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a b s t r a c t 

The COVID-19 epidemic challenges humanity in 2020. It has already taken an enormous number of hu- 

man lives and had a substantial negative economic impact. Traditional compartmental epidemiological 

models demonstrated limited ability to predict the scale and dynamics of COVID-19 epidemic in different 

countries. In order to gain a deeper understanding of its behavior, we turn to chaotic dynamics, which 

proved fruitful in analyzing previous diseases such as measles. We hypothesize that the unpredictability 

of the pandemic could be a fundamental property if the disease spread is a chaotic dynamical system. 

Our mathematical examination of COVID-19 epidemic data in different countries reveals similarity of this 

dynamic to the chaotic behavior of many dynamics systems, such as logistic maps. We conclude that the 

data does suggest that the COVID-19 epidemic demonstrates chaotic behavior, which should be taken into 

account by public policy makers. Furthermore, the scale and behavior of the epidemic may be essentially 

unpredictable due to the properties of chaotic systems, rather than due to the limited data available for 

model parameterization. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

.1. Background 

The developing COVID-19 pandemic challenges humanity in 

020. According to aggregated worldwide data posted at the in- 

ernational Worldometer.info website, more than 15 million were 

nfected by COVID-19 and more than 60 0,0 0 0 people died in re-

ation to this disease (as of July 20, 2020). The pandemic has al- 

eady caused a huge economic loss due to national lock-downs, 

ravel restrictions, and global distractions of trade and manu- 

acturing chains. As the pandemic developed around the globe, 

evere border control and travel limitations were implemented 

hat led to unprecedented national isolation. Different countries, 

hile being isolated, implemented various strategies to limit epi- 

emic spread: many countries implemented extended national- 

evel lock-downs including closure of businesses, schools and stay- 

t-home orders (for example France, Italy, Germany, Austria, Hun- 

ary, South Korea, and more), some introduced practically no such 

ock-down measures (for example, Sweden, Belarus, and Brazil). 

any countries implemented only regional lock-downs (for exam- 
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le, China and the USA). The overall challenge for the development 

f scientifically-based COVID-19 containment strategy is the appar- 

nt unpredictability of this pandemic [5] . 

Traditional compartmental epidemiological models demon- 

trated quite limited ability to predict the scale and dynamics of 

his epidemic in different countries [5,11,25] . This apparent unpre- 

ictability of the COVID-19 pandemic creates an additional chal- 

enge for governments around the globe, who need more accurate 

redictions to develop a reasonable containment strategies [9,16] . 

his limitation of traditional modeling approaches can be partially 

xplained by the novelty of the virus and limited relevant epidemi- 

logical data necessary for model parameterization [28] as well as 

tatistical problems in model calibration [25] . In particular, until 

ecently, we did not know the rate and mechanisms of the trans- 

ission of COVID-19 virus as well as its biology and ability to sur- 

ive and spread outside host organisms [11,19] . A previous study 

4] demonstrated that the coronavirus raw data in China’s first two 

onths of the disease suggest chaotic growth, similar to other epi- 

emics like H1N1 and measles. 

.2. History 

Mathematical chaos theory originated from studying determin- 

stic systems represented as differential equations where initial 

onditions dictate their behavior. In these systems sensitivity to 

https://doi.org/10.1016/j.chaos.2020.110376
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2020.110376&domain=pdf
mailto:ajones4@stevens.edu
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Table 1 

Sample of the COVID-19 spread data used for this study. 

Country 1/22/20 1/23/20 1/24/20 1/25/20 1/26/20 ... 

USA 1 case 1 2 2 5 

... 
he initial conditions was so large that the systems were practi- 

ally unpredictable. This was originally studied by Poincaré in the 

880s in relation to the three-body problem in astronomy, an ex- 

mple of which is the Earth-Moon-Sun celestial system [23] . As 

oincaré critically stated, “it may happen that small differences 

n the initial conditions produce very great ones in the final phe- 

omena” [23] . In physical systems described by differential equa- 

ions, systems which experience this effect are described as having 

high sensitivity” to initial conditions. One example which demon- 

trates this concept is a bowling ball; imagine a very small spin 

n the ball at the beginning of its roll. This small spin in combi- 

ation with the oiled bowling lane could cause it to move wildly 

ff-course, making it “highly-sensitive” to initial conditions. Due to 

he effect Poincaré found, “measurements made on the state of a 

ystem at a given time may not allow us to predict the future situ- 

tion” [3] . These systems are now termed “chaotic.” Unpredictabil- 

ty due to highly-sensitive reliance on initial conditions inspired 

he term “deterministic chaos.” After Poincaré’s studies, the deter- 

inistic chaotic behavior was discovered in numerous dynamical 

ystems and confirmed experimentally [2,6,15,20] . 

The spread and “fade out” cycle of epidemic diseases often ex- 

ibits deterministic chaos. Qualitative analysis of that deterministic 

haos can offer more information than a “multifactorial stochastic 

aradigm of causation” [21] . In the late 80s, scientists noticed that 

easles outbreaks exhibited deterministic behavior. By studying 

his they hoped to quantify conditions for the maintenance of [an] 

nfection in human populations” [7] . In 1991, Grenfell published his 

tudy of the chaotic measles outbreaks in the paper “Chance and 

haos in Measles Dynamics.” That study found that certain param- 

ters in the chaotic disease system created deterministic behavior. 

or example, applying his model to the city of Copenhagen and 

apping with Poincaré’s methods produced drastic results: one ex- 

mple is that doubling the immigration rate into the city could 

ompletely eliminate the fade-out of measles [7] . Similar findings 

n relation to COVID-19 could have wide-ranging societal implica- 

ions. 

.3. Criteria for chaos 

In this work, we consider the COVID-19 epidemic within the 

ramework of complex dynamic systems [14] . This framework is 

roadly applied in modern ecology, social and medical sciences 

2,6,13,20,21] . In particular, the COVID-19 pandemic can be consid- 

red as a complex phenomena developing simultaneously at mul- 

iple temporal and spatial scales varying from individual level to 

he global scale. Within this framework, particular disease dynam- 

cs patterns result from major self-organisation mechanisms within 

he system. The chaotic behavior is a common phenomenon in 

omplex systems, and we hypothesise that the unpredictability of 

he epidemic scope in different countries is a fundamental prop- 

rty of this dynamic system which demonstrates chaotic behavior. 

n order to examine this hypothesis we have analysed COVID-19 

pidemic data from different countries. In particular, we examine 

f the COVID-19 epidemic demonstrates a chaotic regime based on 

he analysis of observed data. We do not aim to derive or validate 

 correct dynamical system model. Instead we consider epidemi- 

logical data collected in different isolated countries as an inde- 

endent observations of the same dynamical system. In order to 

valuate whether or not the spread of coronavirus is chaotic, we 

mploy the following criteria, derived from Poincaré’s definition of 

haos [4,23] : 

1. Large number of solutions - to what extent does the behavior 

of the virus vary between countries? Are there different shapes 

of curves for the data? This criterion was established from 

Poincaré’s definition of chaos [23] . In the study, we find ex- 
2 
tremely high variation between countries, even when normal- 

izing by patient-zero date and total population of each country. 

2. Sensitive - does the growth of the virus experience large re- 

gions of activity? Are there real reasons for regions of activity, 

specifically changes in the physical system? This criterion has 

precedent in the aforementioned University of Florida / Wuhan 

University paper [4] . Later in the study, we present multiple ex- 

amples of high regions of sensitivity in the spread of COVID-19, 

as revealed by the derivatives of the system. 

3. Numerically unpredictable - Can the behavior of the system 

change unexpectedly from one point to another? This crite- 

rion was also introduced in the University of Florida / Wuhan 

University paper [4] . We found numerous examples of sets of 

countries which exemplified unpredictability by behaving sim- 

ilarly and then suddenly diverging, which we discuss later in 

the paper. 

4. Deterministic - What causes activity in the system? Is the sys- 

tem random, or is it determined by some factors of the physical 

system, as required in order to be chaotic? This is a qualita- 

tive criterion derived from Poincaré’s definition of chaos [23] . 

We present cases where real-world changes such as mandated 

lockdowns had a profound impact on the spread of the disease, 

suggesting deterministic behavior. 

The study concluded that the spread of COVID-19 exhibits the 

ajor qualitative characteristics of chaotic systems. Most coun- 

ries show a roughly logistic growth curve, but activity in the 

econd derivative revealed great variability in system behavior. 

hen examined under the context that infectious epidemics in 

he past have exhibited chaotic behavior, the study concluded that 

he spread of COVID-19 suggests that the epidemic is a chaotic 

ystem. 

. Materials and methods 

Johns Hopkins University has continuously collected data on 

he coronavirus epidemic from various sources such as the World 

ealth Organization, including daily cases per country, which is the 

ata source used for this study [10] . The data is organized by coun- 

ry and cumulative cases by date. A sample with the first five days 

f one country is shown in Table 1 . 

We considered the data from the beginning of the global data 

et, January 22nd, 2020, to May 30th, 2020. Each data-point tells 

he number of confirmed COVID-19 cases in that country by that 

ay. In the example shown in Table 1 , the United States had five

onfirmed cases by January 26th, 2020. With almost 35,0 0 0 data- 

oints corresponding to 267 countries or territories, the study re- 

uired a dynamic analysis tool instead of analyzing static charts. 

n order to investigate deeper, a web-based interface was designed 

nd developed to allow for close inspection of the data through 

nteractive charts. The evolution of the COVID-19 epidemic was 

apped over time, in terms of total number of confirmed cases per 

ountry per day. Data was adjusted to account for country popu- 

ation and date of first-confirmed-case in order to accurately com- 

are the spread behavior between countries. The raw data was ex- 

racted as an CSV file and analysed using original JavaScript soft- 

are [12] , the graphing utility Plotly [22] was employed to gener- 

te all the graphs. 
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Fig. 1. COVID-19 Cases per Country per Capita Some countries hidden from legend. Key countries highlighted in other figures . 
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. Results and discussion 

.1. Cases per capita 

Fig. 1 demonstrates the raw data as percentages of each coun- 

ry’s population. Since the data only pertains to the total number 

f confirmed cases, not accounting for decreases like recovery and 

eath, the total number of cases in every country/region increases 

r remains constant at all times. Highlighted in Fig. 2 , almost all 

egions show 1 of 3 possible parts of the beginning of a logis- 

ic graph: a curved ramp-up (Russia), or a curved ramp-up into 

oughly a line (US), or an upward curve into a line which curves 

oward horizontal (Spain), which is a logistic curve. This is sensible 

or an infectious disease with a maximum number of infections, 

hat maximum being the population of each country. 

So far, these patterns don’t directly suggest chaos: it still seems 

ossible there might be some parameters which control the shape 

f the curves predictably, potentially population density, weather 

atterns, etc. 

.2. Cases per capita with shifted dates 

Fig. 3 demonstrates the case data shifted to show the percent of 

he population that had been infected as a function of the number 
Fig. 2. COVID-19 Cases per Capita 

3 
f days since the first case in each country, instead of the absolute 

ate. 

This graph is more revealing about the relative behavior of 

he epidemic in each country. It is clear the virus ran its course 

aster in some countries, where the growth seems to have flat- 

ened in fewer days. For example, only 55 days after the first case 

n Iceland, the country had almost completely stopped the spread. 

eanwhile, the US at 130 days in was still seeing almost linear 

ositive spread ( Fig. 4 ). 

These differences confirm that there are a large number of 

otential solutions or equilibrium and varying behavior between 

ountries over time. Another key observation from this graph is 

hat countries which seemed to follow similar growth curves can 

ery rapidly diverge. For example, as shown in Fig. 5 , in the first 40

ays of the epidemic in Ireland, the Netherlands, and Turkey, the 

ercentage of the population that was infected grew almost identi- 

ally in each country. However, between days 40 and 42, the three 

ountries’ curves diverged greatly, to such an extent that by day 60, 

reland had almost three times the infected population percentage 

s Turkey, and Turkey and the Netherlands are 25% apart as well. 

This example exhibits unpredictability because, by Poincaré’s 

efinition, the behavior following day 40 cannot be predicted by 

he state at day 40, since there are clearly multiple possible behav- 

ors. This is one example confirming unpredictability in the spread 
in the US, Russia, and Spain. 
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Fig. 3. COVID-19 cases per country per capita, shifted to date of first infection in each country Some countries hidden from legend. Key countries highlighted in other figures . 

Fig. 4. COVID-19 cases per country per capita, shifted to date of first infection in each country; Comparison of Iceland and the US . 

Fig. 5. COVID-19 cases per country per capita, shifted to date of first infection in each country, Comparison of Ireland, Netherlands, and Turkey . 
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f COVID-19. It is also important to note that these three countries 

re not alone in displaying unpredictability after formerly-similar 

pread of COVID-19. Another example is Kuwait, France, and Swe- 

en, shown in Fig. 6 . 

Until approximately day 70, the infected percentage in all three 

ountries had grew with similar shaped curves. However, within 

ays after that point, the infected percentage in Kuwait spiked 

rastically, while it entered linear growth in France and Sweden. 

y 10 days later, even France and Sweden diverged, with Sweden’s 

nfected percent still growing linearly while the spread slowed 
4 
own in France. By Poincaré’s definition of unpredictability, know- 

ng the spread behavior in Sweden from day 60 to 120 would 

ot provide any accurate prediction of the behavior in Kuwait or 

rance, suggesting a chaotic nature.Yet another example of unpre- 

ictability is Cabo Verde and New Zealand, shown in Fig. 7 . 

In Cabo Verde and New Zealand, the disease spread almost 

dentically until day 25, at which point it continued to grow simi- 

arly in each country until day 40, and then the behaviors sharply 

iverge: cases grow steeply linearly in Cabo Verde, but level off al- 

ost entirely in New Zealand. This example further demonstrate 
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Fig. 6. COVID-19 cases per country per capita, shifted to date of first infection in each country, Comparison of Kuwait, France, and Sweden . 

Fig. 7. COVID-19 cases per country per capita, shifted to date of first infection in each country, Comparison of Cabo Verde and New Zealand . 

Fig. 8. First derivative of daily COVID-19 cases per country per capita, with shifted dates. Some countries hidden from legend. Key countries highlighted in other figures . 
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hat spread of COVID-19 is unpredictable, because at any given 

oint there are multiple possible behaviors in the time follow- 

ng that point. The observation of unpredictability fulfills one of 

oincaré’s key criteria for choatic systems. 

.3. Derivative of cases per capita, with shifted dates 

We looked at the rate of spread of COVID-19, the derivative of 

he number of cases, adjusted similarly to Fig. 3 . This data, shown 
5 
n Fig. 8 shows the spread rate as a function of the number of 

ays since the first patient. Negative derivatives represent decreas- 

ng numbers of cases, which shows corrections to data, since the 

ata set does not account for real decreases in active cases (by re- 

overy or death). 

While the raw data shows mostly similar shaped, roughly logis- 

ic trajectories with some small bumps and jumps, the daily rate 

f growth shows a lot of variation in behavior. For example, in the 

S from day 92 to day 99, just one week, the daily growth rate 
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Fig. 9. First derivative of daily COVID-19 cases per country per capita, shifted, First derivative in the US . 

Fig. 10. First derivative of daily COVID-19 cases per country per capita, shifted, First derivative in the US and Spain . 
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ecreases by 30% and increases back to almost the same starting 

oint (shown in Fig. 9 ). 

We also see drastically different behavior between different re- 

ions, unlike the roughly logistic graphs of the Raw Data. One ex- 

mple is the comparison of the spread rates of the US and Spain. 

y their respective day 30s, the spread rate in Spain started to de- 

line, while the US spread rate was just starting to increase, as 

hown in Fig. 10 . 

The amount of unpredictable variation within a country and 

ifferent possible models for each country suggest chaos. However, 

ost countries still follow a very rough pattern of increasing and 

hen leveling-off and decreasing spread rates. The second deriva- 

ive helps to measure this sensitivity ( Fig. 11 ) because its behavior 

hows activity in the system [4] . The rate of change of the spread

ate in each region fluctuates greatly. The US ( Fig. 12 ) seems to os-

illate between roughly two values, Spain and Italy ( Fig. 13 ) appear

o exhibit a single heart-beat-like pulse surrounded by ramp-up 

nd ramp-down, and Russia ( Fig. 14 ) and Germany show clusters 

f high activity. 

In summary, the results reveal the following: 

1. Large number of solutions - While most countries have a 

roughly logistic curve of COVID-19 growth, there is a huge 

amount of variation in: the time it takes to reach the same 

point in that logistic curve, the highest percent of the popu- 
6 
lation which the logistic curve reaches, and the degree of cur- 

vature of the logistic model. 

2. Sensitive - the second derivative shows clusters, spikes, and os- 

cillations, revealing that the system is highly sensitive due to 

the high amount of activity in the system instead of steady or 

constant behavior. 

3. Numerically unpredictable - while the raw data shows roughly 

predictable shapes, the extreme variation first and second 

derivatives of different countries reveal a high amount of vari- 

ability, making the growth of the system unpredictable. Further- 

more, there are examples of growth curves appearing identical 

and then suddenly diverging. We may predict that spread in the 

US will level off logistically, but we cannot tell when that will 

occur based on the US data or other countries’ curves. 

One important question remaining is what causes the activity: 

s the system random, or is it determined by some factors of the 

hysical system, as required in order to be chaotic? Qualitative in- 

estigation is required to answer that, and even then we cannot 

efinitively determine the factors contributing to every change in 

very country. However, we investigated some of the countries and 

ound good examples suggesting the system is deterministic. 

New cases take up to 14 days to show symptoms and therefore 

e reported [18] . In Iceland, lockdown was initiated on March 24th 

29] , day 25 when shifted. Exactly two weeks after that change, 
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Fig. 11. Second derivative of daily COVID-19 cases per country per capita, with shifted dates. Some countries hidden from legend. Key countries highlighted in other figures . 

Fig. 12. Second derivative of daily COVID-19 cases per country per capita, with shifted dates, Oscillating second derivative of COVID cases in the US . 

Fig. 13. Second derivative of daily COVID-19 cases per country per capita, with shifted dates, Spike pulse of second derivative of daily COVID-19 cases in Italy . 
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here are few new cases reported ( Fig. 15 ) and almost all activity

hown by the second derivative ceases ( Fig. 16 ). 

In Ireland, there was an extremely sharp increase in the num- 

er of cases reported per day around April 9th, day 78 of the data

verall and day 40 in Ireland’s shifted scale ( Figs. 17 , 18 ). 
7 
This is also the day with the sharpest increase in testing in Ire- 

and [8] , which would explain the jump in the data and higher 

ctivity following that day. In Bahrain, re-opening efforts began on 

pril 9th [1] , which is the likely cause of a the immediately fol-

owing spikes in number of cases ( Fig. 19 ). 
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Fig. 14. Second derivative of daily COVID-19 cases per country per capita, with shifted dates, Two clusters of activity in second derivative of daily COVID-19 cases in Russia . 

Fig. 15. Daily confirmed cases in Iceland shifted to start-date. 

Fig. 16. Second derivative of daily confirmed cases in Iceland shifted to start-date. 
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These examples suggest that real changes in the physical condi- 

ions of the system are causing changes in the spread of the virus. 

he outcome, amount and rate of spread, is determined by these 

eal factors. This suggests the behavior of the system is determin- 

stic, not random, a key qualifier for a chaotic system. 
8 
.4. General discussion: Deterministic chaos and COVID-19 

Complex natural systems often demonstrate chaotic behavior. 

owever, rigorous proof of chaos from empirical data or experi- 

ental observations alone is a substantial challenge. In this work, 
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Fig. 17. Daily confirmed cases per capita in Ireland. 

Fig. 18. Second derivative of daily confirmed cases in Ireland shifted to start-date. 

Fig. 19. Daily confirmed cases per capita in Bahrain. 

9 
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ather than attempt a rigorous mathematical proof, we investigate 

he hypothesis that the COVID-19 pandemic exhibits chaotic behav- 

or by mapping the disease over time from available epidemiolog- 

cal data. Our results suggest that the COVID-19 epidemic exhibits 

eterministic chaos. 

The overall predictions of the SIR model demonstrate a typi- 

al sigmoidal curve. This functional response is characterised by an 

xponential growth stage, inflection point and slow-down growth 

hase towards a horizontal asymptote. The first wave of COVID- 

9 pandemics in different countries demonstrates similar behavior 

 Fig. 3 ). Empirical sigmoidal models such as the logistic curve are 

lso broadly employed for modeling of COVID-19 and other epi- 

emics [24,26,27] . The discrete counterpart of the logistic curve 

s a well-known Logistic Map model that demonstrates a chaotic 

ehavior [17] . Our examination of the epidemic dynamics in dif- 

erent countries reveals amazing similarity to the chaotic behav- 

or known in this and many other dynamics systems. We conclude 

hat the scale of the epidemic is essentially unpredictable due to 

undamental properties rather than due to the limited data avail- 

ble for model parameterization. We find that the chaotic behavior 

n the spread of COVID-19 suggests that it is a deterministic chaotic 

ystem, which should be taken into account by public policy 

akers. 

. Conclusion 

Through use of an interactive data map, it was shown that the 

pread of COVID-19 exhibits the major characteristics of chaotic 

ystems, namely, determinism, high sensitivity, large number of 

quilibria, and unpredictability. When examined under the context 

hat infectious epidemics in the past have exhibited chaotic behav- 

or, we conclude that spread of COVID-19 is likely a chaotic system. 

e may be able to gain some insights into its behavior, such as the 

ommon logistic pattern, but we cannot assume that it will follow 

 logistic path in any one country and we cannot numerically pre- 

ict the behavior of a particular logistic curve. 
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