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The virus which belongs to the family of the coronavirus was seen first in Wuhan city of China. As it spreads so
quickly and fastly, now all over countries in the world are suffering from this. The world health organization has
considered and declared it a pandemic. In this presented research, we have picked up the existing mathematical
model of corona virus which has six ordinary differential equations involving fractional derivative with non-
singular kernel and Mittag-Leffler law. Another new thing is that we study this model in a fuzzy environment.
We will discuss why we need a fuzzy environment for this model. First of all, we find out the approximate value
of ABC fractional derivative of simple polynomial function (t — a)". By using this approximation we will derive
and developed the Legendre operational matrix of fractional differentiation for the Mittag-Leffler kernel frac-
tional derivative on a larger interval [0,b],b>1,b € N. For the numerical investigation of the fuzzy mathematical
model, we use the collocation method with the addition of this newly developed operational matrix. For the
feasibility and validity of our method we pick up a particular case of our model and plot the graph between the
exact and numerical solutions. We see that our results have good accuracy and our method is valid for the fuzzy
system of fractional ODEs. We depict the dynamics of infected, susceptible, exposed, and asymptotically infected
people for the different integer and fractional orders in a fuzzy environment. We show the effect of fractional
order on the suspected, exposed, infected, and asymptotic carrier by plotting graphs.

Introduction diffusion phenomena is most occurring which is described by time

fractional diffusion equation. The concept of memory of system is shown

It is always not possible to find out the deterministic model of such
physical problems. In 1965, Zadeh’s introduces the concept of fuzzy sets.
After it, the application of this fuzzy set in modeling has appeared more
and more. Thus the development and application of fuzzy differential
equations (FDEs) are rapidly increasing last few years. The branch of
mathematics named fractional calculus is a well known branch.
Although it is developing nowadays also. The researchers J. Liouville
and N. H. Abel introduced and developed the theory of fractional cal-
culus. The reader can found detail description in [1-3]. With the help of
fractional calculus, we are able to define and developed the derivative
and integration of non-integer and real order. Many physical phenom-
ena which are not interpreted with integer order derivatives, are easily
and accurately described with fractional derivatives. The anomalous
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by fractional order differential equations. We can find out many frac-
tional derivatives in literature like as Caputo, Hadamard, Griinwald-
Letnikov, Riesz and Riemann-Liouville fractional derivatives. With the
development of fractional derivatives, the fractional differential equa-
tions have been emerged and they have a lot of applications in many
fields of science and engineering as in physics, chemistry, economics,
biology, medical science, data science, image processing and agriculture
[4-6]. The fractional differential equations and fractional partial dif-
ferential equations is so vouge and we need to find out the solution of
these differential equations. Many analytical methods are available in
literature which are so limited and are unable to deal with many types of
equations. Seeing this difficulty with the analytical methods, the nu-
merical methods and schemes are developed to derive the solution of
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fractional differential equations. Some examples of numerical methods
available in literature are fractional differential transform method [7],
Adomain decomposition method [8], homotopy perturbation method
[9], generalized block pulse operational matrix method [10], and pre-
dictor—corrector method [11], etc. The operational matrix method
which is easy to apply and has great accuracy includes Haar wavelets
[12], Legendre polynomial [13], Legendre wavelets [14], Chebyshev
wavelets [15], Genocchi polynomial [16], and Laguerre polynomial
[17].

The first case of novel corona virus was seen in December 2019 in
Wuhan city if China. This is a new virus which has never seen before.
Later it known as COVID-19 by WHO. The main symptoms of this virus
infected peoples are respiratory illness, cough, fever, pain in muscles
and difficulty in breathing. WHO has declared this disease cause from
the corona virus as pandemic. It has spread in the whole world in a short
time. The reason of its spreadness is infected and asymptomatic infected
peoples. When they came in a contact with healthy person, that person is
also infected. Mainly it spreads in the from of cough and sneezing drops
of infected person. So it spread with the conatct of infected person or
infected surface having virus. There is no medicine or vaccine which can
cure this. So we can be safe adopting precautions like as make a distance
with peoples, using face masks and face shield. Human has the capability
to change environment according to him and thus violated many natural
rules. Human has created weapons like as gun, bomb, atom and nuclear
bomb which are so dangerous they can destroy the whole earth. With
development of science, human has started to create new viruses for bio-
war. This nature and sources are not ours, we are just using this.
Mankind started to eat so many things that are not worthy to eat such as
so many sea animals, bats, and snakes. The misuse of sexual activity led
to diseases HIV due to which millions of people were dead in the last
decades. Ebola virus that killed so many people, it is believed that it
comes from a fruit bat. Lassa fever or recently the Hantavirus is believed
to come from rats. The mathematically modeling in these days is an
important tool to study the behavior and dynamics of physical phe-
nomena. Here in this scientific contribution, we present a model of
corona virus in fuzzy environment with new type of fractional derivative
with non-singular kernel.

We have organized the paper in the following manner. The basic
definitions and concepts of fuzzy calculus and fractional calculus is
introduced in section 2. As we have used the operational matrix method
to deal with this fuzzy model, so we derived the operational matrix of
fractional differentiation in ABC sense with the help of shifted Legendre
polynomial in section 3. The presented fuzzy model and its description is
included in section 4. The numerical simulation and validation of model
with taking a particular example is integrated in section 5. The
conclusion of our research work in implemented in last section 6.

Preliminary definitions of fuzzy calculus and fractional calculus

The concepts of fuzzy sets is applied when uncertainty arises due to
imprecision and vagueness. To define the fuzzy sets we take a non empty
set Y and a membership grade function v(y) which is related to each
member of base set Y. The fuzzy subset of base set X is a non-empty
subset of X x [0,1]. Considering

B (v, u(y)) 1y € Y}, ¢))
here B is called fuzzy set and u(y) is a function defined on domain Y with

co domain [0,1]. Sometimes the function u(y) is used in place of fuzzy set
B.

Definition 1. We use the symbol R to denote all the real numbers. We
say a mapping g : R—|0, 1] is fuzzy number if it follow these conditions
[18]

1. The mapping g is upper semi continuous.
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2. the function g follow the property of convex function. In mathe-
matical form i.e, g(u yx+(1-¢) z) >min{g(y),g(2) }with x € [0,1] and V
¥,2€R.

3. gfollow a property named as normality. According to this there exists
a point g € R such that g(zo) = 1.

4. The support of function g demoted by S(g) is defined as S(g) =
{z € R: g(z) > 0}. For function g to be fuzzy number is that §(g) is a
compact set in usual topology.

The collection of all fuzzy numbers defined on real line is denoted by
symbol Rr. Now for t € [0, 1] the t-level set is defined as

&, = {{Z_E R:g(x)zz}, z€(0,1],

5(2), =0, @

where S(g) denotes the closure of support of set. From this definition it is
obvious that t-level set is a closed and bounded interval [g (t),g" (t)],
where g (t) is left hand end point and g (t) is right hand end point. The
scalar multiplication and addition of fuzzy numbers are defined as fol-
lows

e r LA ASO,
l.geh=(@g +h.g +h),VA@g—{(A§+7A§—)’ A<O.

Now the distance function or metric space on the set of fuzzy

numbers is defined as [19,20]
HORA0! S

(55) - ()50

Here the mapping y is defined from the set Ry x Ry to the set R* UO.

5

Definition 2. Now we define the norm on the space of fuzzy numbers
as [21]

| = #(29)
By using the properties of metric space we can find out that ||.|| :
Rr—R satisfy all properties of a norm.

Definition 3. The space of all compact and convex functions of space
R" are denoted by the notation K{. The definition of generalized
Hukuhara difference between two sets belonging to K{ is defined as

CowD=E, &C=D+E, &D=C+ (- )E. (C))
The H-difference is a particular case of Hukuhara difference.

Definition 4. The H-difference of two fuzzy numbers e and f denoted
by e © f, is defined with the help of sum of fuzzy numbers. If there exizts
a fuzzy number g such that e = f +g then the fuzzy number g is called H-
difference of numbers e and f.

Definition 5. After giving the definitions of fuzzy algebra and metrices
on fuzzy numbers we now define the definition of fuzzy differentiability.
We consider a function h : (a,b)— R whose co-domain is set of all fuzzy
numbers belonging to Rr then fuzzy differentiability of function h at
point zq is defined as follows [22]

1. We take the fuzzy H-differences h(zo+k)©h(z) and
h(zo0) © h(zo —k). If this differences exists then

lim "2 T L0 A@)) _ (o hz0) © ?(Z’" =D _y <z0>. 5)

-0+ 1-0*

Such type of differentiability is called 1-differentiability on open
interval (a,b).
2. Similarly considering the H-differences
h(zo —1) © h(zp) exists then

h(z0) © h(zo +1) and
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lim h(Zo ) h(Zo + l)) — lim ]’l(Zo — l) ) h(Zo) — <Zo>. ©)

=0+ -1 =0 —1

Such type of differentiability is called 2-differentiability on open
interval (a,b).

Fuzzy definition of fractional integral and differential operator

Definition 1. The a cut set fuzzy definition of fractional integration of
function E(x) in Riemann-Liouville sense is expressed as

=)0 - o (e
%/OX (x — (u)”@(a)) dw} , )

here ye€R", x>0. Now the a level fuzzy differentiation in Rie-
mann-Liouville sense is given by

=)0

Definition 2. Caputo definition of fuzzy fractional differentiation with
a level set is defined as

with parameters n € N and z € [0, oo|.

0, PENUD & p<[p]
Df)/’_{ P+
oiprpy o PENUO & P20 EN & p>lp),
(10)

where |y] represent the floor function. The fractional operator either
integration or differentiation follow the property of linearity

D' (M\E, (1) + MyE, (1)) = M DIE, (1) + MyDIEy (1), an

with M; and M, are constants.

Fuzzy definition of fractional differentiation with Mittag-Leffler law
[23-25]

Letting a function Z(t) € H'(0,1) with H'(0,1) represents the
Sobolev space. Now we give the a-level fuzzy definition of ABC deriv-
ative of order n—1 < y<n as follows
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(0'E (w
(e = |2 [ ()

n—y
Tk, [y

x E, {n_—jy(t - w)’] dw,

_BW)
n—=vJo

12
P (12)

The function B(y) is a special type of function known as normaliza-
tion function which satisfies the property B(0) = B(1) = 1 and E,(x) is
well-known Mittag-Leffler function

Legendre operational matrix of fractional differentiation

Numerical approximation of ABC approximation of function (z — c)k

In the available literature, we have seen that there are many articles
in which operational matrices of fractional integration and fractional
differentiation of power law kernel derivative have been derived. The
Legendre operational matrix of fractional differentiation on a larger
interval [0, a],a>1,a € N is derived in this section.

Theorem 1. The numerical approximation of fractional derivative of

function f(z) = (z — c)l with I>[p] is given by the following expression

y=neN,
(C)]

n—1<y<n,

h
X k(n) X g [Mp.k (P07Z) +Mp.k (pmaz)

+4{M,1(p1,2) + Myi(p3,2) + =+ + My (Pu-1,2) }
+2{M, 1 (p2,2) + Myr(ps,2) + - + Mps(pu-2,2) }],

withn-1<p<n.

Proof. From the definition (9),D"2* = 0,k =0,1,--,n—1 and equip-
ped with the inequality k>[p] we have the following

ABCOD? (Z - C)k - ﬂ/. D"(p - c)kE/’ (nifpp(Z - l’)p)dz

n—pJo
c(p) -/Z () k—n —P »
=0k — o) E —p))d
e R R P RO L
cp) /Z nge (P P
= E —
nf/)k o P ’)(nfp(Z r) )dz,

where k™ is defined as k™ = k(k —1)(k —2)---(k —(n—1)). The above
integration is a complicated integration which is too difficult to solve so
we can adopt any numerical scheme like as Simpson §
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%k('ﬂ X g [pg'”E,, (nipp(z —Po)p) +pi"E, < /J/)(Z —pn) )

+4{pﬁ "E,,< pp(Z*pl) ) +P5E, (n

—n —p
+ 2{p§ E, (n —

)

pp(zfps) ) + o PE (n

_ c(p) < K Xh[
n—p 3

+4{ k(ph ) + M, (Ps,z) + - +M,;,k(p,,,71,z)}
+2{My 1 (p2,2) + Mpi(ps2) + -+ + My (pn2,2) }]-

For numerical integration scheme implementation we have divided
the interval [0, 2] into m equal sub parts
a=)):

1-0 o
h= — ,;,k(l’;Z)—P E(

2

Zeipn = 1.
m

M/)I\(p07 )+M/)1\( ms < )

1
po=0,py=—,p=
m

Definition of extended Legendre polynomial defined on interval [0, a]

We have used the shifted Legendre polynomial to derive the frac-
tional differentiation operational matrix. The series definition and basic
properties is used throughout the article. These polynomial satisfies the
orthogonal property on interval [ —1,1]. But our computation domain is
[0,a] so we have to shift these polynomials on from interval [—1,1] to
interval [0, a]. The following expression represent the Legendre poly-
nomial

w(o) = ()T e

The orthogonality condition is changed as according the shifted
Legendre polynomial

a
a k=],
/ ‘E-(z)‘ﬂ(z)— a1 T a4
0 0 k # j.

We can write a function y(z) belongs to the space k[0, ] in a linear
combination of shifted Legendre polynomials as follows

)25

By using orthogonality condition, we can find out the coefficients r;
as follows

r= (zjaj/:)( (z) ¥, (z) =A"Tly <z> . (16)

where,
AT = (ao.,a,., ---,aN,l).
() = (Vo ), ¥ (¥, = Y1 (). an

Theorem 2. Letting Iy(y) denotes the column vector of shifted Leg-
endre polynomial, then numerical approximation of fractional

—P p “n
,p(z —174)/) + P hE, <n
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pp(z —pmr) )}
SON|

derivative of this Legendre vector in terms of operational matrix is given
by

ABCODIIy (y) = Ry (y), (18)

with n—1 <y < n. The R” denotes the N x N size operational matrix of
fractional differentiation

0 0 0
) 0 0 0 7
I Pl Pl
Zf[pu.l Z E[MHO,I Z é[p]..m—l.l
= W =[pl =[p]
R = : s
i i
Z Sio > S 2 Simow
[,, IZW 1=[p]
m—1 m—1
meloi mel]l > Cnimori
=Tpl 1=1el

where &;;; can be evaluate by the following formula

B i I+i 1 B(/)) . 21+1) [+j
5::_/.,/([)( ; )b’xn—pl() p Z

X(ﬂo +ﬂ.1 + .- +/1M)

The values of i and j taken from the indexed seti = [9].---,N—1 and
j=01,- N-1.
Proof. In view of Theorem 1, the value of 4B¢,D (y — b)! is as follows

B h
Dy —b) = Bp) o 3 [M,1(po.y) + My (PsY)

+4{M,i(p1,y) + M1 (p3,y) + - + M1 (pu-1,¥) }
+2{M,1(p2,¥) + M1 (ps,y) + = + Mps(Pu-2,¥) }]-

Now from the definition of Legendre polynomial (series form) and
using the linearity of fractional derivative

(1 I+
ABC0D§\Pi<y) _;}( )( )ARC Dﬂ()’bb>7 i=0,1,-
=0\ i

i l [+ B(p) h
= ,:zl;}] <l> ( ; )bl n—p l X 5 [M/),I(p01y) +M[),/( mvy)

+4{M,;(p1,y) + M, 1(p3,y) + - + M1 (pu-1,Y) }
+2{M,(p2,y) + Myi(ps,y) + -+ + My s (pu—2,y) }].

We can find out the (i,j)™ element w; ; of fractional differentiation
operational matrix with the help of inner product as follows
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m—1
e, ( ) o, <y
j=0

;= (0 (5). % (3)).

i i I+
- 2 ()07 p e oo wo

n—p
(M1 (s1,3), w;(¥))
+4{(M1(51,3), 9, (0)) + (M
oo (M (s1,3) 95(0))
+2{{M,1(52,3),05(0)) + My (s4,3), 5 (v))
e (M (sm2,3),95(0)) -

We evaluate the inner products in the above expression by using the
orthogonal property of Legendre polynomials

2j+1) [
<M/),l(sk7y)’\y_/'(y)> :%/ M/),I(Skvy)\ljj<y)dya k:O717"'Mﬁ
0

21
=0 \[ 1 b

19

pa(53:3),w5 (%))

(20)

2 + 1 J J l+_] b
= ( ém ) Z (/ M,, (Skv)’) (y b) d)’)
=0 \ [ l 0
21 <= I\ [+ h
= ( Jl+1 ) Z Xz [Mﬂ.l(me) +M z(PmJ)
b =0 \/ ) 3
+4{Mp,1(p1,y) +Mp,l(p37y) + - +Mp,l(pm—l7y)}
+2{M,,(p2,y) + Mps(pa,) + -+ + My 1(pm-2,7) }]-
= b’“ lZ( )( mxl()ﬂs,
where,

h
A= 3 My, (Prs o) 0" + My (p1, yar ) M!
+4{M,; (p1, 1)L+ My (pr,y3)3" + -+ + My (pry ty— ) (M — 1)}
+ Z{Mp.l (P17)’2)2] + Mp.l(pl7y4)4[ + o+ My (phnyZ) (M — 2)1}} .

We obtained the following expression w;; after putting the value of
all inner products in equation (19)

— S_p(t)
8.x10-10 1 E_p(t)
6.x10710

4.x10-10 -

2.x10°10

Absolute error for lower solution

(a)
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Table 1
Parameters description and their numerical values.

Used fuzzy Numerical value

parameters |

Description of parameters

A [0.01,0.1] Rate of removing virus from
reservoir

), 0.001,0.01 Contribution of virus from A

P p
to M

0, 0.000398,0.00698 Contribution of virus from I,

» [ b
to M

7 0.09871,0.1 Recovery rate of I,
P Ty P

Tap (0854302, 1] Recovery rate of A,

Pp [0.005,0.01] Incubation period

o [0.0047876,0.00878] Incubation period

Ny [0.000001231, Disease transmission coefficient

0.000024]

174 [0.02,1] Transmissibility multiple

p [0.05,0.1] Contact rate

1, Hp % Np(0) Birth rate

Hy 1 1 Death rate

365 x 80’365 x 75
N,(0) 8266000 Initial population of city

i i I+ 1 B 2i+ 1 j
_ Z —x (/’)l(n) ><( ]:1
= \/ ) b n—p b =

X (Ao + 4 +

<
(=]
/
S -
~
//

S
s+

~.
~_—

(22)

Assuming w;; = E}':m &;;1 we get the final desired result

(YT L BO g @) S () (T
6&!(1)( ! >y><ml bn“ ; n n
><(/10+/‘Ll+"'+/1M).

This operational matrix is derived for fractional order. Now to find
the operational matrix of integer order we can use the following
expression

Cj7 JZL* l)
= . 23
Pij { 0, otherwise, 23)
where,
1,3,--m m € odd
l: b b Kl b 24
{173,---m—17 m € even. @49
6.x10"13
S - Ip(t)
= -13
% 5.x10 Aplt)
(7]
5 4.x10713}
3
o
5 3.x1073}
S
5 2.x10713 ¢
£ |
2 1.x10-13 1 I
2 /1
< M |
o L
0 1 2 3 4 5 6 7

(b)

Fig. 1. Variation of absolute error for susceptible, exposed, infected and asymptotically infected people in case of lower solution for N = 6.
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1.2x10"°

1.x10™9

8.x10"10 |
6.x10-10
4.x10-10 |

2.x10"10 -

Absolute error for upper solution

(I

(a)
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§ a0tz | 0

3 Ap(t)

"

3 6.x10712

o

o

=]

-

€ 4.x10712-

£

Q

£ 2.x10712

S

0

g —/
07 L L 1 L L 1

0 1 2 3 4 5 6 7

(b)

Fig. 2. Variation of absolute error for susceptible, exposed, infected and asymptotically infected people in case of upper solution for N = 6.

Fuzzy mathematical model of COVID-19 and why we need of a
fuzzy model

In this presented section, we are going to describe a fuzzy mathe-
matical model for COVID-19 and used parameters and data. We also
discuss why fuzzy mathematical model is more appropriate for this
model. Considering N, represent the total population of people. We can
categorized it into 5 parts I, represents Infected people, S, denotes

9x108

8x108 -

= [
& Tx108 -

| — upper-y;=1
Upper-y41=0.9

[| = Upper-y1=0.8

[| = Upper-y,=0.7

Susceptible people, R, denotes Recovered people, E, denotes Exposed
people, A, is corresponds to Asymptotically infected people, and N, =
Sp + Ey, + I, + Ay + Ry. the birth rate and death rate is denoted by
parameters I, and y, respectively. The conversion of susceptible people
into infected people through sufficient contact is denoted by 7,S;I,. The
disease transmissibility coefficient is denoted by 7,. The conversion of
susceptible people into asymptotically infected people through suffi-
cient contact is denoted by y1,ApS, with y transmissibility multiple of
A, to I, and the values of y lies in interval [0,1]. If the value of y is 1 then
contact with asymptotically infected people is considered as contact
with infected people and y = 0 is corresponds to the no transmissibility.

8.0x108

7.5x108

& 70x108
— Lower-y =1
6
6.5x10 Lower—y;=0.9
—— Lower-y;=0.8
6.0x106 | — Lower-y;=0.7

9x108

8x108

Sp(t)

«106
TxA0° Lower-y=1

Lower-y;=0.9
—— Lower-y;=0.8
6106 —— Lower-y;=0.7
— Upper-y;=1
— Upper-y1=0.9
—— Upper-y1=0.8

St Upper-y=0.7

0 1 2 3

(c)

Fig. 3. Graphical representation of S,(t) for lower, upper and both solution for different fractional order for N = 4.
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35000 (o
1600
30000 Upper-y,=0.9 — Lower-y;=1
= 1400 -
25000 - Upper-y;=0.8 Lower-y;=0.9
—— Upper-y1=07 1200¢ Lower-y;=0.8
20000 1000}
3_ ?6. —— Lower-y;=0.7
15000 - < soof
10000 - 600
5000 - 400 -
0 r 200 >l L L 1 1 1 L L
0 1 2 3 4 5 6 7 o 1 2 3 4 5 6 7
t t

35000~
—— Lower-yq=1

Lower-y,=0.9
30000 -
Lower-y,=0.8

—— Lower-y=0.7
25000 -
—— Upper-y;=1
—— Upper-y;=0.9
20000 -

| = Upper-y;=0.8

Apl(t)

[ Upper-y,=0.7
15000 -

10000 -

5000 - /

Fig. 4. Graphical representation of A,(t) for lower, upper and both solution for different fractional order for N = 4.

The parameters @, and g, is corresponds to rate from which susceptible .

eople join the category of infected and asymptotatic infected people. ~ n (WA/: @ IP)S,, ~ ~ o~
people j © gory ymp peop asc pns (4 :@pieﬂS@n,SMGBH,
The 7, and 74, is corresponds to the removal and recovery rate from the N, PP wep L

class I, and A, to the class R,. The infection from seafood market or

reservoir is denoted by function M. The disease transmission coefficient ABC D I (t) = (1 S) 9,,) w,E, &1, (,up @ Tp),

is denoted by parameter 7, with term 7,,S,M. The parameters w, and ¢,

is corresponds to the contribution of virus from symptomatic infected S,(WX; @ l~p) 1,
and asymptomatically infected to the reservoir. The removing rate of oDy Ep(

virus from the reservoir is denoted by parameter A.

The parameters used in model have no fixed value they have a range. ABC s
Like as contact rate is never fixed, rate of removing virus from reservoir, 0
contribution of virus to M by infected and asymptotically infected peo-
ple all these parameters have value in the range of an interval. So we
take the fuzzy version of COVID-19 model because in fuzzy model pa- ABC o
rameters are fuzzy numbers more precisely intervals. Thus the fuzzy oD ‘M (t) pr SAM & wp P
model can depict the dynamics and behaviour of unknown parameters (25)
number of susceptible, exposed and infected peoples in more precise and
good way. We present this fuzzy model as follows [26].

Ap t (Ta,, @up)A DO, E,,pw

) MG 6,Ep,© <1 eep>75;w,, o ——y
14

)=

) ==

DR, (1) = Tl © 1Ry © Ty,

We consider the following equations as initial conditions for our
model

8,(0) = [s0,51],1,(0) = [io, ia], E, (0) = [eg, 1],
Mmiwdw@:wwwwzmﬂﬁ 6

We have picked up the value of parameters from the literature [26].
The value of fuzzy initial conditions are taken as follows

5o=8x10° 5, =9x 10°,iy=200,i; =300ey =2 x 10°,e; =3 x 10°,ay =200,
a, =300,ry =0, =0,m =50000,m; =60000.

(see Table 1)
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ATy o I".I0y) (S".I1
% (;) — ST RN Iy o (wA".Mly DIGED) Ou, (sT.nN) on, (ST.I'[N> (MT.I'[N) oI,

N,

ATy oI Iy) (S".11
%, (t) —ERAMy @ (wA” Ty DIGELY on, (ST.HN> (MT.HN> @0, (ET.HN)/)p,

NI’
&(150,) (B M), & x, (E/11),
I''R: Iy & (166,)0,(E"1y) o (I Iy) (4, ©1,),

Z6(1) =M".Redly o (I Ily)e, ® AM & w,(A" Tly).

We can rewrite the model in lower and upper bound form as follows

n,,(wﬁ @Lp)ﬁ
NP

ABCOD;VZIl (t> = <1 eep)w,,ﬂ el, (,up @Tp),

ABCODf'& t| =6 O u,S, on,S,M &1I,,

&(x@ eaI_p)np
166, |E,0, 6 —————

N, 7

ABC DIA, ([) = 9(1”P @ ”p)Al ®OE,p,,
A5C\DIR, (z) =10, SR, 144,
ABC 7 —

oDI'M (z) =1,0, 0 AM © w4, . 27)
ABC rynq T (WA_p © E>$ S SM

oDI'S, (1) = @T S Sy S 1,SM & 11,

P

ABCODI’ZE(I) = (1 o 9,,)wa7 o E(//‘p ® T,,),
ABC T N o S7<WAT7 @ E) i

oDPE | t) =n,5MS60,Ep, (106, |Ew0,® - N

P

AECUDP‘TP (t) = @(Tap @ ﬂ[))fﬁ @ QFE—Pppv
ABCODerR_P<t) =11, © iR, ® 1,4,
A8C i () — T i T

OD,ﬁM(t) —Ty0, 6 AM & 0,4, (28)

After derivation of operational matrix of fractional differentiation,
we use this operational matrix in approximation of unknown function
available in the model

. N—1 __ N—1

S, <z> =Y 50, (z) =S"1y,E, (r) =) 40, (z) =E"IIy,
J=0 =0

- N—1 . N-1 )

I, (z) =Y 0y, (r) =TI"Iy,A, (z) =) 40Y, z) = A" Iy,
Jj=0 =0

(32)

where S = [sj]lxNvE = [ej]lxN$A = [aj]lerR = [ij]lxNvM = [mj]lxN and
I = [rj];, v represents the row vector of fuzzy unknowns, and Ily(x) =

(Wo(X), 1 (), -+, wy_ (x))T denotes the column vector. Approximating
the initial conditions with the help of equation (23), we have

ABC\DIS, (1) = ST.RM Iy, *P€,DIE,(t) = ET.R" Ily,
ABC,DrL (1) =T R Ty, **€,DlA,(f) = AT.R Ty, (30)
ABCODISR, (1) = RT.R5 Iy,  *PCDIsM(r) = MT.Rs Iy,

and from the equation (12), yields

S" Ty = [s0,51], 1" Ty = [io, 1], E Ty = [eg, e1],

31
ATy = [dn»dlLRT-HN = [V(>-,r1]7MT-HN = [mo-,ml}- (31)

The residual functions are obtained as follows with the help of
equations (29) and (30)

Now collocating equation (31) and (32) at suitable collocation points
between the interval [0,a], the non-linear system of algebraic equation is
find out, the system can be solved by any numerical method and we get
the value of unknowns. By putting these values in equation (30) we get
the desired solution of model.

Results and discussion

This section contains the results that we find out in our study. We
have used the Wolfram Mathematica version-11.3 to compute all nu-
merical computations. First of all we give a example whose error table
will depict the validity and accuracy of method.

Example: We consider the following numerical example with y; =
Y2 =73 =¥4 =75 =76 = L.

ABC png | ¢ 7@M@ S SMOIL +7,
o' op = N HySp SN, SyMOIL,+fi | 1],

P

ABCoD ] <t) = <1 @0,,>a1pE~pe]; (ﬂPEBTF) +r (t),

ABC 78 q ey = §l’ (W”(P 6917’ ) M~
WoDPE, | 1| =n,5MO06,E,p,S | 166, |E,0, EB—N +hlt],
P

ABC V2
oD, z4AP

(z) =0 (rap @ﬂ,,)ANPGBH,,E;pP +]74 (t) ,
MC\DER, (1) =500, O Ry DAy 5 (1),

ABCOD{6A7I<1) =1,0,CAM®w,A,+f; (z) .
(33)



A.A. Alderremy et al.

Lower-yq=1
80001 Lower-y,=0.9
Lower-y,=0.8
Lower-y,=0.7
6000 Upper-y;=1
Upper-y,=0.9

Upper-y1=0.8

In(t)

4000

Upper-y1=0.7

2000

(a)

The force functions f~1(t)~~-f6(t) are chosen in such a way that exact
solution of above problem is S,(t)=t+[so,51],],(t)=t>+[eo,e1],L,(t)=
2 +[io,1],A, (t) =2 +[ag,a1 |, Ry (t) =t2+[ro,r1] and M(t) = £+ [mg, my].

We see from the graphs of errors for different unknowns that our
method is valid and feasible for a system of fuzzy fractional ordinary
differential equations with Mittag-Leffler law. Now we study the dy-
namics of susceptible, exposed, infected and asymptotically infected
people with different fractional order. Fig. 1(a) is plotted between sus-
ceptible people versus time in case of upper solution and Fig. 1(b) is
plotted between exposed people versus time in case of lower solution.
We see in Fig. 1(a) and Fig. 1(b) both that number of exposed people
increases with time. We observe that this growth increases as we in-
creases the fractional order y, from 0.7 to 1. Fig. 2(a) and Fig. 2(b) are
plotted between asymptotically infected people I,(t) versus time in case
of lower and upper solution. Fig. 2(a) and Fig. 2(b) predicts that number
of asymptotically infected people will increase with time. Fig. 3(a) and
Fig. 3(b) represents the S,(t) for lower, upper and both solution for
different fractional order for N = 4. Fig. 4(a) and Fig. 4(b) represents the
Ap(t) for lower, upper and both solution for different fractional order for
N = 4. Fig. 5(a) and Fig. 5(b) represents the growth of infected people
I,(t) and E,(t) with time, respectively. In both case lower and upper
solution case this growth increases. And as fractional order increases
from 0.7 to integer order 1 this growth increases with order in both
upper and lower case. Fig. 5(b) is plotted between fuzzy unknown
function named as number of exposed people versus time. The number
of exposed people increases like exponentially behavior with time and
with increment in fractional order in both upper and lower case solution.
To study the behavior of this virus with contacting to infected people, we
plotted the graph between the infected people I,(t) versus time. We see

Lower-Case-1

10000 | Lower-Case-2

Lower-Case-3
8000

Upper-Case-1
Upper-Case-2

6000 Upper-Case-3

Io(®

4000

2000 -

Fig. 6. Graphical representation of I,(t) with different contact rate casel-[0.05,
0.1], case 2-[50,100] and case 3-[100,200] for N = 4.
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— Lower-y;=1
5%106 Lower-y4=0.9

Lower-y;=0.8
—— Lower-y1=0.7
4x1081 Upper-yy=1
— Upper-y1=0.9
—— Upper-y1=0.8

Upper-y,=0.7

(b)

Fig. 5. Graphical representation of I,(t) and E,(t) for different fractional order for N = 4.

in Fig. 6 that number of infected people increases with time. And an
important fact can be seen that it increases as contact rate 7, increases.

Conclusion

The present paper is devoted to numerical study of fractional
mathematical model of COVID-19 in fuzzy environment. We have used
the non-singular fractional derivative with Mittag-Leffler law. First of
all, we derived the numerical approximation of fractional derivative of
polynomial function (t — a)". By using this approximation we developed
the operational matrix of fractional differentiation on domain [0,a],a>1.
We solved COVID-19 model by using Legendre operational matrix. From
the error graphs, we can conclude that our method is valid for a system
of fuzzy fractional ordinary differential equation with Mittag-Leffler law
and has a good accuracy. The dynamics of model with different frac-
tional exponent is depicted by figures with showing the effect of fuzzy
environment. The effect of contact rate on infected persons is also shown
graphically. Our study is consistent with practical results which say this
virus spread and no of infected people increases with increase in contact
rate.
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