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a b s t r a c t 

In this paper, a susceptible-infected-removed (SIR) model has been used to track the evolution of the 

spread of COVID-19 in four countries of interest. In particular, the epidemic model, that depends on 

some basic characteristics, has been applied to model the evolution of the disease in Italy, India, South 

Korea and Iran. The economic, social and health consequences of the spread of the virus have been cat- 

aclysmic. Hence, it is imperative that mathematical models can be developed and used to compare pub- 

lished datasets with model predictions. The predictions estimated from the presented methodology can 

be used in both the qualitative and quantitative analysis of the spread. They give an insight into the 

spread of the virus that the published data alone cannot, by updating them and the model on a daily 

basis. We show that by doing so, it is possible to detect the early onset of secondary spikes in infections 

or the development of secondary waves. We considered data from March to August, 2020, when different 

communities were affected severely and demonstrate predictions depending on the model’s parameters 

related to the spread of COVID-19 until the end of December, 2020. By comparing the published data 

with model results, we conclude that in this way, it may be possible to reflect better the success or fail- 

ure of the adequate measures implemented by governments and authorities to mitigate and control the 

current pandemic. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

The COVID-19 pandemic has become the most significant and 

evastating health threat in different countries around the globe 

1–5] . Unfortunately, the death rates have been increasing in an 

nprecedented way. The disease has serious impact on the soci- 

ty and social consequences. It has been shown that millions of 

eople all over the world have been extremely affected due to the 

pread of the virus [6–8] . The outbreak of the novel coronavirus 

isease has been declared a pandemic by the World Health Organi- 

ation (WHO) on 11 March, 2020 and named as COVID-19 [1] . The 

ovel strand of Coronavirus was first identified in Wuhan, Hubei 

rovince, China in December, 2019 causing a severe and poten- 

ially fatal respiratory syndrome known as severe acute respiratory 

yndrome coronavirus 2 (SARS-CoV-2) [9–11] . After more than six 

onths, despite various steps to stop its spread by governments, 

y August, 2020 most countries have been affected and the total 

nfections around the globe have exceeded twenty one million and 

he number of deaths is approaching 80 0 0 0 0 cases. In the absence
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f a proper vaccine or medicine, self-quarantine, social distancing, 

requent hand washing, and wearing an antiviral face mask have 

merged as the most widely-used strategies for the mitigation and 

ontrol of the current pandemic [12–18] . 

Some countries have been more successful in controling it for 

n extended period than others. Thus, it is imperative that math- 

matical models can be used to monitor the spread of the virus 

o give a scientific basis for the control measures implemented 

y governments and to assess their success [19–22] . Such models 

an be used to predict the number of infections and deaths in the 

ear future, to monitor any changes in the trends of the spread 

f the infection and provide estimates of time scales involved. Us- 

ng mathematical models, one can gain a better quantitative under- 

tanding of the spread and control of the virus as well as provide a 

heoretical framework to analyse the published data for the spread 

f the disease. Interestingly, a second wave of infections can de- 

elop during a pandemic where the disease infects one group of 

eople first, then, the infections appear to decrease, but it is then 

ollowed by an increasing number of following-up infections. By 

omparing published data with model predictions, it is possible to 

etect this spike in infections early on and to judge the severity 

f the consequences, if the upward trend in infections continues. 

https://doi.org/10.1016/j.chaos.2020.110298
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2020.110298&domain=pdf
mailto:arghamondalb1@gmail.com
https://doi.org/10.1016/j.chaos.2020.110298
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uch insights can be drawn from mathematical models that may 

e nearly impossible to discern from the data alone. 

Researchers have been working on the fast estimations of the 

utbreak dynamics, its impact on people, possible required mea- 

ures in the health system, societies and so on. A suitable model 

an be used for estimates, using the up-to-date datasets of COVID- 

9 cases in various communities. Recently, there has been a num- 

er of papers [10,23–28] proposing to achieve the aim of pro- 

iding estimations of the outbreak dynamics using modeling ap- 

roaches with different parameters and various perspectives in dif- 

erent communities. Among the epidemic models, the most notable 

s the SIR model [22,29–32] . It is a popular model in disease mod-

ling and is subdivided into three categories, i.e. the susceptible S , 

nfected I and removed R populations, that interact in time accord- 

ng to the kinetic method [10,22] . This type of model may be ap-

ropriate to estimate the dynamics of the COVID-19 outbreak and 

t is based on available, published datasets, for example such as 

hose in [34] . With the SIR model, the data and model parameters 

an be updated on a daily basis to better estimate the progress 

f the virus spreading within a community. An infected individual 

nteracts with other individuals and transmits the disease with a 

ertain rate if the other individual is susceptible. An infected indi- 

idual may recover or die at a certain rate. The model dynamics 

an be described as a system of coupled, nonlinear, ordinary dif- 

erential equations (ODEs). The dynamical behavior is completely 

etermined by the rates of the three variables with particular ini- 

ial conditions. Here, we derive the conditions when an epidemic 

ccurs and characterize its peak values for the data published in 

34] for Italy, India, South Korea and Iran. 

The standard SIR model assumes a homogeneous mixing of in- 

ected individuals and a constant total population, with the sus- 

eptible population decreasing monotonically towards zero. These 

ssumptions may not be realistic, though! The standard SIR model 

ay not be applied successfully to study the evolution of the virus 

n countries such as India and Iran for example, that we study 

ere, where surges occur in time. Here, we adopt a revised ap- 

roach that allows for the inclusion of surges in the number of sus- 

eptible individuals. The improved explanations of the SIR model 

dopted here do not consider the total population, or a homoge- 

ous mixing of infected individuals within a community. Rather, 

s people become infected and move about, more individuals are 

dded to the susceptible population. Hence, the susceptible popu- 

ation is considered as a variable that can be increased at various 

imes to account for newly infected individuals spreading through- 

ut a community [32,33] , i.e., to surges. The SIR model in different 

orms have been used in previous studies to investigate the spread 

f COVID-19 [10,22] . Here, we show that our approach, based on 

he combination of the standard SIR model and the inclusion of 

urges, allows for the detection of the early onset of spikes in in- 

ections or the development of secondary waves. 

We used COVID-19 datasets published in [34] in the form of 

ime-series to August, 2020 with different starting dates for Italy, 

ndia, South Korea and Iran. These datasets can be compared with 

he predictions of the methodology used here. By doing so, one can 

ake more informed decisions about the trajectory of the virus in 

hese countries. However, there are some limitations to consider. 

he datasets published may not be complete. Also, countries re- 

ort their data using different ways of counting. Visual inspection 

f plots of the datasets against model predictions is the basis for 

hoosing values of the input parameters in the model. Although 

his is subjective, it may be a better approach than using an auto- 

ated optimization program for calculating the input parameters. 

he SIR model has previously been applied to data from Italy, In- 

ia, South Korea, USA, China, Australia and the US state of Texas 

n [33] . Here, by manually adjusting the model’s input parameters, 

he model’s predictions have been able to track the trajectory of 
2 
he cumulative total number of infections, the current active num- 

er of cases, the number of recoveries and deaths reasonably well 

y visual inspections, for all countries considered. 

The countries selected for this study have very different trajec- 

ories for the evolution of the number of infections. In Italy, the 

eak in the number of active cases occurred around 19 April, 2020 

nd this number has been steadily declining until early August, 

020 [4,5,10,12] . Unfortunately, important factors such as popula- 

ion density, insufficient evidence of various symptoms and trans- 

ission mechanism, make it difficult to deal with such a pan- 

emic, especially in a high population density country such as In- 

ia [35–37] . The virus is out of control in India, and consequently, 

he number of infections and deaths is now increasing at an alarm- 

ng rate. South Korea is acknowledged as one of the countries that 

ave been most successful in controlling the spread of the disease. 

owever, in early June, 2020, the number of infections has started 

o increase again in the country. By using the SIR model, we can 

stimate how serious such events may be. In the beginning of May, 

020, a second wave has developed in Iran. The first peak in active 

ases occurred in early April, 2020 and the second peak with sim- 

lar height has occurred in June, 2020. Using the SIR model, such 

vents can be tracked and we can get a glimpse of what the fu- 

ure may hold, especially at this time when many governments 

nd people are thinking that the virus is over and want things to 

et back to normal. The main goal of this study is to compare the 

esults between epidemiological modeling theory and actual data- 

riven results when fitting the model with datasets. Our approach 

nd results provide a simple procedure to obtain the different dy- 

amics relevant to control the spread of the disease in the studied 

ountries, as well as in any other country or community. 

The paper is organized as follows: In Sec. 2 , we introduce the 

IR model with different populations and discuss its aspects. In 

ec. 3 , we analyze the approach that we used to study the pub- 

ished datasets with our modeling approach and in Sec. 4 , we 

resent the results of our analysis for Italy, India, South Korea, 

nd Iran. Finally, in Sec. 5 , we conclude our work and report the 

utcomes of the results and its relation with evidence already col- 

ected on the spread of COVID-19 in these countries. 

. The Susceptible-Infected-Removed (SIR) model 

In this work, we consider the standard SIR model given by the 

ystem of three coupled nonlinear ODEs (1) [32,33] , describing the 

volution of the susceptible S , infected I and removed R popula- 

ions in time t . It can be easily implemented to obtain a better un-

erstanding of how the COVID-19 virus spreads over time within 

ommunities in the absence of secondary surges or peaks. How- 

ver, it cannot predict the onset of secondary surges or peaks. In 

ec. 3 we show how to modify it to accommodate the need to in- 

lude secondary peaks or surges in the susceptible population S at 

iven time, t . Thus, our methodology is designed to remove many 

omplexities in a way that becomes useful both quantitatively and 

ualitatively to estimate different outcomes in communities, for 

xample to detect the early onset of secondary peaks and surges 

n the susceptible population. The traditional SIR model is repre- 

ented by an autonomous, continuous dynamical system that de- 

cribes the time evolution of the following three populations: 

1. Susceptible individuals, S ( t ): These are the individuals who are 

not infected, but can become infected. A susceptible individ- 

ual may become infected or remain susceptible. As the virus 

spreads from its origin or new sources occur, more individuals 

will become infected, thus the susceptible population will in- 

crease for a period of time (surge period). 

2. Infected individuals, I ( t ): These are those individuals who have 

already been infected by the virus and can transmit it to other 
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individuals who are susceptible. An infected individual may re- 

main infected, and can be removed from the infected popula- 

tion to recover or die. 

3. Removed individuals, R ( t ): These are those individuals who have 

recovered from the virus and are assumed to be immune from 

being infected again, C ( t ) or have died, D ( t ). 

The time evolution of the three populations (based on the 

bove assumptions and concepts) is governed by the following sys- 

em of ODEs 

dS(t) 

dt 
= −aS(t) I(t) , 

dI(t) 

dt 
= aS(t) I(t) − bI(t) , 

dR (t) 

dt 
= bI(t) , 

(1) 

here, a and b are the transmission and removal rate constants, 

espectively. The SIR model is derived assuming several strong as- 

umptions: (a) it assumes that the members of the susceptible and 

nfected populations are homogeneously distributed in space and 

ime, (b) an individual removed from the infected population has 

 lifetime immunity, (c) the total population N is constant in time, 

here N = S + I + R and, (d) the number of births and deaths from

auses other than the virus are ignored. The system of Eqs. (1) ) can

e solved for example, using the Euler or Runge-Kutta methods. 

The evolution of the infected population is governed by the sec- 

nd ODE in system (1) . In the beginning of the spread of an epi-

emic, where S ≈ 1, the number of infections increases exponen- 

ially I = I(0) e (a −b) t . Then, the rate of infections falls to zero at the

eak where d I/d t = 0 . When S drops below a certain level, the in-

ected population decreases exponentially as I ∝ e −bt . A set of so- 

utions is shown in Fig. 1 for a particular choice of initial condi- 

ions and model parameters, where one can see how the suscepti- 

le S , infected I , removed R , and effective reproduction number R e ,

volve in time. Next, we discuss the importance of R e in the con- 

ext of the virus spread as it can determine whether the disease 

ill die out, continue to grow or the peak number of infections 

as been reached. 
ig. 1. The SIR model (1) : The time variation of the susceptible S , infected I and 

emoved R populations, and of the effective reproduction number, R e . The initial 

onditions and model parameters used here are: S(0) = 1 , I(0) = 0 . 001 , R (0) = 0 , 

 = 0 . 2 and b = 0 . 05 . The thin black curves correspond to the initial exponential 

rowth e (a −b) t and to the exponential decay e −bt in the number of infected individ- 

als I ( t ). 
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3 
In particular, we can define the effective reproduction number 

 e by R e = aS/b. This is an important index as the evolution of 

he disease, in the absence of secondary peaks or surges, depends 

pon its value. When R e becomes less than one, the infected popu- 

ation decreases monotonically to zero, whereas when greater than 

ne, it increases. Crucially, at R e = 1 , the rate of increase of the

nfected population is zero, that corresponds to the peak number 

f active infected individuals. Thus, there is a critical value for the 

usceptible population, S C = b/a . The number of active cases only 

eclines when S < S C . The reproduction number R e and critical 

usceptibility S C act as thresholds that determine whether an in- 

ectious disease will quickly die out or continue to grow. As the 

xistence of a threshold for infection is not obvious from the data 

lone, it can be discerned from the properties of the SIR model (1) ,

hat makes it a powerful tool in understanding and predicting the 

pread of an epidemic. 

The rate of increase in the number of infections depends on the 

roduct of the number of infected and susceptible individuals. An 

nderstanding of system (1) explains the staggering increase in the 

nfection rate around the world and currently, in India. The spread 

f the virus can only be contained when the number of suscepti- 

le individuals decreases with time. Our analysis shows that one 

annot get accurate predictions by applying the SIR model (1) to 

he data for the pandemic in India. Fig. 2 identifies the problem 

n applying the SIR model to the Indian data starting on 14 March, 

020. The model and predictions are only in agreement at the start 

f the pandemic. The number of active infections in India does 

ot reach a peak as it keeps getting bigger and bigger. However, 

odifying the SIR model by resetting the susceptible population at 

urge times, it is possible to fit the model predictions to the avail- 

ble published datasets [34] . Therefore, applying the SIR model to 

he Indian data augmented by the introduction of surge times in 

he susceptible population, one can make a quantitative analysis 

ue to the spread of the virus in the country as we show in Sec. 4 .

. Our modeling approach 

In most countries, such as in India, there is not a homogenous 

ixing of the infected and susceptible individuals within the pop- 

lation, which is one of the strong assumptions in the standard SIR 

odel. Only part of the total population will become susceptible to 

nfected individuals. When infected individuals persist and move 

bout within a community, further individuals may become sus- 

eptible to the disease. The susceptible population will not neces- 

arily decrease monotonically with time. As susceptible individuals 

ecome infected, these new infections act as a source for more in- 

ividuals to become susceptible. This gives rise to a positive feed- 

ack loop leading to a very rapid rise in the number of active in- 

ected cases in a surge period where the number of susceptible in- 

ividuals increases instead of decreasing. Here, the SIR model (1) is 

onsidered in such a way that at any time t s , the susceptible pop-

lation can be reset to S s ( t s ), accommodating for secondary surges. 

System (1) is solved for the variables S, I and R , where S, R

nd I ∈ [0, 1]. R and I are multiplied by a scaling factor f to give

he number of individuals in each population group to match the 

odel outputs with the published COVID-19 datasets in [34] . From 

ow on, we consider in our analysis the scaled variables. Consid- 

ring the solution for the removed population R , individuals can 

ither recover or die, where C is the number of recoveries, D the 

umber of deaths and R = C + D . The number of deaths, D , is esti-

ated by fitting a function in the plot of the data for the number 

f actual deaths versus the data for the number of removals. We 

nd that a good choice for the nonlinear function to estimate the 

umber of deaths, D from the number of removals R is 

 = D 0 

(
1 − e −k 0 R 

)
. (2) 
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Fig. 2. India: The SIR model predictions (14 March, 2020 to 8 January, 2021) and data (14 March, 2020 to 18 August, 2020) for the infections, recoveries and deaths. We 

note that the number of active infections does not reach a peak (see plot of active infections vs days elapsed), and keeps increasing in time. Thus, the solutions to the SIR 

model (1) and predictions are only in agreement at the start of the pandemic, i.e. the period for which the red (model solutions) and blue (published data in [34] ) curves of 

the active infections are in good agreement. 
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f new outbreaks occur, then the death rate can suddenly increase 

gain at time t and the number of deaths is given by 

 = D t + D 1 

(
1 − e −k 1 R 

)
(3) 

here D 0 , D 1 , D t , k 0 and k 1 are constants suitably selected to give

he best-fit (by visual inspection) between the function and the 

ata. Although this is subjective, we have checked that it may be a 

etter approach than using an automated optimization program for 

alculating the input parameters due to the nature of the recorded 

ata. We note here that Eq. (3) was only used for the deaths in

ran as shown in Fig. 12 . The number of recoveries, C is then sim-

ly given by C = R − D . 

The model input parameters are the population scaling factor 

 , the initial infected population I (0), the initial removed popula- 

ion R (0), the rate constants a and b , death constants D 0 , D 1 , D t ,

 0 and k 1 , and the surge periods t s and S s . This set of constants is

ppropriately considered to best-fit the model predictions with the 

atasets [34] for each country in our study. As new data become 

vailable, a small amount of adjustment to the input parameters 

n model (1) can be made to get a better agreement between the 

odel predictions and the data. Model (1) cannot predict the time 

nd height of the peak in the number of active infections. How- 

ver, if the number of active infections keeps increasing, S can be 

ncreased which has the effect on increasing the peak value for ac- 

ive infections and delaying the time at which the peak will occur. 

he adjustments that are necessary to reset the value of S are an 

mportant indicator of the success or failure of government actions 

n controlling the spread of the virus. High values of resetting of S 

r a high reset frequency indicates that the spread of the virus is 

ot contained in the community. Only when the susceptible popu- 

ation decreases towards zero, the number of active infections de- 

lines to zero. As we show in Sec. 4 , although the peak for active
4 
nfections has not been reached in India, the model augmented by 

he introduction of surges as proposed here, gives the estimates of 

he duration of the pandemic and minimum estimates for the total 

umulative number of infections and deaths, that allows for valu- 

ble forecasts and informed decisions to confine the spread of the 

irus. 

. Results 

Data have been collected from [34] for Italy, India, South Ko- 

ea and Iran until August, 2020. The system of Eqs. (1) was solved 

sing the fourth order Runge-Kutta method. The model predic- 

ions and data for each country are displayed graphically for a pe- 

iod of 300 days, which amounts to the period from March, 2020 

o December, 2021. The crosses are for the published datasets in 

34] and the smooth lines for the results from our methodology. 

he adjustable model input parameters are: the population scal- 

ng factor f , the initial number of infections I (0), the initial num- 

er of removals R (0), the transmission rate constant a , the removal 

ate constant b , and constants D 0 , D 1 , D t , k 0 and k 1 to calculate

he number of deaths from the number of removals R from the 

ublished data in [34] . The results of our study are then shown in

igs. 2 to 12 . The time evolution figures show the cumulative total 

umber of infections, I tot , the active cases, I , recoveries, C , deaths, 

 and the effective reproduction number, R e . The red dot gives the 

alue of R e for the last day in the data. The figures for the deaths,

 against removals, R are used to find the parameters in function 

2) that best describes the relationship between D and R . The fig- 

res of removals, R against total infections, I tot are useful for fitting 

he input parameters and may be useful as indicators of a change 

n trend or the peak in the number of active cases. The plots of 

emovals, R against the number of active infections, I are also use- 
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Fig. 3. Italy: Time evolution of the populations of cumulative total infections, active infections, recoveries and deaths/10 0 0. The input parameters used in the modelling are 

the following: I(0) = 1 . 3 × 10 −3 , R (0) = 6 . 21 × 10 −4 , f = 2 . 4 × 10 5 , a = 0 . 18 , b = 0 . 037 , D 0 = 3 . 6 × 10 4 and k 0 = 1 . 6 × 10 −5 . We note that the red curves are those from the 

model solutions and the blue from the published data in [34] . 
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ul for fitting the input parameters and for identifying peaks in 

ctive infections and changes in trends. The input parameters are 

djusted by visual inspection to incorporate suitable values corre- 

ponding to the best fit of the model predictions to the published 

ata. As we have checked, it may be possible to use an optimiza- 

ion program to fit the parameters, however, we found out that it 

ill not necessarily improve the predictions in tracking the data 

ue to the quality of the recorded data. 

We start by analysing the data from Italy and then move on to 

he studies of the datasets from India, South Korea, and Iran. 

.1. Italy 

Figs. 3 and 4 show our modelling results for the data from 

taly. The virus has left a trail of suffering throughout the coun- 

ry, especially in the northern regions. Italy was the first coun- 

ry in Europe to suffer severe effects of the virus [4,5,10,12,14] . 

he numbers of infections and deaths increased very rapidly from 

id March, 2020 until the end of April, 2020. This led to hospitals 

eing quickly overwhelmed and the government imposed a strict 

ockdown for two months. The lockdown period was very success- 

ul with the peak infections of about 1080 0 0 occurring around 20 

pril, 2020 and the susceptible population falling below the criti- 

al value R e = 1 , indicated by the horizontal line in the first panel

n Fig. 4 . Since the peak, the number of active infections has con- 

istently decreased as predicted by the model until August, 2020, 

s Figs. 3 and 4 show a discontinuation of this downward trend in 

ctive infections. As of early August, 2020, the effective reproduc- 

ion number has been reset to a number greater than one. Fitting 

he model to the data predicts only a small increase in the number 

f active infections. However, by tracking the data with the model 
5 
aily, the surge factor, S can easily be updated to give a more in- 

ormed projection of the future number of infections. In all figures 

or Italy, our approach has been able to track the published data 

34] exceedingly well. Also, the relationship between deaths and 

emovals is very well described by Eq. (2) . This initial sharp rise in

eaths and then taping off in the number of deaths as the number 

f removals increases, is a very common trend observed in other 

ountries studied herein. 

In early May, 2020, people were allowed to move within their 

egions to visit family provided they wear face masks, and some 

arks were reopened for exercise. Slowly, restrictions are being 

ifted in the country. Manufacturers and construction firms have 

esumed work and shops are starting reopening. There has been 

o need to apply any surges in the susceptible population and this 

s a strong indicator that so far the lifting of the restrictions has 

ot faulted the downward spiral in the number of active infections 

ntil July, 2020. By the end of June, 2020, the actions taken by the 

talian government have succeeded in controlling the spread of the 

irus and infections have been seen to decrease continuously. 

However, as of early August, 2020, the downward trend has 

eased. How large this spike in infections will be, will depend di- 

ectly upon actions taken by the Italian authorities and individu- 

ls. The model cannot accurately predict how the number of infec- 

ions will increase, however different scenarios can be considered. 

or example, if the susceptible population was held constant for a 

eek in early August, 2020, instead of the simple spike as shown 

n Fig. 4 indicated by the ellipses, then the number of active infec- 

ions would double. This shows that the virus can easily get out of 

ontrol leading to a very significant increase in infections. If gov- 

rnments and individuals do not take actions immediately, an up- 

rend in infections results. The model is useful in the early identifi- 
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Fig. 4. Italy: Effective reproduction number R e as a function of time, deaths against removals, removals against active infections and removals against cumulative total 

infections. The red dot represents the value of R e for the last day in the data in [34] and the ellipses depict the changes in trends, which indicate the start of a surge. We 

note that the horizontal line in the first panel shows the critical case where R e = 1 and in the last three panels, the red curves are those from the model solutions and the 

blue from the published data in [34] . 
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ation of this change in trend by considering the plots of removals 

gainst infections rather than the published data, as indicated by 

he ellipses in Fig. 4 . 

We can explain the reasons for the large number of infections 

nd deaths in Italy with insights gained from the SIR model (2) . 

here is strong evidence that in December, 2019 people were al- 

eady infected, although the first reported case of an infected in- 

ividual was not until 31 January, 2020. The rate of change of the 

nfections depends upon the number of infections and the num- 

er of susceptible individuals as given by system (1) . During De- 

ember, 2019, and January, 2020, the infected individuals, many of 

hem asymptomatic, led to an increase in the susceptible popu- 

ation. Thus, from a starting point with a low number, the num- 

er of infections ballooned rapidly, following initially an exponen- 

ial increase. The recorded number of active cases was 1049 on 29 

ebruary, 2020, 2262 on 3 March, 2020 and 10578 on 11 March, 

020. The numbers of infections and deaths caused by the pan- 

emic have been huge in Italy. However, by the end of June, 2020, 

he actions taken by the government have succeeded in controlling 

he death rate. Eqn. 2 describes the relationship between deaths 

nd removals very well and this is shown in Fig. 4 (see plot for

he deaths vs removals). 

Governments and their advisors around the world often stated 

o urgent actions are required as long as the active case num- 

ers are low, but this is actually the time when actions need to 

e taken as the initial increase of the spread follows an exponen- 

ial increase, as seen in model (1) ! The Italian government was not 

ully aware of the presence of the virus early in 2020, hence it did 

ot take the necessary control measures to control its spread. For 

xample, compare the spread of the virus in Italy and South Korea. 

he South Korean government took immediate actions in January 
6 
nd February, 2020 to control the virus and near the end of August, 

020, there has been only 306 deaths and less than 140 0 0 total 

nfections. This is probably due to the fact that South Korea has a 

ransparent and open system of government that has managed the 

risis with relatively few deaths and infections. Authorities took a 

roactive approach to testing, contact tracing, treatment and isola- 

ion, expedited by its world-leading technological capabilities and 

ublic healthcare system. 

.2. India 

Figs. 5 and 6 show the estimates from the data and the model 

redictions (1) for India. Clearly, as of mid August, 2020, the spread 

f the virus throughout the country is not being contained and the 

eak number of active cases may be a long way into the future. 

he infected population is still increasing and a peak in the active 

nfections has not yet been attained, as shown in Fig. 5 . The model

s designed so that the model’s predictions track the published 

ata in [34] . Hence, the model cannot predict the peak number of 

ctive cases in the future. However, by adding surges, the peak can 

e delayed and increased. Although the selection of model’s input 

arameters and surge times are subjective, the data can be tracked 

uite successfully and can give estimates of the populations in the 

uture and possible time scales for the number of active cases to 

rop to low values, that allows for valuable predictions. India is 

aught in a vicious positive feedback loop like the USA. New in- 

ections result in an increase in the susceptible population as the 

isease spreads. Consequently, these individuals may become in- 

ected and the cycle continues. This cycle is difficult to terminate, 

esulting in the number of infections getting larger and larger. One 

f the major methods in controlling the increase of infections is 
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Fig. 5. India: Time evolution of the populations of cumulative total infections, active infections, recoveries and deaths/10 0 0. The input parameters are as follows: I(0) = 10 −3 , 

R (0) = 5 × 10 −6 , f = 4 × 10 6 , a = 0 . 085 , b = 0 . 043 , D 0 = 7 . 5 × 10 4 and k 0 = 7 × 10 −7 . We note that the red curves are those from the model solutions and the blue from the 

published data in [34] . Also, note the absence of peaks, that shows the published data departed from the model solutions. 

Fig. 6. India: Effective reproduction number R e as a function of time, deaths against removals, removals against active infections and removals against cumulative total 

infections. We note that the red dot represents the value of R e for the last day in the data, the horizontal line in the first panel shows the critical case where R e = 1 and in 

the last three panels, the red curves are those from the model solutions and the blue from the published data in [34] . 

7 



I. Cooper, A. Mondal and C.G. Antonopoulos Chaos, Solitons and Fractals 139 (2020) 110298 

Fig. 7. South Korea: Time evolution of the populations of cumulative total infections, active infections, recoveries and deaths/10 0 0. The input parameters are as follows: 

I(0) = 1 . 2 × 10 −2 , R (0) = 3 . 13 × 10 −3 , f = 1 . 15 × 10 4 , a = 0 . 4 , b = 0 . 035 , D 0 = 400 and k 0 = 10 −4 . We note that the red curves are those from the model solutions and the 

blue from the published data in [34] . 
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Table 1 

South Korea: Predictions for 22 December, 2020 for the cumulative total 

number of infections, I tot , active cases, I , recoveries, C and deaths, D when 

surges are included (second row) and no surges applied (third row). In 

brackets, we report the percentages of the corresponding populations. 

South Korea I tot I C D 

Surges 19797 121 (0.6%) 19323 (97.6%) 353 (1.8%) 

No surges 11674 1 (0.0%) 11391 (97.6%) 282 (2.4%) 
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o test, contact trace and quarantine. However, when there is such 

arge numbers of infections as in India, this method is not practi- 

al. 

Fig. 6 shows that the peak in the number of active cases may 

ot occur for some time. The observation of the susceptible vari- 

ble, S shows that the susceptible population has to be repeatedly 

eset to higher values. This is a strong indicator that the spread 

f the virus is not contained in the country. The plots for the re-

ovals against infections or total infections show that the data has 

ot reached the knee section of the model’s prediction again, pro- 

iding evidence that the peak in the active infections may not oc- 

ur any time soon. It is most likely that in the near future, there

ill be an alarming increase in the number of new infections and 

eaths in India. The model predictions make it possible to consider 

any of the scenarios that may result. 

.3. South Korea 

South Korea has a transparent and open system of government 

hat has managed the crisis with relatively few deaths and infec- 

ions. Authorities took a proactive approach to testing, contact trac- 

ng, treatment and isolation, expedited by its world-leading tech- 

ological capabilities and public healthcare system. Lives for many 

n South Korea have more or less rolled on as usual. It is manda-

ory to wear masks on public transport and most South Koreans 

ear masks when going out. South Korea has tried to remain as 

pen as possible by responding proportionally to the scientific as- 

essments of the risks. 

One can identify a change of a trend in infections when there 

s a departure between the trajectories of the published data and 

odel predictions before a surge is applied to the model. The dis- 

arity between the published data and model predictions can be 
8 
sed as an early warning sign of a new outset of the virus in the

ommunity as indicated by the ellipses in Fig. 8 for South Korea. 

hanges in trends occurred at the beginning of June, 2020, and an- 

ther in mid August, 2020. The spike in active number of infections 

n June, 2020 may have been due to new clusters of infections as 

 result of clubs and bars reopening. In this instance, South Ko- 

ean authorities acted swiftly by isolating some areas, testing and 

ontact tracing and some schools were forced to close just days 

fter reopening. The result was only a small spike in active infec- 

ions occurring at the beginning of July, 2020. The second surge 

ccurring in mid August, 2020 appears to be much more serious 

ince a large surge factor had to be applied in the model to match 

he published data and model predictions. Figs. 7 and 8 show the 

raphical comparisons between the data and model predictions 

hen surge periods are included, whereas Figs. 9 and 10 show the 

redictions if no surges were applied. Table 1 summarizes some of 

hese predictions. 

.4. Iran 

Iran is one of the worst-hit countries in the Middle East and 

tarted easing its lockdown in April, 2020, after a drop in the num- 

er of deaths. As a result, a second wave of infections peaked in 
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Fig. 8. South Korea: Effective reproduction number R e as a function of time, deaths against removals, removals against active infections and removals against cumulative 

total infections. The red dot represents the value of R e for the last day in the data and the ellipses depict the changes in trends, which indicate the start of two surges. Also, 

the horizontal line in the first panel shows the critical case where R e = 1 and in the last three panels, the red curves are those from the model solutions and the blue from 

the published data in [34] . 

Fig. 9. South Korea: Time evolution of the populations of cumulative total infections, active infections, recoveries and deaths/10 0 0 when surges have not been applied. The 

red curves are those from the model solutions and the blue from the published data in [34] . 

9 



I. Cooper, A. Mondal and C.G. Antonopoulos Chaos, Solitons and Fractals 139 (2020) 110298 

Fig. 10. South Korea: Effective reproduction number R e as a function of time, deaths against removals, removals against active infections and removals against cumulative 

total infections when surges have not been applied. The red dot represents the value of R e for the last day in the data and the ellipses depict the changes in trends, which 

indicate the start of a surge. Also, the horizontal line in the first panel shows the critical case where R e = 1 and in the last three panels, the red curves are those from the 

model solutions and the blue from the published data in [34] . 

Fig. 11. Iran: Time evolution of the populations of cumulative total infections, active infections, recoveries and deaths/10 0 0. The input parameters are as follows: I(0) = 

2 × 10 −3 , R (0) = 0 , f = 1 . 2 × 10 5 , a = 0 . 25 , b = 0 . 09 , D 0 = 1 . 2 × 10 4 , k 0 = 10 −5 , D t = 9 . 7217 × 10 3 , D 1 = 16 × 10 3 and k 1 = 6 × 10 −6 . We note that the red curves are those 

from the model solutions and the blue from the published data in [34] . 
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Fig. 12. Iran: Effective reproduction number Re as a function of time, deaths against removals, removals against active infections and removals against cumulative total 

infections. The red dot represents the value of R e for the last day in the data. Also, the horizontal line in the first panel shows the critical case where R e = 1 and in the last 

three panels, the red curves are those from the model solutions and the blue from the published data in [34] . 
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id June, 2020, with a peak height similar to the first. In July, 

020, the number of infections started to decrease again. However, 

 third wave of infections has started developing in August, 2020. 

igs. 11 and 12 highlight the dangers ahead for Iran. Since the be- 

inning of July, 2020, the number of deaths has risen rapidly and 

ith little tapping off in the death rate. 

The analysis shows that the number of deaths and infections 

ill continue to increase, unless governments and individuals take 

ctions to prevent people becoming susceptible. To track the data 

or Iran, a number of surges in the susceptible population, S are 

ecessary. Resetting S is very subjective, however, the numbers 

sed are not as important as the fact that the susceptible popu- 

ation is increasing, and when this occurs, the spread of the virus 

s out of control and thus, the number of infections will continu- 

lly increase. 

. Conclusions 

How the virus spreads in a community is a complex issue, af- 

ected by a multitude of factors. In this paper, the proposed ap- 

roach is designed to remove many of these complexities and yet 

o be useful in both quantitative and qualitative ways. This is ac- 

omplished by including surge periods where the susceptible pop- 

lation can be reset to larger numbers allowing for the tracking of 

he published datasets where new clusters of infections occur in 

he community. The frequency at which surge periods are needed 

o be applied and their magnitudes, are good indicators that the 

pread of the virus is not under control in the community. Al- 

hough the SIR model cannot predict the severity and time of the 

eak in the active infections, the peak in the number of active 

nfections and the number of deaths, it does give minimum es- 

imates for the duration of the virus, the total cumulative num- 
11 
er of infections, the peak in the number of active infections and 

he number of deaths. The model and approach used here may be 

 useful tool in detecting the early onset of further waves of in- 

ections allowing governments and authorities to take appropriate 

easures to contain them. 

The methodology presented here suggests there is a possibility 

f a spike or second wave of infections coming soon in Italy. In 

ndia, the number of infections keeps rising and the model only 

ives minimum estimates of infections, deaths and time scales for 

he evolution of the virus. Our analysis suggests that a small spike 

hat occurred at the end of June, 2020, in South Korea, may be fol- 

owed by another spike in August, 2020. According to our results, 

he virus is something that will not go away. Many people assume 

hat when the number of active infections starts to decrease, life 

an get back to normal. This is far from the truth as shown by the

pplication of the presented methodology to the published data for 

ran. The first wave in Iran peaked in early April, 2020, and the sec- 

nd in mid June, 2020. However, there is a possibility of a spike or 

ven a third wave in Iran starting towards the end of August, 2020. 

The virus has severely impacted all aspects of people’s lives 

round the world for more than seven months now [12,21] . Typi- 

ally, the half-life for the decrease in active cases is around 18 days. 

or India, even if the peak in active cases occurred at the end of 

ugust, 2020, and there were no further surges, then by January, 

021 there would still be about 10 0 0 0 0 active cases. Even after a

eak, there is a considerable probability that there will be periods 

hen the number of infections spike again as in Iran and South 

orea. Therefore, it is imperative that governments and individu- 

ls do not assume that the virus is going away and maintain or 

ven increase measures that have been confirmed to prevent indi- 

iduals becoming susceptible to the disease. Only as the suscepti- 

le population converges to zero, the number of active cases goes 
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o zero. If reliable, recorded data are available, our methodology 

rovides an effective tool to track the spread of the virus and in- 

ights into the management of the control measures implemented 

y governments and local authorities. In this paper, our method- 

logy has been applied to published data from Italy, India, South 

orea and Iran. A strength of our methodology lies in the fact 

hat as new data are added daily, the model parameters are easy 

o adjust and provide the best-fit curves between the data and 

he model predictions. By comparing the published data with the 

odel predictions, it is possible to reach conclusions based upon 

cience about the effectiveness of control and adequate measures 

mplemented by governments, local authorities and people within 

ommunities. 

Finally, for the virus to be controlled and to limit its impact on 

ociety, various governments have imposed drastic actions to pre- 

ent people from becoming susceptible to the disease. Some ac- 

ions that are proving to be successful include: total lockdowns, 

esting, contact tracing of people who may have been in contact 

ith an infected individual and then isolating them, isolating sus- 

ected individuals, restrictions on the movement of people, re- 

trictions on large gatherings, hygiene measures such as washing 

ands, and wearing face masks particularly on public transport or 

n crowded indoor spaces. By using the predictions of mathemati- 

al modeling and comparing it with published data, as we did here, 

ne is more able to assess actions that have been taken to control 

he spread of the virus. Such advanced policies and strategies are 

eeded to overcome the situation. Researchers across different dis- 

iplines have been working to deal with this pandemic by provid- 

ng novel approaches, optimal policies, mathematical methods for 

redictions, biological phenomena and drugs to mitigate the effects 

12,38–42] . Our analysis shows that one thing is certain: COVID-19 

s not going to go way quickly or easily. 
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