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1 | INTRODUCTION

| Muhammad Altaf Khan?*

Abstract

In the present investigations, we construct a new math-
ematical for the transmission dynamics of corona virus
(COVID-19) using the cases reported in Kingdom of Saudi
Arabia for March 02 till July 31, 2020. We investigate the
parameters values of the model using the least square curve
fitting and the basic reproduction number is suggested for
the given data is Ry~ 1.2937. The stability results of the
model are shown when the basic reproduction number is
Ro < 1. The model is locally asymptotically stable when
Ry < 1. Further, we show some important parameters that
are more sensitive to the basic reproduction number R
using the PRCC method. The sensitive parameters that
act as a control parameters that can reduce and control
the infection in the population are shown graphically. The
suggested control parameters can reduce dramatically the
infection in the Kingdom of Saudi Arabia if the proper
attention is paid to the suggested controls.

KEYWORDS
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stability results

The world is now facing a new fatal disease which is known as COVID-19 caused mainly by the
coronavirus. This virus was reported early in China city Wuhan and began to spread rapidly to the
entire world. Due to the lockdown measure and control, the disease is now almost finished in China
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while the rest of the world is struggling to minimize its infections cases. It is documented that people
suffered with coronavirus have the respiratory illness and recovered without any specific treatment.
The people specially, the old age and those with underlying medical problems such as diabetes, cancer,
chronic respiratory diseases, are cardiovascular disease are more considered to develop serious illness.
In order to reduce the transmission of this virus and preventing from it, is the best possible way is of
the well information about the (COVID-19) virus, its causes and its spreads. In order to protect himself
from this virus is to wash the hands regularly or the use of alcohol based rub, and avoid touching the
face. Now, there is no specific treatment or vaccination for the (COVID-19) but there are many ongoing
trials in order to develop the vaccines and possible treatment mechanism [1].

The corona virus which is spread quickly more faster than a common flu virus, that is why the dis-
ease spread around the globe and become an epidemic. Most of the world countries have a large number
of (COVID-19) cases, where in some countries, such as United states, Italy, France, Iran, China, India,
Spain, Mexico the cases are very high. According to the recent update about the coronavirus, the total
infected registered cases are 22,423,016 with 787,909 deaths while the recovered cases are 15,907,858.
In Saudi Arabia, the coronavirus first case was reported on March 02, 2020 [2] where a Saudi national
came from Iran via Bahrain. A second case reported on March 14, where a person came from Iran
via Bahrain who is the companion of the first without mentioned that he had visited Iran [3]. Due to
the increase of the infected cases across the country, the educations institutions, restaurants and other
places where there is a risk of the infection to be spreaded further are closed. International flights
including domestics are suspended, Umrah visitors are restricted, hajj is restricted to a few number
of people. A strick lockdown and curfew were started in the cities where the risk was high. After the
decreasing of the infection, there were reported a partial curfew in some cities except Makkah. At the
end of July 2020, 288,609 cases were reported with 3167 deaths and the recovered are 252,035.

The coronavirus which is currently is an epidemic globally put many people to deaths and infections
with major economic loss over the globe. Researchers from different fields studied the coronavirus and
identified the possible way to protect the humans. In this regard, a number of articles published where
the coronavirus were the prime target was the COVID-19. Many researchers published mathematical
models in order to understand the dynamics and complexities of the coronavirus. A mathematical
model that addressed the dynamics of coronavirus in Canada has been studied in Reference [4]. A
mathematical is formulated to study the data of China, Italy and France is explored in Reference [5].
In Reference [6], the authors formulated a mathematical model in terms of the fractional derivatives
and explored the dynamics of coronavirus using the Chines real data. A new mathematical study about
the coronavirus and the impact of the lockdown on the society is explored in Reference [7]. Using
a fractional mathematical model in Reference [8], the authors used the real data of UK, USA and
Italy and performed the numerical investigations. The mathematical and computational analysis of the
COVID-19 disease in Mexico has been discussed in Reference [9]. The impact of non-pharmaceutical
interventions on the dynamics of novel coronavirus has been reported in Reference [10]. The dynamics
of novel coronavirus with optimal control strategies has been studied in Reference [11]. The authors in
Reference [12] explored the dynamical analysis of the COVID-19 with quarantine and isolations using
the real data. A mathematical study on coronavirus using the real cases from Nigeria has been studied
in Reference [13]. A mathematical model with real statistical cases from Ghana has been analyzed in
Reference [14]. A mathematical model with singular and nonsingular operators have been studied in
Reference [15].

The aims of this study are construct a novel mathematical for the coronavirus using the real cases
reported in Saudi Arabia since, March 02 till July 31, 2020. We use the new concept of the interaction of
exposed with susceptible individuals which is reasonable and make the progress of the infection cases
more. Some mathematical properties of the model are explored in detailed. The sensitivity analysis is
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performed and obtained the numerical results for the sensitive parameters which can be regarded the
best control for the disease eradication. The details model formulations and others sections in this paper
are as follows: The formulation of the new mathematical with brief discussion is given in Section 2.
The analysis of the equilibrium points and the stability results have been discussed in Section 3. In
Section 4, we study the parameter estimations, sensitivity analysis, and the numerical results with
discussion. A brief conclusions based on the work presented in given in Section 5.

2 | MODEL FORMULATION

We formulate the model by dividing the population N(¢) into five different classes, namely, the sus-
ceptible, exposed, asymptomatic infected (not showing symptoms but infected other healthy people),
symptomatic infected (that have symptoms of disease and infect other people), and the recovered indi-
viduals, respectively, denoted by S(¢), E(t), A(t), I(t), and R(¢), so N(t) = S(¢t) + E(¢) + A(¢) + 1(t) + R(¢).
The concentration of the corona virus in the environment is denoted by B(¢). People in infected class
which have the disease symptoms fully can transmit the infection to other people. People who are in
the exposed class which are in the period of incubation which do not have symptoms but can transmit
the infection to other people. The asymptomatic people do not show any symptoms but it transmits
the infection to other people and regarded a threat to the human population for further generation of
infection. We write the following model based on the above discussion:

das S

D o A= (BE + ol + fsA + p1B)> — dS,
0 (BLE + ol + B3A + P4 )N

dE S

— = (iE+ fol + 3A + f4B)— — (6 + d)E,
dt N

A (- opE - +di 4701,

dA

2 16E—(d + p)A,

i (d+r2)

dR

I+ A —dR,

dt 71 V2

dB

o viE +yol +y3A — ¢B, 1)

where the initial conditions are given by
8(0) =80 2 0,E0) = Ey 2 0,1(0) =1y 2 0,A(0) = A9 2 0,R(0) =Rp 2 0,B0=Bp 20. (2)

The birth rate of the susceptible individuals is shown by A while the natural mortality rate is given
by d. p; for i = 1,2,3,4 are the contact rate respectively, among exposed and susceptible, infected
(showing symptoms) and susceptible, symptomatically infected (not showing symptoms) and suscep-
tible (which are considered to be the direct transmission), and the environment indirect to human
transmission. The exposed individuals develop symptoms become infected at a rate (1 — )6, where
the asymptomatic infection occur with a rate 76. The infected people die at infected class at a rate
d; while the recovery from infected, asymptomatic infected occur at rate y; and y,, respectively. The
parameters y; for i = 1,2,3 are rate at which the exposed, infected and asymptomatically infected peo-
ple contributed the virus to the environment reservoir while the removal rate of the virus from the
environment reservoir is shown by ¢ section Model analysis.
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2.1 | Solution positivity

Lemma 1 Consider the initial data H(0) >0, where H(t) = (S(¢), E(¢),1(¢), A(t), R(¢),
B(?)). Then, for any t > 0, we have the non-negative solution for the system (1). Further,

. A
IimN(f) < —,
im ()_d

=0

with N(t) = S(t) + E(t) + I(t) + A(t) + R(2).

Proof.  Consider ¢ = sup{t>0:H(t)>0€][0, #]}. So, #t; > 0. The following result is
given using the first equation of the model (1),

as _ . _
E_A das(t) — A5(1), 3)

with A(t) = (B1E + ol + f3A + /34B)$. Then, the Equation (3) can be written as,

% {S(t) exp <dt+/ | A(p)dp) } = Aexp <dl+/ ] A(p)dp) . @
0 0

S(t) exp <dt1 + / 1 i(p)dp) —5(0) = Aexp (dx + / ) A(C)dcj) dx, 5)
0 0

So,

so that

S(t1) = S(0) exp {— (dt1 + / I /l(p)dp) } + exp {— <dt1 +/ ] A(p)dp) }
0 0
x/]Aexp <dx+/x/1(é’)d§>dx>0. (6)
0 0

For the remaining equations, we take the same steps that are shown for the above
equation of model (1) to show H(t)>0 for every ¢>0. For the second part, note
that 0 < S(0) <N(7), 0 < E(0) <N(1),0<I(0) <N(1),0<A0) <N(), 0 < R(0) <N(¢). The
additions of all the equations except the last one of the model (1), the following is

presented:
dN =A—dN-d|I <A-dN,
dt
S0,
IimN(f) < é
t—0c0 d |

Next, we present the following result for model (1) about it is invariant regions. Let the feasible
region be 2, shown by

Q= {(S(t),E(t),I(t),A(t),R(t)) eR] : N@) < %,B(t) eR, : %W } .

The following result is established.

Lemma 2 The region Q for the system (1) is positively invariant with the non-negative
initial conditions.
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Proof.  In order to show the above result, we add the first equations of the system (1),
and get the following,

%’:A—dN—dllsA—dN.

Hence, % <0,if N(O) > %. So, N(f) < N(0)e~% + %(1 —e~%). So, the region shown
by Q is positively invariant. Further, N(0) > % and N(0) > %, then either the solutions
enters Q in finite time or N(f) tends to % asymptotically. Thus, the region Q attracts all

the solutions in R. n

3 | EQUILIBRIUM POINTS AND THEIR ANALYSIS
The model (1) has a unique disease free equilibrium, given by
Yo = (So. Eo. o, Ao, Ro, Bo) = (£.000.00) .

In order to find the stability of the system (1), we need to compute the basic reproduction number
Ry. For this, we consider the infected classes, E, I, A, and B, follow the method given in Reference
[16] and have the results in the following.

P P B Pa 5+d 0 0 0
0O 0 0 O —(1=-7%86 (d+d+ 0 0
. Cand V= (I-7)5 ( 1+71) .
0O 0 0 O -7 0 d+y) O
0 0 0 O -y ) -y ¢

The required basic reproduction number for the given corona virus model is

Ro = ko (67(Paws + B3) + ks(Bay1 + B1)) + 6ks(1 — D)(Baw + P2gp) _ R +Ro+R
0 k1k2k3d) ) 1 2 3,

where

_o(1 = )(fayr + Poop) _ ot(Bay3z + f3d) _ bay1 + P
Ri= Wt 2T kg 0T ki

where k) =d+6, ko =y, +d+d,, and k3 = y, +d. Next, we find the local stability analysis of the
model (1) at the disease free equilibrium (DFE). The following theorem is presented.

@)

Theorem 1  The coronavirus model is locally asymptotically stable at Yy if Ry <1.

Proof.  The Jacobian matrix of system (1) at Y is given by

-d  —ph —p b 0 —P

0 -ki+p B B 0O pB
J(Y) = 0 6(-7) =k O 0

0 ér 0 —ks 0

0 0 n r -d

0 Vi v w3 0 —¢
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From J(Y), we have the eigenvalues —d, — d that show clearly negative real parts and
the rest of the eigenvalues can be obtained from the following equations:
PraX’ +ai*+asi+as =0,

where

ay=—-pr+k+k+ks+ o,
ar = kiky <1 _ ﬂzé‘}illk; f)> + kiks <1 - ’2‘;’) ki <1 - ﬂ“"’]‘c];ﬂ‘d’)
+ (k2 + k3)(¢ — B1) + kaks,
as = kiko(1 = R1)$ + kiks(1 = Ra)p — p26k3(1 — 1) — P36kat — (ko + k3)(Pays + f1¢p)
— Pikoks + kaksp + kikaks,
as = kikoksp(1 — Ro).
It can be observed that all the coefficients above a; > 0 fori = 1,2,3,4 whenever Ry < 1
and further it satisfy the Routh-Hurtwiz criteria a; > 0 for i = 1,2,3,4 and a,axa3; > a% +

ajay. Thus, it can be concluded that the corona virus model is locally asymptotically
stable at the disease free equilibrium Y. [

Next, we obtained the expressions for the endemic equilibrium. The endemic equilibrium of the
corona virus model (1) denoted by Y| = (S E*,I",A",R",B") and is given by

A
§f=—,

d+ 4
B = AS* ’

d+46
I*_(SE*(I—T)

)/1+d+d17
A = otE ’

v +d

d

B*=W3A*+W1E*+ll/21*,

) ;

Using the above result into

e A*Ps + puB* + PLE* + pol*
N* ’
we have
G(ﬂ*) = blﬂ* + by,
where

by = ¢(6k3(1 — 7)(y1 + d) + ka(67(r2 + d) + dk3)),
by = dkikak3 (1 — Ry).

The above result suggests if R > 1, then, a unique endemic equilibrium exists and there is no
possibility of the existing of the backward bifurcation phenomenon.
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TABLE 1 Parameters fitted to the real data

Parameter Description Value Source
A Recruitment rate dxX N(0) Estimated
d Natural mortality rate m [2]

By Contact rate among exposed and susceptible 0.1233 Fitted
B> Contact rate among infected (symptomatic) and susceptible 0.0542 Fitted
b3 Contact rate among infected (asymptomatic) and susceptible 0.0020 Fitted
N Contact rate among environment and susceptible 0.1101 Fitted
6 Incubation period 0.1980 Fitted
T Incubation period 0.3085 Fitted
d, Natural death rate due to Infection at / 0.0104 Fitted
71 Recovery from / 0.3680 Fitted
72 Recovery from A 0.2945 Fitted
W Virus contribution due to E to B 0.2574 Fitted
WH Virus contribution due to / to B 0.2798 Fitted
783 Virus contribution due to A to B 0.1584 Fitted
) Virus removal from environment 0.3820 Fitted

4 | PARAMETERS ESTIMATION, SENSITIVITY ANALYSIS AND THE
NUMERICAL RESULTS

Here, we estimate the model parameters for the corona virus model (1) using the infected cases reported
in Kingdom of Saudi Arabia since March 02 till July 31 and parameterized the model. The time unit is
taken to be in days. We consider some of the parameters of the model from literature such as the natural
death rate d and the birth rate A. These parameters can be calculated as N(0) = A/d, where N(0) is
the total population of Saudi Arabia in 2020 and it is N(0) = 34813871. The average lifespan in Saudi
Arabia is 1/74.87. The birth is calculated and given by A = 1273.94 per day. The others parameters of
the model are obtained through data fitting and can be seen in Table 1. The total corona cases reported
in Kingdom of Saudi Arabia at the end of July 2020 are 288,690 with 3167 deaths. From these infected
cases, the number of recovered people are 252,039. From this data, it is clear that 1% death reported
while the 99% people have been recovered or discharged. The computed reproduction number for this
given data is R = 1.2937.

The parameters values used in Table 1 are used to show the model (1) versus data fitting in
Figures 1. The COVID-19 cases reported in Saudi Arabia versus model fitting have been shown in 1
which provide best fit to the data. Next, we determine the sensitivity analysis of the model parameters
that which parameters can greatly affect the basic reproduction number R, so the following subsection
is devoted to obtain the global sensitivity analysis.

4.1 | Sensitivity analysis

The aims of the sensitivity analysis for an epidemic model are to determine the dominant factors related
to a certain interventions that affects the dynamics of disease greatly. We present the PRCC analysis in
order to find out the most influential parameters that contribute to R. In this analysis, the parameters
considered and their respective p values are shown in Table 2. The most sensitive parameter is ¢ and
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FIGURE 1 The COVID-19 cases in Kingdom of Saudi Arabia versus model simulation

TABLE 2  Partial rank correlation coefficient (PRRC) values of R with corresponding p values

Parameter Description PRCC values p Values
B Contact rate among exposed and susceptible 0.5350 0.0000
Jia Contact rate among infected (symptomatic) and susceptible 0.1015 0.0014
B Contact rate among infected (asymptomatic) and susceptible 0.1598 0.0000
N Contact rate among environment and susceptible 0.6693 0.0000
) Incubation period —-0.3515 0.0000
d Natural death rate —-0.7373 0.0000
T Incubation period 0.1186 0.0002
d, Natural death rate due to Infection at / —0.0382 0.2306
71 Recovery from / —-0.1049 0.0010
72 Recovery from A —0.1946 0.0000
v Virus contribution due to E to B 0.5567 0.0000
Wy Virus contribution due to / to B 0.1312 0.0000
w3 Virus contribution due to A to B 0.1254 00.0001
0] Virus removal from environment —0.7664 0.0000

the others are d, f4, w1, f1, 6, v2, P3, W2, W3, T, ¥1, B2, and d;. The positive indices parameters in
Table 2 increase the value of R that is the COVID infection will increase in the population while
the parameters with negative indices in Table 2 indicate the decrease in the COVID infection in the
population. The PRCC graph has been shown in Figure 2 where the important sensitive parameters
and their effect on model will be explored in the following section.
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FIGURE 2 The COVID-19 cases in Kingdom of Saudi Arabia versus model simulation

5 | NUMERICAL RESULTS

In this subsection, we obtained the numerical solution of the new COVID-19 model (1). The time unit is
considered in days. The parameters estimated and fitted shown in Table 1 are considered and obtained
the Figures 3-14. The stability of the model (1) is shown graphically in Figure 3. Figure 4 represents
the dynamics of the susceptible versus total number of infected individuals (TI). It can be seen from
Figures 3 and 4 that the model (1) is locally asymptotically stable. The parameter f; and its impact on
infected individuals are shown graphically in Figure 5. In Figure 6, the parameter £, and its impact on
the infected cases are given. The parameters y| and ¢ and their effect on the infected cases are shown,
respectively, in Figures 7 and 8. In Figures 5 to 8, it can be observed that by decreasing the value of
the parameters £, fl4, w1, and ¢ can reduce the infection in the cases greatly. The parameter £, which
defines the contact among healthy and susceptible people can reduce the infection if the contact among
is restricted or limited. Also, the shaking hands, the physical distance, the social distances, and the
other instructions suggested by World Health Organization (WHO) should be carefully adopted. The
parameter f4 defines the contact among the healthy people and the environment in the virus (which
may be a seafood market). The visiting people and buying things that can produce the infection further
and infect other healthy people should be avoid. The parameter y| that defines the visiting exposed
individuals to the environment of the seafood market and makes the infection process more complex
should be restricted. It is obvious that in China the generation of the infected cases was reported mainly
by the cause of the virus in the seafood market, therefore, the parameter y that defines the removal
rate of the virus should be increased by using the properly sprayed and other chemical related material
that are beneficial to improve the reduction of the viruses on the surface. The total number of infected
compartments for the sensitivity parameters has been shown graphically in Figures 9-14. From these
graphical results, it can be seen the reducing the value of the parameters f1, f4, W1, ¢, w2, and y3, the
total number of infected cases reduces faster. Therefore, the suggested parameters that we discussed
above should be considered as control parameters for the reduction of the virus from the community.
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6 | CONCLUSION

In this investigations, we constructed a new mathematical model for the dynamics of COVID-19 with
the real cases of COVID infection in Kingdom of Saudi Arabia. We invested and found that the model is
locally asymptotically stable when R < 1. Further, we presented the least square curve fit and obtained
the real parameters and found the basic reproduction number R = 1.2937 for the Saudi Arabia data.
The real parameters are used in the PRCC analysis and the related parameters are investigated that
were more sensitivity to the basic reproduction number R(. We solved the model and obtained the
graphical results for the important parameters for the case of infected people and for the total number
of infected cases. We observed from the graphical results that the infected cases in Saudi Arabia will
be decreased more in a faster way if the government should restrict the people to the home only, avoid
shaking hands, follow properly washing the hands, restricts the visits to the endemic areas, the places
where the infection can be generate further must be restricted and the physical distances or social
distances must be followed carefully.
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