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Abstract

Recent progress in nanotechnology has advanced the development of magnetic nanoparticle 

(MNP) hyperthermia as a potential therapeutic platform for treating diseases. Due to the 

challenges in reliably predicting the spatiotemporal distribution of temperature in the living tissue 

during the therapy of MNP hyperthermia, critical for ensuring the safety as well as efficacy of the 

therapy, the development of effective and reliable numerical models is warranted. This article 

provides a comprehensive review on the various mathematical methods for determining specific 

loss power (SLP), a parameter used to quantify the heat generation capability of MNPs, as well as 

bio-heat models for predicting heat transfer phenomena and temperature distribution in living 

tissue upon the application of MNP hyperthermia. This article also discusses potential applications 

of the bio-heat models of MNP hyperthermia for therapeutic purposes, particularly for cancer 

treatment, along with their limitations that could be overcome.
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1. Introduction

Recent progress in nanotechnology has advanced the development of magnetic nanoparticle 

(MNP) hyperthermia platform for various biomedical applications, especially for therapeutic 

purposes (Johannsen et al., 2010). Hyperthermia is a treatment method which induces 

cellular apoptosis and death by increasing tissue temperature. Depending on the magnitude 

of the temperature and exposure time, hyperthermia is divided into three categories 

including, long-term low temperature hyperthermia, moderate temperature hyperthermia, 

and thermal ablation or high temperature hyperthermia (Habash et al., 2006) (Fig. 1). 

Although hyperthermia therapy has been widely conducted through preclinical studies and 

clinical trials, its translation into clinics has been limited by the lack of specificity against 

target cells, which causes non-specific thermal toxicity to the healthy host tissue. The 

principle of MNP hyperthermia is to achieve a localized increase in temperature in target 

cells by the localized activation of MNPs upon exposure to a high frequency alternating 

magnetic field (AMF). Gilchrist et al. (Gilchrist et al., 1957) introduced MNP hyperthermia 

for the first time as a means to kill lymphatic metastases in dogs. Since then, numerous 

studies of applying MNP hyperthermia have been conducted as a new therapeutic platform 

that could overcome the limitation of conventional hyperthermia therapy. In particular, 

numerous cellular and pre-clinical studies demonstrated its therapeutic potential for the 

treatment of cancer diseases (Chang et al., 2018; Liu et al., 2020). Additionally, MNP 

hyperthermia has emerged as a promising strategy for the treatment of bacterial infections 

(Alumutairi et al., 2020; Kim et al., 2013).

Recent clinical trials for MNP hyperthermia have demonstrated its safety and therapeutic 

feasibility as an anti-cancer therapy for patients with glioblastoma, prostate cancer, and 

metastatic bone cancer (Fig. 2). The first clinical feasibility study on MNP hyperthermia was 

conducted in 2003 with 14 patients with glioblastoma multiforme (Maier-Hauff et al., 2007). 

This study showed that the application of MNP hyperthermia could generate desired 

temperatures in the tumor, ranging between 42.4°C to 49.5°C. A subsequent study from the 

group determined that MNPs could be safely used in the treatment of patients suffering with 

recurrent glioblastoma multiforme (Maier-Hauff et al., 2011). Johannsen et al. (Johannsen et 

al., 2007) conducted the phase I clinical study of MNP hyperthermia from 10 patients with 

local recurrence of prostate cancer and evaluated the feasibility of the therapy. The decrease 

in prostate-specific antigen (PSA) was observed from eight patients after treatment, 

demonstrating the feasibility of MNP hyperthermia for the treatment of local recurrence of 

prostate cancer without eliciting significant side effects. Wust et al. (Wust et al., 2006) 

conducted MNP hyperthermia treatment for 22 patients with relapsed tumor entities to 

evaluate the feasibility of the technology. Matsumine et al. (Matsumine et al., 2007) used 

calcium phosphate bone cement containing iron oxide MNPs for treatment of patients with 
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metastatic bone tumors. The group of patients with postoperative MNP hyperthermia 

showed a better efficacy than the group with surgery alone.

The effectiveness of MNP hyperthermia therapy is highly dependent on the temperature rise 

achieved during the treatment. The exposure of AMF to MNPs causes the conversion of 

electromagnetic energy into heat energy via mechanisms such as Brownian relaxation, Neel 

relaxation and Hysteresis losses (Sasayama et al., 2015). The heat generation on MNPs to 

the exposure of AMF is quantified by specific loss power (SLP), also referred to as specific 

absorption rate (SAR), a parameter used to quantify the efficiency of MNPs in converting 

electromagnetic energy into heat (Arora et al., 2002). Various empirical methods are used to 

evaluate the SLP from an experimental setup, such as the initial slope, corrected slope, Box-

Lucas and steady state methods (Bordelon et al., 2011; Natividad et al., 2008). Besides, the 

SLP value can be determined analytically using methods such as the linear response theory 

(LTR) (Carrey et al., 2011), the Rayleigh model (Dutz and Hergt, 2014) and the Stoner-

Wohlfarth model (Thirion et al., 2002). The effectiveness of heat generation by MNPs is 

significantly influenced by various parameters, such as the material type (Wadehra et al., 

2017), size (Bakoglidis et al., 2012), concentration (Bellizzi et al., 2016) and spatial 

distribution of MNP (Golneshan and Lahonian, 2011), anisotropy of MNP structure (Carrey 

et al., 2011), viscosity of the supporting medium (Kalambur et al., 2005), and the strength 

and frequency of AMF (Shubitidze et al., 2015).

Having the ability to control the heat distribution in living tissues is critical for the clinical 

applications of MNP hyperthermia. Although the extent of heat dissipation from MNPs can 

be tuned by controlling the parameters mentioned above, it is quite challenging to predict 

temperature distribution in living tissue due to various factors, such as complicated 

geometry, heat conduction in tissues, blood perfusion and metabolic heat generation. In this 

regard, various bio-heat models for predicting heat transfer phenomena and temperature 

distribution in living tissue have been developed. Among the widely used bio-heat transfer 

models are: Pennes’ bio-heat transfer model (PBHTM), the thermal wave bio-heat transfer 

model (TWBHTM) and the dual-phase lag bio-heat transfer model (DPLBHTM). The 

PBHTM is the first bio-heat model developed to predict temperature distribution in living 

tissues (Pennes, 1948). The TWBHTM and DPLBHTM were proposed to further improve 

the prediction of tissue temperature distribution by incorporating the effect of a single-phase 

lagging (Cattaneo, 1958) and double-phase lagging (Tzou, 1997) of heat wave propagation, 

respectively, which might occur due to the thermal relaxation associated with a non-Fourier 

thermal behavior of biological tissues.

This review paper attempts to provide a comprehensive understanding on the analytical and 

numerical modeling of MNP hyperthermia for predicting temporal and spatial distribution of 

temperature in the biological tissues. To address this, first, different heating mechanisms of 

MNP hyperthermia, along with parameters affecting the extent of heat generation from 

MNPs, are explained in the context of analytical and empirical models for SLP calculations. 

Second, different bio-heat models for predicting thermal behavior of biological tissue are 

introduced. Lastly, biomedical applications of the bio-heat models for predicting 

temperature distribution in living tissue during MNP hyperthermia, particularly for cancer 

treatments, are discussed, along with its opportunities and challenges.
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2. Heating Mechanisms of MNP Hyperthermia

The applied AMF can exhibit heating effects in the magnetic material by triggering eddy 

currents, hysteresis losses, or relaxations such as Brownian and Neel relaxations (Deatsch 

and Evans, 2014). The eddy current is dominant in materials having the size of centimeters 

or higher. It produces resistive heating due to the rapid change in the alternating magnetic 

flux. On the other hand, heat generation from MNPs upon exposure to AMF is mediated by 

either hysteresis losses, Brownian relaxation, or Neel relaxation, depending on the frequency 

of AMF and size of MNP, associated with the alteration of the domain wall in multi-domain 

magnetic materials (Dennis and Ivkov, 2013). Heat generation by hysteresis losses can occur 

in large MNPs with multiple magnetic domains, where the orientation of the magnetic 

moments tends to align continuously with the direction of the magnetic field (Chang et al., 

2018). In general, Brownian and Neel relaxations have been considered to be the dominant 

mechanism that elicits heating effects in MNPs for single domain superparamagnetic 

nanoparticles. The magnetic motion is fixed along with the pivot of rotation in the Brownian 

relaxation, and the particles start rotation against a supporting medium when the field 

direction aligns the magnetic moment, which triggers a frictional force that generates heat. 

In Neel relaxation, the magnetic moment rotates inside the magnetic particle against 

particle’s crystalline structure, resulting in heat generation. Neel and Brownian relaxations 

are characterized by their relaxation time as given in the following equations (Rosensweig, 

2002);

τB = 3ηV ℎ
kBT (1)

τN = π
2 τ0

expΓ
Γ3/2 (2)

τ = τBτN
τB + τN

(3)

Where τB, τN, τ0 and denote the Brownian relaxation time, Neel relaxation time, time 

constant, and effective relaxation time, respectively. η, kB, T, and Vh denote the viscosity of 

the fluid, Boltzmann constant, absolute temperature, and hydrodynamics volume of the 

nanoparticle, respectively.

The term Γ can be further defined as;

Γ = kV m
kBT (4)

Where k is the anisotropy constant and Vm is the geometric volume of the nanoparticle. The 

hydrodynamic volume of nanoparticle is related to the geometric volume as follow;

V ℎ = (1 + δ/R)3V m (5)
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where δ is the surfactant layer thickness (Miaskowski and Sawicki, 2013). These 

expressions show that the Brownian relaxation is a function of the hydrodynamic volume of 

the MNPs and viscosity of the fluid. The Neel relaxation is strongly dependent on the size of 

the nanoparticles. In general, smaller sized nanoparticles are preferable than larger ones for 

hyperthermia purposes since they require less power for inducing a magnetic moment and 

exhibit low resistance of particle rotation under high viscosity of media (Lévy et al., 2008).

2.1. Analytical models for calculating SLP

The reliable estimation of SLP for the given MNPs is critical to assess the heating efficiency 

of MNP hyperthermia. In view of this, various analytical methods for calculating SLP have 

been proposed by introducing a dimensionless parameter of magnetic-thermal quantity (ξ) 

(Carrey et al., 2011) as;

ξ = μ0MsV Hmax
kBT (6)

where μ0, Ms, and Hmax denote the permeability of free space, saturation of magnetization, 

and maximum applied field, respectively. If ξ<<1, the LRT can be applied for calculating 

SLP, where the direct relationship between SLP and AMF strength is represented as SLP α 
H2. The LRT could be applied for a single-domain, superparamagnetic region (Fig. 3). 

However, if ξ>1, the Rayleigh model must be used for SLP calculation, where SLP α H2 

(Dutz and Hergt, 2014). Although the Rayleigh model has been proposed for ferromagnetic 

(multi-domain state) materials, it can also be applied for single domain state materials in the 

case of the coherent reversal. The Stoner-Wohlfarth model (SWM) is applicable for a 

ferromagnetic or blocked domain if the condition of μ0Hmax > 2μ0Hc is satisfied, where H c 

is the coercive field of MNPs. Although H c is a function of the size of MNPs, there are 

ferromagnetic regions where the LRT could still be applied (Kasyutich et al., 2010; Lyutyy 

et al., 2015).

The generalized form of heat dissipation (P) equation can be represented as (Bekovic and 

Hamler, 2010);

P = πμ0χ0Hnf 2πfτ
1 + (2πfτ)2 (7)

Where μ0 is the permeability of free space, χ0 is the static equilibrium susceptibility, and f is 

the frequency of AMF. The static equilibrium susceptibility can be further given as:

χ0 = χi
3
ξ Cothξ − 1

ξ (8)

where χi is initial susceptibility, which is given as;

χi = μ0ϕMd
2V m

3KBT (9)
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Where ϕ is the volume fraction of MNPs, which correlates domain magnetization (M d) with 

saturation magnetization (Ms =ϕMd). The SLP can be represented in the form of heat 

dissipation as (Beković et al., 2019);

SLP = P
ρ (10)

where ρ represent the density of particle in the fluid.

2.2. Empirical methods for measuring SLP

The SLP can be determined empirically by calorimetric heating measurements. For this, 

temperature changes in a fluid containing dispersed MNPs are measured over time during 

the application of AMF at a given field frequency and strength. Then, the measured 

temperature values are used to calculate SLP by using methods such as the initial slope 

method, corrected slope method, Box-Lucas method, and the steady state method.

Initial Slope Method—The initial slope method is the commonly used one in empirically 

measuring SLP due to its simplicity in calculation. The SLP value by initial slope method is 

calculated as (Andreu and Natividad, 2013);

SLPinitial − slope = CMF
ΔT
Δt

mMF
mMNPs

(11)

Where CMF is the specific heat capacity of the magnetic fluid, mMF is the mass of ferro-

fluid, mMNPs is the mass of the MNPs dispersed in a fluid, and ΔT
Δt  is the initial slope in the 

temperature and time curve. Different time intervals can be taken to measure the initial slope 

of the heating curves, such as linear fit for the first ten seconds (Natividad et al., 2008) or 

time interval between 10 and 100 seconds (Wang et al., 2013). Additionally, numerical 

derivatives of the entire curve (Bordelon et al., 2011) or maximum slope (Teran et al., 2012) 

can be used to determine the initial slope.

Corrected Slope Method—This method was presented by Wildebore et al. (Wildeboer et 

al., 2014) to correct an error that might occur from any linear loss at the specific value of ΔT 
in using an initial slope method and can be expressed as;

SLPCorrected − slope = C dT
dt + LΔT mMF /mMNP (12)

Where ΔT is the temperature difference between the ferro-fluid and baseline, and L is the 

linear loss parameter and is calculated by determining the value that results in the smallest 

standard deviation between SLP values on the same heating curve (Lanier et al., 2019).

Box-Lucas Method—This method is based on non-linear experimental models in 

measuring ΔT, in which heating curves are fitted using an exponential equation (Sanz et al., 

2015). The SLP value is calculated using the fitting parameters as follows (Bordelon et al., 

2011);
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SLPBox − Lucas = (AλC)mMF /mMNP (13)

where A and λ are the fitting parameters that can be found from the experimental data, and 

their product can be calculated as;

Aλ = Tssτ−1 (14)

where Tss represents the steady state temperature, and τ is the characteristic time of the 

system during the cooling process (τ=C/L).

Steady state method—In this method, SLP is calculated using the temperature measured 

at the steady state condition in the heating curve as follows (Wildeboer et al., 2014);

SLPSteady − state = TssL mMF /mMNP (15)

2.3. Parameters influencing the heating efficacy of MNPs

The extent of heat dissipation from MNPs can be substantially influenced by various 

parameters of MNP and AMF, which include the material type, size, and concentration of 

MNPs, their spatial distribution and interactions within living tissue, and the strength and 

frequency of AMF. In fact, temperature profiles in living tissue during the treatment of MNP 

hyperthermia depend on the combined effects of these parameters. This section briefly 

summarizes published studies about the effects of the parameters on the efficacy of heat 

dissipation from MNPs (Table 1).

Materials for MNP—Iron oxide nanoparticles, particularly magnetite (Fe3O4) or 

maghemite (γ-Fe2O3) with sizes ranging from 10 to 100 nm, have been widely used as 

material for MNP hyperthermia due to its biocompatibility, capability of heat generation, 

and tunable properties (Abenojar et al., 2016; Chang et al., 2018). In addition to the use of 

iron oxide MNPs, numerous studies have been performed to improve the heating efficacy of 

MNPs by developing nanocomposite by means of mixing iron oxide particles with metallic 

magnetic particles such as cobalt. For example, cobalt-iron oxide MNPs were shown to 

exhibit an improved heat dissipation capacity compared to the control MNPs at a similar size 

(Habib et al., 2008), due to their larger saturation magnetization. Alternatively, low Curie 

temperature (LCT) material can be used to tune the extent of heat generation from MNPs. 

Tang et al. (Tang et al., 2017) showed that MNPs with LCT coating could exhibit better 

results than iron oxide MNPs.

Particle size—Since the extent of heat generation from MNPs made of the same material 

and composition is influenced by the size of particles, it is important to determine the 

optimal size of MNPs that could achieve a maximal heating effect. Numerous studies 

observed that iron oxide MNPs ranging from 10 nm (Bakoglidis et al., 2012), 11.2 nm 

(Engelmann et al., 2019), 12 nm (Purushotham and Ramanujan, 2010), 16 nm (Purushotham 

and Ramanujan, 2010), to 19 nm (Guardia et al., 2012), could exhibit an effective heating on 

MNPs. In line with this, the optimal size of nanoparticles for a maximum heating efficiency 
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was determined to be around 15 nm, which was associated with the balance between 

Brownian and Neel relaxations losses (Lévy et al., 2008). However, it should be noted that 

the determination for optimal size of MNPs can be influenced by experimental conditions 

such as the strength and frequency of applied AMF. For example, for power loss due to Néel 

relaxation, the optimum size of MNP was observed to be inversely proportional to increasing 

field frequency (Hergt et al., 1998). On the other hand, the optimal size of MNP appears to 

increase with increasing field strength. For example, in the study by Li et al. (Li et al., 2011), 

the optimal particle size was measured to be 8 nm at field strength of 9.6 kA/m and at 

frequency of 100 kHz. However, the heating efficiency of the same particles was measured 

to be best for larger size of MNP (~ 24 nm) when AMF was applied at field strength of 23 

kA/m at the same frequency.

Anisotropy of MNP—The varying degree of anisotropy in MNPs has been shown to affect 

the heating efficacy of MNPs under AMF, which can be altered by synthesis method, shape, 

and surface coating. The anisotropy in MNPs is resulted from changes in atomic symmetry 

at the particle surface or magnetic dipole-dipole interactions due to particle agglomeration 

(Moreno et al., 2020). The maximum heating rate was shown to decrease with increasing the 

anisotropy of MNP at a given particle size (Habib et al., 2008). Carrey et al. (Carrey et al., 

2011) proposed an analytical model that could be used to approximate the ideal anisotropy 

of MNP for generating an optimum heating by determining SLP values as a function of 

MNP anisotropy.

Viscosity of a supporting medium—The medium in which MNPs are dispersed also 

can affect the heating efficacy of MNPs. For the same type of MNP material, MNP dose, and 

AMF condition, higher SLP values were observed from MNPs dispersed in water than in 

glycerol (Kalambur et al., 2005). This effect appears to be due to the higher viscosity of 

collagen in glycerol, which might attenuate the capacity of MNPs to relax and dissipate heat 

by decreasing the probable collisions among MNPs. As such, in biological tissues, the heat 

loss by Brownian relaxation can be less effective due to the higher viscosity that might arise 

from the presence of extracellular matrix such as collagen in the tissue. The similar 

phenomenon was observed in the cellular environment as well (Di Corato et al., 2014), in 

which the measured SLP value was decreased by half associated with attenuation of the 

Brownian relaxation in cellular conditions.

The strength and frequency of AMF—The magnetic field strength and field frequency 

are the critical parameters that directly affect the efficacy of MNP hyperthermia by altering 

the extent of heat dissipation from MNPs. In general, the heat generation of MNPs increases 

with applied field strength (H) and field frequency (f). However, it is important to tune the 

level of applied field strength and frequency in order to avoid the generation of eddy current, 

which is proportional to the product of both quantities and can trigger a non-specific heating 

effect on healthy tissues (Nieskoski and Trembly, 2014). The clinical trials of MNP 

hyperthermia revealed that acceptable ranges of the product of H and f that are safe to the 

human patients were between 5 × 108 A/m·s and 8.5 × 108 A/m·s (Johannsen et al., 2007; 

Maier-Hauff et al., 2007). Cervadoro et al. (Cervadoro et al., 2013) systemically examined 

the effects of frequency (0.2 and 30 MHz) and field strength (4 to 10 kA/m) on the change in 
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temperature and SLP of superparamagnetic iron oxide nanoparticles. The non-specific 

heating was dominated at high frequency field (~30 MHz), which became negligible at low 

frequency field (<1 MHz). They showed that SLP of the MNPs varied linearly with f and H2. 

In general, the safe range of AMF strength and frequency to avoid any non-specific heating 

effect by eddy current were shown to be between 0 to 15 kA/m and 0.05 to 1.2 MHz, 

respectively (Rast and Harrison, 2010).

Concentrations and distribution of MNPs—The amount of heat generated during the 

MNP hyperthermia is highly dependent on the concentration of MNPs dispersed in a 

medium or tissue. However, this effect should be assessed by considering cellular and tissue 

environments such as the size and type of supporting tissue as well. In the clinical trial of 

MNP hyperthermia for patients with recurrent glioblastoma, up to 31 mg of MNPs per cm3 

of tumor volume was injected intratumorally (Maier-Hauff et al., 2011). In a numerical 

study, Bellizzi et al.(Bellizzi et al., 2016) estimated an optimal concentration of MNP for a 

brain tumor by using the Zubal numerical model, which revealed that the concentration of 

MNPs up to 10 mg/mL could be sufficient for heating of brain tumors smaller than 10 mm. 

Besides, the degree of MNP mobilization resulted from the interaction between MNPs and 

surrounding tissue can also influence the extent of heat dissipation from MNPs. The 

immobilized state of MNPs within the tumor volume was associated with decrease in heat 

dissipation by 30%, compared to the condition with mobilized MNPs (Miaskowski and 

Subramanian, 2019). This suggests that it is important to consider whether MNPs are free to 

move or whether they are immobilized in the tissue in planning the concentration of MNPs 

for hyperthermia therapy.

On the other hand, the pattern that MNPs are dispersed in the tissue is another important 

parameter that influences temperature distribution profiles within living tissue. Gonneshan 

and Lahonian (Golneshan and Lahonian, 2011) investigated the effect of MNP dispersion on 

temperature elevation in a spherical shape of tumor using a bio-heat model involving the 

three-dimensional lattice Boltzmann method (LBM). They demonstrated that the MNPs 

dispersed by Gaussian distribution was more effective in heat dissipation for the spherical 

shape of tissue than homogenously dispersed MNPs. Additionally, the clustering of 

nanoparticles, commonly observed in biological tissue including a tumor tissue (Giustini et 

al., 2009), decreases the cluster domain magnetization and the average magnetic moment, 

resulting in the attenuation of heating efficiency and SLP values (Wang et al., 2017).

Blood perfusion—Blood perfusion plays an important role in redistribution of thermal 

energy in living tissue by acting as a major source of heat removal under hyperthermia 

(Lagendijk et al., 1988). Using a numerical model of spherical tissue with blood perfusion, 

Lahonian and Golneshan (Lahonian and Golneshan, 2011) showed that temperature in the 

tissue decreased with increase of blood flow rate. Lagendijk (Lagendijk, 1982) predicted 

temperature distribution by proposing a tissue model with a large blood vessel in the heated 

region based on the basic discrete vessel models. Numerical studies using more advanced 

three-dimensional models with branching vessel networks have also been proposed (Brinck 

and Werner, 1995, 1994). Using a three-dimensional tissue model embedded with a 

countercurrent blood vessel network, Huang et al. (Huang et al., 2010) demonstrated that a 
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region with vasculature could sustain more heat deposited than one without vasculature due 

to the cooling effect of blood vessels. These models provided more insight into the heat 

transfer process between blood and tissue compartments during hyperthermia and 

demonstrated the importance of incorporating the effect of blood vessels in the thermal 

behavior of living tissue.

Metabolic heat generation—Metabolic heat generation also affects the heat transfer in 

living tissues, which behaves like a heat generation source within the living organism and 

cannot be ignored for effective modeling of MNP hyperthermia (Lahonian and Golneshan, 

2011). It has been reported that the metabolic heat generated per unit volume varies from 

organ to organ in the body (Wang et al., 2011). Lin and Liu (Lin and Liu, 2009) presented a 

numerical model of a bi-layered spherical tumor by considering the effect of metabolism in 

heat generation in the analysis domain. In addition, other studies have highlighted the 

importance of considering metabolism in their numerical modeling to reliably predict heat 

transfer phenomena during hyperthermia (Majee and Shit, 2017; Reis et al., 2016; Wang et 

al., 2012).

3. Bio-heat Models for MNP Hyperthermia

In order to achieve desired thermal toxicity against target cells, while avoiding non-specific 

thermal damage to the surrounding healthy tissue, it is critical to reliably predict temperature 

profiles in the affected living tissue. As discussed above, temperature distribution in living 

tissue during the treatment of MNP hyperthermia is influenced by not only the parameters of 

MNP and AMF, but also the tissue properties and characteristics associated with blood 

perfusion and tissue metabolism. In this regard, various bio-heat models have been 

developed as an effective tool that helps us optimize those parameters responsible for heat 

generation in living tissue as well as understand the mechanism underlying the hyperthermia 

treatment.

Since the application of MNP hyperthermia for therapeutic purposes has been largely 

developed for cancer therapy, most bio-heat models have been applied to predict temperature 

distribution in tumor tissue models. A geometrical domain for thermal modeling of MNP 

hyperthermia in a tumor tissue surrounded by vascular system and healthy tissue is depicted 

in Fig. 4. Among the models developed so far, three bio-heat models have been widely used, 

which include Pennes’s bio-heat transfer model (PBHTM) (Pennes, 1948), thermal wave 

bio-heat transfer model (TWBHTM) (Cattaneo, 1958), and dual-phase lag bio-heat transfer 

model (DPLBHTM) (Tzou, 1997). Table 2 compares and summarizes the advantages and 

limitations of these bio-heat models.

3.1. Penne’s Bio-heat transfer Model (PBHTM)

The PBHTM is the first kind of bio-heat model based on Pennes’ bio-heat transfer equation 

with an aim of predicting the thermal behavior of living tissue by considering the effects of 

metabolism and blood perfusion on the thermal energy balance (Pennes, 1948). The equation 

for this model enables the inclusion of the effect of blood perfusion and metabolic heat 

generation by introducing factors that describe the heat exchange between blood vessels and 

tissue, in which it is assumed that metabolic heat generation and blood perfusion effects are 
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homogeneously distributed throughout the tissue. The generalized form of Pennes’ bio-

equation is given as (Arkin et al., 1994);

ρc∂T
∂t = ∇(k∇T) + wbcb Ta − T + qm (16)

Where ρ, cb, and k represents density (kg/m3), the specific heat capacity of the blood 

(J/kg/K), and thermal conductivity, respectively. wb and qm represent the flow rate of the 

blood per unit volume of tissue (kg/s.m3) and the metabolic heat generation per unit volume 

of the tissue (W/m3), respectively. Ta is the temperature of arterial blood (K); T is the 

temperature at the tissue at any particular instant; ∂T
∂t  is the temperature gradient. The 

equation describes that the blood enters tissue volume at an arterial temperature and reaches 

equilibrium state at the tissue temperature. In order to include the effect of heat dissipation 

from MNPs, the equation is further modified as (Tang et al., 2018);

ρ1c1
∂T
∂t = ∇ k1∇T + wb1cb1 Ta − T1 + qm + Pℎ (17)

where Ph indicates the heat dissipated by MNPs in the tissue. The physical and thermal 

properties for the combined system of tissues and MNPs can be given by equations 18, 19 

and 20;

ρ1 = (1 − η)ρr + ηρMNP (18)

c1 = (1 − η)cT + ηcMNP (19)

1/k1 = (1 − η)/kT + η/kMNP (20)

where the subscripts T, MNP, and η represent the tumor properties prior to the 

administration of MNPs, the properties of MNPs administered, and the volume fraction of 

MNPs in the tissue, respectively.

Numerous studies have applied the PBHTM model to predict the thermal behavior of 

biological tissues. Shih et al. (Shih et al., 2007) analyzed the thermal response of semi-

infinite biological tissue due to a sinusoidal heat flux at the skin by solving the PBHTM by 

using the Laplace transform. Their analysis was suitable for describing the transient 

temperature response of tissue for the whole-time domain, which was not described in 

previous studies. Using a modified PBHTM, Lakhssassi et al. (Lakhssassi et al., 2010) 

analyzed the effects of the thermal diffusivity and the temperature-dependent perfusion 

component on the thermal behavior of the biological system using both analytical and 

numerical approaches.

Although PBHTM has been applied mostly amongst other bio-heat models due to its 

simplicity and applicability, it is not easy to obtain analytical solutions for complex tissues. 

To address this, various numerical methods, such as finite element, finite difference, LBM 

and Monte Carlo methods have been applied to solve PBHTM equations. In particular, the 
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use of the LBM has increased widely because of its simple calculation procedure and and 

easiness of implementation and handling complex geometries as compared to conventional 

numerical methods. Lahonian and Golneshan (Lahonian and Golneshan, 2011) applied a 

three-dimensional LBM to solve the equation for PBHTM and predicted the temperature 

distribution in a spherical tissue during magnetic fluid hyperthermia by considering the 

effect of blood perfusion, metabolism and MNP heat sources in the modeling. This study 

showed that the LBM could solve the bio-heat transfer problems with an acceptable 

accuracy. Although PBHTM is easy to implement as compared to other bio-heat models, it is 

still less accurate and complicated for robust analytical models.

3.2. Thermal Wave Bio-heat transfer Model (TWBHTM)

The equation for the PBHTM is based on the classical Fourier’s law which assumes that the 

velocity of thermal wave propagation in the homogeneous is infinite. However, this 

assumption may not be valid for the materials with a specific internal structure such as 

biological tissues, which have lengthy thermal relaxation time associated with a non-Fourier 

thermal behavior. For example, in the skin layer, the thermal relaxation time of skin caused 

by heat conduction can influence the temperature in the skin depth. In order to overcome the 

shortcoming of PBHTM, Liu et al. (Liu J et al., 1995) proposed TWBHTM by incorporating 

a single-phase lagging parameter in the model based on the wave model of heat conduction 

equation by Cattaneo (Cattaneo, 1958) and Vernotte (Vernotte, 1958). This model can 

account for the delay effect of the local and temporary heat influx with respect to the 

temperature gradient.

The constitutive relationship for the thermal wave model is given as;

q r, t + τq = − k∇T(r, t) (21)

where τq is the relaxation time (or a phase-lag parameter) and represents time-shift between 

the heat flux and the temperature gradient.

Several research groups have applied TWBHTM to predict the thermal behavior of 

biological tissue induced by hyperthermia treatment. Liu et al. (Liu and Lin, 2010) used the 

hybrid numerical scheme based on the Laplace transform in connection with hyperbolic 

shape functions. This study could predict changes in temperature occurring in a two-layer 

concentric spherical tissue with the Gaussian distribution of heat source, along with the 

influences of relaxation time, blood perfusion rate, and heating strength on the thermal 

response in the tissue. Ahmadikia et al. (Ahmadikia et al., 2012) predicted the temperature 

distribution of skin tissue analytically by applying TWBHTM based on the Laplace 

transform to the single layer model of skin tissue. They demonstrated that TWBHTM could 

provide an improved prediction of thermal behavior during the laser-irradiated heating and at 

the initial phase of cooling process, compared to the prediction by PBTHM.

3.3. Dual Phase Lag Bio-heat transfer Model (DPLBHTM)

Although TWBHTM is more accurate and generalized than PBTHM, it still has a limitation 

in describing heat transfer processes occurring at micro and nano scales. In view of this, 

DPLBHTM was proposed to further refine the non-Fourier thermal behavior of biological 
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tissues associated with their non-homogeneous inner structures (Tzou, 1997). This model 

enables a more accurate prediction of temperature distribution in living tissue by 

incorporating the relaxation behavior of both the heat flux and temperature gradient during 

the heat transfer process. The dual-phase lag (DPL) constitutive equation for DPLBHTM 

can be derived by considering a phase lag for temperature gradient in the constitutive 

equation of TWBHTM (Kumar et al., 2015);

q r, t + τq = − k∇T r, t + τT (22)

where the temperature gradient at location r at time t +τt is related to the heat flux at time t
+τq.

Zhou et al. (Zhou et al., 2009) applied a two-dimensional axisymmetric DPL model to 

describe heat transfer in living biological tissues with nonhomogeneous inner structures. 

This model predicted variations of the non-uniform distributions of temperature and 

demonstrated that the multi-dimensional effects of thermal wave and diffusion cannot be 

negligible for a local heating with the heated spot smaller than the tissue bulk. Liu and Chen 

(Liu and Chen, 2009) have applied the DPLBHTM for thermal analysis of the dual-layer 

concentric spherical system, mimicking a small tumor surrounded by the healthy tissue, 

during the treatment of MNP hyperthermia. They examined the influences of various 

parameters, such as lag times, metabolic heat, blood perfusion rates and other physiological 

parameters, on the non-Fourier thermal response in tumor and normal tissues. However, 

DPLBHTM is still associated with mathematical difficulties in describing boundary 

conditions due to the difference in physiological and thermal properties for tissue with 

layered structures. To address this, a hybrid numerical method based on the Laplace 

transform and the modified discretization technique was introduced (Kuo-Chi et al., 2011; 

Liu and Cheng, 2008). Kumar et al. (Kumar et al., 2016) applied DPLBHTM for the layered 

tissue with Fourier and non-Fourier boundary conditions using the finite difference Legendre 

wavelet Galerkin approach. Their model could predict temperature profiles in a tumor tissue 

by choosing the appropriate parameters of the modified Gaussian heat source.

4. Applications, challenges, and future directions for the numerical 

modeling of MNP hyperthermia

4.1 Biomedical applications of bio-heat models for MNP hyperthermia

This section introduces the biomedical applications of bio-heat models, including PBHTM, 

TWBHTM, and DPLBHTM, for predicting thermal behaviors of living tissues, particularly 

for tumor tissue models, in response to MNP hyperthermia. Table 3 summarizes different 

bioheat models and solving techniques used for models of tumor diseases, including brain 

tumors, liver tumors, and breast tumors.

Brain tumor—A brain tumor is an intracranial solid that is caused by the growth of 

abnormal cells in the brain or spinal canal and responsible for substantial morbidity and 

mortality worldwide (Patel et al., 2019). Numerous studies including clinical trials have 

demonstrated the feasibility and efficacy of MNP hyperthermia as a therapeutic modality for 
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glioblastoma, a devastating form of brain tumor (Mahmoudi et al., 2018) (Fig. 5). However, 

it still necessitates the application of numerical models that can reliably predict temperature 

distribution as well as the potential risk of non-specific heating of healthy tissues, to ensure 

the safe application of MNP hyperthermia to the brain tissue.

Rast and Harrison (Rast and Harrison, 2010) applied PBHTM for the computational 

modeling of electromagnetic and thermal effects of MNP hyperthermia using a multilayer 

model of the human head made up of perfused dermal and skeletal layers and a grey-matter 

region surrounding a composite region of tumor tissue and MNPs. They used the solution of 

Maxwell’s equation in a model of tumor and surrounding healthy tissue as an input to the 

equation of PBMTM and solved the equation using the finite difference time domain 

method. This study revealed that the temperature rise in the tumor region was dependent on 

the rate of blood perfusion. Bellizi et al. (Bellizzi et al., 2016) applied PBHTM for the 

numerical modeling of MNP hyperthermia for a human brain tumor. Their numerical model 

predicted that the MNP dosage could be maintained at a minimum by increasing the product 

of field strength and applied frequency by two to four times.

Liver tumor—Liver cancer is the third leading cause of cancer-related deaths worldwide, 

in which hepatocellular carcinoma (HCC) represents approximately 90% of all cases 

(Balogh et al., 2016). Attar et al. (Attar et al., 2014) numerically analyzed temperature 

profiles in porcine liver tissue to MNP hyperthermia by assuming the heterogeneous 

dispersion of MNPs, which was in good agreement with experimental data. In their 

subsequent study (Attar et al., 2016), they investigated whether the thermo-viscoelastic 

behavior of tissue could provide an improved prediction of temperature profiles in tumorous 

liver tissue. They validated their results from numerical analysis by comparing them with 

experimental results, which revealed that blood perfusion, exposure time and MNP dosage 

are the three important factors influencing temperature profiles. Additionally, this study 

further revealed that the bio-heat model based on the viscoelastic property of liver tissue 

could provide a better prediction of temperature distribution than the one based on the elastic 

property of tissue. Suleman and Riaz (Suleman and Riaz, 2020) presented a finite element 

model for the thermal analysis of liver tumor tissue, in which they could predict the pressure, 

velocity, concentration, temperature distribution, and the fraction of damaged tumor during 

the treatment using COMSOL Multiphysics (Fig. 6).

Breast tumor—Breast cancer is the most common type of cancer among women and is a 

metastatic type of cancer, which can commonly transfer to distant organs such as the liver, 

lung and brain (Sun et al., 2017). Miaskowski and Sawicki (Miaskowski and Sawicki, 2013) 

have presented a numerical model to estimate the temperature distribution in the breast 

tissue that mimics breast cancer during MNP hyperthermia by employing a PBHTM. 

Miaskowski and Subramanian (Miaskowski and Subramanian, 2019) presented a more 

advanced numerical model by using an anatomically correct breast tissue derived from 

magnetic resonance imaging (MRI). They predicted the temperature distribution within the 

realistic breast phantom by applying PBHTM with Robin’s boundary conditions. This study 

revealed that the hot spots could happen with higher temperature gradients due to the eddy 
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current effects associated with the anatomical structure of breast tissues, suggesting the 

importance of applying anatomically correct tissue models in the numerical modeling.

The prediction of cell death—For the clinical translation of MNP hyperthermia for 

cancer treatment, it is important to predict the extent of cell death for the given conditions of 

MNP hyperthermia. Pearce et al. (Pearce et al., 2017) presented a numerical model coupled 

with experimental findings to predict the heating effectiveness of MNP hyperthermia against 

cancer cells. The inclusion of multiple biological processes involving cell death in the 

numerical model enabled the prediction on the treatment efficacy. Subramanian et al. 
(Subramanian et al., 2016) carried out numerical simulation by using the SEMCADE X 

software to predict the thermal dose for the death of cancer cells.

4.2 Challenges and perspectives for future study

Recent pre-clinical and clinical studies of MNP hyperthermia have demonstrated that this 

therapy could be an effective therapeutic modality, especially for cancer treatment in 

combination with conventional chemo or radiation therapy (Breugom et al., 2015; Iliadis and 

Barbolosi, 2000; Neukam and Stelzle, 2010; Sridhar and Symonds, 2009). This technology 

is also emerging as a new therapeutic platform for treating tissue infections (Kim et al., 

2013). However, despite the promise of MNP hyperthermia as a therapeutic platform, a 

safety risk arising from potential thermal damage effects on the healthy tissue has been the 

primary concern of translating this therapy to clinics. From a clinical point of view, this 

necessitates the development and application of reliable bio-heat models for predicting the 

thermal effects of MNP hyperthermia on living tissues, which can enhance our ability to 

predict a potential safety risk of this therapy.

Although recently developed bio-heat models for MNP hyperthermia have greatly improved 

our understanding of heat transfer phenomena in living tissue, the use of more reliable 

thermal models is still warranted. First, it is necessary to obtain a more precise 

understanding on the spatial distribution of MNPs in the tissue, as an input parameter of a 

bio-heat model. As discussed above, the concentration and spatial distribution of MNPs as 

well as the properties of tissue in which the MNPs are dispersed are critical factors that can 

significantly influence heat transfer phenomena within the target tissue. However, it is still 

challenging to determine the spatial distribution of MNPs at micro and nano scales once they 

are injected into the tissue. The MNP hyperthermia combined with an advanced imaging 

tool such as magnetic particle imaging (MPI) may enable the reliable prediction of MNP 

dispersion in the tissue (Tay et al., 2018). The MPI was shown to exhibit better spatial 

resolution and sensitivity than conventional imaging modalities including MRI (Wu et al., 

2019). Additionally, the development of numerical models for predicting the transport and 

diffusion of MNPs during and after the injections of MNPs to the target region is necessary. 

Second, although recently developed bio-heat models enable the prediction of heat transfer 

phenomena associated with thermal conduction and convection between vascular system and 

surrounding tissue (Lahonian and Golneshan, 2011; Majee and Shit, 2017; Tang et al., 

2018), many studies for the thermal analysis of MNP hyperthermia have been based on 

tissue models with a simplified tissue geometry and thermal property. Since the heat transfer 

phenomena in living tissue is influenced by the geometric factors of tissues, such as non-
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homogeneity (Zhou et al., 2009), multi-layered property (Kumar et al., 2016), and irregular 

shapes (Lahonian and Golneshan, 2011), it may be necessary to obtain more accurate 

information on the geometry and thermal property of target tissue for the modeling. Third, 

more accurate information about blood perfusion is important as a critical parameter for bio-

heat equations of thermal models due to its major role in conferring cooling effects. Thus, a 

realistic thermal model should properly incorporate cooling effects arising from the 

vasculature networks within a target tissue. For example, a tissue model based on detailed 

analysis of the vascular architecture such as three-dimensional discrete vasculature (DIVA) 

networks may enable more reliable predictions of heat transfer between blood vessels and 

tissues (Hristov, 2019; Kotte et al., 1996).

5. Conclusions

In order to achieve desired thermal toxicity against target cells, while avoiding thermal 

damage to the surrounding healthy tissue, it is critical to reliably predict temperature 

distribution in the affected living tissue through numerical modeling. Indeed, numerous 

studies on the analytical and numerical modeling for MNP hyperthermia have significantly 

contributed to our understanding on the safe application of the therapy as well as improving 

its therapeutic efficacy. Due to the importance of precisely predicting SLP as an input 

parameter for the equation of bio-heat models of MNP hyperthermia, various analytical and 

empirical methods for determining SLP have been proposed. The estimation of SLP can be 

improved by properly considering various parameters, such as the type, concentration, and 

distribution of MNPs, characteristics of carrier fluid, and the strength and frequency of 

AMF. In order to better predict the thermal behaviors of living tissue in response to MNP 

hyperthermia, refined bio-heat models, that incorporate the effects of blood perfusion and 

metabolic heat generation, such as PBHTM, TWBHTM and DPLBHTM have been applied 

for biomedical applications, particularly for models of tumor diseases. Future studies should 

be directed towards further refining the bio-heat models based on the accurate information 

on the spatial distribution of MNPs as well as tissue properties and anatomy including 

vasculature networks. This will enable the reliable prediction of the spatiotemporal 

distribution of temperature in the target tissue in response to MNP hyperthermia, which will 

ensure the safe application of this therapy.
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Highlights

• Mathematical models of MNP (Magnetic nanoparticles) hyperthermia are 

reviewed

• Various methods are discussed for evaluating the SLP (Specific Loss Power)

• Different factors that optimizing the SLP are reviewed for hyperthermia 

applications

• Bio-heat models and their applications are appraised for cancerous tumors

• Limitations and challenges for the modeling of hyperthermia are addressed
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Fig. 1. 
Categories of hyperthermia therapy based on the exposure time and temperature range.
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Fig. 2. Clinical applications of MNP hyperthermia for treating tumors.
Recent clinical trials for MNP hyperthermia demonstrated its safety and feasibility as an 

anti-cancer therapy for patients with glioblastoma, prostate cancer, and metastatic bone 

cancer. The principle of MNP hyperthermia is to achieve a localized increase in temperature 

in target cells or tissue by localized activation of MNPs upon exposure to a high frequency 

alternating magnetic field (AMF). The exposure of AMF to MNPs causes the conversion of 

electromagnetic energy into heat energy via mechanisms such as Brownian relaxation and 

Neel relaxation.
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Fig. 3. 
Graphical demonstration of the empirical models for calculation of SLP (Cobianchi et al., 

2017).
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Fig. 4. A geometrical domain of tumor tissue for bio-heat models.
(A) A simplified domain of spherical tumor model, where a tumor is surrounded by a 

healthy tissue (Astefanoaei and Stancu, 2017). (B) A generalized geometrical domain of 

tumor tissue model for the application of bio-heat models (Penne’s bio-heat model, Thermal 

wave bio-heat model, and Dual phase lag bio-heat model) by incorporating the effects of 

blood perfusion and metabolic heat generation, where cancerous tumor cells are surrounded 

by vasculature networks and healthy tissue.
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Fig. 5. A schematic of localized treatment of MNP hyperthermia for treating patient with 
malignant brain tumor.
(A) The patient undergoes an AMF (shown in yellow) for local hyperthermia following the 

intratumoral injection of MNPs. (B) Demonstration of MNPs (represented in red and 

encircled in yellow) adjacent with tumor cells providing the heating effect. (C) The 

localization of the MNPs within and adjacent to the brain tumor for providing a targeted 

therapeutic effect. (D) The preferential uptake of MNPs by tumor cells in a region of brain 

tumor surrounded by healthy normal cells (Mahmoudi and Hadjipanayis, 2014).
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Fig. 6. Prediction of temperature distribution in a model of liver tissue during MNP 
hyperthermia by finite element analysis of bio-heat model.
(A) Temperature contours after 60 minutes of hyperthermia treatment. (B) Visual clue of line 

segment in liver tissue. (C) Visual clue of selected location in tumor region. (D) Temporal 

distribution of temperature as a function of location. (E) Spatial distribution of temperature 

distribution as a function of time (Suleman and Riaz, 2020).
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Table 1.

Various parameters affecting the heating efficacy of MNPs for MNP hyperthermia

Parameters Contributions Characteristics References

Types of MNP 
materials

Iron-oxide based MNPs (Fe3O4 or γ-
Fe2O3 with size ranging from 10 to 100 
nm)

Biocompatibility, capability of heat 
generation, tunable properties.

(Abenojar et al., 2016; 
Chang et al., 2018)

Nanocomposite of iron oxide and metallic 
MNPs (e.g. Cobalt-iron oxide MNPs)

Improved heating efficacy (Kappiyoor et al., 2010)

Coating of iron oxide MNPs with Low 
Curie Temperature materials

Capability of tuning heat generation by LCT 
material.

(Tang et al., 2017)

Particle size MNPs with size of 10–20 nm Maximal heat dissipation associated with 
the balance between Brownian and Neel 
relaxations losses

(Bakoglidis et al., 2012, 
Engelmann et al., 2019, 
Purushotham and 
Ramanujan, 2010)

Anisotropy Proposed an analytical model that 
calculates SLP values as a function of 
MNP anisotropy

Increase in heating power of MNP with low 
anisotropy

(Carrey et al., 2011)

Viscosity Effects of supporting medium on SLP Higher SLP values in water than viscous 
glycerol

(Kalambur et al., 2005)

Lower SLP values in cellular environment (Di Corato et al., 2014)

Field strength 
and Frequency of 
AMF Effects of field strength (H) and frequency 

(f) of AMF on SLP

SLP varies linearly with f and H2

(Cervadoro et al., 2013)

Non-specific heating becomes negligible at 
f<1MHz

Threshold of the product of H and f for 
humans

H×f = 5 × 108 A/m⋅s - 8.5 × 108 A/m⋅s (Johannsen et al., 2007; 
Maier-Hauff et al., 2007)

MNP 
concentration

Applied a numerical method to determine 
MNP concentrations for therapeutic 
efficacy

Estimated an optimal concentration of MNP 
that achieves sufficient heating for a brain 
tumor model.

(Bellizzi et al., 2016)

MNP 
Distribution

A bio-heat model with 3D lattice 
Boltzmann method to estimate the effect of 
MNP dispersion on temperature elevation

Enhanced heat dissipation for MNPs 
dispersed by Gaussian distribution over 
homogenously dispersed MNPs

(Golneshan and Lahonian, 
2011)

Clustered MNPs Attenuation of heating efficiency and SLP 
values due to decreases the cluster domain 
magnetization and the average magnetic 
moment

(Wang et al., 2017)
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Table 2.

Advantages and limitations for different bio-heat models

Type of 
Models

Advantages Limitations

PBHTM Inclusion of blood perfusion and metabolic heat 
effects (Pennes, 1948)

The classical Fourier’s law which assumes that the velocity of 
thermal wave propagation is not valid for inhomogeneous 
biological tissue

Easy to implement (Shih et al., 2007) (Ahmadikia et al., 2012)

Analytical solution is possible (Shih et al., 2007) Difficult to apply complex boundaries (Kumar et al., 2016) and 
geometries (Lahonian and Golneshan, 2011)

Complexity in analytical analysis for robust problem (Lahonian 
and Golneshan, 2011).

TWBHTM Overcome the shortcoming of PBHTM by accounting 
for the delay effect of the local heat influx (Cattaneo, 
1958).

Not easy to implement (Cattaneo, 1958).

Microscale response in time domain (Cattaneo, 1958) Limitation in describing heat transfer process occurring in space 
domain (Kumar et al., 2015)

Non-Fourier effect (Ahmadikia et al., 2012) Mathematical difficulties in dealing with the boundary conditions 
at the interface layers of tissue (Kuo-Chi et al., 2011)

DPLBHTM Enables more accurate prediction of temperature 
distribution by incorporating the relaxation behavior 
of both the heat flux and temperature gradient (Tzou, 
1997)

Complexities in time-phase measurement (Cattaneo, 1958).

Captures the microscale responses in both time and 
space (Kumar et al., 2015)

Mathematical difficulties in dealing with the boundary conditions 
at the interface layers of tissue (Kuo-Chi et al., 2011
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Table 3.

Applications of different bio-heat models and solving techniques for tumor tissue models

Applications Modeling types Solving techniques References

Brain tumor PBHTM coupled with 
Maxwell’s model

SEMCAD X software. (Bellizzi et al., 2016)

PBHTM Zubal numerical phantom. (Rast and Harrison, 2010)

Liver tumor PBHTM Fourier series solution in polar coordinates (Attar et al., 2014)

PBHTM combined with 
Maxwell Model

Thermo-viscoelastic behavior of tumorous 
and healthy bovine liver tissue using a Finite 
difference method

(Attar et al., 2016)

PBHTM combined with 
Arrhenius Kinetic Model

Finite element method using COMSOL 
Multiphysics

(Suleman and Riaz, 2020)

Breast tumor PBHTM Phantom based numerical method. (Miaskowski and Sawicki, 2013)

Modified PBHTM with Robin’s 
Boundaries

Phantom based computer model. (Miaskowski and Subramanian, 
2019)

Cell death 
prediction

PBHTM with improved 
Arrhenius kinetic model

Coupled numerical model. (Pearce et al., 2017)

PBHTM FEM using SEMCAD X software. (Subramanian et al., 2016)
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