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The existence result is obtained with the aid of the Krasnoselskii fixed point theorem while the unique-
ness of the solution has been investigated by utilizing the Banach fixed point theorem. Furthermore, we
study the generalized Hyers-Ulam stability as well as the generalized Hyers-Ulam-Rassias stability and
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1. Introduction

Fractional calculus (FC) is a powerful tool discovered in 1695
when Leibniz investigated the derivative of arbitrary order. Many
researcher have been studied the application of the fractional
derivative and fractional differential equations (FDEs). There are
some mathematicians firstly define the fractional derivative, such
as Liouville, Grunwald, Letnikov, Riemann, and Caputo. Vital phys-
ical, real-world problems phenomena are well presented by FDEs,
namely, acoustics, viscoelasticity, electrochemistry, electromagnet-
ics, material science. The Complex system is describing by FC due
to its applications [1-5,23-25].

In the city of china Wuhan, many researchers investigate that
a variety of critical dynamical problems exhibit fractional-order
behavior that may vary with time/space. This phenomenon intro-
duced that variable-order fractional calculus (VO-FC) is a nature to
give an effective and more powerful mathematical framework to
present the complex problems. The VO fractional derivative is an
extension of the standard/arbitrary derivative. It is not stable for
characterizing phenomena, for example, when the diffusion pro-
cess evolves in a porous medium or the external field changes with
time. So, the VO fractional diffusion models have been used to
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study many complex physical problems ranging from science and
engineering fields. The applications of the VO fractional derivative
in processing of geographical data, signature verification, viscoelas-
ticity, diffusion processes [6,7].

In Wuhan, where was the first time identified, the virus is
known as novel corona virus in short COVID-19. It has been de-
clared an epidemic virus because of its nature. In investigations,
the researcher found that virus has been transmitted between peo-
ples and animals. The initial symptoms of this infection are fever,
cough, and breathing difficulties and next steps, several acute res-
piratory syndromes, the infection can cause pneumonia, kidney
failure, and even death. Researchers are motivated to study the sit-
uation and establish concllusions, and based on the current senior-
ity of the crucial time to analyze the virus through mathematical
modeling. Many researchers developed the mathematical models
for the virus with different situations/conditions and found sev-
eral models to describe the corresponding situations. The system
of ordinary differential equations describes the developed math-
ematical model for the COVID-19. In the previous work, the au-
thors converted this model into the system of fractional differential
equations for more upgrade versions of the odinary order models
for more obatin informations of the models. However, in this sce-
nario, this virus is getting more and more attention in the current
era. Many researchers are focused on finding the virus’s behavior
with various conditions and are also interested in obtaining the
saturation stage of the virus [8-11]. In present work, we use vari-
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able fractional operators for more effective results getting from the
COVID-19 proposed model.

In [12-15], discussed the exact and approximate solutions by
using different numerical methods for various types of fractional
differential equations (FDEs). They also described the error and
convergence analysis. The adopted methods are helpful to obtain
the analytical-approximate solution for FDEs. The existence and
uniqueness of the fractional-order solution are discussed for the
2019-nCOV models to obtain the batter results compared to ordi-
nary order 2019-nCOV models. For finding the results, many au-
thors had utilized the fixed point theory as a reliable tool. This
affirmative approach confirms the existence and uniqueness of the
2019-nCOV models with fractional order. Also, for differential equa-
tions, the stability analysis is an important aspect. From several
types of stability theory generated in the literature, Ulam-Hyers
type stability is one of the most used and interesting types. The
Ulam-Hyers-Rassiass stability is a generalized version of the Ulam-
Hyers stability. For more general work, we use the Ulam-Hyers-
Rassiass stability [16-20]. Motivation from this work, we also in-
spired to obtain existence, uniqueness, and stability using the fixed
point theory and the Ulam-Hyers stabilities for more generalized
2019-nCOV models such as the 2019-nCOV model involve variable
fractional order using a non-singular derivative. Here, we adopt the
definition for variable factional is known as the variable Caputo-
Fabrizio fractional derivative involve the non-singular kernel with
Caputo derivative. Michele Caputo and Mauro Fabrizio discuss a
fractional derivative operator in 2015 based on the non-sigular
kernel and exponential function to overcome the singular kernel’s
problems. Their fractional derivative operators does not have a sin-
gular kernel. They have demonstrated that their derivative operator
was suitable for the solution of complex physical problems. Due to
non-singular kernel, the derivative provides most appropriate re-
sults for modeling of real-world problems [21,22].

This discussion aims to investigate the more generalized frame-
work for the proposed 2019-nCOV system with the variable frac-
tional order using non-singular kernel derivative and study an
analysis of the generalized 2019-nCOV system. In the analysis, we
establish the new results for the existence and uniqueness of a
solution with stability analysis. Additionally, the work is to find
out the existence of the position solutions, maximal/minimal so-
lutions for the proposed generalized 2019-nCOV system. This work
investigates more reliable and suitable model for a novel coron-
avirus in real-world problems using VO fractional operators. The
order of the model extended as variable fractional order in which
we replace integer order with bounded and continuous functions,
replacing the different types function as the order of the model,
which describes several roles of this virus on our daily life. We
find a new reliable model that will be more accurate and useful
to analyze the virus. It is well Known that the fractional-order is a
particular case of variable fractional order, so the fractional-order
2019-nCOV system is also a specific case of the variable fractional
order (VFO) 2019-nCOV system. Our proposed VFO 2019-nCOV sys-
tem provides a more realistic/suitable situations in the current
stage of the virus. The analysis of the proposed VFO system is also
interesting to identify the existence, uniqueness of the solution,
stability analysis is also required aspect, there exist any positive
and maximal/minimal solutions of the proposed model. These all
points promote the VFO model as well as suitability on the virus
to present the situations that happened through this virus. Before
obtaining the numerical solutions, this analysis is important to im-
prove further works for the proposed VFO 2019-nCOV system.

The rest of this paper is structured in the following way.
Section 2, we present some fundamental results about variable
Caputo-Fabrizio fractional derivative and useful theorems, lemmas.
In Section 3, introduces the classical model of the 2019-nCOV sys-
tem. We describe the proposed 2019-nCOV system with variable
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Caputo-Fabrizio fractional derivative in Section 4. We obtain the
new results existence, uniqueness, stability, and some important
theorems for the generalized variable fractional 2019-nCOV system
in Section 5, the manuscript is finished by concluding remarks in
Section 6.

2. Fundamental results

In this section, we recall useful definitions, results related to
the nonsingular kernel variable fractional operator, namely, vari-
able Caputo-Fabrizio fractional derivative involves Caputo deriva-
tive, and some useful theorems, lemmas are needed for the study
of the main results.

Definition 1. (Verma and Kumar [3], 4], 5]) The function o(0) is
differenttiable, the variable Caputo derivative of order ¥ (0) < [0, 1)
is given as

1 0 1
FA-0@) Jo @-ap®°

Note: The VO fractional operators (derivatives/integral) of ¢ —
1 <9¥(0) <¢and p(0) is bounded in interval 6 € [0, T].

Dy @o(0) = "(a)da. (1)

Definition 2. (Dua et al. [6], Jia et al. [7]) Let o(@) € H'([0,T]),
and 9 (0) €[0, 1), then the ¢ (6)th-order variable Caputo-Fabrizio
derivative of o(#) in the Caputo sence is defined as

05001 = EOED [y xp (2O~

Here, H' (0, T) is a Hilbert space. The integral (2) on right con-
verges and the function E( (0)) is a normalizing function depend-
ing on ¥ (@) such that E(0) =E(1) = 1.

)da )

Definition 3. (Dua et al. [G], Jia et al. [7]) The nonsingular kernel
type variable fractional integral is defined by

a-v@©))
E((6))

0
SO 0(0) = 0®) + 2O [ e@dao<v@) <1

E@(©)) Jo
(3)

Lemma 1. (Dua et al. [6], Jia et al. [7]) Let 0(0) € C([0, T]), then the
solution of the following variable Caputo-Fabrizio fractional differen-
tial equation

FDPD0(0) = w(0).0 [0, T.O <P (0) <1, } )

0(0) = wo, wg € R,
is given by
_ (1-9(0)) 0O [*

Theorem 1. (Verma and Kumar [3-5]) Every contraction mapping on
a complete metric space has a unique fixed point.

Theorem 2. (Verma and Kumar [3-5]) Let Y be a compact metric
space. Let C(Y,R) be given the sup norm metric. Then a set P c C(Y)
is compact iff P is bounded, closed and equicontinous.

Theorem 3. (Shera et al. [9]) Let n c X be a closed, bounded and
convex subset of real Banach space X and let Q; and Q, be operators
on n satisfying the following conditions

() () +Q(™") en.Vn'.n" en.
(ii) Qq is a strict contraction on n, that is, there exists a r € [0, 1)
such that |Q1(x1) — Q1 (x2)| < rlx1 —X2], VX1, X € 77,
(iii) Qy is continuous on n and Q, is a relatively compact subset of X.

Then there exist at least one solution 1’ € n such that Q;(n’) +
Q) =n7"
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3. Classical mathematical system of the proposed 2019-nCOV system (non-fractional order)

In this section we consider the 2019-nCOV system suggested in Gao et al. [10], Tuan et al. [11], describe as

N (@) = ag — bgn1 (@) — cgni(w)[x(w) + pQL(W)] = ceni (w)€(w),

n5 (@) = cgm (@) [x(@) + pQ(w)] + cem(w)e (@) — (1 = &) Egn2(w) — Eg¢ma2 (@) — bema (w),

X (@) = (1 -&))¢m(w) — [og + bglx(w), (6)
Q(w) = §qfgm2 (@) — [ag + bglQ2(w),

W (w) = agx(w) + 0, Q(w) - bgh(w),

€ (w) = d[x(w) +dQw) — €(w)],

Here, aq, bg, cq. p. Cq, 0tg, 8, d are nonzero constants, and the initial conditions for the system (6) are given by

11(0) =y1>0,m2(0) =92 > 0,x(0) = y3 > 0,2(0) = ¥4 > 0,h(0) = 5 > 0,

$q(0) = ¥6 > 0, £4(0) = y7 > 0,0¢(0) = y8 > 0,04 (0) = 9 > 0, €(0) = y10 > 0,
where

n1: the susceptible people.

n2: The symbolize exposed people.

x: The symptomatic infected people.

: The asymptomatic infected people.

h: Remove people (Recovered and died people).
agq: The birth rate.

bq: The death rate.

Cq: The transmission rate.

: Transfer coefficient.

The reservoir (the seafood area).

: The incubation period of bat infection.

RI=v= M D

: The infections period of bat infection.

We generalized the 2019-nCOV system [10,11] from an integer order system to variable fractional order system via variable Caputo-
Fabrizio fractional derivative with Caputo derivative. In the next section, we present the proposed system (6) as variable fractional order
system.

4. Mathematical system of the proposed 2019-nCOV system based on variable Caputo-Fabrizio (CF) fractional derivative

In this section, we replace the integer order by variable fractional order, namely, variable Caputo-Fabrizio fractional derivative (VCF-FD).
We consider the system (6) and describe in the form of the variable CF-FD as follows:

SFDL @ 01 (@) = ag — b (@) — cqn1 (@) [X(@) + pQU@)] — cemy (w)€ (),

FDD“ 3 (@) = cqni (@)[X(@) + pR(@)] + ceni ()€ (@) — (1 = E)Eqna(®) — E8in2(®) — bz (@),
6700 x(w) = (1—E9)Eqna (@) — g + blx(w), )
FDD @ Q(w) = Eg¢12 (@) — [0 + bg] (),
FDY @ h(w) = agx(w) + ) Q(w) — beh(w),
§FDL e (w) = 8[x(w) +dQ(w) — ()],

and the initial conditions are

110) =y1>0,17200) =92 > 0,x(0) =y3 > 0,2(0) = y4 > 0,h(0) = 5 > 0,

£q(0) =¥6 > 0,44(0) = y7 > 0,4(0) = ¥8 > 0,4 (0) = 9 > 0,€(0) = ;10 > 0.
Where the operator gFDZ(‘”) is the variable CF-FD with order 0 < ¥ (w) <1 and w € [0, v].
5. Main results of the proposed 2019-nCOV system based on VCF-FD

In this section, we investigate the uniqueness, existence, Hyers-Ulam stabilities, existence of positive solution, existence of maximal and
minimal solutions and the continuation theorem are presented in the following subsections:

5.1. Existence and uniqueness of solution

In the present section, we discuss the uniqueness and existence results of the solution with the help of fixed point theory and variable
fractional order for the proposed 2019-nCOV system (7). Now, we express the right-side of the system (7), as

3
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O1(w, (), M (W), (@), 2w), h(w), €(®)) = ag — bgn1(w) — N1 (W) [x(@) + PR ()] — ceNi(w)€ (W),

Oz (w, N1(w), M (@), x(w), Rw), h(w), €(®)) = cgni (@) [x(@) + PR(W)] + ceni (W)€ (@) — (1 = &) M2 (@) — §qGqn2(w) — b2 (@),
O3(w, Ni(w), M (W), (), 2w), h(w), €(®)) = (1 = &) ¢gn2(w) — [ag + bglx(w),

O4(w, N1(w), Mm (W), (@), Rw), h(w), €(®)) =& M (®) — [ag + bglQ(w),

Os(w, N1(w), m (W), x(w), 2(w), h(w), €(®)) = agx(w) + a; (@) — bgh(w),

BOs (@, N1 (), Mm (@), x(w), (W), h(w), €(®)) = §[x(w) + dQL(w) — €(w)],

(8)
by using system (8), the generalized system (7) can be presented in the following form
D, 0 (w) = x (0. O(w)),® € [0,1].0 < ¥(w) <1, 9)
©(0) = O,
where the vectors ®(w) = (71 (w), Ny (W), x(®), L(W), h(w), € (W)), Og(®) = (N10, N20. X0, L. ho, €p), and
O1(w, m (@), M2 (w), x(w), (), h(w), €(®)),
i e e 2 e o)
) Os(w, n1(w), n2(w), x(w), Q(w), h(w), €(w)),
X(@. 0@ =1 04,7 (@), 12(@). (@), Q). h(®). €(@)),
Os(w, N1 (@), M (w), x(w), (), h(w), €(W)),
BOs(w, N1 (@), N2(w), x(w), (), h(w), € (W)).
Using Lemma 1, the Eq. (9), becomes
1-0 04 @
O(w) = Op(@) + W}((a), () + %[Q X (a, ©(a))da. (10)

Let 8 =C([0, v]) be a Banach space with norm defined as [|@| = max,jo,{|®], Y © € B} and ¥* = min{} (w), w € [0, v]} and ¥** =
maX,o,,{? (@), @ € [0, v]} be the minimum and maximum value of the variable fractional order ¥ (w) on [0, v].

To proceed further, we assume the following hypotheses to obtain our main results:

[M;1]: There exist constants Gy, H, > 0, and k € [0, 1) such that

X (@. O(w))] < Gy |O + H,.
[M;]: There exists constants M, > 0, such that
X (0, 0" () = x (0, 8" (w))| < Ny|®'(w) — O (w)].

Now, we convert the system (9) into fixed point problem, we define operator Q : 8 — B as

_ (1-79(w)) P w) [©
Q(O(w)) = Og(w) + WX(QL O(w)) + W[O x (a, ©(a))da. (11)
Let us present two operators, from the operator (11) such that Q(®(w)) = Q1 (®(w)) + Q2 (O(w)), where
_ (1-79(w))
QA (O(w)) —®O(w)+m){(a),®(w», (12)
_ V(w) @
©O©) = 5555 | 1@ ©@)da (13)
Theorem 4. Assume that the hypothesis [M5;] hold and there exists a constant B > 0 such that
CTA=99N, | Ny -
=[G =+ oy ) b (14)

then Q has unique fixed point for the system (9) on B.
Proof. Les us consider ®’, ®” ¢ 8, then
QO -QO"|| < Q1O - QO"| + Q20" - QO]

(1 - () / )
< E@ @) Jax [x (@ 0'(w) - x (. 6" ()

Eg(zow)))wrgg?g] [ x@e@ida- ["x(@e @)da
- [(l — Hw))Ny N ﬁ(w)/\fxw]
| " Ev@y T EG@)
(1- 99N, 9Ny
5[ EG T EOY
<Ble - 0.

max |@ — @]

wel0,v]

]n@’ — |

. (1=05Ny | O*Nyv
Since B = [ TSR] L+ Wﬂ}()] <1.
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This impels that the operator Q has unique fixed point, by
the Banach fixed point theorem. Consequently, the system (9) has
unique solution. O

Theorem 5. Assume that the hypotheses [M1]-[M5] holds and if 0 <

(EZ;E;\G‘ 1, then the system (9) has at least one solution.

Proof. Firstly, we present the operator Q is contraction. Let ® € 7T,
where T ={® e 8 : ||®]| <w,w > 0} is closed convex set, then

Qi (®"(w)) = Qi (O (W)

= (1_70(60)) _ "

= “E (@) X [x(@.0'@) - x (@ 0" (@)
( — o ) 4 "

= E(D) 5 Ny 1O (w) — O (w) ||

Hence Q; is contraction. Further to prove that the second con-
sider operator Q, is compact and continuous, for any ® € 7, then
Q, is contraction as y is continuous, then

wel0,v] E(l?(a)))/ x(a, ©(a))da
@l
[E@ ()] Jo

ARV K
=< E(D )[G |O| +Hx]

Which shows that Q, is bounded. Next, let w; > w, € [0, v],
such that

1Q2(®(w1)) — Q2(O(w2))]|

Q(® ()l

Ix(a,®(a))|da

ﬁ*
= E@) wtlon) / X (a,©(a))da — f x(a,©(a))da
k
= WM)] —wy.

This implies that ||Qy(®(w1)) — Q2 (O(wy))|| — 0 as w1 — wy.

Hence, the operator Q, is equicontinuous. So, by the Theorem 2,
Q, is compact. Thus, the corresponding system has at least one
solution. O

5.2. Stability analysis

In this section, we present the Ulam types stabilities of the pro-
posed system (9). Before proceed the further process, we discuss
some definitions and notions as given by

Definition 4. The proposed system (9) is Ulam-Hyers stable if for
any € > 0 and let ® € B be any solution of the inequality

ISFDY“ 0 (0) — x (@, O(@))|| < €, w [0, v], (15)

there exists unique solution ®’ of the system (9) with J, > 0 such

that
©(w) - O (W) < Je, w € [0, v]. (16)

Further, the system (9) will be generalized Ulam-Hyers stable if
there exists ® € C(R, R) with ®(0) = 0, for any solution ® of the
Eq. (15) and ®’ be unique solution of (9) such that

©-@' < (), (17)
then the system (9) is generalized Ulam-Hyers stable.

Remark 1. If there exists G € C([0, v],R), the ® € B satisfies in-
equality (15) if

() IG(w)] <€,V €0, ],

(ii) DL O () = X (0. O()) +G(w)., Yo € [0, ].
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Let us consider the corresponding system (9) as

DL O (@) = x (@, O(@)) + (@), } (18)
O0) =

We need the following result for further analysis.

Lemma 2. The following inequality hold to the problem (18).

Proof. With the help of Lemma 1, the solution of the system
(18) is given by

O(®) = B + 510 (x (0, O(@))) + §15“ (G(w)).

Using the operator (11), we have

D e (1-0 () Pw) [

10() - 00(@)| = [ 16@) 1+ g5 s [ 16(@)ldal
- 1-1v*) *v
—[ E(D") E(o*)]é‘

O

Definition 5. The proposed system (9) is Ulam-Hyers-Rassias sta-
ble for W € C([0, v],R), if for € > 0 and ® € B be any solution of
inequality

IS DS @ @ () — x (@, O(w)) || < ¥ (w)e, w € [0, ], (19)

there exists unique solution ®’ of the system (9) with J, > 0 such
that

1©(w) - O ()| < ¥ (w)€, w [0, v]. (20)

Further, for ¥ € C([0, v], R) if there exists [, ¢ and € > 0, for
any solution ® of the Eq. (19) and ®’ be unique solution of
(9) such that

10 -0 = oV (@) wel0v], (21)
then the system (9) is generalized Ulam-Hyers-Rassias stable.

Remark 2. If there exists G € C([0, v],R), the ® ¢ B satisfies in-
equality (19) if

(i) 1G(w)]| < e¥(w),Yw € [0, V],
(i) SFDL“ O (w) = x (w, O(®)) + G(w), Yo € [0, V].

Let us consider the corresponding system (9) as

CFDY@ @ (w) = x (w, O(w)) + G(w),
(N ©) = (22)

We need the following result for further analysis.

Lemma 3. The following inequality hold to the problem (9).

Proof. With the help of Lemma 1, the solution of the system (9) is
given by

VY(w)e.

O(®) = O + 5§15 (x (0, O(@))) + §15 (G ().
Using the operator (11), we have
— ¥ (w)) P(w) (¢
0(@) - 00@)| = [L5H 6+ {2 ["6(@)lda]
1-9%) ¥*v
<[ E@) T ED )]‘I’(‘“)E

O

Theorem 6. Under the hypotheses of Lemma 2, the solution of the
system (9) is Ulam-Hyers stable and also generalized Ulam-Hyers sta-

ble if [“’W)’“X + b ] <1.

E(*) E@W*)
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Proof. Consider ® € 8 be any solution and ®’ € 8 be unique solu-
tion of the system (9), then we have

|©(w) - O (w)| = 0(w) - QO(w)| + |90 (») — O ()
- [(1 —9%) N LanY ]
“LE@)  E@)
[(1 — 0Ny  Nyv
E(9+) E(9+)

(1-9*) o
[ B0 T E(ﬂ%]
- (1-9)N, Nyv
1- [ E(D7) £+ E(s*)]

Thus, the proposed model (9) is Ulam-Hyers stable as well as
generalized Ulam-Hyers stable. O

pmwfgwﬂ

Theorem 7. Under the hypotheses of Lemma 3, the solution of the
system (9) is Ulam-Hyers-Rassias stable and also generalized Ulam-

A-D5Ny | Nyv ] <1

Hyers-Rassias stable if [ >+ 509

Proof. Consider ® € 8 be any solution and ®’ be unique solution
of the system (9), then we have
18(@) - ©'(0)| = 0(w) - QB(w)| + |20 (w) — O (w)]

(1-9%) 9*v
[y * wwa v @e

[ (1 =0*)Ny Nyv
E(9+) E(9*)
a-v* , -
[ Eon T ]E(l?li)]
- (1-9*)N, Nyv

1- [ 59 T E(:X%)]

Thus, the proposed system (9) is Ulam-Hyers-Rassias stable as
well as generalized Ulam-Hyers-Rassias stable. O

ﬁmm—@wn

Y(w)e.

5.3. Positive solutions theorems

In this section, we study the existence of positive, continuous
solution for the proposed system (9).

For further analysis we use following assumptions for the sys-
tem (9).

[Vi]: The function x (w, ®(w)) : [0, v] x R® - R% is a continu-
ous function.

[V,]: There exist two different positive constant M; and M,
such that M < x (w, O(w)) < M;.

WVal: A = (S + 5% ).

Let V c B be a cone define by V={® e f:0(w)>0,0<w <
v}. The (B,V) forms an ordered Banach space. Let Q:V — V be

the operator defined as in Eq. (11), then we have the following
lemma.

Lemma 4. Let assume the hypotheses [V;]-[V,] be satisfied. Then Q is
completely continuous.

Proof. The operator Q is a bounded. We next to prove that Q:
VY — V is continuous. Let ® € V, where ||®| <d. Suppose R =
{@ecV:||®@—-0| <g} Then ||O| <d+g; :=2 VO e R. Since
X is continuous on [0, v] x [0, g], then it is uniformly continuous
on [0, v] x [0, g].

Thus, for € >0, there exists y >0 (y <gy) such that
X (w0, B(@)) - x (0, ()| < &, for -0 <y, we[0,v]
If |©-0@| <y then ® c¢R and ||®'| <g Let us consider
@ ecRcV,|®]| <y, similarly |©| <y. Finally, we have
|9® — Q@'|| <€, hence Q is continuous. Then, Q has a fixed
point (see Theorem 5). O
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Then we have the following analysis.

Theorem 8. Let assume the hypotheses [V;]-[V,] hold. Then (9) has
at least one positive solution.

Proof. Let U1 ={@cf:|O] <|Og(w)|+M1A} and U=
{@cB: 0| <|Og(w)|+MyA}. For ®cVnol,, we have
0 <0O(w) < AM;,w € [0, v]. Since x (w, O®(w)) < M,, we have
a-vw)
E(¢ (w))
T (w) @
733(19(60))/0 X (a, ©(a))da
- (1-9*) VARV
< |Oo(@)| + (W + IE(I?*)) 2
< Oo(@)] + AM,.

QO (w)) = Og(w) + X (0, 0(w))

+

Hence, this implies that [|Q(®(w))]|| < ||®]]. For ® € VN U4y,
we obtain 0<0O(w) <|60g(w)| + AM1,w [0, v]. Since
x(w,0(w)) 2 My, we have [Q(OW))] 2= [O¢(@)|+AM; =
|®]|. This means that the Eq. (9) has a positive solution (see
theorem 1.2 in Ibrahim and Momani [20]). The operator Q ha a
fixed point in V N (U,\U;). Which implies that the system (9) has
a positive solution. 0

Theorem 9. Let x (w, ®(w)) : [0, v] x R® — RS is a continuous and
non-decreasing for each w €[0,v]. Let there exist ¢g, wy satis-
fying SFDY“ gy < 9o, SFDY @ ey = g and 0 < gp < wp < w < v.
The system (9) has a positive solution.

Proof. Let ¢, w € V such that ¢ <z, then we have

Qg (@) = () + Ly . p)
T(w) w
*E , X e
< wo(w) + (;Ezﬁiﬁ(g;))))((w’ o (w))
¥ (w) w B
+ M/o x(a, w(a))da = Q(w (w)).

Thus, Q(¢(w)) < Q(w (w)), Vw, then there exist ¢q, @y such
that 0<¢p <@y with Q(¢o(®)) < ¢o(w), Q@o(w)) = @Wo(w),
from theorem 1.3 in Ibrahim and Momani [20]. The operator Q is
compact and has a fixed point in ordered Banach space (¢, = ).
Thus Q : {¢g, @o) — (@g, o) is compact. Q has a fixed point » €
(¢, ). Thus, the system (9) has a positive solution. O

In the following Corollaries, we assume that the func-
tion X (w,O(w)) :[0,V] x Rt x RT x RT x RTRT x R —
RT x Rt x R* x R* x Rt x R* be continuous, non-decreasing
and have a existing limit as ® — oco. The 2019-nCOV variable frac-
tional oreder system (9) has a positive solution (see Theorem 9).

Corollary 1. Let x (w, ©(w)) : [0, V] x RT x RTRT x RTR*T x Rt —
RT x Rt x R* x RT x RT x R* be continuous and non-decreasing in
[0,v]. If 0 < limg_, o X (@, O(w)) < oo, w € [0, V], then the system
(9) has a positive solution.

Corollary 2. et x(w,®(w)):[0,v] x RT x RT x RT x RT x
RT x RT - RT x RT x RT x RYRT x RT™ be continuous and non-
decreasing in [0, v]. If 0 < lim)g|_, o MaX4e[0,0] W <o00,W €
[0, v], then the 2019-nCOV variable fractional order system (9) has a

positive solution.

The following Corollaries are generalized Corollaries for the
generalized system (9).
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Corollary 3. There exist constants hq{,h, > 0,a € (0,1] such that
X (0, O(w)) = h1O(w) + h4, then the generalized system (9) has a
positive solution.

Corollary 4. The function Let x (w, ©®(w)) : [0, V] x RT x RT x Rt x
RTRT x RT — Rt x RT x RT x Rt x R* x RT™ be continuous and
[X (@, 01(w)) - x (@, Ox(®))] < x|O — B;], VO (w), Oz () €

R* such that [7(1553/)\/" + ?E(/l;if)v
(9) has a positive solution (See Theorem 4).

] < 1, then the generalized system

Corollary 5. Assume that there exist continuous function g; and g
such that 0 < g;(w) < x(w, O(w)) < g (w), (w, O(w)) €[0, V] x
Rt x Rt x RT x RT x Rt x R*, then the generalized system (9) has
a positive solution ® € B. O

5.4. Existence of maximal and minimal solutions

In this subsection, we study results for maximal and minimal
solution of the system (9).

Definition 6. Let M be a solution of the generalized system (9) in
[0, v]. Then M; is said to be maximal solution of the Eq. (9), if
for every ®(w) of (9) existing on [0, v]. The inequality ®(w) <
Mi(w), 0 €0, v], holds.

Definition 7. Let M, be a solution of the generalized system (9) in
[0, v]. Then M, is said to be minimal solution of the Eq. (9), if
for every ®(w) of (9) existing on [0, v]. The inequality ®(w) >
M5(0),6 €10, v], holds.

Theorem 10. Let x (w, ®(w)) : [0, v] x RT x RT x RT x R* x R* x
RT — RT x Rt x R* x R™ x Rt x R* are continuous and non-
decreasing function in © and there exist two constants pi, py >
0 (p1 < py) such that
D1 1< D2

BOo + A(x (w, B(w))) Oo + A(x (0, 0(w))’

Thus, there exist a maximal and minimal solution the generalized
system (9) on [0, v].

Proof. The fractional integral equation (FIE) of the generalized sys-
tem (9), we have

O (@) = O +§JL"” (X (@, O (). (23)
Consider the new FIE from the Eq. (23) is
O(w) = Z+ O+ S0 (x (0, O(w))), w e [0,v], 2> 0. (24)
Then ®(w) is given in the Eq. (24) is a solution of the general-
ized system (9) in (pq, p2), 6 €[0, v], for some constants pq, p; >
0 such that
D1 1< D2
Z+ 00+ A(x(w, O(w)) Z+0p+A(x(w,O(w))’
Now, let 0 < 2Z; < 2y < Z. Then we have ®z (0) < Oz (0).
Now, we can prove that
O3z (0) < Oz (w), Yo € [0, v].
Assume that it is not true. Then there exists a v; such that
(")22((1)1) = ®Z] (C()1) and G)Zz(a)) < ®Zl (a)),V w e [0, (1)1).
Since, it is given that the function y (w,®(w)) is mono-

tonic non-decreasing in ©®, it follows that x(w,©z,(0)) <
X (w, ©z, (0)). Consequently, using the Eq. (24), we have

Oz, (1) = 25+ O + 5V (x (1. Oz, (1))
< 21+ 09+ 510 (x (@1, Oz, (1)) (25)
=0z (w1).

Which is contradiction for ®z,(w;) = ®z (w;). Hence the
above inequality ®z, (w) < Oz, (w) is true. This implies, there ex-
ists a decreasing sequence Z, such that Z, — 0 as n — oo and
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limp_, o ®z, (@) exists uniformly in [0, v]. Let us denote the lim-
iting value is My. Clearly, by the uniform continuity of the func-
tions x(w, O(w)) : [0, V] x RT x RT x Rt x Rt x RT x Rt — R* x
RTR*T x Rt x R* x R*. Then the equation

Oz, (@) = Z+ Oy + 510 (4 (w, B3, (w))), (26)

which yields that My is a solution of the generalized system (9).
To show that M; is maximal solution of the generalized system
(9), let ®(w) be any solution of the generalized system (9). Then,
we have

O(w) < Z+ 0y + 510 (x (0, B(w)) = Oz (w) (27)

Here, the maximal solution is unique, it is obvious that @z (w)
tends to M (w) uniformly exists in [0, v] as Z — 0, which implies
that the existence of maximal solution for the generalized system
(9). Similarly, we can show that the minimal solution with similar
argument holds. O

6. Conclusion

In this work, we generalized the proposed 2019-nCOV system
by replacing the integer-order with variable Caputo-Fabrizio frac-
tional order in Caputo sense. We found the new existence and
uniqueness conditions of solution 2019-nCOV system with vari-
able Caputo-Fabrizio fractional-order via fixed point theory. Fur-
thermore, we study the stability of the generalized 2019-nCOV sys-
tem by using Hyers-Ulam stabilities. Additionally, we investigated
some important results for the proposed generalized 2019-nCOV
system involving variable Caputo-Fabrizio fractional order.
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