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a b s t r a c t 

Background: Mathematical modeling of vector-borne diseases and forecasting of epidemics outbreak are 

global challenges and big point of concern worldwide. The outbreaks depend on different social and de- 

mographic factors based on human mobility structured with the help of mathematical models for vector- 

borne disease transmission. In Dec 2019, an infectious disease is known as “coronavirus” (officially de- 

clared as COVID-19 by WHO) emerged in Wuhan (Capital city of Hubei, China) and spread quickly to 

all over the china with over 50,0 0 0 cases including more than 10 0 0 death within a short period of one 

month. Multimodal modeling of robust dynamics system is a complex, challenging and fast growing area 

of the research. 

Objectives: The main objective of this proposed hybrid computing technique are as follows: The innovative 

design of the NAR-RBFs neural network paradigm is designed to construct the SITR epidemic differential 

equation (DE) model to ascertain the different features of the spread of COVID-19. The new set of trans- 

formations is introduced for nonlinear input to achieve with a higher level of accuracy, stability, and 

convergence analysis. 

Methods: Multimodal modeling of robust dynamics system is a complex, challenging and fast growing 

area of the research. In this research bimodal spread of COVID-19 is investigated with hybrid model 

based on nonlinear autoregressive with radial base function (NAR-RBFs) neural network for SITR model. 

Chaotic and stochastic data of the pandemic. A new class of transformation is presented for the system 

of ordinary differential equation (ODE) for fast convergence and improvement of desired accuracy level. 

The proposed transformations convert local optimum values to global values before implementation of 

bimodal paradigm. 

Abbreviations: NAR, Nonlinear Autoregressive; St Dev, Standard Deviation; RBFs, Radial Basic Functions; WHO, World health organization; MSE, Mean Square Error; PDEs, 

Partial differential equations; ARIMA, Auto-Regressive Integrated Moving; ODEs, Ordinary differential equations Average. 
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. Introduction 

Mathematical modeling of Vector-borne diseases and forecast- 

ng of epidemics outbreak are global challenges and big point of 

oncern worldwide. The outbreaks depend on different social and 

emographic factors based on human mobility which paradigm 

ith mathematical models for vector-borne disease transmission. 

n Dec 2019, an infectious disease is known as “coronavirus” (offi- 

ially declared as COVID-19 by WHO) emerged in Wuhan (Capital 

ity of Hubei, China) and spread quickly to all over the china with 

ver 50,0 0 0 cases including more than 10 0 0 death within a short

eriod of just one month [1] after the outbreak of the pandemic. 

o overcome the outbreak massive type of restriction on public 

athering, traveling and self-safety like wearing masks with social 

istancing were implemented. On initial stages, the key symptoms 

or this disease are fever, flu, and dry cough which might lead to 

ifficulty in breathing, headache, and loss of taste/ smell for its 

ritical cases. Generally, the recovery rate from the pandemic is 

round 80 ~ 85 % without any special treatment [ 2 , 3 ]. The COVID-

9 badly affects older people (almost age of 60 or more), and those 

ho are facing serious medical diseases like cardiovascular disease, 

iabetes, chronic respiratory and cancer. Those who have a fever, 

reathing difficulty, and dry cough should pursue medical care. As 

f 20 th December, 2020 more than 76.11 million people have been 

nfected and more than 1.6 million people have died with this virus 

ut 53.83 million persons got recovered from this virus all over the 

orld. Data of the top 10 countries mostly got infected by COVID- 

9 (WHO sources [4] ) has been presented in Table 1 , whereas 

he graphical trend of the spread of virus has been shown in 

ig. 1 . 

Some researchers studied the basic reproduction number (R 0 ) 

f COVID-19 and found that it lies in the range of 1.4 - 6.6 which

s very high than influenza, Ebola, and SARS epidemics [5] . This 

isease has a very fast speed of transfer from one person to others 

hrough small droplets of coughing or sneezing. The numbers of 
Table 1 

Country-wise data Infected, Recovered and Died persons for COVID-19 [4] 

(As on 20 December 2020). 

S No Country Total infected Total Recovered Total Deaths 

1 USA 17,888,353 10,394,286 320,845 

2 India 10,005,850 9,550,712 145,178 

3 Brazil 7,163,912 6,198,185 185,687 

4 Russia 2,819,429 2,254,742 50,347 

5 France 2,442,990 182,656 60,229 

6 Turkey 1,982,090 1,753,552 17,610 

7 UK 1,977,167 1,244,367 66,541 

8 Italy 1,921,778 1,226,086 67,894 

9 Spain 1,817,448 1,145,871 48,926 

10 Argentina 1,531,374 1,356,755 41,672 
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2 
Fs model is investigated for the bi-module nature of SITR model with

 modeling of stochastic variation ability for different cases and scenarios

agreement of the proposed bimodal paradigm with outstanding numerical

atistical results calculated from MSE, RMSE and MAPE with accuracy level

 to 1E-25, which further validates the stability and consistence of bimodal

l technique is shown extraordinary results in terms of accuracy and con-

 study will be useful in forecasting the progression of COVID-19, the in-

meters overspread of COVID-19 and can help for planning, monitoring as

f COVID-19. 

© 2021 Elsevier B.V. All rights reserved. 

nfected person are hence increasing day by day at a very high rate. 

t present, there is no vaccine or proper treatment is available for 

he patients of this disease and in the opinion of medical experts, 

he only way to reduce its rising trend is to keep the people away 

rom infected persons and try to keep all infected persons in isola- 

ion or quarantined to avoid their social contact with healthy per- 

ons in the society. The global economy has been badly affected by 

ontrol measures taken to prevent the spread of COVID-19, how- 

ver, it is still uncertain whether this type of strategy has which 

ype of effect on the spread of COVID-19. Therefore, it is necessary 

o measure the influence of all these parameters over epidemic de- 

elopment. 

Analysis of data shows that the number of deaths does not only 

epend on the infected persons, besides this many other factors 

ike weather / environmental conditions, average ages of person, 

nd natural immunity of persons against viral diseases also mat- 

ers. The rising trend of COVID-19 in different countries are pre- 

ented in Fig. 2 . 

The average incubation period for this virus is 7 - 14 days and 

he time required from infection to recovery or death is about 10 

ays based on several factors [ 6 , 7 ]. Roosa et al. [8] offered three

ifferent mathematical models to present the short term estima- 

ion of the collective number of cases for COVID-19. Kucharski 

t al. [9] suggested an SEIR model with some necessary modi- 

cations to study the rate of spreading of COVID-19. Yang et al. 

10] proposed various SEIR models with employing artificial intel- 

igence schemes to predict the rising trend, epidemic peaks, and 

izes of COVID-19 in china. Ivorra et al. [11] developed an inno- 

ative θ-SEIHRD model while considering various special charac- 

eristics of the disease to estimate the spread of disease with an 

pproximate magnitude of peaks. Later on, the results proposed 

y this model matches the actual data of COVID-19. All through 

his battle against an epidemic situation, theoretical research based 

n the epidemiological model has the same worth and importance 

s biological and medical studies have. These mathematical mod- 

ls are very helpful in understanding, comparing, and estimating 

he effect of various parameters (control measure and natural phe- 

omenon) on the spreading and decaying of an epidemic outbreak. 

hese mathematical models have advantages over other stochas- 

ic approaches such as less computational complications and in- 

olvement of ordinary differential equations provides better anal- 

sis for understanding the model. Bonyah et al. [12] numerically 

nvestigated the SEIR based epidemic model of Zika virus with con- 

tant and dependent control to measure the effect of different pa- 

ameters on disease spread. Yavuz et al. [13] numerically inves- 

igated the schistomosiasis fractional dynamic model by utilizing 

he Mittag-Leffler and exponential kernals. Furthermore, authors in 

14] observed that in cases where determining distribution proba- 

ility is very difficult, it is better to prefer mathematical modeling 

ver the stochastic approaches. Several studies have been done to 

escribe the epidemic dynamics of COVID-19 in China and else- 
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Fig. 1. Total number of infected and died persons with COVID-19 all over the world [4] . 

Fig. 2. Trend of COVID-19 in Different Countries [4] . 
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here with the help of several conventional mathematical models 

15-18] . Over time, development in medical treatment, as well as 

ore exact approaches of stochastic and statistical reasoning [19- 

4] to study the epidemic behavior have stepped up. 

Settati et al. [25] provided computer simulations to explain var- 

ous theoretical results based on SIRI epidemic model with nonlin- 

ar variation. Karimi et al. [26] proposed a hybrid model based on 

enetic algorithm (GA) and back propagation network (BPN) for the 

roper assessment of nanofluid density with improved accuracy. 

amírez et al. [27] presented a hybrid model by joining the neural 

etwork with fuzzy logic by means of 2-lead for irregular cardiac 

eartbeat. Wang et al. [28] offered a hybrid model by combining 

he correction and heuristic intelligent optimization algorithm with 

utliner detection to predict the air pollution in environment. Gao 

t al. [29] used a hybrid predictive model built on artificial neu- 

al network (ANN) and imperialist competition algorithm (ICA) to 

nalyze the slope stability behavior of unified soils. Cheema et al. 

30] presented an intelligent computing solution based on artifi- 

ial neural networks for the mathematical model of novel COVID- 

9 by dividing the population into various classes. Wieczorek et al. 

31] used neural networks by exploiting the NAdam training model 

o predict the spread of COVID-19 based on the real value data. 

arques et al. [32] proposed an automated medical diagnostic sys- 

em by utilizing convolutional neural network with using Efficient 

et architecture. Khan et al. [33] applied an Auto-Regressive In- 

egrated Moving Average (ARIMA) model on the realistic collected 

ata to predict and forecast the affected cases of COVID-19 in fu- 

ure. Authors then compared the accuracy of results with a NAR 

ased solution and found a high level of accuracy in their results. 
3 
mar et al. [34] presented a SITR model representing the dynam- 

cs of COVID-19 and then used the modern stochastic intelligent 

omputational methodology based on feed forward artificial neu- 

al networks to solve that model to study the variation of various 

lasses on different involved parameters. Jung et al. [35] proposed 

 SIR model based on different classes to present the dynamics of 

OVID-19 in South Korea and then used neural network with deep 

earning to solve the model. Naik et al. [36] numerically investi- 

ated a COVID-19 model based on Caputo operator and presented 

raphical results to envision the effectiveness of introduced arbi- 

rary order derivative. Wang et al. [37] used the latest alpha-Sutte 

ndicator to forecast the rising trend of COVID-19. Authors compare 

heir result with the results of ARIMA method and found alpha- 

utte indicator more efficient and reliable as compared to ARIMA 

n the basis of root mean square error and absolute percentage 

rror. 

Contrary to these statistical techniques [ 38 , 39 ] mathematical 

odeling based on various differential equations [40-42] got very 

ess consideration, although these mathematical models can de- 

iver more detailed information for the epidemic dynamics. Con- 

entional SIR model (susceptible-infectious-recovered) is being 

roadly used for describing epidemic of COVID-19 in all over the 

orld. In this work, spread dynamics of COVID-19 is evaluated by 

esigning innovative SITR epidemic model with the division of sus- 

eptible class (S) into two portions and by introducing a new class 

f treatment (T) to observe the epidemic situation which makes 

he model of COVID-19 to work with the consideration of contin- 

ous treatment of affected persons. Influence of various key pa- 

ameters over the spreading of COVID-19 has been investigated. 
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Fig. 3. Epidemic model (SITR) for COVID-19 dynamics including ϕ( t )in all four 

classes. 
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Table 2 

Description and values for various involved parameters in SITR model. 

Symbol Parameter Description Assigned Value 

β Contact rate 0.3 

B Natural birth rate 0.3 

δ Reduce infection from the treatment 0.3 

σ Fever, tiredness and dry cough rate 0.005 

μ Recovery rate 0.1 

α Death rate 0.25 

ρ Rate of infection from the treatment 0.3 

ψ Healthy food rate 0.2 

ε Sleep rate 0.1 
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nnovative contribution of the design deep learning neural net- 

ork based on different capabilities are presented in the following 

alient features: - 

• Computational strength of deep learning neural network based 

on nonlinear autoregressive (NAR) with radial base functions 

(RBFs) networks enhance the computing power and level of ac- 

curacy of the solver technique. 
• The hybrid model can pinpoint and capture the global as well 

as local aspects in the modeling of nonlinear differential equa- 

tions representing the SITR epidemic model. 
• The innovative design of the NAR-RBFs neural network 

paradigm is designed to model the SITR epidemic differential 

equation (DE) model with additional term of stochastic varia- 

tion to ascertain the different features of the spread of COVID- 

19. 
• The new set of transformations are introduced for nonlinear 

input to achieve with a higher level of accuracy, stability, and 

convergence analysis. 

Rest of the paper is organized as follows: - 

Detailed mathematical modeling of the SITR model has been 

resented in Section 2. Solution methodology of the suggested 

odel has been briefly described in section 3. Statistical analysis 

f the all involved variables of SITR model is investigated in sec- 

ion 4. In Section 5 explanation of NAR-RBFs network structure is 

resented. Detailed numerical and graphical result with discussion 

re presented in section 6. A comparative study for alternate SIR 

odel has been presented in Section 7 and at last section 8 con- 

ist of conclusion of the research. 

. Mathematical formulation of the model 

In this section, a general SITR model along with description of 

asic characteristics of the model is presented. A detailed structure 

f the SITR model with the contribution of several parameters is 

hown in Fig. 3 . These type of mathematical models based on var- 

ous types of differential equations often gives detailed necessary 

nformation regarding the dynamics of an epidemic situation. 

Basic Characteristics of the Model:- 

1) Susceptible class S 1 (t):- This class includes those persons who 

are not yet infected with the virus. 

2) Susceptible class S 2 (t):- This class also represents that persons 

which are not yet been infected with the virus, but persons in 
4 
this class have some types of sickness/illness or they are of an 

older age which creates greater chances for these persons to get 

infected by virus then class S 1 . 

3) Infectious class I (t):- This class includes those persons who 

are infected by Covid-19 and they can further transmit the virus 

to other healthy persons. 

4) Treatment Class T (t):- Persons in this class or either under the 

hospital treatment or in the state of quarantined. These persons 

can either move to recovered class by recovery or can die from 

the virus. 

5) Recovered class R (t):- This class includes those persons who 

were previously got infected from the virus and either survived 

or got recovered with treatment. 

Mathematical Model:- 

Under those assumptions, the proposed SITR model [43] can be 

escribed in term of following ordinary differential equations:- 

 

′ 
1 ( t ) = B − βI ( t ) S 1 ( t ) − δβT ( t ) − αS 1 ( t ) + ϕ ( t ) , (1) 

 2 
′ 
( t ) = B − βI ( t ) S 2 ( t ) − δβT ( t ) − αS 2 ( t ) + ϕ ( t ) , (2) 

 

′ ( t ) = −μI ( t ) + βI ( t ) [ S 1 ( t ) + S 2 ( t ) ] − αI ( t ) + βδT ( t ) 

+ σ I ( t ) + ϕ ( t ) , (3) 

 

′ ( t ) = μI ( t ) − ρT ( t ) − αT ( t ) + ψT ( t ) + εT ( t ) + ϕ ( t ) , (4) 

 

′ ( t ) = −αR ( t ) + ρT ( t ) + ϕ ( t ) . (5) 

With initial boundary conditions 

 1 ( 0 ) = 0 . 65 , S 2 ( 0 ) = 0 . 15 , I ( 0 ) = 0 . 1 , T ( 0 ) = 0 . 2 , R ( 0 ) = 0 . 1 

(6) 

Assigned values for various parameters involved in equations 

1~5) has been mentioned in Table 2 . Whereas, φ( t ) in the equa-

ions (1 ~ 5) represents the abrupt change due to different fac- 

ors including social gathering, huge travelling and public inter- 

ction at different level, that can produce any sudden rise in the 

umber of susceptible/infectious persons. It is pertinent to high- 

ight that recovery rate μ and death rate α can also be treated as 

ime-dependent parameters since the recovery rate increase cer- 

ainly decreases the death rate over time with proper medical 

reatments, an invention of vaccine or drugs and isolation of in- 

ected persons from the society. In the mathematical model, the 

ffectiveness of increasing recovery rate and decreasing death rate 

ver the number of susceptible, infectious, and recovered persons 

s studied. The behavior of other important parameters with their 

ariation and its impact on recovery rate is calculated and mod- 

led. Different studied are presented to study the relationships be- 

ween environmental conditions (temperature, humidity, etc.) and 

he spread of COVID-19. Luo et al. [44] observed that the spread- 

ng behavior of COVID-19 is not following the hypothesis that 

igher values of humidity bound the transmission and existence 
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Fig. 4. Non-Linear Autoregressive Neural Network (NAR). 
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f viruses. Whereas, Wang et al. [45] find that the increase in tem- 

erature corresponds to less transmission rate and shorter survival 

eriod of the virus outside the host. Therefore, without any sci- 

ntific proof regarding the influence of temperature and humidity 

n the spreading of COVID-19, these factors are not considered in 

roposed model. 

. Solution methodology 

NAR network based on sigmoid function performs globally 

46] whereas the radial based network function deals to treat the 

ocal behavior of inputs. With the variation of input based on time 

nterval from the center towards radii, radial displacement gov- 

rned by neurons reduces which transform most of the RBF func- 

ion to their zero states, however with the increase in input data 

igmoid function stay close to 1. These specific characteristics en- 

ble the combination of RBF with Sigmoid function to deal simul- 

aneously with local as well as global features of modeling. 

. Non-linear autoregressive neural network (NAR) 

A maximum number of time series models are based on tem- 

orary periods and high variations, which makes them difficult to 

odel through linear modeling therefore a non-linear attitude is 

roposed. Fig. 4 shows a nonlinear auto aggressive neural network 

NAR) [47] is a discrete model containing three different layers (in- 

ut, hidden and output) with two delay steps (input and output) is 

eing used for the prediction of non-linear time series, which can 

e expressed as [48] :- 

 ( t ) = h ( y ( t − 1 ) , y ( t − 2 ) , y ( t − 3 ) , . . . . . .., y ( t − p ) ) + E ( t ) 
Fig. 5. Structure of 

5 
Through the above mathematical relation, it is easy to judge 

hat how by using the previous p values of the series, NAR neu- 

al network is utilized to forecast the values any output y ( t ) at any

oint t . The unknown function h ( ∗) is being approximated with the 

raining of neural networks through optimizing the neural weight 

nd number of neurons. The term at the end E(t) is an approxi- 

ate error of the complete series y ( t ). 

The number of neurons and hidden layers are adjustable and 

an be optimized through hit and trial basis depending upon the 

ccuracy and performance of the system. It should be kept in mind 

hat a higher number of neurons will result in better accuracy 

f the computation but it also makes the system more compli- 

ated to solve, whereas the lower number of neurons may limit 

he computing capabilities of the network. The most widely and 

ommonly used rule for NAR neural network is the Levenberg- 

arquardt technique [ 49 , 50 ]. 

NAR neural network uses the mean square error (MSE) error 

um of squares (SSE) to show the accuracy and reliability of the 

omputations. Whereas, y i are the values of ith data set, y i is the 

alue of similar data set obtained through network operation and 

 is the number of data set provided to the neural network for its 

peration. 

SE = 

k ∑ 

i =1 

( y i − y i ) 
2 

SE = 

SSE / k 

. Radial base function (RBF) 

Most basic Radial basis function (RBF) operates on followings 

hree layers with each layer having its task that is completely dif- 

erent from the other two:- 

• Input layer: - This first layer is constructed by source nodes 

that join the network with its environment. 
• Hidden layer: - This second layer has the role of application 

of nonlinear transformation from the input layer to the hidden 

layer. 
• Output layer: - This third layer is linear and an arrangement 

of hidden functions. It has the role to supply the reaction of a 

network to the stimulation array given to input layer. 

Structure of RBFs network has been shown in Fig. 5 . The basic 

inear model for function f(x) can be written as 

f ( x ) = 

n ∑ 

j=1 

w j h j ( x ) 
RBF Network. 
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Fig. 6. Probability Plots of data sets of all outputs. 

Table 3 

Descriptive Statistics of all classes. 

Variable Mean St. Dev. Variance Min Median Max Range Skewness Kurtosis 

S1 0.78815 0.04481 0.00201 0.65000 0.80203 0.83219 0.18219 -1.24 0.85 

S2 0.72021 0.24955 0.06227 0.15000 0.74967 1.17284 1.02284 -0.35 -0.61 

I 0.35246 0.16313 0.02661 0.15000 0.31232 0.71501 0.56501 0.59 -0.86 

T 0.16826 0.07864 0.00618 0.02632 0.15830 0.35000 0.32368 0.38 -0.58 

R 0.32684 0.18550 0.03441 0.10000 0.24670 0.87314 0.77314 1.27 0.66 
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The f (.) can be expressed as a linear combination of ‘m’ ba- 

is functions, whereas, h(x) normally represents the Gaussian func- 

ion. 

 ( x ) = exp 

(
−( x − c ) 

2 

2 σ 2 

)
, σ > 0 ; x, c ∈ R 

Whereas, c is the center and r is the radius. 

. Statistical analysis of data 

In problems governed by the system of differential equations, 

inear input between a fixed domain is used very often in many 

ypes of machine learning techniques by neglecting the non-linear 

ehavior of outputs. In Fig. 6 , the probability distribution curves 

f the outputs (S 1 , S 2 , I, T, R) shows their strong non-linear be-

avior. Here the p-value for all outputs is less than 0.005 which 

s ten times shorter than the minimum range for normal data. So 

ur each of the outputs is strictly non-normal. So the use of lin- 

ar input in this type of computational process not only makes the 

rocess more complicated but also decreases the accuracy of the 

tochastic process. 

Various types of statistical data in respect of each output in 

lace in Table 3 , which also shows the non-linear distribution of 

he output data sets. Values of mean with maximum and mini- 

um values tell the distribution of data. The values of Skewness 

lso explain the placement of data from its mean position either 

n the left or right direction. Additionally, the values of kurtosis 

ive the tail distribution of data from the mean position. 

.1. Introduction of non-linear transformation 

Fig. 7 (a ~ d) shows the multiple nature of outputs with various 

ype of statistical data placed against each plot. Here instead of us- 
6 
ng simple linear input against each output with different charac- 

eristics and behavior, a special transformation for input as per cor- 

esponding output is introduced. This type of transformation helps 

he computational process to ensure the conversion of linear in- 

ut into bi-module input or as per output requirements. Therefore, 

n the suggested approach, a set of transformations are presented 

o reduce the local optimum to global optimum. In the first step, 

his transformation converts the linear input into the desired bi- 

odule greater input with ensuring its convergence before being 

sed in the machine learning process. Table 4 shows the set of 

ransformations to achieve the desired nature of transmuted in- 

uts. 

. Hybrid NAR-RBF methodology 

Our proposed NAR-RBF model can be expressed as 

 i + ϕ ( t ) = L i ( x ) + N i ( x ) 

Here, N i ( x ) represents the non-linear neural networks working 

nder the methodology of NAR which used Gaussian transfer func- 

ion and model the global features whereas, L i ( x ) shows the data

odeling with radial basis function (RBF) which deals very well 

ith the local trend of the model. Structure of proposed NAR-RBFs 

eural network has been shown in Fig. 8 . Therefore, by using NAR 

nd RBF, this hybrid model simultaneously entertains the global 

nd local features of the non-linear database outputs. 

. Results of NAR and NAR-RBFs networks 

The system of differential equations (1~5) representing the SITR 

odel with initial boundary conditions in (6) for each case of all 

cenarios are solved separately with the help of NDSolve in Mathe- 
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Fig. 7. Graphical view of outputs. 

Table 4 

Proposed transformations to achieve desired outputs. 

Required Nature Transformation to be Used Resultant Nature 

Highly stochastic, Nonlinear bi-model T = t 4 − t −4 

T = t 4 + t −4 

T = t 4 − t −4 + t 3 − t −3 + 

t 2 − t −2 + t − t −1 

Bi-module 

Fig 8. Structure of Proposed NAR-RBFs Model. 

Table 5 

Variation of different involved parameters. 

Scenarios Variable Parameter Case I Case II Case III Case IV 

1 Contact Rate β= 0.25 β= 0.30 β= 0.35 β= 0.40 

2 Recovery Rate μ= 0.08 μ= 0.10 μ= 0.12 μ= 0.14 

3 Death Rate α= 0.20 α= 0.25 α= 0.30 α= 0.35 

m

a

t

p

i

o

e

t

t  

o

f
atica by employing the RK technique. Table 5 represents the vari- 

tion in important parameters to get their plots of variation against 
7 
he number of susceptible, infectious, and recovered persons. Com- 

lete process in the form of graphical abstract is being presented 

n Fig. 9 . The impact of variation of different im portant parameters 

n the epidemic curves are represented in Figs. 11 , 13 and 15 . 

Output (in the form of data sets) against unique input is being 

xported to MATLAB for use in a supervised neural network. To- 

al 1001 data set point are created between 0 and 10 by keeping 

he step size of 0.01 for each variable (S 1 (t), S 2 (t), I(t), T(t), R(t)),

ut of total imported data set points 90% of the points are selected 

or training whereas 5% of the points are being selected for vali- 
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Fig. 9. Structure of Proposed NAR-RBFs Model. 

Table 6 

Complete numerical analysis of NAR network for SITR model. 

Scen. Cases 

Hidden 

Neurons MSE Performance Grad Mu Epochs 

Training Testing Validation 

(1) Variation in contact 

Rate 

I 80 1.6416e-10 2.0375e-10 2.0391e-10 2.0391e-10 9.8096e-08 1e-09 238 

II 80 1.2960e-10 1.3412e-10 1.3864e-10 1.3864e-10 9.8835e-08 1e-09 170 

III 100 6.9596e-11 7.9382e-11 7.0731e-11 7.0732e-11 9.9678e-08 1e-09 303 

IV 80 1.3170e-10 1.4411e-10 1.6391e-10 1.6392e-10 9.9336e-08 1e-09 237 

(1I) Variation in Recovery 

Rate 

I 100 8.6235e-11 8.9825e-11 8.1883e-11 8.1884e-11 9.9664e-08 1e-09 228 

II 100 1.2707e-10 1.2909e-10 1.1492e-10 1.1492e-10 9.4877e-08 1e-09 238 

III 100 4.3659e-11 4.8787e-11 4.7380e-11 4.7381e-11 9.8947e-08 1e-09 287 

IV 100 8.7865e-11 1.0819e-10 1.2749e-10 1.2749e-10 9.8417e-08 1e-09 235 

(1II) Variation inDeath 

Rate 

I 100 1.2465e-10 1.3521e-10 1.4061e-10 1.4062e-10 9.9688e-08 1e-09 225 

II 100 1.0195e-10 1.8944e-10 1.2346e-10 1.22347e-10 9.8326e-08 1e-09 230 

III 100 7.8275e-11 9.8669e-11 8.0558e-11 8.0558e-10 9.7976e-08 1e-09 250 

IV 100 5.3931e-11 5.1339e-11 5.7184e-11 5.7184e-11 9.9781e-08 1e-09 313 
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ation and testing each. The number of neurons is also adjusted 

n the range of 80 to 100 according to the desired accuracy of the 

omputational results. The basic structure of the neural network 

or five outputs against one input is being shown in Fig. 10 . 

Data set containing 1001 points for each output is solved with 

 supervised neural network as per four cases of three different 

cenarios as per Table 5 . Performance and accuracy analysis of the 

ethod is being given graphically in Figs. 12 , 14 and 16 . Compari-

on of all computational and statistical data containing the values 

f performance, gradient, Mu, epochs, number of hidden neurons, 

nd MSE for Training, Testing & Validation for all cases of each sce- 

ario are displayed in Table 6 . 

Fig. 11 (a) shows that as the rate of contact increases the num- 

er of susceptible persons initially rises but after some time it 

hows a decline. This is because with the higher contact rate more 

nd more persons get infected and moves to infected class there- 

ore the number of people in susceptible class decreases. From 

ig. 11 (b) increase in the rate of infected persons can be seen with

he increase in contact rate. It can be seen that less contact rate re-

ults in a mild rise in infected persons while an increase in contact 

ate will sharply raise the infected persons, which is due to the fact 

hat corona virus has a very fast rate of transfer from one person 

o others through social gathering with small droplets of cough- 

ng or sneezing. Fig. 13 (a) exhibits the rising behavior of suscep- 

ible persons with higher values of recovery rate. Fig. 13 (b) shows 

hat as the recovery rate rises the persons in the infectious class 

ise slowly. It is understood that when the recovery rate is low 

hen fewer persons will recover from the virus, indeed many of 

he infected persons will die from the virus. Fig. 15 (a) displays the 

hanging behavior of infected persons with various death rates. It 

s obvious that increasing the death rate will result in reduction 

f infected persons as more and more persons from infected class 

oves to death class. Fig. 15 (b) shows the variation of recovered 

ersons with different values of the death rate. It can be seen in 

he plots that with high death rate the number of recovered per- 

ons very sharply. This is because when the death rate is high then 
8 
 large number of persons from infected and recovered class dies 

hich results in the reduction of persons in all of these classes. 

s the death rate becomes very high the infectious and recovered 

ersons approximately vanish. 

Subfigures (12a, 14a, and 16a) exhibits the fitness plots showing 

he error i.e. the difference between target and output for training, 

esting, and validation at each point of the input for scenarios 1, 2 

nd 3 respectively. Similarly, subfigures (12b, 14b, and 16b) shows 

he distribution of error from the zero error line with the help of 

rror histogram place aside the fitness plots. Accuracy and valid- 

ty of the process can be judged through the number of values lies 

lose to zero lines. Subfigures (12c, 14c, and 16c) depicts the per- 

ormance analysis of the computations in term of mean square er- 

or (MSE) for Scenario 1, 2, and 3 respectively. The smaller value 

f MSE indicates the better accuracy and performance of solution 

ethodology. It is being noted that Scenario 3 has a better perfor- 

ance among all others because mean square error (MSE) is mini- 

um (i.e. 5.7184e -11 at 313 epochs) as compared to all other sce- 

arios. Subfigures (12d, 14d, and 16d) shows the plots for gradient, 

u, and validation checks for scenario 1, 2, and 3 respectively. The 

radient is finding another vector during training at each epoch 

hile Mu is the step size of the applied algorithm and validation 

hecks show the generalization measure of the system. It can be 

een that smaller the value of Mu leads to better convergence of 

esults. 

Comparison results of three different samples of infected I (t) 

utput by the variance of analysis and Tukey simulation test have 

een carried out, and results are shown in Tables 7 - 9 ). Achieved

esults of F = 0 < α with a P-value of 1 with an accuracy of 99.99.

s it can be seen through results that each set of output have equal 

ean which indicates the stability of result and convergence of 

omputational model. 

Method 

Null Hypothesis: All means are equal 

Alternate Hypothesis: All means are not equal 

Level of Significance: α = 0.01 
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Fig. 10. Hidden structure of NAR network. 

9 
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Fig. 11. Influence of contact rate on various classes. 

Table 7 

Analysis of Variance (One Way ANOVA). 

Source DF Seq. SS Contribution Adj SS F-Value P-Value 

avbFactor 2 0.000 0.00% 0.000 0.00 1.000 

Error 2727 161.431 100.00% 161.431 

Total 2729 161.431 100.00% 

Table 8 

Means and Grouping Information (Tukey Method and 95% Confidence). 

Factor N Mean St Dev. Grouping 99% CI 

Infected (1) 910 0.75303 0.24331 A (0.73224, 0.77382) 

Infected (2) 910 0.75303 0.24330 A (0.73224, 0.77382) 

Infected (3) 910 0.75303 0.24330 A (0.73224, 0.77382) 

Table 9 

Tukey simultaneous tests for differences of means. 

Difference of Levels 

Difference of 

Means SE of Difference 95% CI T-Value Adjusted P-Value 

Infected (2) - Infected 

(1) 

-0.0000 0.0114 (-0.0267, 0.0267) -0.00 1.000 

Infected (3) - Infected 

(1) 

0.0000 0.0114 (-0.0267, 0.0267) 0.00 1.000 

Infected (3) - Infected 

(2) 

0.0000 0.0114 (-0.0267, 0.0267) 0.00 1.000 
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Comparison for accuracy of proposed model with NAR and RBFs 

odel in term of mean square error (MSE) for each output vari- 

ble during “Case2 of Scenario 1” are being presented in Appendix 

ection Table A1 and Table A2 . Same values through NAR-RBFs net- 

ork along with the values of MSE at different points of the do- 

ain for “Case 1 of Scenario 3” is presented in Appendix Section 

able A3 . It can be seen that by applying the radial base network 

n the residual result of NAR the accuracy in terms of MSE up to 

.77E-24 has been achieved. 

. Comparative study for NAR methodology 

Consider a stochastic Susceptible-Infected-Removed (SIR) 

odel. S(t), I(t) and R (t) denotes the number of susceptible, in- 

ected but not lab-confirmed cases (including those in incubation 
10 
eriod) and removed population (including recoveries, fatalities 

nd confirmed cases) at time t respectively, and note that N(t) = S 

t) + I (t) + R (t) is a constant. Reproduction number R = βE(t) = 

β/ γ ,

here γ and β are the removing rate and transmission rate. So 

he stochastic model can be represented in the form of following 

DEs [ 51 , 52 ]:- 

S ′ ( t ) = −βI ( t ) S ( t ) /N ( i ) 

I ′ ( t ) = βI ( t ) S 1 ( t ) − γ I ( t ) ( ii ) 

R ′ ( t ) = γ I ( t ) ( iii ) 

After solution of above equations by utilizing the computational 

trength of Neural Network and graphical outcomes can be seen in 

ig. 17 . 
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Fig. 12. Graphical view of the various plot of Scenario 1 (NAR). 

11 
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Fig. 13. Influence of Recovery Rate on various classes. 

Fig. 14. Graphical view of the various plot of Scenario 1I (NAR). 

12 
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Fig. 15. Influence of Death Rate on various classes. 

Fig. 16. Graphical view of the various plot of Scenario 1II (NAR). 

13 
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Fig. 17. Graphical view of the various plot of Comparative SIR Model. 
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0. Conclusion 

In this research, NAR-RBFs based hybrid neural network is pre- 

ented to model the set of differential equations representing the 

ITR model. The error term based on stochastic variation is in- 

luded to model the COVID-19 abrupt spread. This computational 

echnique based on deep learning has shown extraordinary per- 

ormance in terms of accuracy and convergence. The outcomes of 

his study will be useful in forecasting the progression of COVID-19 

or different countries. The influence of several key parameters in 

verspread of COVID-19 pandemic are ideally modeled which can 

elp for planning, monitoring as well as preventing measure the 

pread of COVID-19 pandemic. 

In future one may utilize the computational strength of NAR- 

BFs hybrid model for the solution of problems [53-57] . 
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ppendix 

The comparative results for proposed computing paradigm 

hrough NAR, RBF, and NAR-RBFs based models for all variables 

n SITR system representing COVID-19 dynamics are presented in 

ables A1 , A2 and A3 for mentioned scenarios. 
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Table A1 

Numerical Results of NAR & RBFs Based Model for all Variable in SITR Model (Scenario-1, Case-2). 

Input Value of Target Output MSE of NAR Based Model MSE of RBFs Based Model 

t S 1 (t) S 2 (t) I(t) T(t) R(t) S 1 (t) S 2 (t) I(t) T(t) R(t) S 1 (t) S 2 (t) I(t) T(t) R(t) 

0.5 0.68602 0.254858 0.158557 0.316124 0.135108 2.65E-14 5.25E-14 1.96E-14 1.75E-14 1.69E-14 9.48e-15 1.86e-14 7.10e-15 6.21e-15 5.83e-15 

1.0 0.717491 0.346206 0.168534 0.286664 0.161638 1.68E-14 3.23E-14 1.39E-14 1.10E-14 1.27E-14 2.74e-15 5.61e-15 1.98e-15 1.77e-15 1.64e-15 

1.5 0.744643 0.42544 0.18003 0.261169 0.181198 3.90E-16 8.93E-16 2.31E-16 2.98E-16 1.83E-16 5.03e-18 6.84e-20 2.42e-18 2.90e-19 4.36e-18 

2.0 0.767688 0.493859 0.193155 0.239214 0.195267 1.77E-15 3.05E-15 1.78E-15 1.28E-15 1.83E-14 5.33e-16 1.01e-15 3.63e-16 3.33e-16 2.97e-16 

2.5 0.786841 0.552756 0.20802 0.22038 0.205316 2.19E-15 4.22E-15 1.91E-15 1.39E-15 1.62E-14 2.28e-18 1.93e-18 1.36e-18 8.12e-18 5.73e-19 

3.0 0.802317 0.603424 0.224736 0.204246 0.212815 1.37E-15 3.04E-15 1.12E-15 9.78E-16 8.81E-14 6.56e-16 1.37e-16 5.31e-16 4.57e-16 4.36e-16 

3.5 0.814327 0.647156 0.243413 0.190391 0.219232 1.91E-14 4.14E-14 1.70E-14 1.10E-14 1.31E-14 1.00e-16 1.57e-16 7.30e-16 4.70e-16 7.67e-16 

4.0 0.823088 0.685245 0.264161 0.178395 0.22604 7.18E-13 1.47E-13 6.02E-13 5.08E-13 5.00E-13 1.48e-15 3.15e-15 1.25e-15 1.07e-15 1.02 -15 

4.5 0.828812 0.718985 0.287092 0.167837 0.234706 1.02E-16 3.81E-16 1.79E-16 1.84E-16 1.35E-16 7.80e-17 1.27e-16 3.88e-17 3.81e-17 2.85e-17 

5.0 0.831713 0.749668 0.312316 0.158296 0.246702 8.24E-16 1.62E-15 5.77E-16 5.44E-16 5.17E-16 2.37e-17 4.79e-17 1.38e-17 1.58e-17 1.19e-17 

Table A2 

Numerical Results of NAR-RBF Based Model for all of the Variable in SITR Model (Scenario-1, Case-2). 

Input Value of Target Output Result of NAR-RBF Mean Square Error (MSE) 

t S 1 (t) S 2 (t) I(t) T(t) R(t) S 1 (t) S 2 (t) I(t) T(t) R(t) S 1 (t) S 2 (t) I(t) T(t) R(t) 

0.5 0.68602 0.254858 0.158557 0.316124 0.135108 0.68602 0.254858 0.158557 0.316124 0.135108 1.12E-19 7.60E-22 5.09E-20 2.00E-19 8.67E-20 

1.0 0.717491 0.346206 0.168534 0.286664 0.161638 0.68602 0.254858 0.158557 0.316124 0.135108 1.12E-19 7.60E-22 5.09E-20 2.00E-19 8.67E-20 

1.5 0.744643 0.42544 0.18003 0.261169 0.181198 0.717491 0.346206 0.168534 0.286664 0.161638 2.82E-19 2.57E-22 1.26E-19 4.94E-19 1.71E-19 

2.0 0.767688 0.493859 0.193155 0.239214 0.195267 0.744643 0.42544 0.18003 0.261169 0.181198 6.93E-19 2.55E-21 2.93E-19 1.08E-18 4.25E-19 

2.5 0.786841 0.552756 0.20802 0.22038 0.205316 0.767688 0.493859 0.193155 0.239214 0.195267 6.10E-21 2.89E-22 3.05E-21 1.18E-20 7.44E-21 

3.0 0.802317 0.603424 0.224736 0.204246 0.212815 0.786841 0.552756 0.20802 0.22038 0.205316 3.38E-21 2.77E-24 8.56E-22 3.94E-21 6.94E-22 

3.5 0.814327 0.647156 0.243413 0.190391 0.219232 0.802317 0.603424 0.224736 0.204246 0.212815 5.64E-20 9.98E-23 2.07E-20 7.80E-20 2.67E-20 

4.0 0.823088 0.685245 0.264161 0.178395 0.22604 0.814327 0.647156 0.243413 0.190391 0.219232 1.56E-19 9.40E-22 6.98E-20 2.67E-19 1.21E-19 

4.5 0.828812 0.718985 0.287092 0.167837 0.234706 0.823088 0.685245 0.264161 0.178395 0.22604 8.09E-19 6.08E-22 3.56E-19 1.34E-18 5.18E-19 

5.0 0.831713 0.749668 0.312316 0.158296 0.246702 0.828812 0.718985 0.287092 0.167837 0.234706 1.34E-20 1.85E-22 6.06E-21 2.67E-20 1.25E-20 

1
5
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