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a b s t r a c t 

The goal of this work is to consider widespread use of face masks as a non-pharmaceutical control strat- 

egy for the COVID-19 pandemic. A SEIR model that divides the population into individuals that wear 

masks and those that do not is considered. After calculating the basic reproductive number by a next 

generation approach, a criterion for determining when an epidemic can be prevented by the use of masks 

only and the critical percentage of mask users for disease prevention in the population are derived. The 

results are then applied to real world data from the United States, Brazil and Italy. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

The COVID-19 crisis has created the biggest public health con- 

erns of 2020. Since being first reported at the end of 2019, the 

isease has caused over 23 million confirmed cases and 800 thou- 

and deaths by the end of August 2020 [1] . Many studies to model

he pandemic spread were developed (e.g. [2–6] ) with results in- 

uencing the policies of governments around the world. 

Attempts to minimize the damage of the pandemic were then 

mplemented, such as mandatory mask use and quarantines, which 

mproved the overall scenario, but so far there are no drugs or vac- 

ines to treat or immunize people and maintaining quarantines for 

onger time periods is not a viable option in some communities. 

herefore, looking for non-pharmaceutical control strategies is es- 

ential to deal with this epidemic and others in the future. 

This paper addresses this issue considering the widespread use 

f masks as in other works such as [7–10] . If this measure is

nough to avoid an epidemic outbreak, then other strategies that 

ake bigger tolls on the economy such as quarantines would not be 

ecessary. A SEIR model [11] with individuals divided into those 

hat wear masks and those that do not is considered in Section 2 ,

nd its basic reproductive number is calculated by a next genera- 

ion approach in Section 3 . This leads to a criterion that determines 

hen an epidemic outbreak can be avoided by mask use only, and 

 critical percentage of mask users in the population is derived. 

For applications of these methods, we perform the parameter 

tting in Section 4 with data from the United States, Brazil and 

taly and analyse whether the COVID-19 crisis could have been 
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voided in these countries with widespread mask use from the be- 

inning of the outbreak. In addition, numerical simulations are car- 

ied out to verify how the evolution of the disease is mitigated if 

t cannot be avoided. The conclusions are drawn in Section 5 . 

. Model structure 

Consider a population N that is divided into individuals that 

ear masks, denoted by N m 

and individuals that do not, denoted 

y N n . Let p(t) be the percentage of people wearing a mask in the

opulation at time t ≥ 0 , then 

 m 

(t) = p(t ) N(t ) , N n (t ) = (1 − p(t )) N(t ) . (1)

Both N n and N m 

are also divided into four epidemiological 

lasses, consisting of susceptible, exposed, infected and removed 

ndividuals, denoted by S n and S m 

, E n and E m 

, I n and I m 

and R n 
nd R m 

, respectively. As the model will consider only a short time 

eriod in comparison to the demographic time frame, vital param- 

ters will be neglected, so the total population will be assumed 

onstant, that is, 

(t) = N. (2) 

Let r be a multiplicative factor for the transmission rate β that 

ill take into account the reduction in the probability of contagion 

rom one person wearing a mask in a susceptible-infected contact. 

e assume that this reduction is the same whether a susceptible 

r an infective is wearing the mask. When only one individual has 

 mask on, we assume that the new transmission rate is rβ . In the 

ase of both individuals with masks on, then the transmission rate 

s assumed to be r 2 β . There are four ways contagions can occur, 

nd they are described in Table 1 . 

https://doi.org/10.1016/j.chaos.2020.110599
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2020.110599&domain=pdf
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Table 1 

Transmission possibilities. 

Susceptible Infected Transmission term 

S n I n 
βS n I n 

N 

S n I m 
rβS n I m 

N 

S m I n 
rβS m I n 

N 

S m I m 
r 2 βS m I m 

N 

c

s

a

p

d

N  

a

S

S

E

E

I

I

R

R

a

1

l

3

c

[

K

w

F

a

V

K

Fig. 1. Plot of R 0 as a function of p. 
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We further assume that p(t) = p is constant. This is done be- 

ause our goal is to assess whether the use of masks can, by it- 

elf, prevent an epidemic outbreak, so we suppose that a constant 

mount of the population wears masks in public even in a non- 

andemic scenario. This is common in some countries that have 

ealt with epidemics of respiratory diseases in the past [12] . Thus, 

 m 

(t) and N n (t) are also constant and our model can be written

s 

 

′ 
n = −βS n 

N 

( I n + rI m 

) 

 

′ 
m 

= − rβS m 

N 

( I n + rI m 

) 

 

′ 
n = 

βS n 

N 

( I n + rI m 

) − σE n 

 

′ 
m 

= 

rβS m 

N 

( I n + rI m 

) − σE m 

 

′ 
n = σE n − γ I n 

 

′ 
m 

= σE m 

− γ I m 

 

′ 
n = γ I n 

 

′ 
m 

= γ I m 

. 

(3) 

The parameters σ and γ denote the exit rates from the exposed 

nd infected classes, respectively. It is typically assumed that σ = 

 /T e and γ = 1 /T i , where T e and T i are the mean lengths of the 

atency and infectious periods, respectively. 

. The basic reproductive number and some consequences 

Now, the basic reproductive number, R 0 , of model (3) is cal- 

ulated. This will be done by a next generation approach (see 

13,14] ). R 0 is given by the spectral radius of 

 = F V 

−1 , 

here 

 = 

⎛ 

⎜ ⎝ 

0 0 β(1 − p) βr(1 − p) 
0 0 βrp βr 2 p 
0 0 0 0 

0 0 0 0 

⎞ 

⎟ ⎠ 

nd 

 = 

⎛ 

⎜ ⎝ 

σ 0 0 0 

0 σ 0 0 

−σ 0 γ 0 

0 −σ 0 γ

⎞ 

⎟ ⎠ 

. 

Hence, K = F V −1 is 

 = 

⎛ 

⎜ ⎜ ⎝ 

β(1 −p) 
γ

rβ(1 −p) 
γ

β(1 −p) 
γ

rβ(1 −p) 
γ

rβp 
γ

r 2 βp 
γ

rβp 
γ

r 2 βp 
γ

0 0 0 0 

0 0 0 0 

⎞ 

⎟ ⎟ ⎠ 

. 
2 
Due to its block structure, the eigenvalues of K are exactly the 

igenvalues of 

 11 = 

( 

β(1 −p) 
γ

rβ(1 −p) 
γ

rβp 
γ

r 2 βp 
γ

) 

. 

It is clearly seen that the trace and the determinant of K 11 are 

r (K 11 ) = 

β

γ

(
1 − p + r 2 p 

)
, det ( K 11 ) = 0 , 

espectively, hence its eigenvalues are 0 and 

 0 = R 0 

[
1 − p 

(
1 − r 2 

)]
, (4) 

here 

 0 = 

β

γ
, (5) 

hich is the basic reproductive number for the standard SEIR 

odel without vital dynamics (6) [15] . 

 

′ = −β SI 
N 

, 

 

′ = β SI 
N 

− σE, 

 

′ = σE − γ I, 
 

′ = γ I. 

(6) 

ote that (3) reduces to (6) if either p = 0 (nobody wears masks) 

r r = 1 (the masks offer no protection against the disease). 

We now look for conditions the pair (r, p) should satisfy so that 

 0 < 1 . Notice that, for fixed r ∈ [0 , 1] , R 0 is a decreasing function

f p (see Fig. 1 ). For p = 0 , we have R 0 = R 0 , and for p = 1 , we

ave R 0 = R 1 , where 

 1 = R 0 · r 2 . (7) 

It is assumed that R 0 > 1 . Then, it is clear from Fig. 1 that one

an find values of p such that R 0 < 1 if and only if R 1 < 1 , that is,

f and only if 

 < 

1 √ 

R 0 

. (8) 

Moreover, there is a critical value p ∗ such that R 0 (p ∗) = 1 , so

 0 (p) < 1 if and only if p > p ∗. Solving R 0 = 1 in (4) , one sees that

p ∗ = 

1 

1 − r 2 

(
1 − 1 

R 0 

)
. (9) 

The value of p ∗ corresponds to the critical percentage of the 

opulation that should wear masks in order to avoid the epidemic 
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Table 2 

Cumulative cases in the USA starting at the first day with at least 100 cases. 

Day Cases Day Cases Day Cases Day Cases Day Cases 

1 100 7 541 13 2774 19 19,608 25 86,668 

2 124 8 704 14 3622 20 24,498 26 105,584 

3 158 9 994 15 4611 21 33,946 27 125,250 

4 221 10 1301 16 6366 22 44,325 28 145,526 

5 319 11 1631 17 9333 23 55,579 29 168,835 

6 435 12 2185 18 13,935 24 69,136 30 194,127 

Table 3 

Cumulative cases in Brazil starting at the first day with at least 100 cases. 

Day Cases Day Cases Day Cases Day Cases Day Cases 

1 151 7 640 13 2554 19 5717 25 12,183 

2 151 8 970 14 2985 20 6880 26 14,034 

3 200 9 1178 15 3417 21 8044 27 16,188 

4 234 10 1546 16 3904 22 9194 28 18,145 

5 346 11 1924 17 4256 23 10,360 29 19,789 

6 529 12 2247 18 4630 24 11,254 30 20,962 

Table 4 

Cumulative cases in Italy starting at the first day with at least 100 cases. 

Day Cases Day Cases Day Cases Day Cases Day Cases 

1 157 7 1128 13 4639 19 15,122 25 35,732 

2 229 8 1702 14 5886 20 17,670 26 41,056 

3 323 9 2038 15 7380 21 21,169 27 47,044 

4 470 10 2504 16 9179 22 24,762 28 53,598 

5 655 11 3092 17 10,156 23 27,997 29 59,158 

6 889 12 3861 18 12,469 24 31,524 30 63,941 
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Table 5 

Initial conditions for the estimation of β . 

Country S(0) E(0) I(0) R(0) 

USA 331 million 335 85 15 

Brazil 209 million 378 150 1 

Italy 60 million 732 152 5 

Table 6 

Basic reproductive number for each 

country in the standard SEIR model. 

Country R 0 

USA 6.0039 

Brazil 3.3978 

Italy 4.0663 

n  

m

r

a
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r

s
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r
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w

t

utbreak. In the extreme case of r = 0 , i.e., the masks are ideal and

void contamination for users, which is the same as immunizing 

he population, (9) becomes 

p ∗ = 1 − 1 

R 0 

, (10) 

hich coincides with the usual threshold for herd immunity [16] . 

. Data fitting and numerical results 

In this Section, we collect data from the United States, Brazil 

nd Italy to use as case studies for the results of the previous Sec- 

ion. The time frame in consideration consists of the first 30 days 

fter the cumulative number of cases in each country reached 100, 

hich happened in March 2, March 13 and February 23 for the US, 

razil and Italy, respectively. The data, which was retrieved from 

17] , is displayed in Tables 2–4 . 

We assume that the mean latency and recovery periods are 5.1 

nd 7 days, respectively, as in Eikenberry et al. [7] . We fit β by

 minimization routine based on the least squares method, avail- 

ble in Martcheva [13] , in the standard SEIR model without vital 

ynamics (6) . The routine minimizes the difference of the cumula- 

ive number of cases, given by I(t) + R (t) , and the data points. The

ATLAB code is available online in [18] . 

The total populations of the USA, Brazil and Italy will be 

ounded to 331, 209 and 60 million, respectively. These numbers 

ill be taken as the initial values of susceptible individuals in each 

ountry. In the first days of each data set, the numbers of active 

ases (see [17] ) were 85, 150 and 152 for the USA, Brazil and Italy,

espective, so the initial conditions for infected and removed indi- 

iduals will be taken, respectively, as 85 and 15 for the USA, 150 

nd 1 for Brazil and 152 and 5 for Italy. 

For the initial values of exposed individuals, we use the fact 

hat the latency period is taken as 5.1 days, so we look at the 

umber in day 6 of each data set and choose the initial number 

f exposed as the extra number of cases since day 1. Hence, these 
3 
umbers are 335 in the USA, 378 in Brazil and 732 in Italy. A sum-

ary of the initial conditions for each country in the minimization 

outine is shown in Table 5 . 

Starting with an initial guess of β = 0 . 5 , the fitted values of β
re, then, 

US = 0 . 8577 , βBR = 0 . 4854 , βIT = 0 . 5809 . (11)

Using (5) , we can calculate the value of R 0 for each country. The 

esults are displayed in Table 6 . 

According to [19] , when both individuals wear masks in a 

usceptible-infected contact, there is an average reduction of 

2 . 18% in the transmission, so 

 

2 = 1 − 0 . 8218 = 0 . 1782 , 

ence r = 0 . 4221 . Then, the result of one person wearing a mask

hen two individuals meet is a decrease of around 58% in the 

ransmission coefficient. 
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Fig. 2. Plot of the normalized forward sensitivity index of R 0 with respect to p and r as functions of p. 

Fig. 3. Plots of the infected curves for different values of p in model (3) in the case 

of the USA. 
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Rewriting (8) , we see that the outbreak can be avoided by a 

idespread use of masks is 

 0 < 

1 

r 2 
≈ 5 . 6117 . 
Fig. 4. Plots of the maximum of the infected curve and of the time u

4 
ccording to Table 6 , the COVID-19 crisis could have been avoided 

n Brazil and in Italy, and according to (9) , this would be possible

f at least 85 . 87% and 91 . 76% of all individuals wore masks, respec-

ively. 

On the other hand, Table 6 indicates that COVID-19 could not 

ave been avoided in the USA by widespread mask use only, but 

he basic reproductive number could be lowered from R 0 = 6 . 0039 

o R 1 = 1 . 0699 , so other a combination with control measures 

uch as social distancing, quarantines and tracking infected cases 

ould be able to prevent the disease outbreak. This could also be 

one by improving the average mask protection. 

Moreover, one could also calculate the normalized forward sen- 

itivity index (or elasticity) of R 0 with respect to p (see [13,20] ), 

iven by 

R 0 
p = 

∂R 0 

∂ p 
· p 

R 0 

, (12) 

This number provides the percentage change in R 0 for a given 

ercentage change in p. For example, if ϒ
R 0 
p = −0 . 5 , then a 10%

ncrease in p produces a 5% decrease in R 0 . By (4) and (12) , we

ave 

R 0 
p = − p(1 − r 2 ) 

1 − p(1 − r 2 ) 
, ϒR 0 

β
= 1 , ϒR 0 

γ = −1 , ϒR 0 
r = 

2 pr 2 

1 − p(1 − r 2 ) 

(13) 

Plots of ϒ
R 0 
p and ϒ

R 0 
r as functions of p are displayed in Fig. 2 . It 

hows that R 0 becomes very sensitive to p for bigger values of this 

arameter, so even if most of a community has already become 
ntil the maximum is reached as functions of p in the USA case. 
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Fig. 5. Plots of the infected curves for different values of p in model (3) in the case of Brazil (left) and Italy (right). 
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dept to wearing masks, small increases in p could still contribute 

reatly to epidemic control. The plots also show that the absolute 

alues of the sensitivity indexes become greater than 1 (which is 

he absolute value of the sensitivity of R 0 with regard to β and γ ) 

or p sufficiently close to 1, showing that p and r are the parame- 

ers to which R 0 is most sensitive when a sufficiently large portion 

f the population adheres to the use of masks in public. 

We now assess the effect of variations in p on the numbers of 

nfected caused by COVID-19 in the case of the USA. A comparison 

f the total infected curve 

 n (t) + I m 

(t) , 

ormalized by the total population and with initial conditions 

 n (0) = (1 − p) N, S m 

(0) = pN, E n (0) = 0 , E m 

(0) = 0 , 

 n (0) = 0 , I m 

(0) = 1 , R n (0) = 0 , R m 

(0) = 0 , 
(14) 

here N = 331 million, is displayed in Fig. 3 for a time period of

ne year. 

For comparison, the plots of the infected curves for different 

alues of p are added in Fig. 5 in the cases of Brazil and Italy. The

esired “flattening of the curve”, i.e., postponing and lowering the 

aximum number of cases, is achieved. A closer look at this fact 

s shown in Fig. 4 , which shows that, in a period of one year, both

he maximum and the time it happens stabilize after p ≈ 0 . 86 . For

hese values of p, plots like the ones in Fig. 3 would only reach

heir peak after one year, so we can say that the disease is essen-

ially controlled. Fig. 5 shows that this happens for smaller values 

f p in Brazil and Italy, which is expected, since in these countries 

e showed that avoiding the outbreak was possible by the meth- 

ds proposed in this paper. 

. Conclusion 

In this paper, a SEIR model is considered in a population that 

s divided into individuals that wear masks and individuals that 

o not. Parameters p and r, which represent the (constant) per- 

entage of the population that are mask users and the reduction 

n the transmission rate due to one person wearing a mask in a 

usceptible-infected contact, respectively, are introduced, and their 

ffect on the basic reproductive number is calculated by a next 

eneration method. 

This allows for the derivation of a necessary and sufficient 

ondition for epidemic outbreaks to be prevented only by the 

idespread use of masks. When this is possible, a critical percent- 

ge p ∗ of mask users in the population necessary for disease con- 

rol is calculated. 

This is utterly important in dealing with public health crisis 

orldwide, since pharmaceutical measures such as vaccines and 
5 
rugs are more laborious and take long times to be developed 

hile diseases spread. Moreover, if the outbreak can be avoided 

imply by a widespread adoption of wearing masks in public, then 

nterventions such as quarantines, which cause economic prob- 

ems, would not be necessary. 

As case studies for the results in this paper, real world data 

rom the COVID-19 pandemic was used, focusing on the United 

tates, Brazil and Italy for the first 30 days after the total num- 

er of cases reached 100. After fitting the parameters, the results 

mplied that the COVID-19 epidemic could have been avoided in 

razil and Italy if at least 85.87% and 91.76% of the populations, 

espectively, wore masks from the beginning of the outbreak. 

Even though this was not possible in the case of the United 

tates, we noted that the basic reproductive number could have 

een reduced from 6.0039 to 1.0699, so other control measures 

uch as social distancing, quarantines, or even improving the av- 

rage mask quality could help pushing this number below 1. 

Furthermore, numerical simulations showed that the flattening 

f the infected curve is achieved as p gets closer to 1, and that the 

aximum of this curve and the necessary time for it to happen 

tabilize after p ≈ 0 . 86 , i.e., the disease is essentially controlled. 

hus, simple measures such as wearing masks can prove to be very 

ffective in controlling, or even preventing, future epidemics. 
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