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Abstract

One of the control measures available that are believed to be the most reliable
methods of curbing the spread of coronavirus at the moment if they were to be
successfully applied is lockdown. In this paper a mathematical model of fractional
order is constructed to study the significance of the lockdown in mitigating the virus
spread. The model consists of a system of five nonlinear fractional-order differential
equations in the Caputo sense. In addition, existence and uniqueness of solutions for
the fractional-order coronavirus model under lockdown are examined via the
well-known Schauder and Banach fixed theorems technique, and stability analysis in
the context of Ulam-Hyers and generalized Ulam—Hyers criteria is discussed. The
well-known and effective numerical scheme called fractional Euler method has been
employed to analyze the approximate solution and dynamical behavior of the model
under consideration. It is worth noting that, unlike many studies recently conducted,
dimensional consistency has been taken into account during the fractionalization
process of the classical model.
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1 Introduction

Coronavirus (COVID-19) pandemic cut across more than 190 countries in the first 20
weeks after its emergence. It started from Wuhan in China, and by mid-March 2020 more
than 334,000 people were affected with about 14,500 death cases. The number of positive
cases is about 1,210,956 and the number of fatality cases reaches 67,594 by the beginning
of April 2020 [1]. It is clear that different people exhibit different behavior regarding the
epidemic within the same country and from one country to the other. Mathematical mod-
els help in predicting the course of the pandemic and also help in determining why the
infection is not uniform [2, 3]. Health systems also use such results as tools in deciding
the type of control measures to be adopted. They also help them in deciding the time and
places that need applications of the controls. Therefore, it is of paramount importance to
understand the transmission dynamics of the disease and to predict whether the control
measures available will help in curtailing the spread of the disease [4, 5].
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The first case of COVID-19 in Nigeria was recorded on February 27, 2020, in Lagos [6].
Federal Ministry of Health in Nigeria started the course of action by screening travelers
and shutting down schools from the mid of March 2020. However, compared to the course
of the epidemic in western countries, either the number of asymptomatic cases in Nigeria
was higher or the epidemic in Nigeria progressed through a slow phase. In the absence
of an effective vaccine for COVID-19 prevention, the only remaining options are preven-
tion of further influx of migrant cases at airports and seaports and contact tracing. China
learned from its experience that only complete shut down prevented further spread, and
Italy learned from its experience that negligence of communities towards simple public
health strategies leads to uncontrolled morbidity and mortality. This prompted the action
of the government of Nigeria in imposing 14-day lockdown in some of its states starting
on March 30, 2020 [6].

Many studies suggest that from the beginning of coronavirus infection to hospitaliza-
tion takes the maximum of 10 days, and the incubation period is 2 to 14 days maximum
[7, 8]. Also the time between the start of symptomatic manifestations and death is approx-
imately 2—8 weeks [9]. Another study reports that the duration of viral shedding is 8—37
days [10]. A lot of factors help in providing the effectiveness of the intervention strate-
gies, and as recommended by a recent report, it is vital to estimate the optimal periods
to implement each intervention [11]. A lot of countries have implemented the strategy
of self-quarantine to prevent spread of the virus. Hence, it is of paramount importance to
mathematically study the significance of the lockdown in mitigating the spread of COVID-
19 with respect to each country, since the contact patterns between individuals are highly
non-homogeneous across each population.

It is important to note that, in the classical order model, the state of epidemic model
does not depend on its history. However, in real life memory plays a vital role in studying
the pattern of spread of any epidemic disease. It was found that the waiting times between
doctor visits for a patient follow a power law model [12]. It is worth to know that Caputo
fractional time derivative is a consequence of power law [13]. When dealing with real
world problem, Caputo fractional-order derivatives allow traditional initial and boundary
conditions. Furthermore, due to its nonlocal behavior and its ability to change at every
instant of time, Caputo fractional order gives better result than the integer order [14—20].

In recent studies, Khan et al. [21] studied a fractional-order model that describes the
interaction among bats and unknown hosts, then among people and seafood market. To
predict the trend of the coronavirus Yu et al. [22] constructed a fractional time delay dy-
namic system that studied the local outbreak of COVID-19. Also, to predict the possible
outbreak of infectious diseases like COVID-19 and other diseases in the future, Xu et al.
[23] proposed a generalized fractional-order SEIQRD model. Shaikh et al. [24] used bats-
hosts-reservoir-people transmission fractional-order COVID-19 model to estimate the
effectiveness of preventive measures and various mitigation strategies, predicting future
outbreaks and potential control strategies. Many models in the literature studied the dy-
namics of COVID-19, some predicted the number of susceptible individuals in a given
community, but none of them to our knowledge studied the significance or otherwise of
the embattled lockdown. Also most of these models were integer-order models.

The main aim of this research is to study a fractional-order epidemic model that inves-
tigates the significance of lockdown in mitigating the spread of COVID-19. Based on the
memorability nature of Caputo fractional-order derivatives, this model can be fitted with
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data reasonably well. Then, based on the official data given by NCDC every day, several
numerical examples are exhibited to verify the rationality of the fractional-order model
and the effectiveness of the lockdown. Compared with an integer-order system (v = 1),
the fractional-order model without network is validated to have a better fitting of the data
on Nigeria.

This paper is organized as follows. In Sect. 2, preliminary definitions are given. In Sect. 3,
the fractional-order model for COVID-19 in the Caputo sense is formulated. In Sect. 4,
existence and uniqueness of the solution of the model is established. In Sect. 5, stability
analysis of the solution of the model in the frame of Ulam-Hyers and generalized Ulam—
Hyers is given. Section 6 contains the numerical scheme and numerical simulations to

illustrate the theoretical results. Finally, conclusion is given in Sect. 7.

2 Preliminaries
Definition 1 ([25]) Suppose v >0 and g € L([0, b], R) where [0, 5] C R,. Then fractional

integral of order v for a function g in the sense of Riemann—-Liouville is defined as

75.g(t) =

! _ v-1
F(U)/O(t ) g(r)dr, t>0,

where I"(-) is the classical gamma function defined by

I'(v) = /00 Ve dr. (1)
0

Definition 2 ([25]) Letn—1<v <n,neN,andg € C"[0,b]. The Caputo fractional deriva-

tive of order v for a function g is defined as

DY glt) = / (t— 1y Yg"(e)dr, £50,

F(n v)

Lemma 1 ([25]) LetRe(v) >0, n = [Re(v)] + 1, and g € AC"(0,b). Then

(7D g)0 -gt0- 3 L9 )

k=1

In particular, if 0 < v < 1, then

(T3 “Dy.g)(8) = g(t) - go. 3)

3 Formulation of the model

Let the total population be N(t). The population is divided into four compartments,
namely susceptible population that are not under lockdown S(¢), susceptible population
that are under lockdown Sy (£), infective population that are not under lockdown () (here
we refer to isolation as lockdown for convenience), infective population that are under
lockdown 1 (), and then cumulative density of the lockdown program L(#). The dynamics

of this population is represented by the following system of fractional-order differential
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Table 1 Description of the parameters

Parameter Description

A recruitment rate

B infection contact rate

A, A2 imposition of lockdown on susceptible and infectives respectively
Y1, V2 recovery rate in /and /, respectively

ay, o) death rate due to infection in /and /; respectively

d natural death rate

6 rate of transfer of susceptible lockdown individuals to susceptible class
6, rate of transfer of infective lockdown individuals to infective class
n rate of implementation of the lockdown program

) rate of depletion of the lockdown program

equations (FODE), and the meaning of parameters is given in Table 1.

CDY.S(t) = AV — BUSI = AYSL—dVS + T + v I + 6YSy,

DL SL(t) = AYSL —dVS, —0YSy,

CDYI(t) = BUST — yPT — VI —dI + MYIL + 631, (4)
DY () = MWL —dVT, — 031, — v I — &,

Dy L(t) = uvI - ¢VL.

4 Existence and uniqueness results

The theory of existence and uniqueness of solutions is one of the most dominant fields
in the theory of fractional-order differential equations. The theory has recently attracted
the attention of many researchers, we are referring to [26—31] and the references therein
for some of the recent growth. In this section, we discuss the existence and uniqueness
of solutions of the proposed model using fixed point theorems. We simplify the proposed

model (4) in the following setting:

DL S(t) = O1(t,S,S1, 1,11, L),

Dy.SL(8) = O(t, S, Sp, 1,11, L),

Dy I(t) = O5(t,S,S1, 1,11, L), ®)
CDY.I(t) = Oult, S, S1, L 11, L),

DY L(t) = O5(t,S, S, 1,11, L),

where

O1(t,S,S1, 1,11, L) = AV = BUSI = AYSL —dS + y'1 + v I + 67'Sy,

Os(t,S, S, 1,1, L) = \YSL —d¥S; - 6VSy,

O3(t,S, S, 1,11, L) = BVSI =y I — VT —dI + A3IL + 631, (6)
Oult,S,Sp, 111, L) = AYIL —dVI — 031, — v I — &1,

Os(t,S,St, 1,11, L) = n’I — ¢ L.
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Thus, the proposed model (4) takes the form

Dgp(t) = K(t,@(t), te]=[0,b],0<a<1,
®(0) =P >0,

7)

on condition that

®(t) = (SHS’L)LIL)L)T7
¢(O) = (SOJ SLO, 107IL()1L())T; (8)
}C(tr¢(t)) = (@i(trSrSLnyILyL))T, i: 1,“.,5,

where (-)T represents the transpose operation. In view of Lemma 1, the integral represen-

tation of problem (7) which is equivalent to model (4) is given by
D(t) = Do + T3 K(£, ()

SRS S AP
_(D0+F(U)/O(t 0K (r, (1)) dr. ©

Let E = C([0, b]; R) denote the Banach space of all continuous functions from [0, 5] to R
endowed with the norm defined by

’

@l = sup|@ ()
te]

where

|@()] = |S@)| + |SL@)] + [1()] + 1] + [L()

and S,SL,I,]L,L € C([O, b], R)

Theorem 1 Suppose that the function K € C([J,R]) and maps a bounded subset of ] x R®
into relatively compact subsets of R. In addition, there exists constant Lic > 0 such that
(A7) |K(L, D1(2)) — K(t, 2(2)| < Lic|P1(t) — Po(t)] for all t € ] and each @1, P, €
C([J,R]). Then problem (7) which is equivalent to the proposed model (4) has a
unique solution provided that 2 Lic < 1, where

Q2= a
T Tv+1)

Proof Consider the operator P: E — E defined by

1

(P¢)(t) = ®0 + m

/t(t—r)”‘llC(r,®(1:)) dr. (10)
0

Obviously, the operator P is well defined and the unique solution of model (4) is just the
fixed point of P. Indeed, let us take sup,; [|KC(¢,0)|| = M; and k > [|@g|| + $2M;. Thus, it
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is enough to show that PB, C B,, where the set B, = {® € E: ||®| < «} is closed and
convex. Now, for any @ € B, it yields

|(P)O)| < 1P| + —— /uﬂ“m@amwf

)

5%+m)/a1w1mu¢m) K(z,0)| + |K(x,0)|] dv
<®p+ %/0 (t-1)'tdr

< iy 4 LK M) 11“(’;1[;4)1) v

< ®y+ .Q(,C)CIC +M1)

<k. (11)

Hence, the results follow. Also, given any @1, @, € E, we get

|(P®1)(2) - (PD2)(8)| < sz)/o t-1)"K(r, 1(1)) - K(7, D2(1)) | dT
ﬁIC ‘ v-1
< rw ), (t-1) |<1>1(T)—d>2(t)|dr

< QLi|P1(t) - Po(t),

(12)

which implies that ||(P®;) — (PD,)|| < 2L ||P1 — D, ||. Therefore, as a consequence of the
Banach contraction principle, the proposed model (4) has a unique solution. O

Next, we prove the existence of solutions of problem (7) which is equivalent to the pro-
posed model (4) by employing the concept of Schauder fixed point theorem. Thus, the

following assumption is needed.
(A3) Suppose that there exist 07,05 € E such that

|K(t, ®(0)| <01(t) + 03| P(¢)| forany @ € E,t€],
such that o7 = sup,; |01(£)], 05 = sup,; |oa(t)] < 1.
Lemma 2 The operator P defined in (10) is completely continuous.

Proof Obviously, the continuity of the function K gives the continuity of the operator P.
Thus, for any @ € B,, where B, is defined above, we get

’(P@)(t)‘ = ‘QDO + /t(t— t)”_llC(r,cD(r)) dr

L
r'(v) Jo

ﬂ%%;%/ﬁ%V%ﬁ@mWh

< |Poll + F( |)|(p”)/(t ) tdr
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(o +o5 121,

< ||Do]l +
<190l + =

= 1Poll + (07 + 05 1121)

< +00. (13)

So, the operator P is uniformly bounded. Next, we prove the equicontinuity of P. To do
so, we let SUD(; ¢)c/x B, |KC(¢, @(t))| = K*. Then, for any t;, ¢, € ] such that ¢, > ¢, it gives

(PD)(t,) - (PD)(11)] =

ﬁ /0 1[(tz B R r)“’l]lC(r, @(t)) dr

+ /tz(tz - t)“_llC(r, <D(t)) dr

2]

*

r'(v)

=

[2(t - 1) + (85 - 1)) ]
— 0, asty— 1. (14)

Hence, the operator P is equicontinuous and so is relatively compact on B, . Therefore, as
a consequence of Arzela—Ascoli theorem, P is completely continuous. g

Theorem 2 Suppose that the function K :J x R® — R is continuous and satisfies assump-
tion (Ay). Then problem (7) which is equivalent with the proposed model (4) has at least
one solution.

Proof We defineasetU ={® € E: ® = o(PP)(t),0 < 0 < 1}. Clearly, in view of Lemma 2,
the operator P: U — E as defined in (10) is completely continuous. Now, for any @ € U
and assumption (A,), it yields

|(@)(1)] = |o(PD)(1)]

<|®o| + ﬁ/o (t—r)”_1|lC(r,Q§(f))|dr

(o +o3lI®l)

<|®
< [[Poll + Fo+l)

= Dol + 2 (0] + 05| 21)

< +00. (15)

Thus, the set U/ is bounded. So the operator P has at least one fixed point which is just the
solution of the proposed model (4). Hence the desired result. d

5 Stability results

In this section, we derive the stability of the proposed model (4) in the frame of Ulam—
Hyers and generalized Ulam—Hyers stability. The concept of Ulam stability was intro-
duced by Ulam [32, 33]. Then, in several research papers on classical fractional deriva-
tives, the aforementioned stability was investigated, see for example [34—38]. Moreover,
since stability is fundamental for approximate solution, we strive to use nonlinear func-
tional analysis on Ulam—Hyers and generalized stability of the proposed model (4). Thus
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the following definitions are needed. Let € > 0 and consider the following inequality:
“Dy. & (1) -K(t,2(t))| <€, te], (16)
where € = max(¢)”,j=1,...,5.

Definition 3 The proposed problem (7), which is equivalent to model (4), is Ulam—Hyers
stable if there exists Cic > 0 such that, for every € > 0 and for each solution @ ¢ E satisfying
inequality (3), there exist a solution @ € E of problem (7), with

D) - & (t)] <Cke, te],
where Cxc = max(Cx;;)".

Definition 4 Problem (7), which is equivalent to model (4), is referred to as being gen-
eralized Ulam—Hyers stable if there exists a continuous function ¢x : R, — R,, with
@xc(0) = 0, such that, for each solution @ € [E of the inequality (16), there is exist a so-
lution @ € EE of problem (7) such that

|D(t) - (1) < e, te],
where @i = max(go;cj)T.

Remark 1 A function @ € E is a solution of the inequality (16) if and only if there exist a
function % € E with the following property:

(i) 1h(®)| <€ h=max(h)", teJ;

(il) Dy @(t) = K(t, D(2)) + h(t), t €].

Lemma 3 Assume that & € E satisfies inequality (16), then @ satisfies the integral in-

equality described by
- - 1 ¢ 1 -
D(t)—Py— —— t—1)’” , P d e. 17
(0)-B0- 1 | (€= 07K (r, B(0) dr| < 26 (17)

Proof Thanks to (ii) of Remark 1,
Dy d(t) = K(t, P (2)) + h(t),

and Lemma 1 gives

1
r'(v)

1

@(t) = ¢0+ F(U)

/t(t—t)UIIC(r,qs(r)) dr + ft(t—r)vlh(r)dr. (18)
0 0

Using (i) of Remark 1, we get

‘é(t)_éo_%v)/o (t—r)”’lK(r,@(r))dt

RO
< F(U)/O (t-1) ‘h(r)‘dr
< Qe. (19)

Hence, the desired results. O

Page 8 of 14
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Theorem 3 Suppose that K : ] x R®> — R is continuous for every @ € E and assumption
(Aq) holds with 1 — 2 Lx: > 0. Thus, problem (7) which is equivalent to model (4) is Ulam—
Hyers and, consequently, generalized Ulam—Hyers stable.

Proof Suppose that @ € E satisfies inequality (16) and @ < E is a unique solution of prob-
lem (7). Thus, for any € > 0, ¢ € ] and Lemma 3, it gives

|<15(t) - <1§(t)| = max
teJ

é(t)—@o—%/o t-1)"'K(r, @(v)) dr

grtré:g( é(t)_éo_ﬁ/o (t—t)“_llC(r,@(r))dt
+ max ! /t(t—r)“1|lC(r (1)) - K(v, (1)) |dr
teg I'(v) Jo ' ’
< ‘@(t)—qso—m/0 (t—t)“’llC(r,qs(r))dr
L:K: ‘ v-1| 5
+ o (t-1) |<D(r)—<1§(t)|dr

< Qe+ Q£K|<13(t) - ¢(t)|.

So,
|® - @ <Cke,
where
2
Cx=—"—.
K 1-2Lxk

Setting ¢ (€) = Cxce such that ¢x(0) = 0, we conclude that the proposed problem (4) is
both Ulam-Hyers and generalized Ulam—Hyers stable. O

6 Numerical simulations and discussion
Herein, the fractional variant of the model under consideration via Caputo fractional oper-
ator is numerically simulated via first-order convergent numerical techniques as proposed
in [39-41]. These numerical techniques are accurate, conditionally stable, and conver-
gent for solving fractional-order both linear and nonlinear systems of ordinary differential
equations.

Consider a general Cauchy problem of fractional order having autonomous nature

"Dy, (y()) =g(y(®)), v € (0,1],¢ € [0, T],5(0) = yo, (20)

where y = (a,b,c,w) € R‘i is a real-valued continuous vector function which satisfies the

Lipschitz criterion given as

le((®) —g(3@®) | < M||y1(2) - 32(8)], (21)

where M is a positive real Lipschitz constant.
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Using the fractional-order integral operators, one obtains

y(@) =50 +15,8(y®), te[0,T], (22)
where J§2, is the fractional-order integral operator in Riemann-Liouville. Consider an
equi-spaced integration intervals over [0, 7] with the fixed step size & (= 1072 for simu-
lation) = %, n € N. Suppose that y, is the approximation of y(t) at t = ¢, for g =0,1,...,n.
The numerical technique for the governing model under Caputo fractional derivative op-

erator takes the form

hU
CS o= -
p =T T
p -
X Z((p —k+1)" = (p—k)")(A = BSI = 11 SL —dS + il + yoI1 + 615,),
k=0
A -
SLye1 = bo + ForD Z;((p ~k+1)" — (p—k)")(ASL - dS - 0:51),
. b (23)
“Lyoy = do + To D kzzoj((p —k+1)" — (p—k)")(BSI = yi —enI — dl + A>IL + 6,11),

/R -
“ILy.1 =€+ oD g((p —k+ 1) = (p—K)°) AL — Al - 001 — oI — ax1y),
R
"Lyt =h* 77D kzoj((p —k+1)" = (p-k)")(ul - $L).

Now we discuss the obtained numerical outcomes of the governing model in respect of
the approximate solutions. To this aim, we employed the effective Euler method under the
Caputo fractional operator to do the job. The initial conditions are assumed as S(0) = 900,
S1(0) = 300, I(0) = 300, I;(0) = 497, L(0) = 200 and the parameter values are taken as in
Table 2.

Considering the values in the table, we depicted the profiles of each variable under Ca-

puto fractional derivative in Fig. 1 with the fractional-order value v = 0.67, while Figs. 2

Table 2 Parameter values

Parameters Values References
A 400 [42]

B 0.000017 [43]

A 0.0002 [42]

A 0.002 Assumed
" 0.16979 6]

) 0.16979 [6]

o 0.03275 [6]

o) 0.03275 [6]

d 0.0096 [44]

6 0.2 [42]

() 0.02 Assumed
"w 0.0005 [42]

1] 0.06 [42]

Page 10 of 14
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Figure 1 Profiles for behavior of each state variable for the Caputo version of the fractional model using the
values of the parameters

to 4 are the illustration and dynamical outlook of each variable with different fractional-
order values. From Fig. 2(a), one can see that the susceptible class S(t) shows increasing-
decreasing behavior and with the lower values of v the rate of decreasing starts to disap-
pear and the rate of increasing starts becoming higher. With the same values as can be seen
in Fig. 2(b), the susceptible class under lockdown S; () has also increasing-decreasing be-
havior with the lower values of v. The decreasing rate also starts to disappear. In Fig. 3(a),
the infected class I(¢) is virtually having the increasing-decreasing nature and with lower
fractional-order values, the class totally becomes stable. In Fig. 3(b), the infected class
under lockdown 1 (¢) is virtually retaining the increasing-decreasing nature, whereas the
class is likely to be at stake. Figure 4 depicts the dynamical outlook of the population under
lockdown L(¢). An interesting behavior can be noticed, one can see that there is a strongly
decreasing nature in this case, this could be due to the dangers associated with the class.

Under lockdown, there are many that are infected, asymptomatic, symptomatic individu-



Ahmed et al. Advances in Difference Equations (2020) 2020:394 Page 12 of 14

5 210

prp—
- =095
25 P — =089
- =078
— - =0.67

s,

05

0 50 100 150 200
time

(a)

Figure 2 Dynamical outlook of the susceptible class that aren't under lockdown abd susceptible class that
are under lockdown with different fractional-order values

8000 2500
I\
7000 I
2000
6000 [
1,0
5000 b 'I \ . 1500
£ 4000 1 ! < : = <
/ =
3000 1 / 1000
2000 I !
] / 500§
1000 Iy 7 ES
oM -2 =7 - 0$:‘_——
0 50 100 150 200 0 50 100

time

(a)

time

(B)

Figure 3 Dynamical outlook of the infective class that aren’t under lockdown and infective class that are
under lockdown with different fractional-order values

Figure 4 Dynamical outlook of the commulative 200
density of the lockdown class with different 180 |
fractional-order values 160 'l
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als. This could affect the death rate to get higher thereby bringing the number of lockdown

people to get a vehement decrease.

7 Conclusions
In conclusion, we studied a system of five nonlinear fractional-order equations in the Ca-
puto sense to examine the significance of lockdown in mitigating the spread of coron-



Ahmed et al. Advances in Difference Equations (2020) 2020:394 Page 13 of 14

avirus. The fixed point theorems of Schauder and Banach respectively were employed to
prove the existence and uniqueness of solutions of the proposed coronavirus model under
lockdown. Stability analysis in the frame of Ulam—Hyers and generalized Ulam—Hyers was
established. The fractional variant of the model under consideration via Caputo fractional
operator has numerically been simulated via first-order convergent numerical technique
called fractional Euler method. We depicted the profiles of each variable under Caputo
fractional derivative with the fractional-order value v = 0.67. The illustration and dynam-
ical outlook of each variable with different fractional-order values were examined.
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