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Abstract

Mathematical models that are based on differential equations require detailed knowledge about the
parameters that are included in the equations. Some of the parameters can be measured
experimentally while others need to be estimated. When the models become more sophisticated,
such as in the case of multiscale models of hepatitis C virus dynamics that deal with partial
differential equations (PDESs), several strategies can be tried. It is possible to use parameter
estimation on an analytical approximation of the solution to the multiscale model equations,
namely the long-term approximation, but this limits the scope of the parameter estimation method
used and a long-term approximation needs to be derived for each model. It is possible to transform
the PDE multiscale model to a system of ODEs, but this has an effect on the model parameters
themselves and the transformation can become problematic for some models. Finally, it is possible
to use numerical solutions for the multiscale model and then use canned methods for the parameter
estimation, but the latter is making the user dependent on a black box without having full control
over the method. The strategy developed here is to start by working directly on the multiscale
model equations for preparing them toward the parameter estimation method that is fully coded
and controlled by the user. It can also be adapted to multiscale models of other viruses. The new
method is described and illustrations are provided using a user-friendly simulator that incorporates
the method.

Tel.: +972-8-6428039, Fax: +972-8-6477650, reinharz@post.bgu.ac.il.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Reinharz et al. Page 2

Keywords
Parameter estimation; Multiscale models; Differential equations

1 Introduction

Multiscale models have been introduced in recent years (Gued;j et al., 2013a; Rong et al.,
2013; Rong and Perelson, 2013; Quintela et al., 2018) to improve the modeling of hepatitis
C viral (HCV) dynamics. Chronic HCV infection affects approximately 70 million people
worldwide. It is the primary cause of liver cirrhosis, liver cancer and liver transplant (World
Health Organization, 2014). There is no vaccine for HCV and for more than a decade the
standard-of-care consisted of pegylated interferon-alpha (IFN) and ribavirin. The recent
advent of direct-acting antivirals (DAAS) provided interferon-free, all-oral treatment
yielding cure rates exceeding 90% with pangenotypic activity, shorter durations of therapy
(8—24 weeks). Compared to IFN-based therapy (24-48 weeks) it is considered one of the
greatest achievements in medicine (AASLD/IDSA HCV Guidance Panel, 2015). However,
despite these highly effective DAAs, many challenges remain, such as finding an optimal
approach to current DAA failures and reducing HCV infection and DAAs cost, which is a
significant barrier in treating the populations that are most affected by HCV.

Mathematical modeling of HCV provides important insights. It has improved our
understanding of intracellular viral genome dynamics (Gued;j et al., 2013a; Dahari et al.,
2009b, 2007; Neumann et al., 2010). The standard model for HCV kinetics during treatment
has profoundly contributed to our assessment of the effectiveness and to our understanding
of the mechanism of action of interferon-alpha and ribavirin (reviewed in (Dahari et al.,
2009c, 2011)). The models were able to retrospectively predict the duration of treatment
needed for HCV eradication under IFN-based therapies (Snoeck et al., 2010; Dixit et al.,
2004; Guedj and Perelson, 2011) and more recently under IFN-free all oral DAAs (Dahari et
al., 2016; Canini et al., 2017a; Gambato et al., 2018). Notably, the models were able to
prospectively (i.e, in real time) predict the duration of IFN-free therapy needed to achieve
cure (Dahari et al., 2015; Etzion et al., 2018). In the age of DAAS, new models have been
developed to meet the challenges of these new agents such as drug resistance (Rong et al.,
2010). Notably, the first age-based multiscale mathematical model for HCV Kkinetics was
developed (Guedj et al., 2013a,b; Rong et al., 2013) and provided a comprehensive
understanding of the nature of viral kinetic patterns observed in patients treated with IFN,
HCV protease inhibitors (telaprevir and danoprevir), or HCV NS5A inhibitor daclatasvir and
their modes of action. Mathematical models are also valuable in understanding the in vivo
dynamics of viruses that trigger both persistent infection (e.g. HIV-1 (Perelson, 2002; Ho et
al., 1995; Perelson et al., 1996; Burg et al., 2009), hepatitis B virus (Ciupe et al., 2007;
Dahari et al., 2009d; Nowak et al., 1996), hepatitis D virus (Koh et al., 2015; Guedj et al.,
2014; Canini et al., 2017b), Theiler murine encephalomyelitis virus (Zhang et al., 2013),
herpes simplex virus (Schiffer et al., 2009) and HCV (Dabhari et al., 2009a, 2005; Neumann
et al., 1998)) and acute infection (e.g., influenza A (Baccam et al., 2006; Pawelek et al.,
2012; Beauchemin and Handel, 2011) and ebola (Madelain et al., 2015)).
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Multiscale models for HCV kinetics are an extension to the classical biphasic model
(Neumann et al., 1998). The biphasic model treated the infected cell as a “black box”,
producing virions but without any consideration of the intercellular viral RNA replication
and degradation within the infected cell (Dahari et al., 2007, 2009b; Guedj and Neumann,
2010). It is a set of three ordinary differential equations (ODEs) with three variables:
uninfected target cells ( 7), productively infected cells (/), and free virus (V). The multiscale
models consider the intercellular viral RNA in an additional equation for the variable (F),
with the introduction of age-dependency in addition to time-dependency, making it a partial
differential equation (PDE) model. They are considerably more difficult to solve and to
perform parameter estimation on compared to the biphasic model. Unlike the construction of
numerical schemes in other applications, for example in the nonlinear diffusion of digital
images (Weickert et al., 1998; Barash et al., 2001; Barash, 2005) where accuracy can be
limited, herein it is advisable to construct a stable and efficient scheme that belongs to the
Runge-Kutta family with a higher accuracy than in nonlinear diffusion. Our numerical
solution strategy was outlined in (Reinharz et al., 2017, 2018) and herein, we continue
(Reinharz et al., 2018) by providing a parameter estimation method that follows this
strategy.

Parameter estimation (or callibration) of multiscale HCV models with HCV kinetic data
measured in treated patients are challenging. To overcome this, several strategies were
employed. The first strategy, employed in (Rong et al., 2013), utilizes an analytical solution
named long-term approximation for solving the model equations along with calling the
Levenberg-Marquardt (Levenberg, 1944; Marquardt, 1963) as a canned method for
performing the fitting. The second strategy, employed in (Kitagawa et al., 2018), transforms
the multiscale model to a system of ODEs and as such, simple parameter estimation methods
can be used in the same manner as for the biphasic model. The third strategy, employed in
(Quintela et al., 2018), is based on the method of lines and utilizes canned methods for both
the numerical solution of the resulting equations (Matlab’s ode45) and for performing the
fitting (Matlab’s fmincon). In contrast from all these approaches, our strategy does not rely
on any canned method but fully implements our own Levenberg-Marquardt routine, thus
making it suitable to other multiscale model equations by modifications inside the routine
and an early preparation of the multiscale equations by taking their deriatives with respect to
the parameters we would like to estimate. In the continuation, we will discuss why this
strategy is advantageous.

The aim of this paper is to improve on parameter estimation methods for multiscale models
that up until now, used canned routines (routines called from by a command within a
program that is written in a higher level langauage such as Matlab and Mathematica, or
Python) in a limited way that does not exert full control by the user. This makes the
framework for parameter estimation as explained herein and distributed free of charge along
with a user-friendly GUI a flexible and robust entity alongside the previous methods. Up
until now the previous methods were sufficient for specific cases worked out for a particular
multiscale model or a numerical solution with small timesteps, but they may likely suffer
from problematic issues when coping with more extended simulations and diverse cases,
without a simulator to experiment with. Starting from a description of the parameters and
simulated data from patients, we first re-visit the numerical solutions and corresponding
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notations that were worked out in (Reinharz et al., 2018), extending the Jacobian matrix and
providing a detailed description of Levenberg-Marquardt for our application. We then
describe in a step-by-step procedure how to prepare the multiscale model equations for our
parameter estimation method by taking their derivatives with respect to the various
parameters. Along with showing the results using our built-in simulator with a user friendly
GUI, we discuss the results reached and the advantages of our strategy in performing
parameter estimation directly from the equations of the multiscale models.

2 Multiscale Models for HCV Dynamics

A multiscale model for HCV infection and treatment dynamics (Figure 1) was introduced in
(Rong et al., 2013; Guedj et al., 2013a; Rong and Perelson, 2013). Intracellular HCV RNA
plays a biologically significant role during the HCV replication and mutliscale models are
considering it by additional equations for the RNA that are age-dependent, with the most
complete model to date that was recently put forth in (Quintela et al., 2018). Figure 1
contains all the parameters that were used in the multiscale model described in (Rong et al.,
2013), which forms an example of our parameter estimation calibration method for PDE
models developed herein that can easily be extended to include additional parameters. All
the parameters of the models can be seen in Table 1.

2.1 Model Equations

The multiscale model (Rong et al., 2013; Guedj et al., 2013a; Rong and Perelson, 2013) can
be formulated as follows:

I s ar() - pv (7 () 2

dlge;, 1) + ()I(gc;, 1) = —51(a,) (1b)

PO _(1-¢y) A ” pR(a, 1)I(a,t)da — cV (1) (16)
O0R(a,t) + 0R(a,1) = (1 —gx)ae™ " — ((1 —&5)p + ku)R(a,1). (1d)

ot da

The four variables this model keeps track of are the target cells 7, in Eq. (1a), the infected
cells /in Eq. (1b), the free virus Vin Eq. (1c) and the intracellular viral RNA Rin an
infected cell, in Eq. (1d).

The target cells 7 are produced at constant rate s, and decrease by the number of cells
infected by virus in blood Vat constant rate S and their death at per capita rate d. The
infected cells /die at constant per capita rate 6. The quantity of intracellular viral RNA R
depends on its production a and its degradation £ and expulsion from the cell p. The
quantity of free virus V/depends on the number of assembled and released virions and their
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clearance rate ¢. The parameter y represents the decay of replication template under therapy.
The decrease in viral RNA synthesis is represented by e, the reduction in secretion by &g

and the increase in viral degradation by x> 1.

An important consideration in this model is that the treatment starts after the infection has
reached its steady state. We denote by #the time since the beginning of treatment, which is
set to zero at the beginning of our simulation. Another different time is a, which represents
the age of the cell. The steady states of the different variables are R(a), I(a), V and T. The

term Arepresents the total number of virions produced by infected cells.

At steady state, the initial and boundary conditions are: T7(0) = T, V(0) = V, A0, § =

BUYT(D, 1(a,0) = I1(a), RO, § =1, and R(a,0) = R(a).

These values have been previously derived in (Rong et al., 2013) and can be expressed as

follows:

T =c/pN (2a)
V = (BNs — dc)/(pc) (2b)
I(a) = pVTe % (20)
R(a) = —% - ~(p + u)a)
R(a) p+/4+(1 p+ﬂ)e (2d)
__pla+d)
T S(p+ u+9) (2€)
Additionally, the equations for /&, #) and R(4, §) can be solved by the method of
characteristics to yield:
V(t — a)T(t — a)e™% t
Ha,n = |V~ T =a)e” “= @)
I(a—1)e % = pVTe % = (fNs — dc)/(fN)e % a > t
and
R(a,1) =
(1- 5a)ae_yt (1- Ea)ae_Y(t_ 9) —((1 —&g)p+Kku)a @
(1—€g)p+Kpu—vy ( _(l—ss)p+1c;4—ye o a<t
(1 - gg)ae™! p a |- ot (1 - ) ~((1 = €5)p + xn)
(I-e)p+xpu—y (p+u (1_ +;4)e bl - T—egptrn—7) e
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The main goal of these equations is to allow us to predict the number of virions present after
a certain time ¢of treatment, when all the parameters are known. The challenge we would
like to tackle is whether given the change in the virion load of a patient, we can estimate the
treatment parameters (es, &4, 7, and «) and thereby understand how the treatment works.

2.2 Model Parameters and Data from Patients

The multiscale model was calibrated with data from treated patients by (Rong et al., 2013).
The data points to fit the model and on which the error is computed are only V. While the
raw data is not available, we used the freely accessible tool by (Rohatgi, 2018) to retrieve it
from a figure directly. The result for one patient is displayed in Fig. 2. We set V as the pre-
treatment viral load observed in the patient.

In our method, we mostly use the default parameters from (Rong et al., 2013) that are shown
in Table 2. To maintain the equality of Eq. (2b) we must change one parameter. Inspired by
the method of (Rong et al., 2013), we chose to fix all parameters except s. For a patient the
value of sis determined by its 7 and by Eq. (2b), such that s = (V fc + dc)/(BN), where Nis
taken from Eq. (2e).

To verify that we can fix sgiven V7, we show in Figure 3 how a system starting with 1 x 108
target cells and 100 virions reaches steady state depending on the value of s. In blue the
parameter s is set to 130 000 as in (Rong et al., 2013) and in orange to 475 573. This latter
value was computed with the strategy described in the previous paragraph. As observed,
both curves have the same shape, and the steady state reached by setting sto 475 573 is
consistent with the extracted data.

Because 7is also unknown and we assume that we start at a steady state, we compute it
using the default parameters and Eq. (2a).

2.3 Analytical approximations and Numerical Solutions of the Multiscale Model Equations

As discussed in (Reinharz et al., 2018), the analytical approximations for the multiscale
model have some limitations. The long-term approximation that is used in practice is an
underestimate of the amount of HCV RNA in the model since some infection events are
being ignored. Moreover, for each multiscale model the long-term approximation needs to
be derived analytically. Thus, numerical solutions provide an attractive alternative and could
be easier to adjust when introducing changes to the model. A more general and
comprehensive approach to parameter fitting without relying on analytical approximations
would be useful. And although it was recently shown that it is possible to transform the PDE
multiscale model to a system of ODEs (Kitagawa et al., 2018), this transformation
problematically introduces some of the boundary conditions, e.g. £, as new parameters
inside the model equations. A numerical approach to parameter fitting of multiscale models
was recently put forth and described in (Quintela et al., 2018), by the use of the method of
lines and canned methods that are available in Matlab. Our new numerical approach that
originated in (Reinharz et al., 2018) and described herein does not rely on canned methods,
with considerable benefits that will be discussed in the continuation.
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For the numerical solution of the multiscale model equations, we showed in (Reinharz et al.,
2018) that the full implementation of the Rosenbrock method is preferable over the use of a
canned solver in terms of efficiency and stability. Therefore the Rosenbrock method has
been implemented for the purpose of our parameter fitting method as well. In order to apply
the Rosenbrock method, it is simplest to represent the system to be solved as a vector fof
two functions:

[dT dV] [s—dT pVT, (1_6S)/ pR(a,t)I(a, t)da - cV|, (5)

y'=fty) =
where yis a vector with the values of [ 7, V]. This representation has originated in (Reinharz
et al., 2018) for convenience with formulating the numerical schemes described in that
reference. This function depends on 3 variables, # Vand 7. While Vand T are the values at
the time point we are evaluating, inside the equation of /the function U ¢- @) and 7{¢- &)
do depend on ¢directly. In our implementation, when computing the integral, we need to
divide into two cases. If a> ¢ we analytically determine the values of A(a, ) and /g, § for
small time steps a When a < ¢, the system was previously solved at times z, ..., 7,
Therefore we evaluate the integrals at times & = - =, ..., a;= t— t, ensuring that the
required values of ¢- 4) and 7{¢- a) are already known, following the scheme presented
in (Reinharz et al., 2018).

The Rosenbrock method additionally requires the Jacobian matrix, denoted by 7. While in
(Reinharz et al., 2018) the integral terms were ignored in the Jacobian, we now explicitly
include them since in some cases their values cannot be ignored for the purpose of parameter
estimation, as will be discussed in Sec. 3.2.

The fully derived Jacobian matrix is:

—d—pVv —-pT
I'= 1—£s)f pR(a,t)x 6I(a t)d (1 —ES)/ pR(a,1) X aI(gth)da—c ©

where we have

ol(a.1) _ ﬂ(MT(t —a)+ V(- Q)M)e—éa a<t

oT o oT @
0 a>t
and
ata.) _ {2470 - a4 v -0 et a <
v ) ®
0 a>t

If we let 7,:= T{#4), then we may regard Ta as a function of tvia 7 by writing 7,=

dTq  dTgqqr  0TqdrT d a,dr 0T(t—a) _ dT(t—a) ,dT
Ta(7(9). Then & T dr & T T dr! tht Tdr dt and oT ~—  dr dre
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aV(t a) dV(t—a)/d_V oV(t—a) _ dV(t—a)/dV nd T (t — a) dT(t—a)/d_V
- dr dr’ oT dr dr’ ov dt dr*

All these values are directly calculated with eq (5).

Analogously,

Because we are starting from the steady state then some of the derivatives, for example %

are initially zero. We observe that this singularity is only present in the first time step. In
previous work (Reinharz et al., 2018) we noticed that omitting the integral term from the
Jacobian still allows us to reach an approximation of the PDE system that is very close to the
long-term approximation. Therefore only for the first time step, when the singularity is
present, we set the integral term to zero.

Additionally, we need to add the term 22, which is expressed as follows. We note that

or
when a> tsince from Eq. (3) the value of /does not in that case depend on £
% = [0, (1- ss)/ p( ga 1) I(a,1) + R(a, t)al(a t))da], ©)
0

where:

ol(a.t) _ ﬁ(‘W(" V@D (s — gy + (e - )M)e—éa a<t

ot
ot
0 a>t

(10)

By definition of the ordinary and partial derivatives in this case, we find that

oT(t —a) _ dT(t — V(i —a) _ dT(1—-a) . oT(t —
=@ 9 and o i , which allows us to evaluate —a

aV(z

) and

2 directly from Eq. (1a) and Eq. (1c), respectively. Additionally,

L, (—egae | (1=edae 79 (- cgpsnma
—egp+ru—y "U—edptrxu—7r
(1 —eg)ae™"
y(l —E)pHKH—Y
)e-<p +u)(a—1)|g~ (1= &5+ xn) 1

a<t

a>t

aR(g[:’ J- + ((p + /4)(

a a _ _ (l—Ea,)(l
- —% Je=lp+mla—1)_
p+u+( p+u)e (I-e)p+ru—y

(e — 1)p — Kﬂ)e_((l —gg)p + Kp)t

+

X

3 Issues of Parameter Estimation and Optimization Procedure

3.1 Preliminaries

The HCV multiscale model described in (Rong et al., 2013) has 12 parameters (Table 1) and
the nonlinear differential equations that comprise it are stiff (Reinharz et al., 2018). In
addition, the integral term in the equation complicates matters, as described in (Reinharz et
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al., 2018). Parameter fitting is known to be a difficult problem in general and for multiscale
models, in particular, one needs to approach it carefully with the use of robust techniques for
the optimization.

The widely used Levenberg—Marquardt method (Levenberg, 1944; Marquardt, 1963) allows
to fit an ensemble of parameters and has been shown to produce convincing results in
simpler models than multiscale models. It does not guarantee that one will find a global
optimum but given a set of reasonable starting points, in practice a sufficiently good local
minimum can be found. Previous results as in (Rong et al., 2013) have shown the suitability
of the Levenberg—Marquardt method for the optimization of multiscale models.
Additionally, the implementation of the Rosenbrock method (Rosenbrock, 1963) by
(Reinharz et al., 2018) can be extended to obtain the terms required by the Levenberg—
Marquardt method, as explained in Sec. 3.2. We present in Fig. 4 a flow diagram of the
procedure.

3.2 Optimization by Levenberg—Marquardt

The Levenberg—Marquardt method is implemented in our newly introduced parameter
estimation method as a major component. It is an iterative numerical method that leverages
the gradient vector and the Jacobian matrix to find a local minimum depending on the
starting parameters.

The general method can be summarized as follows (Press et al., 1997). Given are a vector m
of m data points with a measure of uncertainty of the " measurement o; (/€ [1, -+, m]) and
a vector p of parameters. If a solution to Eq. (5) is y (the vector [ 7, V]), the model to be
fitted is:

y=y(|p), (12)
where ¢, i€ [1, ---, m] are the mtimes associated with m.

To evaluate the quality of p, a dimensionless number /1/2 is used as a merit function and is
defined as:

m 2

- — v(t;

£= Z[yz by z|P)] ’ 13
i=1 Oi

where y;is the observed value of the parameter yat time £

At each iteration, a tentative new vector p+&p is computed and depending on /1/2 the value is
accepted or rejected. The change in parameter /of p, denoted by &py, is computed by solving
the system of linear equations:

Z;Ckl‘spl =4, (14
| =
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2

where &, defined as —%%, depends on the gradients of yas a function of the parameters

and (g, defined as ;%, depends on the partial derivatives of y? as a function of the
Pk

parameter py.

The following observations allow to determine the gradients of yas a function of any
parameter. Solving Eq. (5) returns y;, therefore we can take g—lfl to be the solution of

oy’ _df . p ich ic
== =L, y"h, which is:
an oY)

apj
dar ., dv
0= 0—
of a Y dr [ 0
=|=—,=—|=|s=(s—dT - pVT),
apz( ") dp;’ op 51’1( pvT) (15)
o ((1 — & f pR(a,t)I(a,t)da — cV)]
where J#/is the vector [T VgT, SV] From Clairaut’s theorem on the equality of mixed
T ,dv dg% d%
partial derivatives, we have that ‘;; , ai; = TI’TI , which allows us to solve with

respect to £to compute the values of the partial derivatives.

The partial derivative of the second term could cause a problem due to the integral term. In
practice, the integration is performed over 0 to 100, the maximal age of a cell. Therefore, by
the Leibniz integral rule, we can exchange the integral and the derivative to obtain:

ap, [ 7o-(s = dT = pVT) f — £,)pR(a, 1)I(a, 1)da) N

It should be noticed that in the multiscale model the integral term in the Jacobian matrix is
negligible, being dominated by the value of gin Xa, #), which is of the order of 1078, This is
not true when generalized for the ensemble of parameters that need to be solved since the
integral in Eq. (16) can become quite complex. As an example, the case where the parameter
B needs to be fitted will necessarily have a term without it in the integral. This case is shown
in the Appendix.

Due the large difference in the scale of the number of virions over a few days, fitting only
for the value of VVwould not return accurate results since the fitting would mostly consider
the first few data points. While for the value of log VVwe can solve Eq. (1c) and simply take
the log, we must take an extra step when computing the derivatives in our scheme. This can
be resolved with the observation that:
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=—"", an

Because our method solves the equations for VVand % simultaneously, we apply before

using the results the log to Vand divide % by V; therefore obtaining the correct values.

3.3 Parameter Estimation Performed Directly from the Equations

To fit any parameter, an ensemble of equations needs to be directly implemented by taking
their derivatives. We provide the implementation for the following 10 parameters: s, d, B, p,
&5 &4, K, C, 6,and .

Two of the model parameters were not included, a and . This is due to the fact that in the
model we always have (1 - e,)a and . Therefore fitting one or the other parameter is
sufficient because it is impossible to know which of the two parameters should actually
change.

For each parameter, the equations are different, but the same procedure needs to be applied
to derive all of them. For illustration, we provide the procedure for the parameters p, s, ¥.

3.3.1 Parameter p—The main observation is that in order to fit the parameter p on the
function V;, we must be able to compute the partial derivative of VVwith respect to p, denoted

by ‘;—I;. To do so, we can leverage our implementation of the Rosenbrock method for solving

V. It follows from Eg. (5) that:

OF o oy = [—q9T _ 4V ﬂ) _
ap(t,y)—[ as; ﬁ(apT+Vap L (1—e, “
o0 OR(a,1) oI v
)| (R(a, 010+ P22 (0. 1) + pR(a.) S a t))da— cw],
. . oT oV
where J# is a vector with the values of [T, Va—p, 0_p]'

The initial and boundary conditions can be derived by taking the partial derivative on each

oT oT ov oV oI oV oT
term. Thus, we have 570) = 57, 520) = 57, 0.0 = ﬁ(a—p(t)T(t) + V(t)%(t)),

ol oI oR oR oR
E(G, 0)= a_p(a)' a—p(o’ 1)=0,and w(ﬂ, 0) = 0_p(a)'

Given that:

ON _ _(a+6) _ _ op(a+9)
W HoHutd) (5p+u+ ) 4

the other terms can be simplified as follows:
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oT _  cd(u+9)

9 pa+ o)’
oV _ s(a+6)(u+9)

ap c8(p + u + 8)°

oI, . [V = =0T\ _s,

a—p_((l) = ﬂ(a—pT + Va—p)e

JR —a a a

Za) = + e—(p+ua) _ 41 = )e—(p + u)(a)
" (ot (p+m) ( pHu

Page 12

(20)

The values of V and T are as in Eq. (2). Additionally, we need to compute 3—;(41, 1), which can

be directly derived from (3) as:

oV T N
dl(a,1) _ ﬂ(a—p(t —a)T(t—a)+V(t— a)W(’ _ a))e da 4 <y

op des(p + 5)6_5“
Bla + 8)p*

a>t

In the same way 3—’;(11, t) is derived from (4) as:

Bull Math Biol. Author manuscript; available in PMC 2020 October 01.

()]



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Reinharz et al. Page 13

OR(a,t) _
op

~(1-¢) @2

(1= egae” a<t
(1 =e)p+xp)=7)

G ( ; — &) : )2(1 — e pyae 11— g~ = e+ ra
—E)p+Ku) =7y
(1 _ea)ae—r(t—a) —((1—€ep)p+kKpa
—(l-g)all = —4" s
( 8“)0( (T—edp+rm—1|
—(1 -
(1-&) (1~ gpae” 7" a>t
(1= e)p+xp)—7)
a a —(p+ —t a —(p+ -t
’ _(p+u)2+(p+;4)zv o )+(1_P+M)(1_a)e e
(1 —eg)a(l — &) —((1 —€g)p + k)t
(= ep+x0)— 17
a a ) _ (1 -eg)a —((1 = eg)p + Kp)t
—(1 =€)t +(1_ ) (p+mwa-n______ "0 s
(1-e) (p+/4 p+u) (T—edp+rw) -7/

To solve this problem, the Rosenbrock method can be applied at once to the set of four
equations obtained by combining those describing Vin Eqg. (5) and those describing % in
Eqg. (18). The Jacobian of those combined equations, f’p, is therefore of dimension 4 x 4.

The upper left 2 x 2 block is the same as the Jacobian 7 shown in Eq. (6). The four values in
the upper right 2 x 2 block are:

0 0
! t
fpoaxa2= )
P |a-e) ) oRGa I)X%da (1-£) [ pR(a.1) X%al;t)da
0 ad_p 0 aa_p
where
V(- oT(t —a)| _
0l(a,t) ﬁ%T(r—aﬂv(t_a)%e a4 < ¢
o~ 95, 05 , (24)
da— ap ap
’ 0 a>t
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oVt — oT(t —a)| _
al(a,t)_ ﬂ%T(l—a)+V(t—0)#e ba g4 < ¢
o & 05 : (25)
06— ap ap
’ 0 a>t

The third row, denoted by 7 , 3, are the four partial derivatives of the first equation of % asa

p3

. aT ) AT .
function of 7, V, 9 and T It is given by:

o (pY g0y
fps= (P50 —B5 —d= V.~ pT )

The fourth row, 7 p.4 €an be derived analogously to Eq. (26). It results in:

(£p.a)" =

. @7
(a.1) | OR(a,1)0l(a,1) 075"
dl(a
_ \ s s 5 P
(1 55)(/ R(a, 1) a7 tP r o7+ PR(a ) —55—da,
! @ PYLCR)
dl(a,t O0R(a,t) dl(a,t) dp
— )
(1 sS)O/ R(a, 1) PR r 5y + PR(a.)—5—da,
! PYUCR))
ol(a,t dR(a,t)dl(a,t) p)
(1- es)f R(a,1) a("T ) +p o ot + pR(a,1) ddi da,
0 op 9 9
! @ PYUCA))
dl(a,t O0R(a,t) 0l(a,t) 9,
(1—¢) f R(a,1) P =5, 0 + pR(a,)—5/—da — ¢,
0 9 9 9

The new ensemble of ODEs to solve contains four equations, the two of Eq. (5) and the two
of Eg. (18). We also need the additional four equations:
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d1(a,1)
J 9 _
oT
oV (t - a) ( ) ( ) ( ) ( ) oT(t — a)
dp _ oV(t—a)oT(t—a)  V(—a)dT(t—a _ dp —5a
ﬂ—aT T(t—a)+ N o T ov N +V(t a)—aV e a<t’
0 a>t
0l(a,t)
J 9 _
v
adV(r—a) ) ( )a ( ) ) ( )a ( ) a()T(t—a)
dp _ V(i—a)dT(t—a V(it—a)oT(t—a _ dp —5a
A—5y— T(t—a)+ o o T T or I +V(t a)i[w ]e a<t’
0 a>t
dl(a,t)
0
oT
e
a(3V(t —a) ( ) ( ) ( ) ( ) JdT(t — a)
0 dV(t—a)dT(t—a dV(t—a)dT(t—a 9 -
pl—5—T(t—a)+ T PYis +—5F r +V(—a)—5F—le ™ a<1
9 9 9 9 ’
0 a>t
and
d1(a,1)
? 9 _
v
Yo
o490 oV(t — a) oT ov oT R
0 t—a t—a t—a t—a 0 _
p|——57—T(—a)+ r ) ;av ) 4 a(‘W) (ap )+V(t—a)—a{j % g<t
op op op op
a>t

The scheme requires the derivative of those equations with respect to £ As with the

(28)

(29)

(30)

Jacobian, this can be seen as extending the term % of Eg. (9) with the partial derivative of

% (Eq. (18)) with respect to £ which is:
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of o0
==
ap _ _ OR(a,r1) 0l(a,1)
= = 0, (1 —¢g) 5 I(a,t) + R(a, t)—at
0
0% @noran|, [or@nor@n , b 275"
dp 0R(a,t)dl(a,t 0R(a,t)ol(a,t T op
ol et = | T e, T RN ®2)
dal,
of
. of a,Tp .
to obtain the vector [, — =1, which replaces Eq. (9).
0oL
Here % is derived from Eq (21) as:
a@lt(;;t)
ot
o5 v oT v oT 0% ¢
P32 - a)T(t - a) + G5 =a)+ Tt~ a) g (1~ a) + V(i ~a) L(t-a)e o a<t

0 a>t

where %—Y;(I —a)and %—It/(t — a) are computed as for Eq. (10). As described in generality below

Prid PLLN a aT
Eq. (15), %(r — a) (resp. %(r — a)) is equivalent to aip’(t —a) (resp. dipt(t - a)), and

these values are computed directly from Eq. (18).

dR
00—
The last unknown in this equation is %, which is derived from Eq. (22) and results in:
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1-e) (1 —gg)ae™"
M =egptrm—p

1-¢) (1 — eg)ae 7t~ a)o~ (1= €s)p + kp)a

(1 —egp+xu)—7)
(1- 6a)ae_y(t —9 (1 —€g)p + kp)a
(I—ep+Ku)—y

1-e) (1 — gg)ae™"
"= eptrxm 1P oJae

—y(1- 55)“(

t

+|(p+n)
p+u

__ ¢« _ No—(p+m)a-)|.— (1 —ex)p +xu)
+(p+ ;4)(1 ) )(t aje }e

—((1 = &5)p+xp)

(p+u)° (p+uy

+ (1 - ﬁ)(z —a)e=(p+ma=1
(1 - 80,)0{(1 - gs)
(1= e)p+xm) =)
0-afgieligt
(1-¢5)a )e—((l —&5)p + Kp)t
(I—eg)p+Ku)—y

o (1= ey

)e—(p +p)(a—1)
u

(1 —&)i(p+ M)(l -5 = M)e—(ﬂ +u)(a =)= = eo

+((1—e5)p+xu)(l — gyt

__“ —(p+u)a—1t)
+(1 p+u)e

(1 - ey
(I—eg)p+xu)—vy

a
P+

)e‘<<1 — &)+ k)i

C (a1 g 1= —%Jo(p+sa=)
e T

S S S R o)

Page 17

a<t

a>t

(34)

3.3.2 Parameter s—As in Section 3.3.1 we derive the equations for fitting the parameter
. The differential equations are:

%s__a_T____/ 0 e -V
oL (1) =1~ %L ﬂ(asT+VaS), a gs)o pR(a.1) 5% (a.1)da ~ &

where J# is the vector |T,V, =-

oo

aV oT

o ov
ds’ 0s |’
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The initial and boundary conditions can be derived by taking the partial derivative on each
term. Thus, we have 200) = 0, 220) = N/e, 20.1) = ﬁ(aa—IS/(I)T(t) + V(r)‘;—f(t)),

ddR

oI _ 9L OR( O\ _ pi7 Ne—ba
5,(@0) = 5-(a), 550, = 0, and 57(a, 0) = 0. Here we have 5-(a) = f7 Ne~%/c.

The function %(a, t) can be directly computed as:

dI(a,1) _ ﬂ(%(t —a)l(t—a)+V(t- a)%(t — a))e_5a a<t

as (36)

—oba

€ a>t

and we can notice that %(a, 1) is always zero. As before, the Jacobian can be reduced to the

upper right block matrix:

0
t
7 - (37)
e (- £s)pr(a, ) X (a t)d (1-&) /PR 0I(a t)da
0 05 as b as
where
oV (t oT(t — _
ol(a,t) _|P MT(I a)+ V(- )%)e 8a 4 < ¢
PEA a5 055 ) (38)
" 0 a>t
(a1 _|P MTO a)+ V(- W)e“s“ a<t
YA s 055 , (39)
” 0 a>t
and the two vectors are
A 1 AT R
fS,3_( ﬂasv ﬂds’ d ﬂV, ﬂT) (40)

and
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where

dl(a,t)
ds
aT

0

0 ds

B

dl(a,1)
‘ ds
aV

oV (t — a)
Js

A aV

dl(a,t)
9 Js

oT
rn

T
ds

0

oV (t —a)

oT

T(t —a) s

at)V(‘;s— a)
B - d) Os

(fs, 4)tr = ;

———da,

—a)+ 0V($s— a) 0T(0tT— a) + oV (t —a) 6T((z;s— a)

oT

+ oV (t —a) oT(t — a) + ()V(atV— a) 0T(t — a)

av

+ oV(t —a)oT(t — a) + oV(t —a) oT(t — a)

as

oT
95

oT
Urn

as

+V(t—a)

+V(t—a)——
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oT(t — a)

Js
aV

T (1 — a)
+ V(1 - a)—o—
0

s
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(41

(42)

(43)

a>t

(44)

)e“s“ a<t

a>t
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dl(a,
075
PN
pV=a ) ) ) ; T =a) (45)
T V(t—a)dT(t - V(t—a)dT(t — _
B ag_v T(t—a)+ (és a) ;ta_va)+ a(fa_va) (;s a)+V(t—a) v % g <t
das ds ds ds
0 a>t
The last needed equation is the derivative of Wlth respect to £ which is:
0f ar)](a 1)
T _lo (1-e) f IR@.0 L4 1) + R(a,)——|dal. o)
where
dI(a,t)
d dst
oT
oV(t—a) oT(t — a) (47)
05— oV(t —a) OT(t — —a) 0T (1 — 05—
i —a‘)t T(t—a)+ (ats a) ((t)t a) (‘t” a) ((t)s a) +V(t - a) e=% g <t
0 a>t

3.3.3 Parameter y—We now present the equation for the derivative with respect to the
parameter .

9 (1) = | = a2l Wy L)
% ; (48)
(1—gg)p f OR(e, t)I(a t)da +/R(a, t)()I(a, t)da L4
dy dy
0 0
where )7 is the vector [T y, 9L ‘;IS/

The initial and boundary conditions can be derived as in the previous sections. We have
S0 =0,520) =0, 510.0 = J(5-OT® + VT 0), 50,0 =0, 50,0 =0, and

JR
0—y(a, 0)=0

It follows that is:

0l(a,1)
ay
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ot(a.) _ [ et - aT -0+ V(- 05— a)e a<

(49)
7}
4 0 a>t
and that 280 ‘)R(" D s:
(1 — gg)ae™"
<t
T—ep+ru—7 ¢
(1 - gg)ae™"!

(1 —e)p+xu—7)

- (1 = gg)ae” vt —a) (1 - gg)ae 71 —a)
a)
(T—edp+kUu=7 (1 —e)p+rn—7)
aR(a’ t) ={x e_((l - £S)p + KM)(J (50)
oy
(1 — gg)ae™ "

- >t

(I—e)p+xu—vy ¢

(1 — gg)ae™"

(1 —ep+xu—7y)
_ (1 —&g)a e—((l —Eq)p + k)t

(1= ep+xu—7)

The Jacobian is then defined by the upper right block matrix:

0 0

t
frax2= (1)
rax2 (1 —es)pr(a,t) dl(a t)d 1—es)pr (a, t)x ol a t)d
0

where
l(a,1) _|A —aV(t V1 - a)+ V(1 - a) U= le=da 4 <4
= or (52)
a‘;_T 07/ 957
’ 0 a>t
oV (t oT(t — _
ot@n |2 D6 - a)+ v - TP Demva g < i
a%—V - dj/ 00_7/ ( )
4 0 a>t
the vectors
, oT
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and
! olta.n)
dR(a,t)dI(t —a 9
(1- es)/p #% + R(a, t)a—;: da,
0
! 9l
OR(a,t)oI(t —a “oy
(1 —es)/p (;y )%+R(a, 1) 61; da,
0
(F7.4)" = : (55)
! golta.1)
0R(a,t)dI(t —a 9
(1- €s)/P #% + R(a,1)—F—|da,
0 Ior 958
! g0l
OR(a,t)oI(t —a oy
(1—@)/;}#%+R(a,t) (ﬂj; da—c
0 s s
where
dI(a,t)
a—ay’
oT
0 oV (t - a) oT OV (t—a)oT T o
ﬁ( aaTy T(t —a)+ ((;y_ a) ((;T_ a9, ST_ a) (Sy_ 9, 140 —a)—()';f )e““ a<t
0 a>t
dI(a,t)
d ay’
v
e T v oT v oT PRAC. 7
B a—‘:;T(t —a)+ (dty_ a) gV_ a) + gV_ 9) (Sy_ a) +V(t- a)—ai/y ]e“s" a<t
0 a>t
dI(a,t)
0 ay’ ~
oT
a_
Jy
020 P1% oT P1% oT gtza 9
|l ——E—T(t - a) + ((;_ a) (ta; a9, (ta; ) ((; —9) Ly - a)—F—le% g <1
o2k v s 0oL 2 P
Y Y Y Y
0 a>t

Bull Math Biol. Author manuscript; available in PMC 2020 October 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Reinharz et al. Page 23

dl(a,t)
a—ay B
v
Por
pV=a) (1= 0} Tt —0) (t =8} Tt —a) T =a) (59)
Jy oV(t—a)oT(t—a) , dV(t—a)dT(t—a oy _5
ﬂ[TT(z—a)+ 7 37 + Y4 oy +V(t—a)Te da<t
oy oy oy o
0 a>t

The derivative of % with respect to tis:

o5 [ (o7 (@) 01(a1) , OR(@1)d1(a1)
s f oy OR(a,t) 01(a,1) . dR(a,t)d(a,t
o = |0 53)0 o= e+ ==+ =50,
60
dI(a,t) (60)
Jy
+ R(a, 1) FY da
where
dl(a,t)
a—ay’
ot
pV=a o o o o T =a) (61)
ﬂ—;f T(t—a)+ ((;y_ a) (;t_a)+ (;I_a) (5;”)+V(t—a)—aal’ e % a<t
0 a>t
SR

The last needed equation is %, which is:
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(1 - eg)ae™" (1 — gg)ae™"
- + yt >t
(I—eg)p+xu—y y(l—es)p+lcy—y a
(1 —eg)ae™
(1= e)p+xu—7)
+ (1 - gg)ae =9 =) (1 - gy)ae~ 7= 2)
- —da
(O—egptrn—y N YU—egptru—vr
N (1 - gy)ae~ 7= 2)
OR(a,r1) 14 5
O _| (U =eptru=y) -
ot o o1 =90+ xu=1a
(1 - ea)ae_yl (1 - ga)ae_yt
- + yt <t
T—egptau—y "O—e)ptru—vy a
(1 —gg)ae™ "
(1= e)p+xu—7)
1 —¢y)a —((1—
(1= o+ xu— y)— LT e
(I—eg)p+xu—y)

3.4 Related Works

In the seminal works that developed the multiscale model (Rong et al., 2013; Rong and
Perelson, 2013; Gued;j et al., 2013a), the importance of parameter estimation to the model
was already noted. It was addressed in (Rong et al., 2013) and attempts to come up with
improved strategies were tried thereafter in (Kitagawa et al., 2018) and in (Quintela et al.,
2018).

3.4.1 Parameters change when transforming a PDE multiscale model to a
system of ODEs—A recent attempt appearing in (Kitagawa et al., 2018) showed how a
PDE multiscale model of hepatitis C virus can be transformed to a system of ODEs. In
principle, parameter estimation should then become easier, avoiding the complications in
dealing with the PDE multiscale model. However, there are side effects introduced in such a
transformation, as can be noticed in Eq. 9 of (Kitagawa et al., 2018) where the boundary
condition A(¢ 0) = € gets inside the differential equations. Consequently, as admitted in the
discussion of that reference, all parameters in Egs. 7-10 must be estimated including ¢. The
inclusion of boundary conditions as new parameters inside the model equations is a
drawback compared to parameter estimation performed on the original multiscale model
equations before the transformation. Another drawback from the perspective of parameters
change is the fact that the simplest PDE multiscale model appearing in (Gued;j et al., 2013a)
was used in the transformation to ODEs, but important additions such as the inclusion of
parameter y as in (Rong et al., 2013) are not taken into account. It is not obvious how to
include the parameter y and other developments to the multiscale model inside the system of
ODEs. Finally, any information regarding the age of the cell since infection is lost. Thus, if
one would wish, for example, to vary the parameter a from infection to a certain time, this is
not possible. For HBV, this is a critical limitation and the system of ODESs cannot be easily
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extended to account such information. In summary, while the transformation works for the
simplest multiscale model, it is limited in considering developments to the multiscale model
and the parameters in the system of ODEs are not the same as the parameters in the
multiscale model.

3.4.2 Problematic issues in strategies relying on canned methods—The
previous strategies for parameter fitting of the multiscale model are all relying on canned
methods. The two main strategies depicted in Figures 5 and 6 are the ones worked out in
(Rong et al., 2013) and in (Quintela et al., 2018), illustrated by a flow chart.

In (Rong et al., 2013), as illustrated in Figure 5, the long-term approximation is used for the
solution of the mutliscale model equations and Levenberg—Marquardt is used as a canned
method. One drawback of such an approach is that it is limited to the multiscale model under
treatment. In addition, the analytical approximation would change when various mutliscale
models are introduced and the elaborative derivations would need to be carried for each one,
with restrictions that are incorporated by the approximation being used. Finally, as discussed
in the next paragraph, the use of a canned method is distancing the user away from having
control over the main optimization procedure and the ability to tune it from the
programming standpoint.

In (Quintela et al., 2018), a more extensive multiscale model is introduced, and a different
strategy is being carried out for both the model equations solution and the parameter
estimation. The model equations are solved numerically using the method of lines and
Matlab’s ODE solver ode45, which implements a standard explicit 4th order Runge-Kutta.
For small time steps, this is a perfectly valid approach, also it was noted in (Reinharz et al.,
2018) that because of the integral in the multiscale model equations there would be no
advantage in using a more sophisticated ODE solver such as Matlab’s ode23tb for stiff
equations instead of ode45 for non-stiff equations. However, as was shown in (Reinharz et
al., 2018), the multiscale model equations are stiff and if an increase in the time step is
desired for efficiency considerations in longer time simulations, this approach remains
limited in the time steps that are recommended to be taken. Moreover, for parameter
estimation, the minimization procedure in (Quintela et al., 2018) is carried out with Matlab’s
fmincon selecting its interior-point algorithm. While for the cases in (Quintela et al., 2018)
this procedure appears successful, there are instances reported that are more problematic
(e.g., https://groups.google.com/forum/#!topic/comp.soft-sys.matlab/SuNzbhEunl1Y). Thus,
for distributing a simulator to the community like the one that has started being developed
herein, it would probably be a good practice to be able to implement protections inside the
software and answer users concerns directly without relying on a black box from a third
party vendor. For non-multiscale models, this would not present a problem, but for
multiscale models as was demonstrated in (Reinharz et al., 2018) there is advantage in
having the ability to penetrate inside the solver and optimizer routines, because of the
complexity of the models.

3.4.3 Limitations of our method—The method introduced herein prepares the
multiscale model equations for parameter fitting by working on them directly as an initial
step. This strategy is beneficial in postponing approximations to later steps and ensuring full
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control of the user during the whole fitting procedure. Still, limitations exist and
improvements to overcome them can be addressed in future work.

The main drawback of our method is that in its current implementation it is rather slow and
may take a few hours on a parameter estimation problem with several parameters to be fitted
at the same time, as in Figure 2, on a standard computer. The results in terms of the fitting
performance are good but the user needs to wait patiently until the calculations are finished.
Relatedly, the Rosenbrock method for the numerical solution of the multiscale model
equations is an adaptive time step method. Thus, there are time steps taken in which the
Rosenbrock method fluctuates just before a newer, more suitable time step is performed.
Such a fluctuation has a pronounced effect during the optimization step by Levenberg-
Marquardt. Without imposing a restriction to small time steps for the numerical solution of
the equations, it is possible that the Backward-Differentiation Formula (BDF) would be
found advantageous over the Rosenbrock method for the specific purpose of parameter
fitting, a numerical solution method which will profoundly be examined in general in future
work as suggested in (Reinharz et al., 2018). Additionally, the Levenberg-Marquardt method
does not allow to set bounds on the parameters. This is another insight that can be exploited
since we know that they must all be positives, and in the case of eg and e, those are upper
bounded by 1. To leverage this knowledge, interior-point methods have been tried and it was
found that they are time consuming because of Hessian evaluations, therefore derivative-free
optimization methods such as Constrained Optimization by Linear Approximation
(COBYLA) should be explored in future work. Another limitation is that for each parameter
introduced in future multiscale models, the derivative with respect to the new parameter
needs to be taken and more equations need to be derived, as performed at the beginning of
this section and in the supplementary material.

3.5 Results

Parameter estimation is a necessary procedure in all models, ranging from the biphasic
model of (Neumann et al., 1998) to multiscale models (Gued;j et al., 2013a; Rong et al.,
2013; Rong and Perelson, 2013; Quintela et al., 2018). We present results for these two
types of models worked out by a user-friendly simulator that we have developed in
(Reinharz et al., 2017) for the solution of the multiscale model and extended herein towards
parameter estimation for both biphasic and multiscale models. The simulator with a GUI is
freely available at http://www.cs.bgu.ac.il/~dbarash/Churkin/SCE/Parameter_Estimation
(with the option to either select the biphasic or the multiscale model).

3.5.1 Parameter estimation in the biphasic model—The simplest model for HCV
dynamics to perform parameter estimation on is Neumann et al.’s biphasic model (Neumann
et al., 1998). Although it is nonlinear, it can be solved analytically when assuming that the
target cells 7 variable is constant. We incorporated the analytical solution to our simulator
and performed parameter estimation using a nonlinear solver to solve the minimum least
squares problem (Press et al., 1997) after noticing that a linear solver is insufficient. The
nonlinear solver runs multiple iterations, there is a damping factor, and derivatives are
calculated by varying the parameters a small amount from the previous guess. The nonlinear
solver is taken from the Java least squares fitting library available at https://github.com/
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odinshane/least-squares-in-java and it resembles Levenberg—Marquardt but unlike
Levenberg—Marquardt, the damping is non-adaptive, which is sufficient for a good
performance of parameter estimation results in this simple model. Figures 7, 8 and 9 present
fitting results from three patients (Pts). Figures 6,7 correspond to Pt MBH4 who was treated
with sofosbuvir combined with ledipasvir and Pt H3 who was treated with sofosbuvir with
daclatasvir, respectively (Dahari et al., 2016). Figure 9 corresponds to Pt P2 who was treated
with asunaprevir combined with daclatasvir (Canini et al., 2017a). A webpage with user
instructions is available at http://www.cs.bgu.ac.il/~dbarash/Churkin/SCE/
Parameter_Estimation/Biphasic.

3.5.2 Parameter estimation in the multiscale model—The multiscale model for
HCV dynamics to perform parameter estimation on is taken from (Rong et al., 2013). As
previously outlined and depicted in Figure 3, in our simulator we solved the model equations
using the Rosenbrock method (Reinharz et al., 2017) and performed parameter estimation
after preparing the derivative equations using a full implementation of the Levenberg-
Marquardt without reverting to canned methods.

To illustrate the tool we provide, we first show in Figure 10 the result of fitting to generated
data points from the default values the parameter p, when first started at 40. The predicted
value of 8.152 is very close to the real value of 8.18. In Figure 11 we show the result of
fitting the parameter , which is also worthwhile noting that it is not a parameter available in
the simplified model of (Kitagawa et al., 2018). Starting from a value of 1 the result of
0.239009 is also very close to the real value of 0.24.

To compare our method with the long-term approximation we fitted the four treatment
parameters x, &g, e, and y. All the other parameters were selected with the values of Table
2. We show in Table 3 the different values of those four parameters and sum of squared-
errors fitted with the two different scenarios to the data emanating from a patient. We also
show in parenthesis the standard deviations. In the leftmost column we fitted the long-term
approximation with the retrieved data points using the scipy.optimize.curve_fit method,
which is a Python implementation of a simple Levenberg-Marquardt scheme as a canned
method. In the rightmost column are the values obtained by our method.

For comparison of the results between the line fit when the retrieved data points are fitted to
the long-term approximation equation and our method, we compute the sum of squares of
the errors for each data point. It is shown that our method achieved slightly better results. To
further illustrate the tool we provide, we show in Figure 12 the starting configuration after
the data was inserted as input and in Figure 13 the final result. In Figure 14 we present the
same curve compared with the line fit of the long term approximation, as in Table 3. A
webpage with user instructions is available at http://www.cs.bgu.ac.il/~dbarash/
Churkin/SCE/Parameter_Estimation/Multiscale.

4 Concluding Remarks

Parameter estimation is a challenging problem for mathematical models that are based on
differential equations. In the context of viral dynamic models, even a simple model such as
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the biphasic model (Neumann et al., 1998) requires a nonlinear method for the least squares
minimization because a linear method is not sufficient, as was experimented by us and
demonstrated with our simulator for the biphasic model in the Results section. The
development of more complicated models such as viral dynamic models that consider
intracellular viral RNA replication, namely age-structured PDE multiscale models to study
viral hepatitis dynamics during antiviral therapy (Rong et al., 2013; Rong and Perelson,
2013; Guedj et al., 2013a; Quintela et al., 2018), presents a need for more sophisticated
strategies that perform parameter estimation while solving the model equations
simultaneously. Simply transforming the PDE multiscale models to a set of ODEs (Kitagawa
et al., 2018), while possibly having other merits, requires a change in the parameters and
therefore does not offer a comprehensive solution to the problem.

From the parameter estimation standpoint, as previously outlined, multiscale models are
considerably more challenging than the biphasic model. Not only that conducting a search in
at least a 10-parameter search space is more difficult than in a 4-parameter search space, also
the task of solving the model equations themselves and how to connect the equations
solution to the optimization procedure requires more sophistication. Previously, this was
approached in (Rong et al., 2013) by using the long-term approximation along with a canned
method for Levenberg-Marquardt, and in (Quintela et al., 2018) by the method of lines and
then employing Matlab’s 4th order Runge-Kutta solver along with a canned method
available in Matlab called fmincon for the optimization. While these strategies work
sufficiently well for specific cases, because of their use of canned methods they are
problematic from the standpoint of the user’s capability to access and control them. Thus far,
no source code has been released free of charge for the benefit of the community and while
these strategies were described coherently in the context of presenting multiscale models,
they were not intended to provide to the user a comprehensive solution of their own. It
requires considerable implementation efforts by the user (e.g., in reading documentation
about Matlab’s fmincon after purchasing a license to use the Optimization Toolbox). There
is clearly a need to provide the user with a free of charge simulator that is effortless to
operate and a code that can be accessed for dissemination and future development.

The strategy we presented herein requires no canned methods utilization. It works directly
on the multiscale model equations, preparing them in advance for the optimization
procedure by taking their derivatives with respect to the parameters, in contrast to solving
them first by an analytical approximation or performing the method of lines as a first step.
For the solution of the model equations, the Rosenbrock method described in (Reinharz et
al., 2017) is employed, as was shown to be advantageous in comparison to other solution
schemes in (Reinharz et al., 2018). For the optimization procedure, Levenberg—Marquardt is
employed in full (not as a canned method) such that the user has access to the source code at
each point in the procedure. The whole method is provided in a form of a multiscale model
simulator with a user-friendly GUI.

The method is rather slow in most scenarios, which may take several hours or more to reach
the desired solution on a standard computer. Nevertheless, fitting at once the four parameters
x, es, 4 and yyields good results and can be computed in less than a day. Future work will
be devoted to improve these limitations. To date, this is the first time that a parameter
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estimation method for multiscale models is distributed free of charge with its source code to
the community within a user-friendly tool, which by itself will be helpful to practitioners.
The new method is based on flexible components that can be easily accessed and modified
by developers who are interested in other research modeling areas such as the dynamics of a
viral population over both space and time (e.g., modeling spatial aspects of within-host viral
spread (Gallagher et al., 2018; Kumberger et al., 2018)). The method can be generalized
with regards to the outlined model parameters, such as p, &, and a, which can be made
dependent on the age a. For example, we can utilize our method when the constant
production rate a is replaced by an age-dependent logistic function. The method is also
achieving convincing results as was demonstrated herein in comparison to other strategies
and will be beneficial among the arsenal of methods that were developed for parameter
estimation in multiscale models.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Appendix

In this appendix we briefly show the derivation of the equations that constitute a preparatory
step before the optimization procedure for the other seven parameters that were not included
in the main text (three were already shown starting from Section 3.3.1). For more details the
interested reader is referred to Section 3.3.1).

Parameter d :

The derivative of the general function f(the vector [ 7, V]) with respect to d'is:

ﬂd___"l_(al ‘LT)_/‘” or _r
ad(t,y)—[T ddd ﬁddT+V6d(1 ss)o pR(a,t)ad(a,t)da “5d

where y4 = g_T.

Furthermore:
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The upper right block matrix of the Jacobian is:
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Parameter 8.

The derivative of the general function 7(the vector [ 7, V]) with respect to gis:
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Parameter e

The derivative of the general function £ (the vector [ 7, V]) with respect to g, is:
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The derivative of the general function f(the vector [ 7, V]) with respect to cis:
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0 oV oT 0 oI oV
91,y = [ a0 (WT +V ac) (1-ey) A pR(a.)% (0, 1)da - (V+ 2
T
14
where y¢ = 19T
dc
oV
oc
Furthermore:
OR(a,1) _
o~ O
oT
Se = VN,
% = - Ns/c2,
v oT _
@) |Gt —aTt—a)+V(i-aS5-(t—a)% a<t
dc ’
—d/(fN)e=%a a>t
The upper right block matrix of the Jacobian is:
0 0
’ al ! dl(a,
feax2= es)/ pR(a,1) x a(a t)d (1 —Es)>/0‘ pR(a, 1) x E)i[/t)da
dc dc

and the transposed last two rows of the Jacobian are:
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! N d1(a,t)
oT dc
P50 (1-£5) | pR(a, I)Tda -1
0

((£e.3)" (rea)") =

dc
! d1(a,t)
—pT (1-¢5) | pR(a1) Jc da—c
s T4
0 dc
9 of © s 0l(a,1)
dc _ dR(a,t) ol dc
Se=lo t-e | PRS0 + Ria)——|da
0

Parameter &:

The derivative of the general function £ (the vector [ 7, V]) with respect to §is:

Of(, 8y = | 9T _ 49V or\ o _ /°° 2 _r
06(r,y)—[ ddé (65T+V06)’ (1-—gg) b pR(a,t)aa(a,t)da ¢35

T
vV
where yo = 9T,
5
v
95
Furthermore:
OR(a,1) _
% 0
1
i _N,,
95 08 P
v _ IN .
95 05
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ON _ p(6(p+p+8)—(a+6)(p+ pu+6)—a+9))

08

1

(p + u+ )

aj (p+;4+5)(0!+6)+6(a+5) 5(p+ﬂ+5)

26

G5 =T = @)+ Vi =) G50 = a) = aV (1~ )T (1~ )=

0l(a,t) _ 1
w6 || W

(a+5)

—5-delf—a(Ns — de)/(BN) —da

The upper right block matrix of the Jacobian is:

0

fs2x2= l—es)/ pR(a,1) X

dI(a t

0

and the transposed last two rows of the Jacobian are:

((£5.3)"(15.4)") =

oV

06

_ﬂﬁ

! d1(a,1)
J 06
—d—pV (1-¢5) | pR(a, I)Tda
0

! 0l(a,t)
? 06
(1-¢&5) | pR(a, Z)Tda
0

! 6I(a 1)
(1 —ss)/ pR(a, t)%da
0

206

! N d1(a,1)
26

—-pT (1—¢&5) | pR(a, I)Tda —c
0 955
o 0l(a,t)
IR(a,1) 01 95
o 05( 1)+ R(a, 1)7(” da

0
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Fig. 1.

A schematic diagram of the HCV multiscale model and the inclusion of the virus RNA
replication in the model.
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Datapoints retrieved with the WebPlotDigitizer tool by (Rohatgi, 2018). Data was extracted
from (Rong et al., 2013) for a patient that was treated with the HCV protease inhibitor
danoprevir.
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Fig. 3.
Virions change reaching the steady states with two different values of s. In blue with s= 130

000 as reported in (Rong et al., 2013). In orange with 5= 475573 as computed with Eq. (2b)
given V the baseline observed in the patient, shown as a blue x.
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Fig. 4.

Flow diagram of the strategy with the implemented parameter estimator. The inputs are a list
of data values dataValues taken at different times dataTimes. It also requires an initial guess
for the ensemble of parameters parameterValues and the vector of functions f that are needed
to perform the fitting. The ;(2 merit function refers to the error given parameterValues.
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Flow diagram of the strategy with the long-term approximation. The inputs are a list of data
values dataValues taken at different times dataTimes. It also requires an initial guess for the
ensemble of parameters parameterValues but instead of a vector of functions, it reduces the
canonical multiscale models to analytical approximations.
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Flow diagram of the strategy using the method of lines, after which canned methods are
employed with Matlab. The same list of data values dataValues, times dataTimes and an
initial guess for the ensemble of parameters parameterValues are required. The system of
equations this time requires an implementation of the method of lines for the PDEs and the
integrals inside them.
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Fig. 8.
Biphasic model fitting example with data taken from (Dahari et al., 2016) of a patient who
was treated with sofosbuvir combined with daclatasvir.
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Biphasic model fitting example with data taken from (Canini et al., 2017a) of a patient who
was treated with asunaprevir combined with daclatasvir.
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Fitting the parameter p to generated data points.
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Fig. 11.
Fitting the parameter y to generated data points.
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Fig. 12.

Start fit that emanates from data of a patient reported in (Rong et al., 2013)
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Fig. 13.

End fit that emanates from data of a patient reported in (Rong et al., 2013)
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Fig. 14.
Comparison between the line fits of the long-term approximation and our method on the

retrieved data points that are shown.
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Table 1

The 12 parameters of the model.

s(cells mL™1)
ad

B (mL d1 virion™?)
(™
p@d™)

c(d™)

a (VRNAd™)
u(d™

X

y(d™

Es

€a

Influx rate of new hepatocytes

Target cell loss/death rate constant

Infection rate constant

HCV-infected cell loss/death rate constant
Virion assembly / secretion rate constant
Virion clearance rate constant

VRNA synthesis rate

VRNA degradation

Enhancement of intracellular viral RNA degradation
Loss rate of VRNA replication complexes
Treatment vs secretion / assembly effectiveness

Treatment vs production effectiveness
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Table 2

Page 60

Default parameters that are used herein. Parameter s comes from Eq. (2b), taking ¥ as the max Virions value.

a
c
U
P

404t
22.3d71

1d7
8.18d™

B
s
d

s

5x108mLd?
0.14d71
0.01d?
(V Be + cc)/ (BN )cells/mL
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Table 3

Values of the parameters when fitted to the patient digitized data, standard deviation shown between
parenthesis. The long-term column has the values when the retrieved data points are fitted to the long-term
approximation equation. The rightmost column contains the fitted parameters values by our method, which
combines the Levenberg—Marquardt and Rosenbrock numerical schemes. The fixed parameters have the
values shown in Table 2.

Long-term approximation  Rosenbrock+Levenberg—Marquardt

o 0.60 (0.198) 0.60 (0.992)
. 0.994 (0.002) 0.994 (0.009)
x 6.16 (0.947) 6.218 (4.640)
Hd™) 0.14 (0.039) 0.139 (0.178)
sum error? 0.53 0.51
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