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a b s t r a c t 

Without any vaccine or medical intervention to cure the infected individual from COVID-19, the non- 

pharmaceutical intervention become the most reasonable intervention against the spread of COVID-19. In 

this paper, we proposed a deterministic model governed by a system of nonlinear differential equations 

which consider the intervention of media campaign to increase human awareness, and rapid testing to 

track the undetected cases in the field. Analysis of the autonomous model shows the existence of tran- 

scritical bifurcation at a basic reproduction number equal to one. We estimate our parameter using the 

incidence data from East Java, Indonesia. Using these parameters, we analyze the sensitivity of the pa- 

rameters in determining the size of the basic reproduction number. An optimal control problem which 

transforms media campaign and rapid testing as a time-dependent control was conducted also in this ar- 

ticle. Cost-effectiveness analysis using the Infection averted ratio (IAR) and the Average cost-effectiveness 

ratio (ACER) conducted to analyze the best strategies to eradicate COVID-19 spread. We observe that the 

combination of the media campaign and rapid testing as time-dependent interventions reduces the num- 

ber of an infected individual significantly and also minimizes the economic burden due to these strategies 

in East Java. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

The world has been shocked by an attack of new Coronavirus, 

hich initially founded at the end of December 2019, which now 

nown as COVID-19 [1] . As of July 13, 2020, total cases in all coun-

ries in the world have been reaching more than 13 million cases, 

ith the number of deaths is about 570 thousand cases [2] , and 

till increasing. Indonesia has the highest COVID-19 incidence in 

outh East Asia, with a total of positive cases is about 76 thou- 

and [2] . The first documented cases in Indonesia were recorded 

n March 3, 2020, in Jakarta [3] . Since then, COVID-19 spread to 

nother province, including East Java, which now becomes one of 

he provinces with the highest incidence in Indonesia. As per July 

3, 2020, total cases in East Java is 16 682 cases, which contribute 

o 22% from total cases in Indonesia [4] . 

Covid-19 is transmitted from human-to-human through direct 

ontact with infected individuals or objects that had been contam- 

nated with the viruses on the surfaces [5] . The incubation pe- 

iod of COVID-19 is approximately 2–14 days [6] . The symptoms 

f COVID-19 are varying, from fever, coughing, difficulty in breath- 

ng, and pneumonia for severe cases [7] . There is no vaccine avail- 
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ble in the market until now, which forces the policymaker to use 

nother intervention to suppress the spread of COVID-19, such as 

hysical/social distancing, use of face-masks, quarantine, hospital- 

zation, rapid testing, etc. Media campaigns have been conducted 

y policymakers to develop the awareness of the community to 

he danger of COVID-19. More aware of the community, more easy 

he policymaker to implement mass action to reduce the spread 

f COVID-19, for example, by conducting physical distancing even 

or the susceptible individuals, using medical masks, etc. Another 

opular intervention is the rapid testing which conducted to trace 

he undetected cases in the field and then isolating or hospitalizing 

hem if they have been infected by COVID-19. 

A mathematical model plays an important role in helping the 

ommunity to understand the epidemic behavior of COVID-19, and 

urthermore, will help policymakers to develop a better interven- 

ion strategy to eradicate COVID-19. Various approaches have been 

onducted by many authors, such as with ordinary differential 

quations [3,8–10] , fractional derivatives [11–14] , artificial intelli- 

ence [15,16] , and many more [17–20] . The aim of the mentioned 

aper is to understand the behavior of the data of COVID-19 us- 

ng their proposed model, predicting the future dynamic, and pro- 

osed scenarios that might be implemented in the field to re- 

uce the spread of COVID-19. However, only a few articles which 

iscuss COVID-19 in Indonesia using a mathematical model. Au- 

https://doi.org/10.1016/j.chaos.2020.110364
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2020.110364&domain=pdf
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hor in [3] discuss the spread of COVID-19 in Jakarta, Indonesia. 

heir result was suggesting massive rapid testing to compromise 

he relaxing of physical distancing. Another research who use in- 

idence data in Indonesia can be seen in [10] which consider hu- 

an awareness on the transmission term. The author in [21] us- 

ng deterministic and stochastic models to describe the dynamic of 

OVID-19 in the early take-off period. 

Different from the mentioned references, we are focusing this 

rticle on understanding the dynamic of COVID-19 in East Java, 

ndonesia. We develop a S u S a EAIR model, which considering two 

usceptible compartments to accommodate the aware and un- 

ware subpopulation. Furthermore, rapid testing also involved in 

he model to trace undetected cases in the community. The in- 

ection parameters then fitted using the incidence data from East 

ava and used in optimal control simulations to determine the best 

trategies to eradicate COVID-19 in East Java. 

This paper is organized as follows. We carefully construct our 

odel in Section 2 , and analyze the existence and the stability cri- 

eria of all equilibrium point, which depending on the basic re- 

roduction number. In Section 3 , the optimal control problem was 

haracterized using the Pontryagin’s Maximum Principle. Some nu- 

erical simulations regarding the parameter estimation for COVID- 

9 incidence data in East Java, sensitivity analysis of the basic re- 

roduction number, autonomous simulation, and the optimal con- 

rol problem were conducted in Section 4 . Some conclusions are 

iven in the last section of this article. 

. Model construction and analytical results 

This section presents the new model proposed to understand 

he spread of COVID-19 under the effect of rapid testing and media 

ampaign. This section contain model construction and mathemat- 

cal analysis regarding the qualitative behavior of the model. 

.1. The model 

The model was based on a nonlinear system of ordinary differ- 

ntial equations. The model takes into account the intervention by 

he policymaker, which promote the “self-isolation” for all individ- 

als to avoid infection of COVID-19, and also the implementation 

f rapid testing to trace the undetected cases in the field. 

Let us consider that the total of the human population can 

e separated into susceptible unaware, susceptible aware, exposed, 

ndetected infected cases, detected infected cases, and recovered, 

hich denoted by S u , S a , E, A, I , and R , respectively. We assume

hat the aware subpopulation conducts a health protocol to re- 

uce the probability of getting infected by COVID-19, such as self- 

solation, using medical masks, conduct physical distancing, and so 

n. We assume that all newborn � are unaware susceptible in- 

ividual. Hence, we have that dS u 
dt 

= �. The S u compartment then 
Table 1 

Definitions and value ranges for the parameters in the system (1

Param. Description 

� Human recruitment rate 

μ Natural death rate 

φ Death rate induced by COVID-19 

β1 Effective contact rate of S u 
β2 Effective contact rate of S a 
σ Correction factor of β for A 

δ Rate due to incubation period of exposed individua

p Proportion of exposed individuals who become sym

γ 1 Recovery rate of undetected individuals 

γ 2 Recovery rate of detected individuals 

ξ Progression from asymptomatic to symptomatic in

α drop out rate due to loose of awareness 

u 1 Transition rate from S u to S a due to media campaig

u 2 The rate of rapid testing 

2 
ill decreasing due to infection caused by contact with I and A 

ompartment, with the infection rate of β1 . Since A is the class for 

ndetected individuals, we assume that the infection rate from A 

ndividual is larger than with I , which has a multiplication factor 

> 1. Hence, the number of new infection from S u is β1 S(I + σA ) .

his compartment also decreases due to the effect of the media 

ampaign by the government to avoid infection with an infected 

ndividual. This campaign is given at the rate of u 1 , which will 

ransfer S u individual into S a . The individuals in S a are assumed 

o always conduct a careful social interaction, like using a medical 

ask, reducing contact by conducting a self-isolation at home, us- 

ng disinfectant after touching suspicious surfaces, and many more. 

ence, the infection rate for S a is lesser than with S u , which we de-

ote with β2 , where β2 < β1 . It is assumed that it exists a drop-

ut rate from S a to S u due to the awareness vanishing, which we 

enote with α. 

We now describe the dynamic in the compartment of E . This 

ompartment increases due to new infection from S u and S a , and 

ecreases due to transition to be infectious individual after the in- 

ubation period of δ−1 . The individual from E then transferred into 

 and I compartment, with a proportion of p ad 1 − p, respec- 

ively. Since A compartment is the undetected case, we assume 

hat this compartment will progress to I caused by two reasons. 

irst is caused by the disease’s progression from asymptomatic to 

 symptomatic individual with a rate of ξ which made this individ- 

als volunteer to go to the hospital, and the second is caused by 

apid testing intervention with the rate of u 2 . We assume that only 

 individual who can die due to disease, with a constant rate of φ. 

sing the natural recovery rate from A and I compartment as γ 1 

nd γ 2 , where γ 2 > γ 1 , the dynamic of COVID-19 under the effect 

f the media campaign and rapid testing is given as follows. 

dS u 

dt 
= � − β1 S u (I + σA ) − u 1 S u + αS a − μS u , 

dS a 

dt 
= u 1 S u − αS a − β2 S a (I + σA ) − μS a , 

dE 

dt 
= (β1 S u + β2 S a )(I + σA ) − δE − μE, (1) 

dA 

dt 
= pδE − (ξ + u 2 ) A − μA − γ1 A, 

dI 

dt 
= (1 − p) δE + (ξ + u 2 ) A − γ2 I − φI − μI, 

dR 

dt 
= γ1 A + γ2 I − μR, 

here μ is the natural death rate. Please note that system (1) is 

upplemented with a non-negative initial condition 

 u (0) > 0 , S a (0) ≥ 0 , E(0) ≥ 0 , A (0) ≥ 0 , I(0) ≥ 0 , R (0) ≥ 0 . (2)

ll parameters are non-negative and described in Table 1 . 
) . 

Value/Interval Source 

49 316 712 
70 ×365 

Assumed 
1 

70 ×365 
[22] 

0.015 [23] 

1 . 2644 × 10 −8 Fitted 

2 . 253 × 10 −9 Fitted 

2 Assumption 

ls 1 
5 . 1 

[6,24–26] 

ptomatic individuals 0.4 [27,28] 

0.1 [29] 

0.13978 [23] 

dividual 0.01 Assumed 

0.1 Assumed 

n 0.398 fitted 

0.306 fitted 
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.2. Basic properties of the model 

The population can not be negative for all time t ≥ 0. Hence it 

s crucial to show that the solution of system (1) for each variables 

s non-negative. The following theorem state this properties. 

heorem 1. Any solution ( S u , S a , E, A, I, R ) of system (1) with non-

egative initial conditions (2) is positive for all time t > 0 . 

roof. Please see Appendix A . � �

Next, we analyze how the solution of system (1) is bounded. 

he following theorem confirm this properties. 

heorem 2. The solution of ( S u , S a , E, A, I, R ) of system (1) is

ounded in the region 

= 

{
(S u , S a , E, A, I, R ) ∈ R 

6 
+ : S u + S a + E + A + I + R ≤ �

μ

}
. (3) 

roof. Please see Appendix B . � �

.3. Analytical results on the equilibrium and the basic reproduction 

umber 

System (1) always had a trivial COVID-19 free equilibrium 

hich given by 

 0 = ( S u , S a , E, A, I, R ) 

= 

(
�(α + μ) 

μ(α + μ + u 1 ) 
, 

�u 1 

μ(α + μ + u 1 ) 
, 0 , 0 , 0 , 0 

)
, (4) 

nd the basic reproduction number is given by (See Appendix C for 

he derivation of R 0 ) 

 0 = R undetected + R detected-1 + R detected-2 , (5) 

here 

 undetected = 

σ � ( β1 α + β1 μ + u 1 β2 ) δ p 

μ ( α + μ + u 1 ) ( μ + ξ + γ1 + u 2 ) ( δ + μ) 
, (6) 

 detected-1 = 

� ( α β1 + β1 μ + u 1 β2 ) δ ( μ + γ1 ) ( 1 − p ) 

μ ( μ + ξ + γ1 + u 2 ) ( γ2 + μ + φ) ( δ + μ) ( α + μ + u 1 ) 
, 

(7) 

 detected-2 = 

� ( α β1 + β1 μ + u 1 β2 ) δ ( ξ + u 2 ) 

μ ( μ + ξ + γ1 + u 2 ) ( γ2 + μ + φ) ( δ + μ) ( α + μ + u 1 ) 
. 

(8) 

It can be seen that R 0 in (5) were constructed by three compo- 

ent. The first component is R undetected which describe the infec- 

ion in S u and S a due to contact with undetected individuals. The 

 describe an infection from detected individual which di- 

S † u = 

(
A 

† σ β2 + α + μ

S † a = 

(
A 

† σ β2 + α + μ

E † = 

pA 

† (μ + ξ + γ1 +
δp 

I † = 

((1 − p)(γ1 + μ

p(φ + γ2

R 

† = 

A 

† ( pγ1 (μ + φ) +
detected-1 

3 
ectly coming from the path of E → I , while R detected-2 is coming 

rom the path of E → A → I . Since the infection rate from unde- 

ected individual is larger than from detected individual ( σ > 1), 

ncreasing u 2 will reduce R detected-2 . Furthermore, it also can be 

een that increasing u 1 will reduce R 0 . 

Using Theorem 2 in [31] , an important results regarding local 

tability of E 0 stated as follows. 

heorem 3. COVID-19 model in (1) is locally asymptotically stable if 

 0 < 1 , and unstable when R 0 > 1 . 

This theorem has been reviewed by the author in [31] . Hence, 

e do not show it in this article. The theorem implies that it is 

ossible to eradicate COVID-19 if this threshold is less than unity. 

he basic reproduction number is defined as an expected number 

f secondary cases due to infection from one primary case dur- 

ng its infection period in a completely susceptible population [32] . 

any epidemiological models generate the same results (see [33–

5] for some examples). However, not always R 0 < 1 indicates the 

isease may not persist. When backward bifurcation appears, an- 

ther stable equilibrium, which in this case is the endemic equi- 

ibrium, is locally stable. Please refer to [3,36–38] for examples. 

ence, it is important to understand the bifurcation type of our 

roposed model in (1) . 

The next equilibrium is the endemic equilibrium, which is given 

s follows. 

 1 = ( S u , S a , E, A, I, R ) = 

(
S † u , S 

† 
a , E 

† , A 

† , I † , R 

† 
)

(9) 

here 

�(A 

† σβ2 + α + μ) 

σ + In 

† 
)
β1 + A 

† μσ β2 + A 

† σ β2 u 1 + In 

† α β2 + α μ + μ2 + μ u 1 

, 

�(u 1 − β2 I 
† ) 

σ + In 

† 
)
β1 + A 

† μσ β2 + A 

† σ β2 u 1 + In 

† α β2 + α μ + μ2 + μ u 1 

, 

 

, 

+ u 2 ) A 

† 

) 
, 

p) μγ2 + ξ γ2 + γ1 γ2 + γ2 u 2 ) 

( γ2 + μ + φ) 
. 

A † is taken from the positive roots of the following polynomial 

(A ) = a 2 A 

2 + a 1 A + a 0 = 0 , (10)

here 

 2 = −β1 β2 (μ + ξ + γ1 + u 2 ) ( μ pσ + pφ σ + pσ γ2 

+ ( 1 − p ) ( μ + γ1 ) + ξ + u 2 ) 
2 
( δ + μ) , 

 1 = pδβ1 β2 �( μ pσ + pφ σ + pσ γ2 + ( 1 − p ) ( μ + γ1 ) 

+ ξ + u 2 ) 
2 · · · − p ( μ pσ + pφ σ + pσ γ2 + ( 1 − p ) ( μ + γ1 ) 

+ ξ + u 2 ) (μ + ξ + γ1 + u 2 ) . . . 

(γ2 + μ + φ) (δ + μ) ( β1 (α + μ) + β2 (μ + u 1 ) , 

 0 = p 2 (γ2 + μ + φ) μ ( α + μ + u 1 ) ( μ + ξ + γ1 + u 2 ) ( δ + μ) (R 0 − 1)

From the expression of P(A ) , it can be seen that a 2 always

egative, while a 0 > 0 ⇐⇒ R 0 > 1 . Hence, we have the following

heorem regarding the existence of the endemic equilibrium when 

 0 > 1 . 

heorem 4. COVID-19 model in (1) is always has a unique COVID-19 

ndemic equilibrium given by (9) whenever R 0 > 1 . 

Since P(A ) is a two degree polynomial, we have a possibility to 

ave two COVID-19 endemic equilibrium when R < 1 . P(A ) have 
0 
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Fig. 1. Time series plot showing the performance of least square method for system (1) for East Java in a short-period (a), and long period (b). The black dots represent the 

incidence data, and the solid lines represent the prediction of total infected cases. 
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wo positive roots if a 0 > 0 ⇐⇒ R 0 > 1 , a 1 < 0 and a 2 
1 

− 4 a 2 a 0 >

 . However, this condition never fulfilled, which we state in the 

ollowing lemma. 

emma 1. Polynomial P(A ) never has a positive roots when R 0 < 1 .

roof. Please see Appendix D for the proof. �

Since we always have a stable COVID-19 free equilibrium with- 

ut any exist COVID-19 endemic equilibrium when R 0 < 1 , and it 

lways exist a unique COVID-19 endemic equilibrium when R 0 > 

 , our system (1) indicate a transcritical bifurcation occurrence at 

 0 = 1 . 

. Numerical experiments 

.1. Parameter estimation 

To conduct a simulation in this article, we use parameters value 

s shown in Table 1 , while the effective contact rate β1 and β2 , 

nd the media campaign rate u 1 and rapid testing rate u 2 were 

stimated from incidence data. The incidence data of East Java are 

aken from [4] from Mei 20 to June 30, 2020. Total of population in
4 
ast Java is 49 316 712. The result of parameter estimation is shown 

n Fig. 1 with the best fit parameter is β1 = 1 . 2644 × 10 −8 , β2 =
 . 253 × 10 −9 , u 1 = 0 . 398 , and u 2 = 0 . 306 . With this parameter val-

es, the basic reproduction number in East Java is 1.66 which in- 

icates the existence of the endemic equilibrium of COVID-19. The 

ndemic equilibrium is given by 

 1 = (S u , S a , E, A, I, R ) 

= 

(
5 . 96 × 10 

6 , 2 . 37 × 10 

7 , 4 217 , 795 , 4 827 , 1 . 789 × 10 

7 
)
. 

.2. Discussion on the effect of constant control on R 0 and the 

utonomous system 

From the previous analysis, we can see that the basic reproduc- 

ion number determines the qualitative behavior of our COVID-19 

odel. Hence, it is important to analyze the most significant pa- 

ameter that can change the value of R 0 . To conduct this, we use 

he local sensitivity analysis respect to R 0 using the best-fitted pa- 

ameter for East Java incidence data. 
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Fig. 2. Local sensitivity analysis of R 0 . 
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efinition 1. (See [39] ). The normalized forward sensitivity index 

f R 0 , with respect to a given parameter θ , is defined by 

 

R 0 

θ
= 

∂R 0 

∂θ
× θ

R 0 

. 

Since 
∂R 0 
∂β1 

= 

δ ( μ pσ+ pφ σ+ pσ γ2 −pμ−γ1 p+ μ+ ξ+ γ1 + u 2 ) ( α+ μ) �
μ( μ+ ξ+ γ1 + u 2 ) ( γ2 + μ+ φ) ( δ+ μ) ( α+ μ+ u 1 ) , then 

e have that 

 

R 0 

β1 
= 

∂R 0 

∂β1 

× β1 

R 0 

= 

( α + μ) β1 

α β1 + β1 μ + u 1 β2 

. 

ubstituting parameter values on Table 1 , we have that E R 0 

β1 
= 

 . 5851 . This means that increasing β1 for 10% will increase R 0 for

.851%. We calculate the local sensitivity of all parameters value in 

 0 in a similar way with β1 , and the result is given in Fig. 2 . We

an see that the most significant parameter in R 0 is μ, followed 

ith �, 
2 , β1 , β2 , u 1 , α, σ , u 2 , p, γ 1 , φ, ξ , and δ, respectively.

his results indicates that u 1 is more sensitive than u 2 in deter- 

ining R 0 . 

Based on Theorem 4 and 6 , we notice that R 0 holds an im-

ortant role in determining the existence and type of stability of 

ach equilibrium points. We have that COVID-19 dies out when- 

ver R 0 < 1 , and exist whenever R 0 > 1 . Hence, it is important to

educe the magnitude of R 0 as small as possible until it is less 

han one. Since 

∂R 0 

∂u 1 

= −δ ( μ pσ + pφ σ + pσ γ2 + ( 1 − p ) ( μ + γ1 ) + ξ + u 2 ) �

μ( μ + ξ + γ1 + u 2 ) ( γ2 + μ + φ) ( δ + μ) ( α + μ

and 

∂R 0 

∂u 2 
= −δ � ( α β1 + β1 μ + u 1 β2 ) p ( μ(σ − 1) + φ σ + σ γ2 − γ1 ) 

μ ( μ + ξ + γ1 + u 2 ) 
2 
( γ2 + μ + φ) ( δ + μ) ( α + μ + u 1 ) 

< 0

e can conclude that increasing the implementation of the media 

ampaign and rapid testing will reduce the chance of COVID-19 to 
5 
β2 ) ( α + μ) 

 1 ) 
2 

< 0 , 

xist in the population. Increasing the media campaign for 10% will 

educe R 0 3.843%. On the other hand, increasing the rapid test- 

ng rate for 10% will reduce R 0 for 1.23%. Using parameters value 

s shown in Table 1 , the contour plot of u 1 and u 2 respect to R 0 

s given in Fig. 3 . It can be seen that u 1 and u 2 is inversely pro-

ortional to R 0 . It means that increasing media campaigns and/or 

apid testing will increase the chance to eradicate COVID-19 from 

he community. 

The sensitivity of R 0 respect to u 1 and u 2 when β2 is varying is 

iven in Fig. 4 . We conduct the sensitivity of u 1 and u 2 by reducing

2 75%, 80%, 85%, 90%, and 95%. It can be seen that larger the value 

f β2 will requires more intense of media campaign and rapid test 

hat should be implemented to achieve a condition of COVID-19 

ree equilibrium. 

From all sensitivity analysis that had been conducted in Figs. 2–

 , we can see that there is a big chance to eradicate COVID-19 from

ast Java, where using the media campaign could give better result 

ather than only depending on rapid testing. Increasing community 

wareness through a media campaign in our model will reduce the 

nfection rate of the aware population. This can be done when this 

ware population is encouraged to do a physical distancing, using 

edical masks, and any other intervention which in our model will 

educe the value of β2 . 

Next, we simulate our proposed COVID-19 model in (1) using 

arameters value in Table 1 , except it stated differently, to assess 

he impact of various possible control strategies against COVID-19 

n East Java. First, we simulate the impact of the media campaign 
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Fig. 3. Contour plot of the basic reproduction number respect to media campaign u 1 and rapid testing u 2 . 

Fig. 4. Profile of the reproduction number as a function of u 1 (a) and u 2 (b) respect to the change of β2 . 
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y the government to increase the number of aware population. 

ence, we use 5 different value for u 1 , where u 1 = 0 . 398 as the

aseline value, while the other four values are 10%, 20%, 30%, and 

0% increased. The results are given in Fig. 5 . It can be seen that

ntervention of media campaign show a dramatic decrease in the 

umber of infected individuals in East Java. 

Second autonomous simulation is conducted to see the impact 

f rapid testing against the spread of COVID-19 in East Java. We set 

ll parameters value similar to the baseline parameter used in the 

revious simulation, except we use five different values of u 2 . The 

aseline value of u 2 is 0.306, while the other values are increased 

0%, 20%, 30%, and 40%. The results are given in Fig. 6 . Our simu-

ation indicates how rapid testing could suppress the outbreak of 
6 
OVID-19 in East Java, even though not dramatic as the implemen- 

ation of a massive media campaign. This is because u 1 is more 

ensitive to R 0 rather than u 2 , as already explained in Fig. 2 . 

A simulation was further to see the impact of the media cam- 

aign’s effectiveness to reduce the infection rate of the aware pop- 

lation. To conduct this simulation, we use the same parameter 

alues as in the previous simulation, while β2 will be varying for 

ve values. The first value is 2 . 253 × 10 −9 , while the other four

alues are reduced for 10%, 20%, 30%, and 40%. The result is given 

n Fig. 7 . It can be seen that reducing the value of β2 success to

educe the infected population massively. The result of this simu- 

ation shows how the peak of the outbreak reduced significantly, 

nd the time for the occurrence of the outbreak also delayed. 
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Fig. 5. Effect of media campaign ( u 1 ). Simulation of the model (1) shows how number of infected individuals decreases when media campaign rate increasing. 

Fig. 6. Effect of rapid testing ( u 2 ). Simulation of the model (1) shows how number of infected individuals decreases when rapid testing rate increasing. 

Fig. 7. Effect of reducing β2 . Simulation of the model (1) shows how number of infected individuals decreases when aware population increases their awareness to reduce 

the infection rate. 

4

4

a

c

o

u

. Optimal control problem 

.1. Optimal control characterization 

We seek to minimize the number of infected individual E, A , 

nd I in COVID-19 model (1) and the cost for applying media 

ampaign u 1 and rapid testing u 2 controls. Hence, we consider 

ur control parameters to be dependent on time, u 1 = u 1 (t) and 

 2 = u 2 (t) . Therefore, we have model (1) now becomes 

dS u = � − β1 S u (I + σA ) − u 1 (t) S u + αS a − μS u , 

dt 

7 
dS a 

dt 
= u 1 (t) S u − αS a − β2 S a (I + σA ) − μS a , 

dE 

dt 
= (β1 S u + β2 S a )(I + σA ) − δE − μE, (11) 

dA 

dt 
= pδE − (ξ + u 2 (t)) A − μA − γ1 A, 

dI 

dt 
= (1 − p) δE + (ξ + u 2 (t)) A − γ2 I − φI − μI, 

dR 

dt 
= γ1 A + γ2 I − μR. 
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e consider the objective function that describe our aim previ- 

usly in the following function. 

 (u 1 , u 2 ) = 

∫ t f 

0 

(
E + A + I + 

c 1 
2 

u 

2 
1 + 

c 2 
2 

u 

2 
2 

)
dt, (12) 

here c 1 and c 2 is the weight parameters for media campaign 

nd rapid testing, respectively, and t f is the final time of the sim- 

lation. We assume that the cost for media campaign and rapid 

esting is nonlinear, hence we choose it as a quadratic function. 

lease see [40–44] for another examples for an implementation of 

 quadratic cost function in an optimal control problem for epi- 

emiological models. The term of 
∫ t f 

0 ( E + A + I ) dt describe the 

ost related to a consequences of a high number of infected indi- 

idual, for an example cost due to economic condition during pan- 

emic. On the other hand, 
∫ t f 

0 

(
c 1 
2 u 

2 
1 

+ 

c 2 
2 u 

2 
2 

)
dt, represent the cost 

or control implementation. Our task is to seek an optimal control 

rajectories of u ∗
1 

and u ∗
2 

such that 

 (u 

∗
1 , u 

∗
2 ) = min 



J (u 1 , u 2 ) , (13) 

here 
 is the set of admissible control 

= 

{
(u 1 , u 2 ) ∈ (L ∞ (0 , t f )) 

2 | 0 ≤ u i (t) ≤ 1 for i = 1 , 2 

}
. 

Before we characterize the optimal control problem, we show 

he existence of such optimal control function which fulfilled 

bove task. For this purposes, we follow the results given in 

45,46] . 

heorem 5. There exists an optimal control pair u ∗
1 

and u ∗
2 

in 


uch that J (u ∗
1 
, u ∗

2 
) = min 
 J (u 1 , u 2 ) , which correspond to COVID-

9 model in (11) . 

roof. Please see Appendix E for the proof. �

The Pontryagin’s Maximum principle [49] provides the neces- 

ary condition for the existence of the optimal control pair (u ∗
1 
, u ∗

2 
)

f the model (11) . The idea of this method is to convert the state

ystem (11) and the cost function (12) with (13) into a problem of 

inimizing the Hamiltonian H with respect to u 1 and u 2 as fol- 

ows 

 = E + A + I + 

c 1 
2 

u 

2 
1 + 

c 2 
2 

u 

2 
2 + λ1 

dS u 

dt 
+ λ2 

dS a 

dt 
+ λ3 

dE 

dt 

+ λ4 
dA 

dt 
+ λ5 

dI 

dt 
+ λ6 

dR 

dt 
, (14) 

here λi for i = 1 , 2 , 3 , 4 , 5 , 6 is the adjoint variables respect to S u ,

 a , E, A, I , and R , respectively. The necessary conditions for the ex-

stence of these adjoint variables and the control characterizations 

s given in the following theorem. 

heorem 6. Given an optimal control pairs (u ∗1 , u 
∗
2 ) which minimize 

he cost function (12) over 
 subject to the state system (11) , then 

here exist an adjoint variables λi for i = 1 , 2 , . . . , 6 satisfying the fol-

owing system 

dλ1 

dt 
= β1 (I + σA )(λ1 − λ3 ) + u 1 (λ1 − λ2 ) + μλ1 , 

dλ2 

dt 
= α(λ2 − λ1 ) + β2 (I + σA )(λ2 − λ3 ) + μλ2 

dλ3 

dt 
= −1 + pδ(λ3 − λ4 ) + (1 − p) δ(λ3 − λ5 ) + μλ3 , (15) 

dλ4 

dt 
= −1 + σβ1 S u (λ1 − λ3 ) + σβ2 S a (λ2 − λ3 ) 

+ (ξ + u 2 )(λ4 − λ5 ) + γ1 (λ4 − λ6 ) + μλ4 , 

dλ5 

dt 
= −1 + β1 S u (λ1 − λ3 ) + β2 S a (λ2 − λ3 ) + γ2 (λ5 − λ6 ) 

+ (μ + φ) λ5 , 
8 
dλ6 

dt 
= μλ6 . 

ith a transversality condition λi (t f ) = 0 for i = 1 , 2 , . . . , 6 , and 

 

∗
1 = max 

{
0 , min 

{
1 , 

S u (λ1 − λ2 ) 

c 1 

}}
, 

 

∗
2 = max 

{
0 , min 

{
1 , 

A (λ4 − λ5 ) 

c 2 

}}
. (16) 

roof. Please see Appendix F for the proof. �

.2. Simulation for the optimal control problem 

In this section, we shall conduct a numerical simulation for the 

ptimal control problem which already discussed in previous sec- 

ion. For this purposes, we define the following three strategies : 

1) Execution only with media campaign (u 1 (t) ≥ 0 , u 2 (t) = 0) , (2)

mplementation of rapid testing only (u 1 (t) = 0 , u 2 (t) ≥ 0) , and

3) Implementation of both intervention ( u 1 ( t ) ≥ 0, u 2 ( t ) ≥ 0). 

For numerical implementation, we solve the optimality sys- 

em (11) and (15) together with the control characterization 

16) using numerical iterative scheme. We use the forward- 

ackward sweep method to solve our problem. The algorithm start 

ith an initial guess for control variable, and solve the state sys- 

em (11) forward in time. After that, we solve the adjoint sys- 

em (15) backward in time. Both this numerical calculation are 

sing ode45 in MATLAB. Then, the optimal control (16) should 

e updated using these state and adjoint variables. This process 

epeated until a convergence criteria is met (see [50] for detail, 

nd [34,35,43] for some examples). For our numerical experiments, 

e consider a set of parameter given in Table 1 and the time 

eriod for simulations is 100 days along with the initial condi- 

ion S u (0) = 7 924 040 , S a (0) = 31 517 500 , E = 8 557 , A = 1 496 , R =
8 071 which is the final state of curve fitting of model (1) in

ig. 1 . We choose the positive weight constant c 1 = 3 × 10 7 and

 2 = 3 × 10 5 . 

For the first scenario, when we only execute the media cam- 

aign as a single intervention, the corresponding results obtained 

re plotted in Fig. 8 . We noticed that the media campaign should 

e given at a high rate from the beginning of the simulation, re- 

ain constant at around u = 0 . 16 for a long time period, and start

o decrease when the time is getting closer to the final time of the 

imulation. As a consequence of the high rate of the media cam- 

aign, the number of infected can be suppressed for a long time, 

ut it starts to increase when the media campaign starts to de- 

rease. 

The results corresponding to strategy two ( u 1 = 0 , u 2 ≥ 0 ) are

hown in Fig. 9 . We observed that the implementation of rapid 

esting is always larger than the implementation of u 1 only in 

he first scenario. The control trajectories of u 2 are almost always 

hould be given at its highest rate (u 2 = 1) and then start to de-

rease when it is approaching the final time of the simulation. As 

 result, the reduction of infected cases achieved, even though not 

s good as in the first scenario. 

The last simulation conducted for the third scenario, when all 

ontrols executed. The results obtained in Fig. 10 . One can easily 

ee from Fig. 10 is that the infective population can be suppressed 

uring the simulation period. As a consequence of both interven- 

ions should be executed, it can be seen that the rate of rapid test- 

ng should be reduced as a compromise for the implementation of 

he media campaign. 

.3. Cost-effectiveness analysis 

Arising from optimal control simulation in the previous section, 

e need to determine the best strategy, which in this case, is the 
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Fig. 8. The dynamic of infected individuals and control trajectories for the first scenario (u 1 ≥ 0 , u 2 = 0) . Upper panel : (left) dynamic of E(t) + A (t) and (right) I ( t ). The 

lower panel : (left) dynamic of E(t) + A (t) + I(t) and (right) control trajectories. 

Fig. 9. The dynamic of infected individuals and control trajectories for the second scenario (u 1 = 0 , u 2 ≥ 0) . Upper panel : (left) dynamic of E(t) + A (t) and (right) I ( t ). The 

lower panel : (left) dynamic of E(t) + A (t) + I(t) and (right) control trajectories. 

9 
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Fig. 10. The dynamic of infected individuals and control trajectories for the third scenario ( u 1 ≥ 0, u 2 ≥ 0). Upper panel : (left) dynamic of E(t) + A (t) and (right) I ( t ). The 

lower panel : (left) dynamic of E(t) + A (t) + I(t) and (right) control trajectories. 

Table 2 

Numerical results for each prevention scenario. 

Strategy Scenario 
∫ T 

0 ( 
c 1 
2 

u 2 1 + 

c 2 
2 

u 2 ) dt A 

in f IAR ACER 

1 u 1 ≥ 0 , u 2 = 0 1.159 × 10 8 3.417 × 10 8 1.69 × 10 3 0.339 

2 u 1 = 0 , u 2 ≥ 0 2.77 × 10 7 5.03 × 10 7 3.53 × 10 2 0.552 

3 u 1 ≥ 0, u 2 ≥ 0 6.113 × 10 7 4.198 × 10 8 3.305 × 10 4 0.145 
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ost cost-effective intervention strategy to eradicate COVID-19. To 

o this, we conduct two cost-effectiveness analysis, namely the IAR 

Infected Averted Ratio) and the ACER (Average Cost-Effectiveness 

nalysis). The IAR formula is given by 

AR = 

Total number of infections averted 

Total number of recovered 

, (17) 

here the total number of infections averted is given by 

 

in f = 

∫ T 

0 

(E(t) − E ∗(t)) + (A (t) − A 

∗(t)) + (I(t) − I ∗(t )) dt , 

(18) 

here E ∗, A 

∗, and I ∗ denote the numbers of exposed, undetected 

ases and detected cases individuals due to control strategies. The 

trategy exhibiting the highest IAR is considered to be the most 

ffective strategy. The results for the control scenario in the previ- 

us section are given in Table 2 . From Table 2 , it can be seen that

trategy-3 is the most effective strategy, followed with strategy- 

 and strategy-2, respectively. These results show that to mini- 

ize the number of an infected individuals, the best strategy that 

hould be considered ia the implementation of the massive media 

ampaign and rapid testing. However, if the policymaker should 

hoose a single intervention that should be implemented, then the 

edia campaign is the better option rather than rapid testing. 
10 
The second cost-effectiveness analysis is the ACER with the for- 

ula as follows. 

CER = 

∫ T 
0 ( 

c 1 
2 

u 

2 
1 + 

c 2 
2 

u 

2 ) dt 

A 

in f 
. (19) 

maller values of ACER correspond to better performances. Again, 

t can be seen from Table 2 that the most cost-effective strategy 

s to implement media campaign and rapid testing simultaneously, 

ather than implement them as a single interventions. 

. Conclusions 

In this work, mathematical analysis of the COVID-19 transmis- 

ion model with a media campaign and rapid testing has been 

resented. The model constructed as a system of ordinary differ- 

ntial equations, which separate the human population based on 

heir health status and also their awareness. The model accommo- 

ates the media campaign to develop the community awareness on 

OVID-19, such that this aware population can avoid infection from 

OVID-19 by conducting a health protocol, such as self-isolation, 

ocial distancing, medical mask and any other intervention that 

an reduce the transmission rate. 

From the mathematical analysis on the model, we find that the 

OVID-19 free equilibrium is always locally asymptotically stable 

henever the basic reproduction number is smaller than one. On 

he other hand, the COVID-19 endemic equilibrium always exists 

niquely whenever the basic reproduction number is larger than 
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nity. In any other case, the COVID-19 endemic equilibrium does 

ot exist. Hence, a transcritical bifurcation occurs at basic repro- 

uction number equal to one. 

To estimate the parameter value, the model then tested with 

he incidence data from East Java, Indonesia. We find that the ba- 

ic reproduction number in East Java is larger than one, which in 

his case has a high chance to reach an endemic COVID-19 situa- 

ion if the intervention does not improve. To analyze the interven- 

ion strategies, we conduct our simulation as an optimal control 

roblem. From the numerical results and cost-effectiveness analy- 

is on the optimal control problem, we found that implementing 

oth media campaigns and rapid testing simultaneously could give 

he best result compared to a single intervention. However, if the 

mplementation should be conducted as a single intervention, then 

 media campaign should be implemented as a choice. 
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ppendix A. Proof of Theorem 1 

From COVID-19 model in system (1) , we have 

dS u 

dt 

∣∣∣
S u =0 ,S a ≥0 ,E≥0 ,A ≥0 ,I≥0 ,R ≥0 

= � + αS a > 0 , 

dS a 

dt 

∣∣∣
S u > 0 ,S a =0 ,E≥0 ,A ≥0 ,I≥0 ,R ≥0 

= u 1 S u > 0 , 

dE 

dt 

∣∣∣
S u > 0 ,S a ≥0 ,E=0 ,A ≥0 ,I≥0 ,R ≥0 

= ( β1 S u + β2 S a ) (I + σA ) ≥ 0 , 

dA 

dt 

∣∣∣
S u > 0 ,S a ≥0 ,E≥0 ,A =0 ,I≥0 ,R ≥0 

= pδE ≥ 0 , 

dI 

dt 

∣∣∣
S u > 0 ,S a ≥0 ,E≥0 ,A ≥0 ,I=0 ,R ≥0 

= (1 − p) δE + (ξ + u 2 ) A ≥ 0 , 

dR 

dt 

∣∣∣
S u > 0 ,S a ≥0 ,E≥0 ,A ≥0 ,I≥0 ,R =0 

= γ1 A + γ2 I ≥ 0 . 

t can be seen from the above calculation, all the rates are non- 

egative on the boundary planes of the non-negative of R 

6 + . There- 

ore, we can conclude that all the vector field direction is inward 

rom the boundary planes. Hence, whenever the system starts in 

 non-negative R 

6 + , all the solutions remain in the positive region 

nly. Here the proof is completed. �

ppendix B. Proof of Theorem 2 

Adding all equations in system (1) gives 

dN = � − μN − φI ≤ � − μN. 

dt 

11 
sing the integrating factor technique, we have that N ( t ) fulfill 

 ≤ N ≤ �

μ
+ N(0) exp (−μt) . 

herefore, whenever the initial condition starts inside the region of 

, then it will stay in this region. On the other hand, if the initial

ondition starts outside of 
, then the solution will enter 
 and 

pproach 

�
μ for t → ∞ . Hence, we have that for t → ∞ , we have

 ≤ N ≤ �
μ . Hence, we have the theorem. �

ppendix C. Derivation of R 0 

We use the formula introduced by author in [30] for the deriva- 

ion of the basic reproduction number (R 0 ) in this article. The sub- 

ystem of model (1) which involve only infected compartment is 

iven by 

 = 

[ −δ − μ σ S 1 β1 + σ S 2 β2 S 1 β1 + S 1 β2 

δ p −μ − ξ − γ1 − u 2 0 

( 1 − p ) δ ξ + u 2 −γ2 − μ − φ

] 

. 

ote that J can be expressed as a summation between transition 

and transmission T matrices, where 

= 

[ −δ − μ 0 0 

δ p −μ − ξ − γ1 − u 2 0 

( 1 − p ) δ ξ + u 2 −γ2 − μ − φ

] 

, 

T = 

[ 

0 σ S 1 β1 + σ S 2 β2 S 1 β1 + S 2 β2 

0 0 0 

0 0 0 

] 

. 

Since T has two zero rows in the 2 nd and 3 rd row, the next 

eneration matrix of system (1) is given by 

 = −E 

′ T �−1 E = 

[ (
σ S ∗1 β1 + σ S ∗2 β2 

)
δ p 

( μ + ξ + γ1 + u 2 ) ( δ + μ) 

+ 

(
S ∗1 β1 + S ∗2 β2 

)
δ ( 1 − p ( μ + γ1 ) + ξ + u 2 ) 

( δ + μ) ( μ + ξ + γ1 + u 2 ) ( γ2 + μ + φ) 

]
, (C.1) 

here E = [1 0 0] , while S ∗u and S ∗a is given in E 0 . Hence, the basic

eproduction number of system (1) is given by the spectral radius 

f K . �

ppendix D. Proof of Lemma 1 

To analyze the non-existence of positive roots of P(A ) when 

 0 < 1 , we will use approach of the sign of ∂A 
∂R 0 

at A = 0 and

 0 = 1 . Let β∗
1 as the bifurcation parameter which is taken from 

he solution of R 0 = 1 respect to β1 . Substituting β∗
1 into a 2 and 

 1 will give us a 2 and a 1 as a function of R 0 . By implicit derivation

o P(A ) , we have ∂A 
∂R 0 

evaluated at A = 0 and R 0 = 1 as follows :

∂A 

∂R 0 

= 

p μ ( α + μ + u 1 ) ( μ + ξ + γ1 + u 2 ) ( δ + μ) 

a 1 (R 0 ) 
, (D.1) 

here a 1 (R 0 ) = k 2 β
2 
2 + k 1 β2 with 

 2 = δβ2 
2 u 1 �(δ + μ)(μ + ξ + γ1 + u 2 ) ( μ pσ + pφ σ + pσ γ2 

+ ( 1 − p ) ( μ + γ1 ) + ξ + u 2 ) 
2 

> 0 

 1 = −p 2 ( γ2 + μ + φ) 
2 μ ( μ + ξ + γ1 + u 2 ) ( δ + μ) ( α + μ + u 1 ) < 0 . 

ince the discriminant of a 1 (R 0 ) which given by k 2 
1 

− 4 k 2 0 = k 2 
1 

>

 when R 0 = 1 , then we always have that a 1 (R 0 ) is always posi-

ive. Hence, we have that ∂A 
∂R 0 

is always positive at A = 0 , R 0 = 1 .

ence, combine this results and Theorem 4 , we have no posi- 

ive roots of polynomial P(A ) when R 0 < 1 . Hence, the proof is

omplete. �
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ppendix E. Proof of Theorem (5) 

Based on [46] , our optimal control problem should satisfy the 

ollowing conditions : 

1. The solutions of system (11) which equipped with time- 

dependent control u 1 and u 2 is non empty. 

2. 
 should be closed and convex and the state system can be 

written as a linear function of control variables u 1 and u 2 , 

where the coefficients depending on state variables and time 

t . 

3. Integrand of 

L = E + A + I + 

c 1 
2 

u 

2 
1 + 

c 2 
2 

u 

2 
2 

is convex on 
 and L ≥ f (u 1 , u 2 ) . Note that f is a continuous

function and 

lim | (u 1 ,u 2 ) |→∞ 

f (u 1 , u 2 ) 

| (u 1 , u 2 ) | = ∞ . 

Note that | · | represent the norm. 

First of all, from Theorem (2) , we have that S u ( t ), S a ( t ), E ( t ),

 ( t ), I ( t ), and R ( t ) are bounded by �/ μ. Hence, the solutions of

ystem (11) is always bounded whenever u 1 and u 2 bounded in 

. The right hand side of the time-dependent control COVID-19 

odel in (11) satisfies the Lipschitz condition with respect to S u , 

 a , E, A, I and R . Hence, we fulfilled (1) based on Picard-Lindelö

heorem [47] . 

By definition, given the control set 
, where u i ∈ [0, 1] 2 for 

 = 1 , 2 , then we have 
 is closed. Using the definition of convex

et (Proposition 2.4 in [48] ), for any arbitrary points y and z in 
,

here y = (y 1 , y 2 ) , z = (z 1 , z 2 ) , we have that 

y i + (1 − ζ ) z i ∈ [0 , 1] 2 , ∀ ζ ∈ [0 , 1] , i = 1 , 2 . 

hus, ζy + (1 − ζ ) z ∈ 
 implying 
 is convex. The time-dependent 

ontrol model in (11) is linear in control variables u 1 and u 2 with 

oefficients depending on the state variables S u and A . Therefore, 

e have condition (2). 

The integrand L is convex due to the quadratic form of u 1 and 

 2 . Furthermore, 

 = E + A + I + 

c 1 
2 

u 

2 
1 + 

c 2 
2 

u 

2 
2 ≥

c 1 
2 

u 

2 
1 + 

c 2 
2 

u 

2 
2 . 

y choosing c 3 = min { c 1 , c 2 } > 0 , and f (u 1 , u 2 ) := c 3 (u 2 
1 

+ u 2 
2 
) ,

ields 

 = E + A + I + 

c 1 
2 

u 

2 
1 + 

c 2 
2 

u 

2 
2 ≥ f (u 1 , u 2 ) . 

t is clear that f ( u 1 , u 2 ) is continuous and satisfy

lim 

 (u 1 ,u 2 ) |→∞ 

f (u 1 ,u 2 ) | (u 1 ,u 2 ) | = ∞ . Thus, condition (3) fulfilled. Based on 

45,46] , the proof is completed. �

ppendix F. Proof of Theorem (6) 

The adjoint system in (15) is taken from the derivative of H 

espect to each state variable as follows 

dλ1 

dt 
= −∂H 

∂S u 
, 

dλ2 

dt 
= −∂H 

∂S a 
, 

∂λ3 

∂t 
= −∂H 

∂E 
, 

dλ4 

dt 
= −∂H 

∂A 

, 
dλ5 

dt 
= −∂H 

∂ I 
, 

dλ6 

dt 
= −∂H 

∂R 

, 

ith the transversality condition 

1 (t f ) = λ2 (t f ) = λ3 (t f ) = λ4 (t f ) = λ5 (t f ) = λ6 (t f ) = 0 . 

Furthermore, taking the first derivative of H respect to u 1 and 

 2 gives 

∂H 

∂u 

= c 1 u 1 − S u (λ1 − λ2 ) , 
∂H 

∂u 

= c 2 u 2 − A (λ4 − λ5 ) . 

1 2 

12 
olving ∂H 

∂u i 
= 0 respect to i = 1 , 2 gives 

 

† 
1 

= 

S u (λ1 − λ2 ) 

c 1 
, u 

† 
2 

= 

A (λ4 − λ5 ) 

c 2 
. 

y standard control arguments involving the lower bound u min 
i 

= 0 

nd upper bound u max 
i 

= 1 , it follows that 

 

∗
1 = max 

{
0 , min 

{
1 , 

S u (λ1 − λ2 ) 

c 1 

}}
, 

 

∗
2 = max 

{
0 , min 

{
1 , 

A (λ4 − λ5 ) 

c 2 

}}
. 

Hence, the proof is complete. �
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