characteristic of the disease to investigate the transmission dynam-
ics with changing population environment. By adopting the idea of
stochastic Lyapunov functions theory, the existence and positivity
are shown. We established a suitable stochastic Lyapunov function
to perform the above activity. The extinction as well as the station-
ary distribution have been further discussed to find the conditions
that how to extinct the disease. It could be noted that the there
is a great influence of noise intensity on the COVID-19 transmis-
sion. Clearly it has been observed, that the extinction of COVID-19
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infected individuals increases with increasing the noise strength,
while decreases disease persisting. All the above analytical findings
are supported graphically with the help of numerical simulation
and therefore concluded that the work reveals stochastic analysis is
a better approach to study the dynamics of infectious disease par-
ticularly novel COVID-19 etc, because there are many factor which
varies time to time and place to place. In future, the model can be
further extended by adding an exposed class. One can also frac-
tionalize the model by using Atangana-Baleanu, Caputo or Caputo-
Fabrizo operator. Not only this can but researcher may apply opti-
mal control technique to minimize the infected people by choosing
suitable optimal control variables.
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