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1. Introduction

The novel corona-virus is a new strain of coronavirus which
may cause illness, fever, dry cough where these symptoms are usu-
ally mild and begin gradually. The world health organization has
declared this virus as a pandemic in early March of 2020 where
many countries have taken serious actions and implemented cur-
few, quarantine and lock-down measures as a plan to control the
rapid spread of COVID-19. The first case of COVID-19 was detected
in Wuhan city in China at the end of the year of 2019 where it is
suggested that the COVID-19 virus might be originated from bats
and it’s transmission might related to a seafood market exposure.
Many researchers worldwide started to work on developing math-
ematical models that best describe the dynamics of this pandemic.
It is known in biological system with memory it would be suit-
able to use fractional derivatives to describe evolution of the sys-
tem [1-10]. Furthermore, Atangana-Baleanu fractional derivative
(ABFD) has been one of the most useful operators for modeling
non-local behaviors by fractional differential equations. The advan-
tage of using such derivative lies on its properties such as the non-
locality and non-singularity of its kernel, and the crossover behav-
ior in the model can only be best described using this derivative.
Additionally, it allows traditional and various types of initial condi-
tions to be consider in the creation of the dynamical model. Many
scientists proposed new models to best describe the dynamics of
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all possible parameters responsible for the daily cases reported in-
cluding deaths, control the fatality rate, and prediction of COVID-19
behavior in future within a specific region. It is known that sev-
eral models can describe the same system, which is a challeng-
ing step. In this paper we intend to formulate a new mathematical
model of Corona virus based on the model presented in Ndairou
et al. [11] based on ABFD. The numerical method simulation is con-
ducted via the framelet system generated using Daubechies scaling
functions.

Daubechies wavelets have been proven as a useful tool in a va-
riety of various applications such as filter banks constructions in
image painting. This is largely due to the fact that wavelets have
the right structure to capture the sparsity in dphysicald images,
perfect mathematical properties such as its multi-scale structure,
sparsity, smoothness, compactly supported, and high vanishing
moments properties. It has many applications in fractional inte-
gral and differential equations (see for example [12-28]. Framelets
have been used extensively in the context of both pure and nu-
merical methods in several applications, due to their well prevail-
ing and recognized theory and its natural properties such as spar-
sity and stability which lead to a well-conditioned scheme. In this
paper, an effective and accurate technique based on Daubechies
wavelets is presented for solving the transmission model of COVID-
19 based on Caputo fractional derivative. The advantage of using
such wavelets, lies on its simple structure of the reduced systems
and in the powerfulness of obtaining approximated solutions for
such equations that have weakly singular kernels. The proposed
method shows a good performance and high accuracy orders.
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Fig. 1. Daubechies refinable functions with their corresponding wavelets of order ¢ = 1 and q = 2 respectively.

Definition 1.1. A function ¢ € L,(R) is called a scaling function if

¢=2) aklp2 k). (11)
Kz

where alk] € ¢;(Z) is finitely supported sequence and is called the
refinement mask of ¢. The corresponding wavelet function is de-
fined by

Y =2 blklp(2-—k), (12)
KZ

where b[k] € ¢,(Z) is finitely supported sequence and is called the
high pass filter of .

For a function f e L;(R) (which can be naturaly extended to
L,(R)), we use the following Fourier transform defined by

fe&) = € f(x)dx.

1
— | e
V2 /R
The Fourier series of the sequence a is defined by

ag)=> akle™, £eRr

keZ

(1.3)

2. Daubechies framelets using the unitary extension principle
(UEP)

If g is a wavelet function that has q vanishing moments such
that

/t"’g(t)dt:O, m=0,1,...,g-1.

Suppose that the function g generates an orthonormal basis of
L2(R), then the constructed wavelet will be compactly supported
within the domain [0, 2q — 1]. Daubechies wavelets do not have
explicit form but defined recursively as follows

Zn(X) = V2 hypm_1(2x - k),

keZ
g0 (X¥) = Xpo.1)(*)-

One of the important features of this wavelet is its smoothness as
it increases for a higher q. We present the graphs of ¢ and its cor-
responding wavelet ¥ when g = 1,2 and 3,4 in Figs. 1 and 2 re-
spectively.

Definition 2.1. A sequence {g;}°, of functions in L2(R) is called a

frame for L2(R) if 3 postive numbers 7, R such that
rfII? <> g &) I* < RIFIZ Vg € L (R).
k=1

The constants r, R are called frame bounds [29]. A frame is called
tight if we have r =R as frame bounds, and it is Parseval frame if
r=R=1.

The idea is to construct framelet system based on Daubechies
scaling function ¢ and its corresponding wavelet function . As-
sume that E = {y};_; c [*(R) such that

V=23 blklp2- k).

keZ

(2.1)

where {b,[k],k € Z},_; is a finitely supported sequence. Define the
wavelet system

X(E)={Yuu: 1=e=njkez},
where ¥, (X) = 20724, (27x - k).

Theorem 2.2 (UEP [29]). Assume that ¢ € L2(R) be a compactly
supported scaling function. Let {b[k], k € Z},_; be a set of finitely
supported sequences, then

X(E)={Yu:1=t=rjkez] (22)

generates a framelet system for L2(R) if the following is hold for any
deZ

Y > belklbe[k — p] = 8o.4

(2.3)
=0 keZ
and
S Y () Bifklbilk - d] = . (24)
=0 keZ

According to Theorem 2.2, for any constructed framelet system
we have the following representation given by

F= S U b

(2.5)
=1 jeZ keZ
This system can be truncated by U, f as follows
r
Unf =3 3 {f i) Vejne (2.6)

=1 j<n keZ
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Fig. 3. Daubechies framelet generators with their corresponding scaling functions for ¢ = 1 and q = 2 respectively.

2.1. Examples of Daubechies framelet systems

Here we provide some examples on the construction of framelet
systems basd on several orders of Daubechies scaling functions of
different orders.

Example 2.1. For g =1, let a[k] =[0.5,0.5]. Then based on the
UEP, we can find two finitely supported sequences b;[k], by[k] such
that the following two functions generate a framelet system of
[2(R)

Vi (E) =

_ (0.282238i)e®5)¢ N 0.282238i  0.564477¢(%75)¢ 5in(0.25¢)
& & § '
(0.282238i)e®5)¢  0.282238i . 0.564477e©75)¢ sin(0.25¢)
& & & ’
Note that, according to the UEP we need to solve the following

system of equation written in MATLAB software to be able to get
the required sequences bq[k], by[k], where for g =1 we have

V2 (8) =

function F = mydaub2(x)

F = [(x(1)% + x(2)2 + (x(3))? + (x(4))% — 5:x(1) *x(2) +x(3) * x(4) + (1/4);

x(1)? = (x(2))? + (x(3))% — (x(4))?;

end;

and for g = 2 we have the following

function F = mydaub4(x)
F = [(x(1)2 + (@)% + x(3)? + x(4)? + (x(5)2 + (x(6))% + (1(7)? + (x(8))% - (1/2):
X(1) #X(2) + x(2) xx(3) +x(3) *x(4) + X(5) % X(6) +x(6) x(7) + x(7) xx(8) + (9/32);
X(1) #X(3) +x(2) *x(4) +X(5) % X(7) + x(6) % x(8);
Xx(1) *x(4) + x(5) xx(8) + (—=1/32):
®(1)2 = 1@)% + ®(3)? - x(4)? + (x(5)2 - X(6))% + (x(7))? — (x(8))? + (~585/2702);
X(1) #x(2) —x(2) x(3) +x(3) xx(4) + x(5) % x(6) — x(6) xx(7) +x(7) xx(8) + (3/32);
x(1) *X(3) —x(2) *x(4) +x(5) *X(7) — x(6) * x(8) + (484/4471)];
end;

where x(k) is the nonzero value of the compactly supported se-
quences of both b; and b,. Note that, when g =2, we have the
following low pass filter

1+43 3443 3-V3 1-3
akl=l—g— —5——5 >—5 |

The graphs of Daubechies scaling functions of order one and two
along with their corresponding framelets are depicted in Fig. 3.

Example 2.2. For q = 3, we have the following low pass filter re-
lated to Daubechies scaling function of order 3 given by

a[k] = [0.235233,0.5705584, 0.325182, —0.095467, —0.06041610, 0.0249087].
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Fig. 4. Daubechies framelet generators with their corresponding scaling functions for ¢ = 3 and q = 4 respectively.

Then based on the UEP, we can find two finitely supported se-
quences bq[k], b,[k] such that two functions 1, ¥, can generate a
framelet system of L2(R). Note that, according to the UEP we need
to solve the following system of equation written in MATLAB soft-
ware to be able to get the required sequences b;[k], by[k], where
for ¢ = 3 we have

function F = mydaub6(x)
F = [x(1)2 + @)% + x(3)? + x(4)? + (x(5) + (x(6))2 + ((7)? + (x(8))% + (x(9)? +

(*(10)2 + (x(11))2 + (x(12))2 - 5;
X(1) £ x(2) + x(2) xx(3) + x(3) *X(4) + x(4) xx(5) + x(5) *x(6) + x(7) *X(8) +
X(8) xx(9) +x(9) x(10) + x(10) xx(11) + x(11) * x(12) + (75/256);

X(1) %X(3) +X(2) * x(4) +x(3) #X(5) + X(4) * X(6) +x(7) *x(9) +

x(10) * x(8) + x(11) xx(9) + x(12) xx(10) + (0);

X(1) %X(4) +x(2) #x(5) + X(6) xX(3) + x(10) x x(7) + x(11) * x(8) +

x(12) #X(9) + (~25/512); X(1)  X(5) + x(2) #x(6) + x(11)  x(7) +

x(12) #X(8) + (0); x(1) % x(6) + x(12) * X(7) + (3/512);

(1)? - 12)? + x3)? - x@)? + x(5)% - x(6))% +

®(7)? — (1(8))% + (x(9))? ~ x(10))? + (x(11))? — (x(12))? + (~22/129):
X(1) xx(2) —x(2) #x(3) +x(3) *x(4) —x(4) *x(5) +x(5) * x(6) +X(7) *x(8) —
X(8) #X(9) +X(9) +x(10) — x(10) +x(11) + x(11) x X(12) + (—468/5221);

x(1) *x(3) —x(2) *x(4) + x(3) * x(5) — x(4) *x(6) +x(7) *x(9) — x(10) = x(8) +
X(11) #X(9) = x(12) # X(10) + (44/387); x(1) *X(4) — x(2) #X(5) +

X(3) xx(6) +x(10) xx(7) — x(11) % x(8) + x(12) * x(9) + (329/16357);

X(1) #X(5) = X(2) #X(6) + X(11) x(7) — x(12) +X(8) + (—11/387); ];

end;

For q = 4, we have the following low pass filter

alk] = [0.1629017, 0.50547285, 0.4461000, —0.01978751,
—0.1322535, 0.02180815, .0232518005, —0.00749349,
—0.1322535836, 0.021808150, 0.0232518005, —0.00749349]

Again we need to solve a bigger system to obtain sequences bq[k],
b,[k], where x(k) is the nonzero values of the supported sequences.
The system is given by the following

function F = mydaub8(x)
F = [(xX(1)* + (x(2))” + (x(3))* + (x(4))* + (X(5))* + (X(6))* + (x(7))* +
(x(8))% + (x(9))% + (x(10))* + (x(11))* + (x(12))* + (x(13)) + (x(14))* +
(x(15))? + (x(16))% — (1/2): X(1) % x(2) +X(2) *X(3) + x(3) * X(4) + X(4) xx(5) +

X(5) % x(6) +x(6) *x(7) +x(7) *X(8) + x(9) *x(10) + x(10) % x(11) + x(11) xx(12) +

x(12) % x(13) + x(13) * x(14) + x(14) * x(15) + X(15) * x(16) + (419/1401);
X(1) %x(3) +x(2) *x(4) + x(3) *X(5) + x(4) *x(6) + x(5) *x(7) + x(6) *x(8) +
X(9)  x(11) +x(10) % x(12) + x(11) % x(13) +x(12) * x(14) + x(13) x x(15) +
x(14) % X(16)+: X(1) xX(4) + x(2) *X(5) + X(3) * X(6) + X(4) xx(7) +

X(5) % x(8) +x(9) xx(12) + x(10) x x(13) + x(11) xx(14) + x(12) % x(15) +

X(13) % X(16) + (—245/4096); (1) # X(5) + X(2) % X(6) + X(3) # X(7) + X(4) % X(8) +
X(9) #x(13) + x(10) % x(14) + x(11) % x(15) + x(12) % x(16) + (0):

X(1) xx(6) +x(2) *x(7) + x(3) *x(8) + x(9) * x(14) + x(10) * x(15) +
x(11) = x(16) + (49/4096); x(1) x x(7) + x(2) * X(8) +x(9) xx(15) +
x(10) *x(16) + (0); x(1) % x(8) + x(9) *x(16) + (—5/4096):
(x(1))* = (x(2))* + (x(3))* = (x(4))* + (X(5))* — (x(6))* +
(x(7))* = (x(8))% + (x(9))? = (x(10))* + (x(11))% — (x(12))* +
(x(13))% = (x(14))? + (x(15))* — (x(16))? + (=26/2023);
X(1) xx(2) — x(2) xx(3) + x(3) *X(4) — x(4) = x(5) + x(5) xx(6) — x(6) *x(7) +
X(7) *x(8) +x(9) *x(10) — x(10) * x(11) +x(11) *x(12) — x(12) *x(13) +
x(13) xx(14) — x(14) * x(15) + x(15) * x(16) + (—536/3389);
X(1) %x(3) —x(2) xx(4) +x(3) *x(5) —x(4) *x(6) +x(5) x*x(7) — x(6) *x(8) +
x(9) xx(11) —x(10) *x(12) +x(11) *x(13) — x(12) * x(14) +x(13) * x(15) +
—x(14) + x(16) + (202/9531); x(1) % X(4) — x(2) % X(5) + X(3) * X(6) — x(4) * X(7) +
Xx(5) *x(8) +x(9) *x(12) — x(10) x x(13) + x(11) * x(14) — x(12) *x(15) +
x(13) xx(16) + (155/2072); x(1) x x(5) — x(2) % x(6) +x(3) *x(7) +
—x(4) %X(8) +x(9) % x(13) — x(10) * x(14) + x(11) x x(15) — x(12) * x(16) + (~127/5684);
X(1) % x(6) — x(2) *x(7) +x(3) *x(8) +x(9) *x(14) — x(10) *x(15) + x(11) * x(16) +
(—224/19405); x(1) % x(7) — x(2) % X(8) + x(9) *x(15) — x(10) x X(16) + (238/31417)];

end;

We present the graphs of Daubechies scaling functions of order
three and four along with their corresponding framelets in Fig. 4.

Given the construction in the first part above and to simulate
the resulting equations, now we are ready to introduce the new
COVID-19 fractional model of nonlinear differential equations by
applying the Atangana-Baleanu derivative. The advantage of using
such framelet lies in its properties such as the highest number of
vanishing moments, redundancy and its applications in solving a
broad range of problems such as fractal problems and function dis-

continuities, see e.g., [13].

3. ABFD of COVID-19 model

Herein, we consider the model presented in Ndairou et al.
[11] using ABFD. The model has eight nonlinear DEs. To simulate
the system and for simplicity, we consider Daubechies framelet
system of order one.

Hence, the new modified model that obtained by changing the
left hand side of the system presented in Ndairou et al. [11] by in-
volving ABFD. Before presenting the new model in fractional sense,
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let us provide the definition of ABFD and its associated integral.
The advantage of using such framelets lies

ABC o ey BUHOSE)  BPO)S(E)  (+B)S(t) _
Definition 3.1. For a real function u(t) where t, « > 0 and n € N, o DIEW) = N + N + N —KE(t);
we have the following fractional operators of order ¢, namely: (3.3)
- The ABFD sense,
FEDEI) = 1) (va + 1) = 1©8i + K piE(O): (34)

wepru) = 290 [ oM (5 -7y

where B(a) is a normalization function such that B(0)=  #BCDIP(t) = —P(t)(ya + ¥i) — SpP(t) + k p2E(t); (3.5)
B(1) =0 and M, is the MittagdLeffler function.
» The integral operator corresponding to this definition is given

by 2 CDEA(L) =k (—p1 — p2 + DE(?); (36)
(1 —a)u(x) o *ou()
T (x) = dt. 3.1
®="Bw  TBor@h c-ome® OD ooy + 1) - 8iH© ~ HO (37)
We refer the reader to [4,5] for more details and properties of
the fractional derivative. ABCDUR(t) = H()yr + 11 (P(t) + 1(£)); (3.8)

Therefore, the new model can be written as follows

epps(e) - PHOSO _ FPOSO | RSO,

(3.2)  2BCDYF(t) = 8,H(t) + 8il(t) + 8,P(t); (3.9)
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with the initial conditions
S(0) = N — 6;1(0) = 1; P(0) = 5; A(0) = H(0) = R(0) = F(0) = E(0) =

where the model parameters and its values are given in Table 1 for
which the reproduction number

_ Bpi(Yat + ¥+ +6p) (BYat + B’ (Yr + ) 02 — 0.945
o = = 0.945.
Ya+vi+8)(r+8n)  (Vat¥i+8a)(¥r+8n)

We provide a numerical scheme based on the collocation tech-
nique by discretizing the domain function across the Daubechies
framelet system being used to solve the proposed COVID-19 model.
Therefore, by truncating each unknown variable using the trun-
cated partial sum given in Eq. (2.6) generated using Daubechies
framelet, our new model will take the following structure

% /ar -~ (7% (y—a)“) dy — 7ﬁzH(t>S(t) _ ﬁP(Zsm N (—ﬂlzsa):
LY /u[l’(y)MDt(—ﬁ(y a)“)dy 1) (va + ;) = 1O+ K pyECE):
B(_a; /afp/(y)M (7ﬁ0, a)a)dy = —P(t)(ya +¥;) = 8pP(t) + Kk ppE(t):
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B o
¢ )[A/cywra(——l V- a@)®)dy = k(=py ~ o3 + DE;
B(a
1(_;ﬁ H/(y)Ma( — ")dy = ya(P(O) +1(6)) — 8,H(®) — H(O)yr:
B(a) [t
%[] R/(y)Ma( - ”‘)dy = HOr + 11 (PO +1(D));
B(a) [t
£ SO)[ A F' ()M (——1 - a)”‘)dy = 8pH(O) +8,1(0) + 8pP(O);

such that the derivative of each variable takes the following ap-
proximation

S @) ~USK) = Y DD ey 1 (®): E' ) A UEX) =Y DD ety jx (%)
=1 j<nkeZ =1 j<nkeZ
T r
@ ~UnSK) = D3 jk X PO ~UnPx) =3 D" Y cpy j(X),
¢=1j<nkeZ ¢=1j<nkeZ
A @) ~USK) = Y DD caty jk @ H ) A UHX) =Y 3 " iy j )
¢=1j<nkeZ t=1j<nkeZ
T r
R~ UnR) = D33 iy @) F () < UnF(x) =3 D" > cpy (%),
t=1j<nkeZ =1 j<nkeZ

and the coefficient Cs, Cg, ..., Cr to be determined.
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Table 1

Parameters description and their values given R, = 0.945.

Parameter  Description Parameter value
S(t) The susceptible cases -
E(t) The exposed cases -
1(t) Symptomatic and infectious class -
P(t) Super-spreaders class -
A(t) Infectious but asymptomatic class -
H(t) Hospitalized -
R(t) Recovery class -
F(t) Fatality class -

B Transmission coefficient from infected individuals 2.55
l Relative transmissibility of hospitalized patients 1.56
B Transmission coefficient due to super-spreaders 7.65
K Rate at which exposed become infectious 0.25
1 Rate at which exposed people become infected I 0.580
P2 Rate at which exposed people become super-spreaders  0.001
Ya Rate of being hospitalized 0.94
Vi Recovery rate without being hospitalized 0.27
Vr Recovery rate of hospitalized patients 0.50
§i Disease induced death rate due to infected class 3.5
Sp Disease induced death rate due to super-spreaders 1.00
Sn Disease induced death rate due to hospitalized class 0.30

Applying the algorithm proposed in Toufik and Atangana

[30] yields the following

s0-50 - TGOS e | et =0
b b - LoD e [0 g,
1010~ C=FRED - g | ot =o
P -0 - G - o | e =0
A0 -4 - LI g [FIOD 4o,
o —HO) - LGB e [ =0
RO -RO) - SRR L g =0
PO -FO - & 70;)(2[;5(”) - B(a)ar(a) Ot (?i(::;f}a dx = 0;

Based on a specific division, we create collocation points as fol-

lows

i

ti=—,i=0,1,2,...,M;M=2""

M

and by substituting them to the model we have following simpli-

fied equations given by

st)-50) - G2 et [ et =0
B -E) - U= EE 4 1 I0D 4o,
0100 CGEED et | @ =0
P —p0 - TGO e | et =o
At - A - =IOR o [ O o,
Ht) - Ho) - LSl e 860D g o
RG) - RO - LR a8 ax= o
F - F0) - R0 o [ et = o

We approximate the integrals in the above model using the com-
posite trapezoidal rule. Therefore,

St = SO + -1 G5 |« L) R M-1 1 G 1)
B(@) B@l@ & (-t~ B@T@) 2 (G-t~
A-omyB) o Mm@ EG) o« M Gy Ey)
Et;) = E0) + + + ;
1 B(x) B(a)I' (a0) kEZO (tl.,tk)l—ot B(a)I'(«) =0 (ti,[kJr])l—a
1) - 104 LZMEGD | a M=1 9y (. 15)) . M1 94 g1 10y )
i B(a) B(a)IM () far ([i,[k)lfof B(o)T () far (ti,[kJrl)l—ot !
Py = PO+ -0 P) | M1 3, (6. Pt L@ M=1 34, (ty1-PGei1))
B@) B@T@) S (G -T- * B@OT@ = (-, I
AC) — A+ LZDH5GA M1 31 (6. Att) L« M-1 1ty 1 A1)
! B(a) B(a)I' () far (t -t 1= B@I'(e) fr (riftkH)l*a
HE) = HOy s LmDHeG D M1 20, (4 Hit) ,_a M=1 4, (1 HCp1).
i B(a) B(a)I' () = ([i,tkﬂ—a B(a)T' (@) P ((i,thr])l—a
R - ROys 1Z0HGR | a M1 30, (6 Rt o Ml (k1 Rep1))
i B(@) Bl (@) & (-1 Bel@ & (-, )1
P - Py s OHGR o NG FG) o N G Pl
i B(a) B(a)T' (o) o ([i,[k)lfat B(a)IM () P ([i’[k+l)17a

By simulating the above equations and as an illustration of the
proposed numerical algorithm, we present some graphical illustra-
tions for all variables of the new COVID-19 model in Figs. 5-8.

4. Conclusion

In the present paper, we presented a COVID-19 model with new
fractional operator using ABFD. This mathematical and dynami-
cal model is more suitable to describe the biological phenomena
with memory than the integer order model. To test the behavior
of all variables of the model, we simulated the resulting nonlinear
fractional differential equations model by involving ABFD based on
Daubechies framelet systems and obtained various graphical illus-
trations. It turns out that, increasing of the fractional value of the
parameters resulting a decrease in the infection rates.
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