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Abstract

A key feature of living tissues is their capacity to remodel and grow in response to environmental
cues. Within continuum mechanics, this process can be captured with the multiplicative split of the
deformation gradient into growth and elastic contributions. The mechanical and biological
response during tissue adaptation is characterized by inherent variability. Accounting for this
uncertainty is critical to better understand tissue mechanobiology, and, moreover, it is of practical
importance if we aim to develop predictive models for clinical use. However, the current gold
standard in computational models of growth and remodeling remains the use of deterministic finite
element (FE) simulations. Here we focus on tissue expansion, a popular technique in which skin is
stretched by a balloon-like device inducing its growth. We construct FE models of tissue
expansion with various levels of detail, and show that a sufficiently broad set of FE simulations
from these models can be used to train an accurate and efficient multi-fidelity Gaussian process
(GP) surrogate. The approach is not limited to simulation data, rather, it can fuse different kinds of
data, including from experiments. The main appeal of the framework relies on the common
experience that highly detailed models (or experiments) are more accurate but also more costly,
while simpler models (or experiments) can be easily evaluated but are bound to have some error.

In these situations, doing uncertainty analysis tasks with the high fidelity models alone is not
feasible and, conversely, relying solely on low fidelity approximations is also undesirable. We
show that a multi-fidelity GP outperforms the high fidelity GP and low fidelity GP when tested
against the most detailed FE model. In turn, having trained the multi-fidelity GP model, we
showcase the propagation of uncertainty from the mechanical and biological response parameters
to the spatio-temporal growth outcomes. We expect that the methods and applications in this paper
will enable future research in parameter calibration under uncertainty and uncertainty propagation
in real clinical scenarios involving tissue growth and remodeling.
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Introduction

Living tissues remodel and grow in response to mechanical cues. This response can be
detrimental, which is common in diseases such as heart fibrosis and dilation following
infarct [1, 2], but it can also be leveraged for medical treatment. A prime example is tissue
expansion [3, 4]. In this technique, a balloon-like device is inserted subcutaneously and
inflated gradually, stretching the skin and inducing its growth [5]. Newly grown skin created
with this method is used to design flaps to resurface large defects [6]. Even though the tissue
expansion process has gained popularity in reconstructive surgery for its unique capacity to
create new skin that is equally functional to native tissue, we still lack predictive capability
of how skin adapts to mechanical cues [7]. As a consequence, treatment plans for tissue
expansion still heavily rely on surgeon’s training and experience rather than aided by
predictive models.

Our need for quantitative knowledge of skin’s response to stretch is part of a broader quest
to fundamentally understand the mechanical adaptation of soft tissues [8]. In response to this
need, computational modeling of growth and remodeling of living matter has advanced
tremendously in the last two decades [9, 10]. One common approach is to describe growth
within a continuum mechanics framework through the multiplicative split of the deformation
gradient [11]. The split into growth and elastic contributions isolates the two processes
kinematically. The evolution of the growth tensor is prescribed with phenomenological
equations that aim at capturing essential features of the underlying biological process [12].
The elastic tensor, on the other hand, dictates the stress field through an appropriate
constitutive equation describing the tissue mechanical behavior. This approach has been
used for a plethora of examples, including the skin, but also valve leaflets, the heart, arteries,
and the brain, to name a few applications [13, 14, 15, 16]. The theoretical framework has
been extremely successful in isolating key features of the growth and remodeling process. At
the same time, the maturation of this methodology to the point at which it can guide medical
treatment still requires overcoming some longstanding challenges. One open question is to
incorporate the role of inherent variability in biological response and tissue mechanical
properties on the corresponding probability of the spatio-temporal growth and remodeling
outcome [17]. The current paradigm relies on detailed finite element (FE) models with
deterministic parameters adjusted based on some combination of experimentation and
parameter sensitivity analyses [18]. This is not enough for decision making in the clinic. At
the other end of the spectrum, fully personalized FE methods, such as [8], are also
unpractical if not unfeasible at scale.

A recent explosion of data-science and machine learning methods has started to permeate
into the tissue biomechanics community [19, 20, 21, 22, 23, 24]. For example, we have
recently tackled the propagation of material behavior uncertainty through reduced order
models and Gaussian process (GP) surrogates in the context of reconstructive surgery [25,
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17]. Our methodology relies on simulation of many reconstructive surgery procedures
spanning a range of inputs, namely, tissue mechanical properties and flap design parameters.
The Bayesian surrogate is computationally inexpensive and enables tasks such as parameter
calibration, uncertainty propagation, and design optimization. Other examples of how data
science is impacting biomechanics include data-driven constitutive modeling, multiscale
homogenization, and Bayesian model selection [26, 27, 28, 29].

Here we present the use of Bayesian surrogates to enable uncertainty analysis of tissue
growth and remodeling. We focus on tissue expansion. Unlike our previous work which
dealt with uncertainty in variables that impact the state of deformation and stress at a single
instant in time, the growth and remodeling process entails incorporating uncertainty in
biological parameters which propagates through time coupled with the mechanical
equilibrium problem (see Figures 1 and 2). In turn, the corresponding computational models
are also more expensive to evaluate compared to mechanical equilibrium at a single time
instant. To deal with this challenge, we propose to use multi-fidelity machine learning
techniques [30]. While in this study we rely solely on simulation data, an added benefit of
the multi-fidelity framework is that it enables combination of different kinds of data,
including from experiments [31].

In essence, multi-fidelity approaches imply combining data with different levels of
resolution or accuracy. For example, there might be some data which is very reliable, such as
measurements or simulations with very detailed spatial or temporal resolution and with high
accuracy. Usually, these data are difficult to obtain, either because the simulation is
computationally expensive, because the parameter input space is very large, or because the
experiments are costly or time consuming [32, 33]. Usually there are other, less expensive
(financially and computationally) means of acquiring data, such as changing the model to a
simplified one or doing experiments with less specialized equipment [34, 35]. In a multi-
fidelity framework, these different sources of information are combined to create a new
model that outperforms the predictions done with a single type of data [36].

The multi-fidelity approach is particularly appealing for creating predictive models of
biological tissue adaptation. As mentioned previously, biological systems are characterized
by inherent uncertainty in mechanical properties and biological response [37, 38, 39].
Computational models with different level of detail can be constructed to compute the
growth and remodeling response over time for a wide parameter range. Here we only
employ simulation data to train the surrogate, but the problem can be extended to capture
our previous experimental work [3]. Furthermore, we specifically use multi-fidelity GP
regression. This allows us to not only make predictions of the tissue response for a new set
of inputs, but it also gives us the confidence in the prediction based on the observed data. We
are hopeful that constructing this kind of data-driven model for tissue growth and
remodeling will impact the clinical setting in the near future by enabling uncertainty
analysis, model calibration, and treatment optimization.
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Materials and Methods
Tissue growth through the multiplicative split of the deformation gradient

We start by introducing some standard notation. Let X € %, c R> be the reference

configuration and x € % ¢ R3 the deformed configuration of the tissue. The local
deformation is captured by the gradient F = v x, whose determinant is the volume change J
= det(F). For skin, since it is a membrane, we define the normal field N. This vector field, in
turn, allows us to define the area deformation field induced by F, which we refer to as #=
licof(F) - NII.

Growth in biological materials can be done via the multiplicative split of the deformation
gradient into growth and elastic components [11]

F=F°F%. @

The growth tensor F9 captures the biological response and requires further definition of its
form, which is both a constitutive and kinematic assumption. For skin, since it is a thin
membrane, we consider only in plane area growth

F8=\/9!I,+ N® N, @

where %9 is the area growth, and I ¢=1 = N ® N is the surface identity defined in terms of
the identity tensor | in R> and the surface normal. The split eq. (1) further implies the split of
the area change into elastic and growth components

9 =9°8. ®

The elastic deformation F€in eq. (1), encapsulates the mechanical response of the tissue. We
consider skin as a hyperelastic material [40, 41]. The mechanical equilibrium of the tissue
depends on the definition of a strain energy function in terms of the elastic component of the
deformation only, ¥'(F¢) [42]. A thought experiment that may bring clarity to the split of the
deformation gradient consists of imagining that we cut the current configuration of the
tissue, &, into small pieces while removing all external forces and constraints. All these
small portions of material would then achieve mechanical equilibrium. Each piece is allowed
to have its own equilibrium state, such that the field F¢ is not necessarily the gradient of a
deformation field. This is why the multiplicative split is also said to introduce an
intermediate incompatible configuration [5]. The total energy released in the thought
experiment depends only on the field F¢, hence ¥ (F€). On the other hand, the equilibrium
configuration of each piece of material depends on its growth history F9J. The stress in the
current configuration is

oY

c=b"—,
ob°

O]
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with b® = F&F €T, Alternatively, the stress can be expressed in the intermediate configuration
or in the reference configuration, as reviewed in [43]. The overall stress field has to satisfy
balance of linear momentum in the standard form

V.-6=0. ()

The simulation of the growth process with the FE method requires the derivation of the
consistent tangent. We postpone the discussion of the numerical implementation until after
we have introduced the corresponding constitutive equations for the biological and
mechanical behavior of skin.

Constitutive modeling of growth

We already introduced the assumption that growth of skin occurs only in the plane, which is
motivated by our current understanding of skin growth in tissue expansion [44, 45]. Next, we
need to prescribe the evolution of the growth variable. Growth is a dynamic process and a
constitutive model entails specifying the rate of change of growth in response to the
mechanical cues. Following our current understanding of skin mechanobiology, we pose that
the growth rate is proportional to stretch in a nonlinear fashion [7]. We depart from previous
forms of the growth rate [42]. In the spirit of a systems biology approach, we assume that
the elastic deformation generates a chemical signal that is interpreted by the cells, showing
saturation as the input increases. Hence, we use a Hill function

k(&@ _ SCF)}’!

9% = H(9%) = ,
Kn + (88 _ 19CI‘)I1

(6)

which is parameterized by k& K, ¥" and 7. In the uncertainty analysis presented here we
consider the parameters &, K'and nas sources of biological uncertainty. We do not consider
variation in ¥%°" and instead fix this parameter to 1.1. The reason for this choice is that %"
controls the homeostatic state. Changing this parameter would require an additional
equilibration step prior to the tissue expansion procedure, which we avoid here.

Constitutive modeling of skin mechanics

Skin is a complex tissue, comprised of three layers with distinct structure and mechanical
behavior in just 1 — 3 mm across the thickness [46]. The mechanical response under tension
is primarily driven by the dermis, which is the intermediate layer of the skin [47]. The
dermis is a connective tissue, and it is primarily made out of collagen. At moderate
deformations, the stress-strain curve is only slightly nonlinear. Subjected to progressively
larger strains, the skin exhibits rapid stiffening, resulting in a J-shaped stress-strain curve,
characteristic of other connective tissues [48]. The collagen fiber network in the skin is a
source of anisotropy [49, 50], although the fiber dispersion seen in the dermis is relatively
large [51]. Extensive efforts in constitutive modeling of skin mechanics has resulted in a
variety of strain energy functions[41]. In the work shown here we restrict our attention to a
Neo-Hookean strain energy function
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w=5011-3-2In(J%) + % In*(J°), @)

where /; = bf: | is the first invariant of the left Cauchy-Green elastic deformation tensor,
= det(F°) is the elastic volume change, u is the shear modulus, and A is the bulk modulus.

Like most biological materials, skin shows inherent variability in mechanical properties. For
instance, it is clear to anyone that the skin varies from one anatomical region to another [52,
53]. In addition, there are changes in skin mechanics with gender, age, sun exposure,
nutrition, to name a few factors [54, 55, 56]. Even individuals from similar demographics
can have distinct skin mechanical behavior. With non-invasive mechanical testing through
suction devices, the properties of skin under suction have been measured for a large
population [57, 58]. In this paper we consider the variability in mechanical properties
through the uncertainty in the parameter g

The stress can be calculated explicitly based on eg. (4) and eq. (7),

1
6= F(/l In(J®) — I + %b‘f. ®

Finite element implementation

We solve the coupled problem of growth under evolving mechanical equilibrium with a user
subroutine in the nonlinear FE package Abaqus (Dassault Systems, Waltham, MA). Our
implementation follows closely that of [42]. We create a square domain of dimensions 10 x
10 x 0.3 cm3 and discretize it with either 800, 3200, or 20000 trilinear brick elements. As it
will become clearer later on, the different mesh refinement leads to a multiple levels of
fidelity in the data. A rectangular expander of dimensions 4.5 x 8 cm? is placed underneath
the skin. We use the fluid cavity feature in Abaqus. We start the simulation with the initial
conditions F(£=0) = F¢=1, ¥ (0) = 1, and an empty expander. The expander is then
inflated to a given volume V by implementing a PID controller in an additional user
subroutine. The degrees of freedom are the displacement vectors at the nodes, up;, and the

growth field, which is discretized at the integration points 19;‘;. The mechanical equilibrium

problem is nonlinear and has to be solved iteratively. Given a guess for the displacements
Upi, the deformation tensor F is available at the integration points. In the integration point
subroutine the growth tensor is then updated by solving the following backward Euler
problem

98 A= 9 — AtH (91 a) =0, ©

where 97 is the growth variable from the previous converged step, 9, ,, is the new guess for

the growth variable for the current time step #Az and 97, o, =9/ 8f+ A IS the current guess

for the elastic deformation component of the area change. Solving this local problem, the
new F9is constructed, which, together with the current guess for F yields F¢. The stress is
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calculated according to eqg. (8). Finally, to drive the global Newton-Raphson iterations, we
introduce the Eulerian tangent moduli

P
0b°ob°

c=4b°- -b°=c®+c8. (10)

The elastic moduli has also an elastic and a growth component. The elastic part is
C=AQi+(u—AInUJNIRi+iQi), (11)

With {e ® o } +ijkl = {®};x{°}j;, (¢ ® o} +ijkl = {e};{ e} x and i the identity in the
deformed configuration. The second part of the Eulerian tangent moduli is defined as

At 09% .. .
= Ks,g,ggﬁ(wgl +ub-n®n)) R (9i-

PN FT N Q@FT-N)),

cg

(12)

&
where k¥ =1 - %Az, which is calculated based on the derivative of the residual eq. (9)
29

with respect to %9, and n is the surface normal vector in the deformed configuration. In
Abaqus, the tangent moduli used is that corresponding to the Jaumann stress rate. Thus, eq.
(10) is further transformed to the desired tangent as shown in [59, 15].

Multi-fidelity Gaussian process regression

A GP is a probability measure over functions such that the function values at any set of input
points have a joint Gaussian distribution [60]. This property, and the fact that for any set of
observations with joint Gaussian distribution, the distribution of a subset conditioned on the
rest is also Gaussian, enables making predictions at an unknown point based on previous
observations. In other words, the GP regression can be interpreted in terms of Bayes’ rule as
representing the posterior state of one’s knowledge about an unknown function conditional
on observed data. Additionally, since the posterior is also a GP, both the expected value and
covariance of any collection of new points are analytically available.

We are interested in learning a latent function f{x) from input-output observations. Assume
that we have collected M observations with inputs X,,; in R¢ and outputs y,,; = fXn)+€nin R,
where e, are independent identically distributed zero mean Gaussian random variables with
unknown variance g%, to be determined. Generally, it is a good idea to include a noise term
even if the measurement process noiseless, because it improves the numerical stability of the
algorithm [61]. We are collectively denoting this dataset by & = (X, y), where X c RM X4 js
the collection of Mtotal inputs, while y is the vector with all outputs. We posit that out prior
state of knowledge about Fcan be described by a GP with the mean and covariance
functions, m(:; 8) and 4(:, -; ©), i.e.,

JC) 10 ~GPm(-:0),k(-, -:0)), (13)
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where © includes all hyperparameters that affect the mean and covariance functions. To keep
the notation simple, assume also that o2 € 6 even though the mean and covariance functions

do not depend on it. Assuming no particular knowledge about the trend of the function, we
pick a zero mean function. The choice of the covariance function models our prior beliefs
about the regularity of the function (there is a one-to-one correspondence between the
differentiability of the covariance function and samples from the GP probability measure
[62]). Assuming that fis infinitely differentiable, we choose the squared exponential
covariance function:

N i
k(x,x';0) = vexp{— Z — 0 (14)
i=1  2¢;
where the positive hyperparameters {v, 4, . . ., £} € 6 model the variance of the process

and the length scales of each input dimension, respectively. Note that the GP regression
avoids the explicit parameterization of fand instead it /et the data speak for themselves, with
the only exception of these hyperparameters.

To fit the hyperparameters, we look for the 8 that maximizes the log-marginal likelihood
logp(y | X,0) = — %yT(K + 02GI)_ly — %log | K+ 6%;1 | — % log2x (15)

where K is the M x M symmetric and positive definite matrix K;; = (X, X;; 0), which stores
the covariance between every pair of inputs in x. As stated at the beginning of this section,
the fact that any set of function values is jointly Gaussian means that the prior of the
observed data & together with a test pair (x=, %) satisfy

), (16)

HARR

where K(x*, X; 8) = (k(xx, Xq; 0), -, k(X*, X5z 0))7 is the cross covariance between x« and
X and £ is the value of the function at the unknown input x=. Using Bayes’ rule:

K + 02l k(X,x,:0)
k(x,, X; 0) k(x,,X,;0)

>

[l D,%,,8 ~ N (1,(x,:0), 63(x,9)), @an
where
pr, (% 0) = k' (x,, X;0)(K + 03Dy (18)
and
02(%,:0) = k(X X,:0) — k' (X, X 0)(K + 02D 'k(x, X, 0) (19)

are the predictive mean and variance, respectively.

Up to this point, the GP regression is considered for a single information source. We now
extend the concept to exploit the availability of data sources of different fidelity. To be
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specific, different levels of mesh refinement in the FE model indicate the level of fidelity in
this study, e.g., a very fine mesh corresponds to the high fidelity simulation, while a coarser
mesh is associated with a lower fidelity simulation. More generally, assume that there are S
levels of increasing fidelity each corresponding to an unknown function fwith £=1,..., S
Even though these functions can be quite different, the assumption that they describe the
same physical phenomenon makes it more likely that they exhibit similar trends. If this
assumption is true, then one may learn the high fidelity function 7sfrom a large amount of
low fidelity examples and a small number of high fidelity ones. Let 9, := (X;,y,) with t=

1,..., She data sets at the fidelity levels =1, ..., S. Hence, y; represents the less
accurate but inexpensive output data obtained from the lowest fidelity, while y s is the most
accurate but expensive data which comes from the highest fidelity. One way to combine such
multi-fidelity information is through the autoregressive approach of [63]. In this approach,
one starts by assigning a GP prior on the lowest fidelity, i.e.,

F1C) 101 ~ GPmy(-509), k(- -:0y)), (20)
and then modeling the next level of fidelity according to
FiX) = pr— 11 - 1(X) + 6(%), (21)

for t=2,..., S where ps1 is a scaling factor that quantifies the correlation between output
data at fidelity levels £— 1 and £ and &;(X) is a correction term with prior modeled as a GP,
i.e., 8,( - )~CP(u( ), ky( -, -;0)), with g{-) and &{:, -; ©) the mean and covariance functions.
Although the autoregressive approach from eq. (21) could lead to the combination of multi-
fidelity information, the implementation is hindered by computational cost. The computation
of the full covariance for the original autoregressive approach is unfeasible when the number
of fidelity levels or the input dataset is large [63].

To overcome this barrier, the autoregressive formulation has been advanced by replacing the
fr-1 prior with its posterior, denoted %, 1. This change leads to a more numerically efficient
algorithm [64]. In practical terms, the proposed switch implies that the information from
different fidelity levels is decoupled and one can compute separate covariance matrices at
each fidelity level recursively rather than computing the full covariance matrix for all S
levels at once. The operation count to compute the inverse of the covariance by Cholesky
decomposition is 6(x?) for each fidelity level, and the total operation count becomes

»5_ 6, instead of O((TS_ 1)) that would be needed for the full covariance of all

fidelity levels. We also remark that the dataset for each fidelity has nested training inputs, X;
C X1, which is not necessary but enables a closed form expression for the parameters in the
multi-fidelity GP regression. Finally, we note that in [64], a constant value of p.1 was used,
which captures linear correlations between different fidelity models. Of course, o1 can also
be a function of the input p.1(X), to allow for nonlinear correlations. Recently, the authors
of [31] have proposed a new approach which not only maintains the same philosophy of [64]
but also captures nonlinear correlations between different levels of fidelity.
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The approach of [31] is a kind of deep GPin which the GP posterior from a previous
inference level is used as one more dimension in the training input dataset of next level of
fidelity. Hence, the training input dataset ends up having &+ 1 dimensionality for all except
the lowest level of fidelity. This approach thus replaces eq. (21) with the nested model

JiX) = g(X, f 4 1(X)), (22)

where gi~22(f; | 0, kg (X, f 51— 100), (X', f 51 — 1(X)); 87)) [31] . We also assume that the input

data points are nested, similar to the autoregressive scheme before. A covariance function
yielding function samples of the form of eq. (22), see [31], is:

kgt(X, x'; ogt) = kpt(X,X,; ept) . kft(f* t— I(X)7 f* t— I(X/); oft) +

k (X X/. 0 ) (23)
5t 9 9 5, k)

where &, kf, and ks, denote covariance functions with hyperparameters 6, 87, and 6,

respectively. Note that k7, makes use of the function value at the #- 1 level of fidelity, and

not the input point at the ¢level of fidelity. In [31], the squared exponential kernel, eq. (14),

was employed, and we do the same in this paper.

Except for the lowest level of fidelity, which is a standard GP model and has a Gaussian as
posterior, the posterior distribution of % .q(x») with = 3 is no longer Gaussian since the GP
of a GP is not a GP anymore. We use Monte Carlo integration to calculate the predictive
mean and the corresponding variance of the posterior distribution, except at the lowest level
of fidelity.

The multi-fidelity GP regression in eq. (22) can be applied to various applications in which
it is desirable to combine information obtained with different fidelity. For example,
combining data from finite element models with different degree of mesh refinement [65],
linearization of nonlinear mathematical expressions [66], and reduction of model dimension
such as the approximation of a 3-D physical system with a 1-D formulation [67], are a few
examples in which one can get different fidelity of data for the same system of interest. In
addition, experimental data might also be used as one level of fidelity. In this study, we deal
only with simulation data. Three different levels of fidelity are considered, each
corresponding to a different discretization scheme in the FE model (see Figure 2a). Note that
the lowest fidelity level is expected to be inaccurate yet really inexpensive to evaluate
(approximately 10 minutes on 1 CPU). In contrast, the highest fidelity model is much more
accurate but computationally expensive (approximately 6 hours on 1 CPU).

For the GP regression in this study we used the open source library GPy [68], and the multi-
fidelity GP regression code from [31].

Propagation of uncertainty in the biological and mechanical response of growing skin

As discussed in the previous section, we build multi-fidelity surrogates to predict the
deformation and growth of skin resulting from tissue expansion. The tissue expansion
protocol is determined by the inflation volume V; and the inflation timing, i.e. the time that
the surgeon waits before the next inflation step. We do not consider uncertainty in these
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variables. Rather, we fix the volume to V= 40, 50, or 60 ¢/ (cc), common in clinical
practice [7, 4], and a time period of =7 days, also a common time window between
consecutive inflation steps [7, 4]. We remark that in the majority of the results we show the
output from three different GPs, each for a different volume. However, the volume can be
considered as an input parameter for the regression, as we show towards the end of the
results section. The uncertainty in the response is due to either the mechanical or the
biological response of the tissue. The shear modulus g is considered as the only source of
uncertainty for the mechanical response, and the parameters &, K, nare the sources of
biological uncertainty. The possible ranges for these parameters are summarized in Table 1.
These ranges have been determined based on the literature[58, 57] and our previous work on
a porcine model of tissue expansion [3, 7].

We note that the FE simulation leads to a deformation and a growth field over the domain. In
the past we have used principal component analysis to extract the main features of the
deformation and stress fields [25]. Here, we instead opt to keep the spatial analysis
consistent with our animal protocol [7], and create independent surrogates for each region
from a 10 x 10 grid. The outputs for the surrogates for each of these regions are the total
deformation ## (Figure 2a) and the growth variable %9 over time (see Figure 2b and c).

Creation of GP surrogates

The input parameters for mechanical and biological response and their corresponding range
are shown in Table 1. For the low fidelity data we sample 100 points from the space [y, K, &,
] using Latin hypercube sampling (LHS), and we extend these points to a 5-dimensional
input space by including time as the additional input. These input points are denoted X;.

Likewise, we generate the input datasets X, and X3 by sampling additional 50 and 10 input

points from [4, K, k, 7], respectively. In order to satisfy the requirement of nested input
datasets, we run low fidelity simulations for all input points X; = X; U X, U X3, the medium

fidelity model is evaluated at X, = X, U X3, and the high fidelity model is only run for X3.

This strategy not only satisfies nested inputs for increasing fidelity, but also preserves the
LHS features of evenly and randomly distributed points over the input space. The FE models
with increasing fidelity are depicted in Figure 2a. For each simulation, we inflate the
expander to the volume V=40, 50, or 60 cc at day 1 and keep the volume constant over 7
days. Note that in the majority of this section we create separate multi-fidelity GP surrogates
for each volume, but we also show that the volume can be used as an additional input during
regression as depicted in Figure 10. Note that the output of the simulations is the growth
field 9 over the domain and across time (see Figure 2b). As noted, time is used as an input
in the regression, and the spatial variation is captured by creating surrogates independently
for the 10 x 10 grid illustrated in Figure 2c.

The simulation in Figure 2b shows the growth field over time for a single input point
corresponding to the mean value of the parameter range in Table 1. Yet, even for a single
input point, we note that the simulation shows the expected trends associated with skin
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growth in tissue expansion: the growth field is greatest at the apex of the expander and less
toward the periphery, and the response is nonlinear [69].

The data from the 230 simulations are used to build the surrogates according to the Materials
and Methods section.

Validation of the GP surrogates

We create a validation dataset by sampling 30 additional points from the [i, K, &, 1] space
using LHS. For these points we only run the highest fidelity model which we consider as the
true response in this paper. Figure 3a shows the average error of the surrogates compared to
the validation set for each of the 10 x 10 grid points. Each row in the figure corresponds to a
different volume. In addition to showing the error in the prediction using the multi-fidelity
GP regression, we also show the error for two alternative surrogates, the high fidelity GP and
the low fidelity GP. As the name implies, the high fidelity surrogate is built with data from
the most detailed FE model only, while the low fidelity GP uses only the results from the
coarsest mesh. As desired, the multi-fidelity scheme outperforms the single fidelity
surrogates. Figure 3b shows the histograms of the relative error for all the validation points
(30 input parameters x 7 days x 100 locations), further illustrating the quality of the multi-
fidelity GP surrogate.

Given that the output data varies not only in space but also in time, Figure 4 focuses on the
temporal variation. Once again, we are interested in the performance of the multi-fidelity
scheme against single fidelity approaches. Figure 4 shows the temporal variation of %9 for
the three volumes of interest and three points of interest: the apex, a middle point, and a
point at the periphery of the expanded region (see also Figure 2¢). The input point for the
plots in Figure 4 is the mean value of the parameter ranges in Table 1. Alongside the
predictions from the surrogates, we show the results from the high fidelity simulations at the
same input. Crucially, Figure 4 also shows the confidence intervals predicted by the
surrogates based on the observed data. Undoubtedly, being able to show the uncertainty in
the prediction is one of the main appeals of GP surrogates. To further analyze the difference
between the surrogates, Figure 5 shows scatter plots of the standardized residual for the
three volumes of interest and for all grid points. The standardized residual is the ratio of
error between the true and the predicted values divided by the standard deviation of the
prediction. If the GP surrogate is well calibrated, we expect to see the values of the
standardized residual to be contained in the [-3, 3] confidence interval. Moreover, packing
of the scatter plot around O is reflective of smaller errors in the prediction. Therefore, from
Figure 5 we see that the multi-fidelity scheme shows standardized residuals well within the
[-3, 3] range and mostly around 0, as desired. The principal observation from Figure 4 and 5
is that the low fidelity surrogate evidently performs poorly compared to the two other
alternatives.

Our last validation experiment is to show the trade-off between the number of high fidelity
evaluations for training and the quality of the multi-fidelity surrogate compared to the high
fidelity GP. It is reasonable to expect that as the number of high fidelity training points
increases, the single fidelity GP built with the high fidelity data alone might outperform the
multi-fidelity approach. For the data shown in Figures 3 to 5, a total of 230 simulations were
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used for training, out of which My, = 10 simulations were done with the most detailed finite
element model. Figure 6 shows the results when there are either M, =5 or M, =20 high
fidelity function evaluations available for training of the surrogates. With Mg =5, both the
single and multi-fidelity schemes perform poorly in terms of average relative error over the
validation set, while for M), = 20 the multi-fidelity approach continues to outperform the
high fidelity GP (Figure 6). This trend is clearer when looking at the histograms of the
relative error shown in Figure 6.

We then focus on the performance of the surrogates over the temporal domain. Figure 7
shows the validation results for V=50 cc only. Results for other volumes are shown in the
Supplementary materials. The trends are similar between the different volumes: the multi-
fidelity surrogates outperform high fidelity models for both M, =5 and Mj, = 20. More
quantitative comparison is represented in Figure 7b in terms of the standardized residual for
all 100 grid points for all the validation simulations. Not surprisingly, My, = 20 leads to
better performance than My, =5 for all volumes. Once again, the standardized residuals
confirm that the multi-fidelity scheme outperforms the single fidelity schemes. However,
these results also underscore the importance of choosing a suitable number of high fidelity
evaluations. If there are too few high fidelity evaluations, here Mp =5, the multi-fidelity GP
surrogate itself cannot recreate an accurate GP surrogate model. On the other hand, if the
number of high fidelity evaluations is high enough, My, = 20 here, the high fidelity GP
regression itself is already accurate enough and there is no more need to incorporate low
fidelity information to improve the prediction.

Uncertainty propagation: skin material properties and biological response

We use the validated surrogate to investigate the effect of uncertain mechanical and
biological response on the resulting tissue growth. We first set the biological parameters [K,
k, n] to their mean value and focus on the variation of the material parameter x. We remark
that the range for the biological parameters is based on our previous experience with the
porcine model of tissue expansion [69, 7]. However, without any additional detailed
knowledge about the distribution of the biological parameters, we assume the mean of the
range to be a meaningful choice. For the mechanical response, on the other hand, we know
that skin mechanical properties change with patient demographics. Here we focus on the
effect of aging [56, 55]. Testing of skin /7 vivo with suction devices has enabled
determination of mechanical function parameters for a wide patient population [58, 57]. In
particular, in [58], the vertical displacement of skin under suction (with the same value of
negative pressure used for the entire patient population) is reported as a function of age.
Based on this report, we estimate that older skin (60-80 year old demographic) is 2.5 times
stiffer compared to younger skin (20-40 year old demographic). From their data, it is also
clear that there is some variance of mechanical properties for each age group [58]. Hence,
we consider two normal distributions of zto capture the variation in mechanical properties
reported in [58]. For the younger group we assume that x4 follows a normal distribution with
mean £, = 0.3 and standard deviation 0.051, which results in a 95% confidential interval
[0.2, 0.4] for 4. For the older individuals we consider also a normal distribution, with mean
Ho=0.75 and standard deviation 0.026, resulting in [0.7, 0.8] as the 95% confidential
interval of 1, We propagate this uncertainty through the surrogate. To do so, we sample 100
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points from the distribution of x for each of the age groups, and evaluate the surrogate. Then,
collecting the 100 surrogate evaluations, we determine their mean and confidence interval
with Monte Carlo integration [31] .

In Figure 8, we show the results for the three points of interest (apex, middle, and periphery)
for V=50 cc, while results for other volumes is available in the Supplementary materials.
The younger group tissue properties lead to a higher growth, especially at the apex
compared to the older group (Figure 8). The mean value of the response has similar trends in
both groups, with growth reaching equilibrium by day 3. The uncertainty in the growth for
the younger group is greater compared to the older group, which is expected since the
uncertainty in the material properties for the younger group is much larger compared to that
of the older group.

The second part of the uncertainty propagation analysis is to investigate the effect of
uncertainty in the biological response. Lacking specific knowledge of how these parameters
vary with different demographics, we focus on the effect of choosing these parameters to be
either their 10 percentile or 90 percentile. We still consider the two age groups, but present
only the results for V=50 cc in Figure 9. For each age group, we keep two of the three
biological parameters at their mean, and vary the remaining parameter. We show the
transient response for the three locations of interest, as well as the contour of growth (the 50
percentile of the predicted 199 distributions) at day 7. It is immediately clear that the
response at day 7 is only mildly affected by the biological parameters. In other words, while
the material response leads to a clear difference at day 7 between age groups, the effect of
the biological parameters is mostly seen in the transient response. The parameter K'in the
Hill function describing growth is related to the saturation of the growth rate with respect to
the elastic stretch. Consequently, a smaller value of this parameter leads to a greater
sensitivity of the growth rate and to an apparent underdamped response. The larger the K;
the greater the deformation that is needed for saturation of the growth rate, resulting in
curves with greater damping. The parameter kis associated with the time scale of
adaptation. A smaller value of kleads to a slower response. When kis set to the 10
percentile value, the growth extends up to day 5. Lastly, the parameter 77 controls the
nonlinearity of the growth rate in response to applied stretch. When nis set to the 10
percentile, the response is underdamped. When 7 is set to the 90 percentile, the growth
curves achieve equilibrium quickly and without oscillations for both age groups.

Effect of expansion volume on tissue growth under uncertainty

Our second analysis is to include the inflation volume Vas an input dimension for
regression. Therefore, the input training dataset becomes [1, K, &, n, V] with V=30, 40, 50,
and 60 cc. For this analysis, we only use %9 at day 7, i.e., we ignore the temporal response in
this case. Nonetheless, a full regression including the evolution of 9 over time is also
possible. After we build the multi-fidelity GPs, we propagate the uncertainty in the
mechanical response corresponding to the two age groups as before. The results are shown
in Figure 10. Because the underlying assumption of tissue adaptation is stretch-driven
growth, the value of %9 reflects the total area stretch ¢, which, in turn, is determined by the
volume of the expander. Higher volumes lead to increasingly more stretch and consequently
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more growth. However, there is spatial variation, with the apex point showing the more
pronounced increase in growth with increasing volume compared to the middle and
periphery points. This result underscores the importance of accounting for spatial
heterogeneity in designing tissue expansion protocols.

It should also be noted that the uncertainty in the mechanical properties of the tissue leads to
a fairly constant variance in the prediction for different volumes. In other words, the
uncertainty in the prediction of skin growth accounting for the variation in the mechanical
response is not sensitive to the volume change. In fact, this observation then prompts the
sensitivity analysis presented in the next subsection.

Sensitivity analysis
The last subsection of the results focuses on a global sensitivity analysis. We follow the
Sobol sensitivity analysis [70] using the SALib python library [71]. The main idea of the
Sobol sensitivity analysis is to decompose the variance of the model output into the
contributions attributed to individual inputs. For example, an input component is fixed while
the other components are varied. If the resulting variance in the predictions is large, the fixed
component of the input is less influential on the output, and vice versa. After accounting for
the total variance and normalization using the conditional distribution, the first-order
sensitivity index can be calculated. This concept can be extended to higher order sensitivity
indices that take into account correlations between different components of the input, e.g.,
the second-order sensitivity index measures the contribution of pairs of input components.
When the dimension of the input, g, increases, the correlation between input components
increases as 27— 1. The total-order sensitivity index for one specific component of the input
can be deduced in a reverse manner, i.e., the expectation of the variance of the model output
is calculated when the set of evaluation points does not have any correlation with the
component of interest [72].

We generate a total of 12,000 evaluations of the surrogate, decided from N/ x (2d + 2), where
N=1,000 is the number of samples, and d=5 is the dimension of the input space. We use
Saltelli’s sampling scheme [73]. The output dataset is retrieved, and then processed to get
the total-order sensitivity index for the apex, middle, and periphery spatial locations of
interest, and for three different volumes (Figure 11). We remark that the calculation of the
Sobol indices was done via Monte Carlo integration. Therefore, the values reported in Figure
11 are bound to have some noise. Accordingly, we report the uncertainty in the indices.
Because each panel (Figure 11ato c) is derived independently, it should be interpreted
individually even though the volume change could also be treated as an input. In fact, it
should be noted that the volume consistently influences the variance of the output.

For the apex and middle points, 7and Kin the Hill function have less impact on % for all
three volumes. In contrast, 4, &, and time are influential on %9, but their importance changes
for the different volumes. As volume increases, the mechanical parameter, 4, has less
contribution than kand time. This result follows from the spatial distribution of the strains,
and from the fact that 2" = 1.1. As a consequence, for small volumes, the lower area
changes, close to ", coupled with the spatial distribution of the strain field plays an
important role to determine the amount of growth. As the volume increases, the strains
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become more homogeneous independently of 4, and they are always larger than the critical
value. Therefore, kand tbecome more important than . These trends are particularly
consistent for the middle and apex points. For the periphery point, however, the stretch is
always close to the critical value. In the 40 cc case (Figure 11a), the stretch in the periphery
rarely exceeds ', and the growth is negligible at this location for the lowest volume. As the
volume increases, the periphery point also shows similar trends compared with the apex and
middle points.

Discussion

In this manuscript we develop a multi-fidelity GP regression surrogate to investigate the
effect of uncertain mechanical and biological response of soft tissues on the resulting spatio-
temporal growth field. We focus on tissue expansion, but the analysis shown here could be
used to study uncertainty in growth and remodeling for other tissues in clinically relevant
scenarios [39, 74]. The main motivation for our analysis is the inherent variability in living
tissue, both in terms of mechanical properties and also adaptation to environmental cues
[75]. While computational models of growth and remodeling have furthered our
understanding of tissue mechanobiology, the role of uncertain parameters in these models
remains poorly studied [8]. Machine learning techniques are needed to enable uncertainty
analysis of biological systems due to the high computational cost of detailed models, which
prevents more traditional analysis such as Monte Carlo sampling [76]. We have shown
before that GP surrogates enable uncertainty analysis of stress contours in reconstructive
surgery applications [7, 17]. Unfortunately, as the complexity and computational cost of the
model increases, for example going from a static equilibrium analysis to a model of skin
growth in tissue expansion, standard GP regression becomes unattainable. The multi-fidelity
strategy used here circumvents this limitation. Instead of relying on a single, very detailed
model, we create three models with increasing refinement and use data from all three models
to train the surrogate.

Our results confirm that the multi-fidelity GP regression surrogate outperforms the single
fidelity GPs over the validation set. Interestingly, the low fidelity information is valuable
even if the corresponding surrogate shows that the low fidelity model is not an accurate
representation of the system. Yet, since all models have correlated trends in the growth field,
the low fidelity information can supplement the limited number of high fidelity simulations
in the multi-fidelity approach [31]. In contrast, the epistemic error, which results from the
limited number of training, cannot be reduced in the high fidelity GP, as evidenced in Figure
3 and 4, and in the scatter plots of the standardized residuals in Figure 5.

Design of the training dataset for the multi-fidelity surrogate is a key consideration in the
methodology. Evidently, the cost of training the multi-fidelity GP regression depends
strongly on the number of high fidelity function evaluations. Too few and the multi-fidelity
model will be spoiled by the inaccurate low fidelity data. Similarly, too many high fidelity
simulations defeat the purpose of the multi-fidelity scheme. We tested different numbers of
high fidelity function evaluations but did find a clear threshold for choosing this number.
Our results indicate that the smallest number of high fidelity function evaluations, My, =5,
led to poor performance of the surrogates, whereas either 10 or 20 high fidelity simulations
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paired with one order of magnitude more medium and low fidelity simulations led to an
accurate surrogate. This trade-off largely depends on the sensitivity of the system to the
input parameters. The results in Figure 6 and 7 together with the uncertainty propagation
analysis indicate that, for the constitutive models we chose and for the range of parameters
considered, only a few high fidelity simulations are required. Further work is needed to
establish design parameters for the training set of the multi-fidelity surrogates.

As mentioned at the beginning of this section, a key feature of biological tissue that has been
often disregarded in the field of tissue mechanobiology is uncertainty in the mechanical and
biological response. Moreover, the high nonlinearity of the growth process is one of the
main difficulties to accurately investigate correlation of the growth and remodeling fields
with varying mechanical and biological parameters. Our study is precisely tailored to tackle
this challenge. In turn, this capability is crucial to enable the deployment of computational
models of growth and remodeling in relevant clinical settings. For instance, tissue expansion
protocols are used for a wide array of patient demographics, from children with large
congenital defects [4], to burn wounds in adults [77], breast reconstruction after mastectomy
[78], and melanoma surgery in older adults 79]. These different patient populations have
distinct skin mechanical properties [56, 53, 58, 57]. In turn, computational models of skin
expansion have to account for this kind of variability to guide decision making and treatment
planning. Here we focused on the effect of age on the stiffness of skin based on the evidence
from the literature. As shown in Figure 8, we are able to make predictions of the resulting
growth probability distributions when the mechanical properties of the tissue follow realistic
normal distributions that vary with age. A key insight from the analysis is that skin from
younger adults is expected to grow more under the same tissue expansion protocol based
solely on its mechanical properties, but the uncertainty of this result is larger compared to
the older adult population.

Continuing with the two different groups in terms of the mechanical response, we further
tested the sensitivity of the growth response to the biological parameters. The main insight
from this investigation is that, for the specific form of the growth law and the range of
parameters considered, the variation in the biological parameters affects the transient
response, within the first 5 days post-inflation, but has little effect on the growth contours at
day 7 (Figure 9). This kind of knowledge can help design safer inflation protocols. A more
thorough calibration of the model is of course needed, but our current analysis suggests that
waiting 7 days between expansions may be a good decision to ensure that the skin has
reached a stable point before the next inflation. As mentioned in the introduction, weekly
expansions are indeed common [4], but more aggressive expansion protocols have also been
proposed [80].

Our work is not free of limitations. Regarding the construction of the surrogate, we rely on
simulation data alone and assume that these data are noiseless [63, 31]. As discussed in [31],
introducing noise into the training data set is more representative of the real system,
especially if we are to extend our framework to include experimental data. Another
limitation of our methodology is that the design of the training data set remains arbitrary and
it is thus difficult to anticipate the number of function evaluations needed to train an accurate
surrogate. Further work in this area is particularly important since one would like to avoid
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unnecessary evaluations of the high fidelity model. Thirdly, here we focus on a single
inflation step and on a single expander shape, our future work will extend the analysis to
different expander shapes and inflation protocols. We will also continue to integrate the
computational model with our experimental model of tissue expansion [7]. Lastly, here we
used a simple isotropic material model, the Neo-Hookean strain energy, to model skin. In
reality, skin is an anisotropic material [51, 49]. We have shown in previous simulations that
anisotropic material properties lead to anisotropic growth fields [43]. We have also observed
this experimentally [3]. Therefore, our future work will also include the effect of anisotropy
on growth and remodeling of soft tissues.

Conclusions

We present a multi-fidelity GP surrogate to predict the growth of skin in tissue expansion
when the mechanical response and the biological response are assumed uncertain. The
multi-fidelity GP surrogate outperforms single fidelity approaches, making it particularly
appealing for uncertainty analysis of biological systems, which are highly nonlinear and for
which high-fidelity FE models are computationally expensive. We expect that the results
shown here will be valuable beyond their application to tissue expansion, for the analysis of
other soft tissues that growth and remodel in relevant clinical scenarios.
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Refer to Web version on PubMed Central for supplementary material.
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Highlights

. We create a multi-fidelity GP surrogate to predict skin growth in tissue
expansion and investigate the effect of uncertain mechanical and biological
model inputs on the resulting trends of the spatio-temporal growth field

. The multi-fidelity GP is constructed by running finite element simulations
with different levels of refinement, is computationally efficient, and
outperforms single-fidelity approaches

. Skin from younger adults is predicted to grow more than skin from older
adults for the same expansion protocol
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Figure 1:
Multi-fidelity surrogate for skin growth. The uncertain input space consists of the

mechanical and biological response parameters as well as the volume of the expander: [y, 4,
K, n, V] where pis the shear modulus, and &, K, and nare coefficients of a Hill function
controlling the growth rate. Samples of this space are used in finite element simulations with
different level of detail or fidelity. The corresponding output is the growth field %9, which
varies in space and time. The the full output is transformed into pairs of input-output data
from the different fidelity models which are used to train a multi-fidelity Gaussian process
surrogate. The surrogate predicts the mean and confidence interval of the growth variable
over space and time at a new input [t&, kx, Kx, 1, V«].
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Figure 2:
Multi-fidelity data used to construct the Bayesian surrogate of skin expansion. a) Finite

element models of tissue expansion with different mesh refinement. Models are discretized
with 800, 3200, and 20000 trilinear brick elements. A rectangular expander is inflated below
the skin, causing total area change #, characterized by greater deformation at the apex of the
expander compared to the periphery. b) Time evolution of the output of interest, the growth
area change %9, over the domain discretized with the finest mesh. The expander is inflated to
either 40, 50, or 60 cc on day 1, and the volume is held constant over 7 days. Growth
increases over time, and shows spatial variation with greater growth at the apex. c) The field
¥ is defined over the entire domain, but we reduce the output to a 10 x 10 grid that we use
to train the surrogate. We remark that both spatial and temporal information is used.
Accordingly, the bottom right panel illustrates that for each grid point we have the time
history of 9.
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Validation of the surrogates against high fidelity simulations that were not used in the
training. a) Average of relative error for the validation dataset composed of 30 input
parameters x 7 time points for each of the 10 x 10 grid points. The multi-fidelity scheme is
compared against single fidelity Gaussian process (GP) surrogates, i.e. surrogates trained
with either only high or low fidelity data. The multi-fidelity GP surrogate outperforms the

alternatives. b) Histograms of the error used to create the contours in a.
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Figure 4:

Validation of the temporal response predicted by the surrogates against the corresponding
high fidelity simulation. Plots of the growth variable %7 are predicted for 3 points of interest:
the point in apex, middle, and the periphery of the expanded area. The test input for the
surrogates is the mean of the parameters in Table 1. The output of the corresponding high
fidelity simulation is shown for validation. The evaluation of the Gaussian processes (GPs)
results in the prediction of a mean value and the corresponding variance, a key feature of
Bayesian surrogates. The low fidelity surrogate is completely inaccurate, while the multi-
fidelity and high fidelity GPs have good agreement with the true response in all three
volumes.
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Validation of the temporal response predicted by the surrogates against the corresponding
high fidelity simulation. The test input is the mean of the parameters in Table 1. The
standardized residuals are shown for the 100 grid points for three volumes of interest, V=
40, 50, and 60 cc. If the surrogates are trained properly, the standardized residuals should
fall within the [-3, 3] confidence intervals as can be observed for the multi-fidelity GPs.
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Figure 6:
Effect of changing the number of high fidelity function evaluations on the performance of

the multi-fidelity and high fidelity GP surrogates for inflation volumes V= 40, 50, and 60
cc. Average error over the 10 x 10 grid and histograms of the error are shown for the case
when there are either My =5 or My, = 20 high fidelity function evaluations available for
training. For My, = 5 both surrogates perform poorly, while for My, = 20 the multi-fidelity GP
surrogate outperforms the single fidelity approach
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Figure 7:

Effect of changing the number of high fidelity function evaluations on the performance of
the multi-fidelity and high fidelity GPs for V=50 cc. The test input for the surrogates is the
mean of the parameters in Table 1. Results are shown for the cases in which either My =5 or
My, = 20 high fidelity function evaluations are available for training. a) Prediction of the

temporal evolution of the growth variable 9 for three points of interest: apex, middle, and
periphery of the expander. Plots show the predictive mean and confidence intervals

alongside the truth (corresponding high-fidelity FE simulation). b) Standardized residuals
for all 100 grid points and 7 time points.
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Propagation of mechanical response uncertainty on the resulting tissue growth at periphery
(a), middle (b), and apex (c) for V=50 cc. We consider two age groups with different
distribution for the shear modulus, x. For the younger group, the tissue parameter is
normally distributed with mean £, = 0.3 and standard deviation 0.051. For the older group,
the mean is 4, = 0.75 and the standard deviation is 0.026. We sample these distributions and
use the surrogate to predict the resulting area growth, 9, at three locations of interest. The
younger group shows greater growth compared to the older group at the middle (b) and apex
(c) points, while the periphery (a) point shows little difference between age groups.
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Figure 9:

The effect of biological response uncertainty coupled with the uncertainty in the mechanical
behavior for the two age groups. The two age groups are differentiated by the mechanical
response 4. For the young group the mean value of the shear modulus is 4, = 0.3, with
standard deviation 0.051. For the old group, the mean value of the shear modulus is x4, =
0.75, and the standard deviation is 0.026. The contours of the growth field 9 show distinct
trends between the two age groups, but little variation as the biological parameter [K, &; ]
are varied. At day 7, the young group has an average growth greater compared to the older
group. The biological parameters mostly influence the transient response. The parameter K
controls the saturation of the growth rate in response to elastic stretch, leading to either
underdamped or overdamped curves for the three points of interest: apex (red), middle (blue)
and periphery (black). The parameter & controls the speed of the adaptation. The parameter 7
influences the nonlinearity of the growth rate function, leading to underdamped or
overdamped responses.
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Prediction of area growth, %9, using GP surrogates trained using the inflation volume Vas
an input during the regression. With respect to temporal variation, only growth at day 7 is
considered. Regarding spatial variation, growth at the three points of interest: periphery (a),
middle (b), and apex (c), is shown with respect to the change of V. Uncertainty in material

properties for two age groups is also considered, as described in the main text.
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Figure 11:
Sobol sensitivity analysis of area growth, %9, with respect to individual input dataset, [#, 7,

k, K, 4, for volumes V=40 (a), 50 (b), and 60 cc (c). Here, ¢indicates day as time. In each
panel, three points of interest are considered. Each bar indicates the total-order index. The
associated 95% confidential intervals are also shown.
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Table 1:

Mechanical and biological parameter ranges

Parameter Range

4 [MPa] [0.10,1.00]
KI[-] [0.02,0.06]
k[-] [0.10,1.00]
nl-] [0.80,1.20]
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