
 

 

Since January 2020 Elsevier has created a COVID-19 resource centre with 

free information in English and Mandarin on the novel coronavirus COVID-

19. The COVID-19 resource centre is hosted on Elsevier Connect, the 

company's public news and information website. 

 

Elsevier hereby grants permission to make all its COVID-19-related 

research that is available on the COVID-19 resource centre - including this 

research content - immediately available in PubMed Central and other 

publicly funded repositories, such as the WHO COVID database with rights 

for unrestricted research re-use and analyses in any form or by any means 

with acknowledgement of the original source. These permissions are 

granted for free by Elsevier for as long as the COVID-19 resource centre 

remains active. 

 



Available online at www.sciencedirect.com

u
i
S
o
⃝

r

K

s
a
a
w
c

m
w
p

I
i
s
t
d

ScienceDirect

Mathematics and Computers in Simulation 181 (2021) 138–149
www.elsevier.com/locate/matcom

Original articles

COVID-19 pandemic and chaos theory
O. Postavaru∗, S.R. Anton, A. Toma

Center for Research and Training in Innovative Techniques of Applied Mathematics in Engineering, Faculty of Applied Sciences, University
Politehnica of Bucharest, Bucharest, 060042, Romania

Received 27 July 2020; received in revised form 19 September 2020; accepted 30 September 2020
Available online 3 October 2020

Abstract

The dynamics of COVID-19 is investigated with regard to complex contributions of the omitted factors. For this purpose, we
se a fractional order SEIR model which allows us to calculate the number of infections considering the chaotic contributions
nto susceptible, exposed, infectious and removed number of individuals. We check our model on Wuhan, China-2019 and
outh Korea underlying the importance of the chaotic contribution, and then we extend it to Italy and the USA. Results are
f great guiding significance to promote evidence-based decisions and policy.
c 2020 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights
eserved.

eywords: Epidemic models; Block-pulse; Bernoulli polynomials; Caputo derivative

1. Introduction

The coronavirus Covid-19 is affecting almost all the territories around the world, causing viral pneumonia with
pecific symptomatology [2,33]. In order to predict the evolution of the Covid-19 pandemic, we have to understand
number of aspects for exploration. We need to know how quickly the viral infection spreads, how long it will last,

nd more precisely, how quickly it reaches its peak and how quickly it dies. To estimate the epidemic trend, we
ant to find out the actual steps that we should take in order to control the outbreak and to minimize the damage

aused.
Decision-makers face challenges in decisions when dealing with a crisis, therefore an appropriate mathematical

odel is of great guiding significance to assess the impact of isolation on population. The importance of having a
ell-organized source of relevant information that gives decision-makers fast, easy and efficient access to the best
redictions is essential in order to promote scientific evidence-based decisions and policy goals.

We estimated the number of infections caused by Covid-19, by using SEIR model (Susceptible, Exposed,
nfectious, and Removed) [25]. Among many models built to study the amount of the disease spread, SEIR model
s one of the most successful [29,31,37,39,41]. Treatment plays an important role in controlling or decreasing the
pread of diseases such as measles, flue and tuberculosis [6,16,36]. More recent papers on the effect of treatment on
he dynamic behavior of the epidemic SEIR system can be found in [17,34,35,40,41]. Other more complex models,
iscussed the global stability of SEIR models with vertical transmission and saturated contact rate [19,32].
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All mathematical models involve simplifications, and it is practically impossible to decide which factors to
nclude and which to omit, and some of the omitted factors are critical. In order to provide quantitative description
f all this suppressed contributions, we use fractional calculus. Finding a compact model to describe a complex
ystem is an object of fundamental importance for mathematics. As a generalization of integer order differential
quations, fractional calculus has proven to be simple and effective to deal with complex processes.

Sometimes it is hard to distinguish between fractional calculus and chaos theory. The concept of order is
ssociated to the total number of separate differentiations in a system, and it is well-known that chaos cannot
ccur in continuous systems of total order less than three. However, for a fractional-order system, it is known that
his rule is broken and the system can manifest chaotic features [9].

Here, fractional calculus rounds off the exponential nature of solutions given by ordinary differential equations,
nd provides us a path to realistic behavior of complex systems that we find in the number of infectious persons.
fter we check our model on the confirmed number of cases in Wuhan, China and on South Korea, we implement

t to predict ordinary and chaotic contributions for the epidemic evolution in Italy and the USA.
In analogy with our paper that considered a fractional SEIR model, other papers were published that de-

cribed fractionally various infectious diseases, using other mathematical models. In [20], the propagation dy-
amics of infectious diseases on complex networks with a linear treatment function is described using a frac-
ional Susceptible–Infected–Susceptible model. [18] provides a new fractional Susceptible–Infected–Recovered–
usceptible, Susceptible–Infected model that uses the Caputo–Fabrizio fractional operator for the inclusion of
emory in order to study the transmission of malaria disease. In [27], in order to study an epidemic model,

he authors used a Susceptible–Infected–Recovered model with long-range temporal memory governed by delay
ractional-order differential equations.

The paper is organized as follows: in the next section, we introduce some mathematical preliminaries and the
iemann–Liouville fractional integral operator for the generalized fractional-order Bernoulli polynomials, necessary

o develop the numerical method used for solve the system of differential equations presented in Section 3. In
ection 4, we discuss the spread of infections with and without control measures, taking into account the chaotic
ehavior.

. Mathematical model

We start this section with some crucial definitions, the Caputo’s fractional derivative, and the Riemann–Liouville
ractional integration.

efinition 2.1. The Caputo’s fractional derivative of order q is defined as [24](
Dq f

)
(x) =

1
Γ (n − q)

∫ x

0

f (n)(s)
(x − s)q+1−n

ds , n − 1 < q ≤ n , n ∈ N , (1)

here q > 0 is the order of the derivative and n is the smallest integer greater than q .

efinition 2.2. The Riemann–Liouville fractional integral operator of order q is defined as [24]

I q f (x) =

{
1

Γ (q)

∫ x
0

f (s)
(x−s)1−q ds q > 0 ,

f (x) , q = 0 .
(2)

The Caputo derivative and Riemann–Liouville integral satisfy the following properties [26]

I q (Dq f (x)
)

= f (x) −

n−1∑
k=0

f (k)(0)
xk

k!
, (3)

To be able to calculate the Riemann–Liouville fractional integral operator, we need the following representation
f the hypergeometric function.

efinition 2.3. The hypergeometric function is defined as

2 F1(a, b, c; z) =
Γ (c)

Γ (b)Γ (c − b)

∫ 1

0

xb−1(1 − x)c−b−1

(1 − xz)a
dx .
139
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We want to calculate the reliability of our results.

heorem 2.4. Let Diα f (x) ∈ C(0, 1] for i = 0, 1, . . . , m, then we may formulate the generalized Taylor’s
ormula [22]

f (x) =

m∑
i=0

x iα

Γ (iα + 1)
Diα f (0+) +

xmα+α

Γ (mα + α + 1)
Dmα+α f (ξ ) ,

ith 0 < ξ ≤ x, ∀x ∈ (0, 1]. Straight computations give

| f (x) −

m∑
i=0

x iα

Γ (iα + 1)
Diα f (0+)| ≤ Mα

xmα+α

Γ (mα + α + 1)
,

here Mα = supξ∈(0,1] |D
mα+α f (ξ )|.

Next, we generalize the definition of hybrid functions of block-pulse functions and Bernoulli polynomials by
hanging the variable x to xα , for α > 0 and then we construct the generalized fractional-order hybrid functions of
lock-pulse functions and Bernoulli polynomials on the interval [0, h].

efinition 2.5. We define the generalized fractional hybrid function bhα
nm(x), on the interval [0, h] by

bhα
nm(x) =

{
βm

(
N xα

hα − n + 1
)

, x ∈

[
h
( n−1

N

)1/α
, h
( n

N

)1/α
)

,

0 , otherwise ,
(4)

The generalized fractional-order Bernoulli functions can be defined by

βhα
m (x) =

m∑
k=0

(
m
k

)
αm−k

xkα

hkα
, 0 ≤ x ≤ h , (5)

here αk , k = 1, m are the Bernoulli numbers. The first few generalized fractional-order Bernoulli functions are

βhα
0 (x) = 1 , βhα

1 (x) =
xα

hα
−

1
2

, βhα
2 (x) =

x2α

h2α
−

xα

hα
+

1
6
.

For numerical reasons, we make certain approximations.

efinition 2.6. Let f ∈ L2[0, h], the best approximation of f by using hybrid functions is given by

f (x) ≈

M∑
m=0

N∑
n=1

cnmbhα
nm(x) = CT Bhα(x) , (6)

here

C = [c10, . . . , cN0, c11, . . . , cN1, . . . , c1M , . . . , cN M ]T,

here

Bhα(x) = [bhα
10 (x), . . . , bhα

N0(x), bhα
11 (x), . . . , bhα

N1(x), . . . , bhα
1M (x), . . . , bhα

N M (x)]T .

We now derive the Riemann–Liouville fractional integral operator I β for the generalized fractional-order
ernoulli polynomials Bhα(x).

Let

I β Bhα(x) ≡ B
hα

(x, β), (7)

here

B
hα

(x, β) = [I βbhα
10 (x), . . . , I βbhα

N0(x), I βbhα
11 (x), . . .

, I βbhα
N1(x), . . . , I βbhα

N M (x)]T .
140
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Theorem 2.7. Making the notation Ñ =
N
hα , we get the following result

I βbhα
nm(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 , x ∈

(
−∞, h

( n−1
N

)1/α
)

,

U (x) , x ∈

[
h
( n−1

N

)1/α
, h
(

n
Ñ

)1/α
)

,

U (x) − V (x) , x ∈

[
h
( n

N

)1/α
, ∞

)
,

(8)

ith

U (x) =

m∑
k=0

k∑
r=0

(
m
k

)(
k
r

)
αm−k Ñ r (1 − n)k−r

×

[
xαr+β Γ (αr + 1)

Γ (β + αr + 1)
−

xβ−1

Γ (β)(αr + 1)

(
n − 1

Ñ

)(αr+1)/α

× 2 F1

(
1 − β, αr + 1, αr + 2;

1
x

(
n − 1

Ñ

)1/α
)]

,

nd

V (x) =

m∑
k=0

k∑
r=0

(
m
k

)(
k
r

)
αm−k Ñ r (1 − n)k−r

[
xαr+β Γ (αr + 1)

Γ (β + αr + 1)

−
xβ−1

Γ (β)(αr + 1)

(
n

Ñ

)(αr+1)/α

2 F1

(
1 − β, αr + 1, αr + 2;

1
x

(
n

Ñ

)1/α
)]

.

Proof. From Eq. (4), we have

bhα
nm(x) = β

(
Ñ xα

− n + 1
)(

µ( n−1
Ñ

)1/α (x) − µ( n
Ñ

)1/α (x)
)

,

where µc is the unit step function defined as

µc(x) =

{
1 , x ≥ c ,

0 , x < c .

Applying the definition from Eq. (5), we obtain

bhα
nm(x) =

m∑
k=0

k∑
r=0

(
m
k

)(
k
r

)
αm−k Ñ r xrα(1 − n)k−r (9)

×

(
µ( n−1

Ñ

)1/α (x) − µ( n
Ñ

)1/α (x)
)

.

By applying the Riemann–Liouville integral operator to Eq. (9) we obtain

I βbhα
nm(x) =

m∑
k=0

k∑
r=0

(
m
k

)(
k
r

)
αm−k Ñ r (1 − n)k−r

×

(
I β

(
xαrµ( n−1

Ñ

)1/α (x)
)

− I β

(
xαrµ( n

Ñ

)1/α (x)
))

. (10)

sing the representation (4), we obtain

I β (xαµc(x)) = xα+β Γ (α + 1)
Γ (β + α + 1)

−
xβ−1

Γ (β)
cα+1

α + 1 2 F1

(
1 − β, α + 1, α + 2;

c
x

)
,

and the theorem is proved by introducing this result in Eq. (10). □
141
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The following Theorem gives the error bound of the approximate solution.

heorem 2.8. Suppose that Diα
∈ C(0, h] for i ∈ 0, M, (m̂ = N (M+1)) and Y hα

m̂ = {βhα
0 (x), βhα

1 (x), . . . βhα
M−1(x)}.

f fM (x) is the best approximation of f (x) out of Y hα
m̂ on the interval

[
h
( n−1

N

)1/α
, h
( n

N

)1/α
]
, then the error bound

of the approximate solution fm̂(x) by using the fractional-order hybrid functions of block-pulse and Bernoulli
polynomials on the interval [0, h] would be obtained as follows

∥ f − fm̂∥L2[0,h] ≤

√
h supx∈[0,h] |D

Mα+α f (x/h)|

Γ (Mα + α + 1)
√

2Mα + 2α + 1
. (11)

roof. We define

f1(x) =

M∑
i=0

(x/h)iα

Γ (iα + 1)
Diα f (0+).

rom the generalized Taylor’s formula defined in Theorem 2.4, we have

| f (x) − f1(x)| ≤
(x/h)Mα+α

Γ (Mα + α + 1)
sup

x∈I hα
n

|DMα+α f (x/h)|,

here I hα
n =

[
h
( n−1

N

)1/α
, h
( n

N

)1/α
)

.
Since fM (x) is the best approximation of f (x) out of Y hα

m on the interval I hα
n and f1(x) ∈ Y hα

m , one may write

∥ f − fm̂∥
2
L2[0,h] (12)

≤

N∑
n=1

∥ f − fM∥
2
L2 I hα

n
≤

N∑
n=1

∥ f − f1∥
2
L2 I hα

n

≤

N∑
n=1

∫
I hα
n

[
(x/h)Mα+α

Γ (Mα + α + 1)
sup

x∈I hα
n

|DMα+α f (x/h)|

]2

dx

≤

∫ h

0

[
(x/h)Mα+α

Γ (Mα + α + 1)
sup

x∈[0,h]
|DMα+α f (x/h)|

]2

dx

≤
h

Γ (Mα + α + 1)2(2Mα + 2α + 1)

(
sup

x∈[0,h]
|DMα+α f (x/h)|

)2

.

he theorem is proved by taking the square roots.

In the above Theorem we have defined I α
n =

(( n−1
N

)1/α
,
( n

N

)1/α
]
. When M is fixed and N approaches ∞, we

have ⏐⏐I α
n

⏐⏐ =

⏐⏐⏐⏐⏐
(

n − 1
N

)1/α

−

( n
N

)1/α

⏐⏐⏐⏐⏐ → 0,

which yields

lim
N→∞

∥ f − fm̂∥L2[0,h] = 0.

We see from Eq. (11) that the limit M → ∞ gives

lim
M→∞

∥ f − fm̂∥L2[0,h] = 0.

. The numerical method

This paper is build on a fractional order extension of the SEIR model. This model simulates the spread of
athogens, and is based on the compartmentalization of people in four classes: susceptible S, exposed E , infectious
142
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I and recovered R. The predictions are made to see how these compartments change over time. The fractional-order
differential equations of the SEIR model are defined as [3,4]⎧⎪⎪⎨⎪⎪⎩

Da S(x) = −
β

N S(x)I (x) ,

Db E(x) =
β

N S(x)I (x) − σ E(t) ,

Dc I (x) = σ E(x) − γ I (x) ,

Dd R(x) = γ I (x) ,

(13)

, b, c, d ∈ (0, 2]. S represents the class of susceptible individuals, and in this paper, the disease can be transmitted
rom any infected individual to any susceptible one. The class of exposed individuals E is composed of individuals
ho are directly exposed to the infected disease but are not infectious. I defines the class of infectious individuals,

nd by definition, any infectious person can transmit the disease. Anyone who was previously infectious and is
o longer infectious (recovered or dead) form the class of recovered individuals R. The population sample N to
e analyzed is defined by N = S + E + I + R. β is the average number of interactions per person per time,
ultiplied by the probability of transmission at each interaction between a susceptible and an infected individual, γ

s the transition rate at which and infected individual moves to the recovered class, σ is the rate at which exposed
ndividuals become infectious and R0 the basic reproduction number.

Throughout the paper, we are interested how the number of infections is influenced by the number of susceptible,
xposed, and removed individuals. Here, we solve this problem with a = θ , b = η, c = λ and d = δ, by using

the hybrid functions with N = 2 and M = 15. We are expanding Da S(t), Db E(t), Dc I (t) and Dd R(t) into
ractional-order hybrid functions as⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Da S(x) = CT
1 Bhθ (x) ,

Db E(x) = CT
2 Bhη(x) ,

Dc I (x) = CT
3 Bhλ(x) ,

Dd R(x) = CT
4 Bhδ(x) ,

(14)

nd using this result together with Eqs. (3) and (14), one gets the following system of algebraic equations⎧⎪⎪⎪⎨⎪⎪⎪⎩
S(x) = CT

1 B
hθ

(x, a) + S(0) ,

E(x) = CT
2 B

hη
(x, b) + E(0) ,

I (x) = CT
3 B

hλ
(x, c) + I (0) ,

R(x) = CT
4 B

hδ
(x, d) + R(0) .

(15)

y substituting Eqs. (15) and (14) into Eq. (13), we obtain⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

CT
1 Bhθ (x) = −

β

N (CT
1 B

hθ
(x, a) + S(0))(CT

3 B
hλ

(x, c) + I (0)) ,

CT
2 Bhη(x) =

β

N (CT
1 B

hθ
(x, a) + S(0))(CT

3 B
hλ

(x, c) + I (0))

− σ (CT
2 B

hη
(x, b) + E(0)) ,

CT
3 Bhλ(x) = σ (CT

2 B
hη

(x, b) + E(0)) − γ (CT
3 B

hλ
(x, c) + I (0)) ,

CT
4 Bhδ(x) = γ (CT

3 B
hλ

(x, c) + I (0)) .

Next, we collocate these equations in the Newton–Cotes nodes xi given by

xi = h
(

i + 1
2N (M + 1)

)1/α

, i = 0, 1, . . . , 2N (M + 1) − 2 .

hese equations give m̂ = N (M + 1) algebraic equations, which can be solved for the unknown vectors C1, C2,
3 and C4, using Newton’s iterative method. Introducing this vector into Eq. (14), one gets the approximation of
rder m̂ for the function I (x).

efinition 3.1. If the exact solution of the problem is not known, in order to test the reliability of the results one
hould introduce the residual error function [38]

Rh = max
x∈[0,h]

⏐⏐Dc I (x) − σ E(x) + γ I (x)
⏐⏐ .
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Fig. 1. Infected number I , c = λ = 1 (purple, continuous), c = λ = 0.99 (brown, dotted) and c = λ = 0.98 (blue, dot-dashed).

Fig. 2. Infected number I , a = θ = 1 (purple, continuous), a = θ = 0.1 (brown, dotted) and a = θ = 1.8 (blue, dot-dashed).

The reliability in our numerical computation is about 1%. In order to decrease this percent, we should increase
N and M in Eq. (14).

. Discussion

The SEIR model, has been used successfully in the description of some infectious disease as Ebola and
ARS [1,5,7,8,23,28,30]. For our purposes, we assumed no transmissions from animals and no differences in natural
irths and deaths. Besides, we consider no maternal immunity and we ask that all recovered individuals acquire
ermanent immunity [21]. In the construction of the classical model, we do not know if we have super-spreaders
ehavior and we do not really know the accuracy of the incubation period. Moreover, R0 is essentially a dynamic
arameter. In order to include all these contributions, we apply fractional calculus.

Using this information and the data provided by [10] we can assign start and end dates for each epidemic phase.
he reproduction number R0 is assigned for each phase based on the prevention measures of each country and how
robable is that people will respect said measures.

In the first part of this paper, we check our model by comparing it with the model described in [33] for estimating
he number of coronavirus disease 2019 cases in Wuhan, China, and after that, we introduce the chaotic contribution.
hus, we consider the system of fractional differential equations described in Eqs. (13), subject to the initial
onditions S(0) = 11 000 000, E(0) = 800, I (0) = 40, and R(0) = 0, with the setup β = R0/γ , σ = 1/5.2,
= 1/18, R0 = 2.6, N = 1 100 840.
To understand the chaotic contribution to the number of infections, we adjust the parameter c in the system of

qs. (13). The function I has a very strong dependency over the parameter c. This effect can be seen in Fig. 1,
here we plotted the number of infections I , c = λ = 1 (purple, continuous), c = λ = 0.99 (brown, dotted)

nd c = λ = 0.98 (blue, dot-dashed). c ̸= 1 means the contribution of critical omitted factors to the number of
nfections. If we consider c ∈ (1, 2], then we have a positive contribution.

In order to study the chaotic contribution of the number of susceptible individuals in the number of infected
nes, we adjust the parameter a. In Fig. 2, we see that the function dependency on the parameter a is very weak.

he setting is a = θ = 1 (purple, continuous), a = θ = 0.1 (brown, dotted) and a = θ = 1.8 (blue, dot-dashed).
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Fig. 3. Infected number I , b = η = 1 (purple, continuous), b = η = 0.9 (brown, dotted) and b = η = 1.3 (blue, dot-dashed).

Fig. 4. Infected number I , b = η = 1 (purple, continuous), b = η = 0.9 (brown, dotted) and b = η = 0.5 (blue, dot-dashed), for R0 = 1.8.

If we are interested in the chaotic contribution of the number of exposed individuals on the number of infected
nes, we have to adjust the parameter b. The function I has a smaller dependency compared to the parameter c.
hen b ∈ (0, 1] the number of infected people decreases, and when b ∈ (1, 2], for small b the number of infected

eople increases slightly, and then begins to decrease. This behavior is represented in Fig. 3, where we plotted the
umber of infections I , b = η = 1 (purple, continuous), b = η = 0.9 (brown, dotted) and b = η = 1.3 (blue,
ot-dashed) for R0 = 1.3. A clearer growth behavior followed by decline can be seen in Fig. 4, where we plotted

I with b = η = 1 (purple, continuous), b = η = 0.9 (brown, dotted) and b = η = 1.3 (blue, dot-dashed) for
R0 = 1.8.

The number of recovered individuals R in the system of Eqs. (13), is independent on the first three equations,
herefore d variations have no influence over I . Due to a very weak dependence, in our further analysis we can
eglect the contribution of the parameter a.

Next step in the epidemic analysis is to anticipate the numbers of the infectious assuming an ensemble of
revention and control measures imposed by each country in phases. Each phase is characterized by a basic
eproduction numbers R0. We should mention two behavior of this parameter: when R0 > 0 we have a
elf-sustaining situation, otherwise, the number of new cases decreases, and eventually the outbreak will stop.

In Fig. 5 we plot in brown our ordinary estimation I for China on the interval 1 December 2019 − −23 April
020 and we compare it to the number of confirmed cases in purple. Each phase [12] is described in Table 1, and in
ig. 5 is delimited by a vertical line. To make a better estimation, we fit our fractional model with c1 = λ1 = 0.9,
2 = λ2 = 1.3, c3 = λ3 = 1.35, c4 = λ4 = 1.15 and b4 = η4 = 1.3, where i = 1, 4 from ci represents the phase

number, and the result is represented in blue. All other undeclared parameters are considered 1. The advantages of
our presented model are indisputable, improving the estimation by several thousand cases.

As in the case of China, in Fig. 6 we plot in brown our ordinary estimation I for South Korea on the interval 9
February 2020 − −23 April 2020 and we compare it to the number of confirmed cases in purple. Each phase [13]
is described in Table 1. To make a better estimation, we fit in blue our fractional model with c1 = λ1 = 0.7,
c = λ = 1.2, c = λ = 1.35, c = λ = 1.05 and b = η = 1.2.
2 2 3 3 4 4 4 4
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Fig. 5. Infected number I for China. Data is plotted with purple, SEIR solution with brown, and the fractional model c1 = λ1 = 0.9,
c2 = λ2 = 1.3, c3 = λ3 = 1.35, c4 = λ4 = 1.15 and b4 = η4 = 1.3 with blue. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

Fig. 6. Infected number I for South Korea. Data is plotted with purple, SEIR solution with brown, and the fractional model c1 = λ1 = 0.7,
2 = λ2 = 1.2, c3 = λ3 = 1.35, c4 = λ4 = 1.05 and b4 = η4 = 1.2 with blue. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

able 1
Phases distribution and the corresponding basic reproduction numbers R0.

Phase Data China South Korea Italy USA

1 From 1 Dec 19 9 Feb 20 15 Feb 20 4 Feb 20
To 23 Jan 20 25 Feb 20 4 Apr 20 4 Apr 20

R0 3.1 4 3.5 3.8

2 From 24 Jan 20 26 Feb 20 5 Apr 20 5 Apr 20
To 2 Feb 20 1 Mar 20 10 Apr 20 13 Apr 20

R0 2.6 3.5 2.4 3

3 From 3 Feb 20 2 Mar 20 11 Apr 20 14 Apr 20
To 15 Feb 20 12 Mar 20 28 Apr 20 3 May 20

R0 1.9 2.3 1.3 1.7

4 From 16 Feb 20 13 Mar 20 29 Apr 20 4 May 20
To – – – –

R0 0.5 0.5 0.7 0.6

The ordinary infections described by SEIR is overestimated in the first few phases, and this overestimation is
ransferred to the last phase. Fractional computation is adjusting the first phases, leading to realistic behavior in
rediction. R0 is highly unknown, especially in the first phases, and in order to get the real data characteristics we

should artificially decrease I , by imposing c1 < 1. To balance the results and hit the peak, we should make it bigger
than 1 in both second and third phases. Due to the magnification of the infectious persons, we raise the contribution
of the exposed, and in the last phase one should adjust it asking c < b . By analyzing the phenomenological
4 4
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Fig. 7. Infected number I for Italy. Data is plotted with purple, SEIR solution with brown, and the fractional model c1 = λ1 = 0.9,
2 = λ2 = 1.25, c3 = λ3 = 1.3, c4 = λ4 = 1.1 and b4 = η4 = 1.25 with blue. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

Fig. 8. Infected number I for USA. Data is plotted with purple, SEIR solution with brown, and the fractional model c1 = λ1 = 0.9,
2 = λ2 = 1.15, c3 = λ3 = 1.2, c4 = λ4 = 1 and b4 = η4 = 1.15 with blue. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

ehavior of infectious in China and South Korea, we may conclude that the fractional coefficient of infection in the
econd phase c2 is almost the fractional coefficient of exposed in the last phase b4.

In Figs. 7 and 8 we plot the infectious estimation for Italy [14] and the USA [15], respectively. Phases distribution
ogether with basic reproduction numbers are given in Table 1.

onclusions

In this paper, after introducing elementary notions regarding fractional calculus, we calculate the generalized
ractional-order Bernoulli polynomials, necessary to develop our numerical method. Although the correctness of
he model depends on the already known information, we can adjust this inconvenience by fitting the model to the
eal-world data using fractional coefficients and therefore to better predict the near future. We learned from China
hat the fractional calculus improves the infection estimation by several thousand cases. Therefore, it is necessary
o investigate the complex dynamical behaviors, especially chaos, in a such complex system how is an epidemic.
hecking our model on the already existing data of the epidemic in Wuhan, China and South Korea we use it for
etter predict the epidemic in Italy and the USA.

The later stages of the epidemic are highly dependent on the influence of the number of infections in the first
tage. According to the analysis of the dynamics of the proposed model, the best way to protect people from
ovid-19 is to limit the interaction between health workers treating the infected, as they are more likely to become

nfected themselves, and to infect the general population. Our results are in accordance with the conditions required
y [11] such as wearing a mask and keeping the social distance.
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