S

ELS

Since January 2020 Elsevier has created a COVID-19 resource centre with
free information in English and Mandarin on the novel coronavirus COVID-
19. The COVID-19 resource centre is hosted on Elsevier Connect, the

company's public news and information website.

Elsevier hereby grants permission to make all its COVID-19-related
research that is available on the COVID-19 resource centre - including this
research content - immediately available in PubMed Central and other
publicly funded repositories, such as the WHO COVID database with rights
for unrestricted research re-use and analyses in any form or by any means
with acknowledgement of the original source. These permissions are
granted for free by Elsevier for as long as the COVID-19 resource centre

remains active.



Chaos, Solitons and Fractals 145 (2021) 110762

journal homepage: www.elsevier.com/locate/chaos

Contents lists available at ScienceDirect

Chaos, Solitons and Fractals

Nonlinear Science, and Nonequilibrium and Complex Phenomena

A hybrid stochastic fractional order Coronavirus (2019-nCov) n

mathematical model

N.H. Sweilam®*, S.M. AL - Mekhlafi®, D. Baleanu®

aCairo University, Faculty of Science, Department of Mathematics, Giza, Egypt
bSana’a University, Faculty of Education, Department of Mathematics, Yemen
¢ Institute of Space Sciences, Magurele-Bucharest, Romania

Check for
updates

ARTICLE INFO ABSTRACT

Article history:

Received 26 December 2020
Revised 26 January 2021
Accepted 27 January 2021
Available online 10 February 2021

Keywords:

Stochastic fractional model
Hybrid fractional operator
Milstein’s method

In this paper, a new stochastic fractional Coronavirus (2019-nCov) model with modified parameters is
presented. The proposed stochastic COVID-19 model describes well the real data of daily confirmed cases
in Wuhan. Moreover, a novel fractional order operator is introduced, it is a linear combination of Caputo’s
fractional derivative and Riemann-Liouville integral. Milstein’s higher order method is constructed with
the new fractional order operator to study the model problem. The mean square stability of Milstein
algorithm is proved. Numerical results and comparative studies are introduced.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

Coronavirus disease is an infectious and harmful disease, for
more details see [10,11]. The first case of the novel corona virus
appeared in December 2019 in Wuhan, the capital of Hubei, China,
and has since spread globally, resulting in the ongoing 2020 pan-
demic outbreak [18]. In the meantime many mathematical models
are presented to describe the spread of Coronavirus disease, see for
example [1,12-16,27-29]. Most of these models are deterministic
and missed of account environmental noises, but as is thought to
all, various random elements from the environment play an impor-
tant position within the unfolding and development of infectious
illnesses. The populace is often subject to a continuous spectrum
of disturbances. Noises change the conduct of populace systems
notably and might suppress the capability population explosion.
Hence, Coronavirus models with deterministic parameters are not
going to be practical. In view of the consequences of environmen-
tal variability, stochastic Coronavirus models have attracted excel-
lent [22-24].

It is known that mathematical models with fractional deriva-
tives are more suitable to describe the biological model with mem-
ory [3-8,14].

In [9] a hybrid fractional operator is constructed. This new oper-
ator is general than the Caputo’s fractional derivative operator. It is
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a linear combination of Caputo fractional derivative and Riemann-
Liouville integral.

Using the new hybrid derivative, we aim to study the stochas-
tic model problem, for more details on deterministic model see
[12]. We show that our stochastic COVID-19 model describes well
the real data of daily confirmed cases in Wuhan during the two
months outbreak (66 days to be precise, from January 4 to March
9, 2020) [18]. In order to approximate the proposed model Mil-
stein’s higher order numerical method with the constant pro-
portional Caputo discretization (CPC-Milstein) is constructed. The
mean-square stability of the CPC-Milstein method is studied. More-
over, Comparative studies are given.

This article is organized as follows: In Section 2, the basic
mathematical formulas are introduced. The hybrid fractional order
stochastic Coronavirus (2019-nCov) mathematical model (HFSCM)
is presented in Section 3. The numerical methods and the mean
square stability are given in Section 4. Numerical results are given
in Section 5. In Section 6, conclusions are given.

2. Notations and preliminaries

In the following, some important definitions used throughout
the remaining sections are introduced. Consider the following gen-
eral form of a hybrid fractional order stochastic differential equa-
tion:

Dy (t) = £, y(0) +W(t)o (£, y(t)), 0<t<T.
¥(0) = Yo, (1)
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Table 1
The variables of system (7) and their definitions
[12].
Variable Definition
H Hospitalized class.
R Recovery class.
E Exposed class.
S Susceptible class.
F Fatality class.
I Symptomatic and infectious class.
P Super-spreaders class.
A Infectious but asymptomatic class.

where, o (t,y(t)): [0,T]xRY — R?, d>1, E(t,y(t)) is a vec-
tor field, W(t) = dd—“[’ describes a state dependent random noise
and W (t) is Wiener process defined on filtered probability space
(2, . {Ft}tst,. P) to be a complete probability space with a filtra-
tion {F ¢}e=¢,-

e The Caputo fractional order derivative is defined as follows

[2]:

§DEy () = [ JXG —s)ﬂy’(s)ds} et @)

where, 0 <o < 1 and I' is the Euler gamma function.
The integral in the sense of the Riemann-Liouville [2]:

B1Ey () = [ [e-s 1y(s)ds} @ 3)
where, y(s) is an integrable function and 1 > o > 0.
o The hybrid fractional operator is defined as follows [9]:
CPDoty(t) _
[ [ ooki@.s) +y 6@ - “ds} o @

Ko, t) =t*(1 — o), Ko(ar, t) =t

where 0 < @ < 1, C is a constant. In the special case when K and
K; are independent of ¢, the new operators are given as follows:

Definition 2.1. The proportional-Caputo hybrid operator (CP) is de-
fined as [9]:

t
6 Dy () = [/ V(K (a.5) +Y' ()Ko (e, ))(t —5)_ad5} F(la)’

= (V' (OKo(a, t) + Ki (e, )y(t)) x (5 )- (3)

(a)

Table 2
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Or as constant proportional Caputo (CPC) [9]:

6 DEy(t) = [/ V(K1 (@) +Y ($)Ko () (t =)~ “dS] @)

=Ky () Ry (t) + Ko (o) SDYy (), (6)

where, Ky(«), K (o) are constants and depending only on «,
Ki(a) = (1 —a)QY, Kp(ar) =aQ(1-9C2 and Q, C are con-
stants.

3. A hybrid fractional stochastic COVID-19 model

In this section, we consider the model given in [13] which
consists of eight non linear differential equations. Consider the
probability space (2, £, {F¢}e <. P) with a filtration {f¢}e>¢,. Let
o, W(t) are the white noises of intensities and Wiener process
respectively. In Tables 1 and 2 describe the variables and the
parameters respectively. Therefore, the perturbed fractional order
stochastic system can be described as follows:

IS
DS =—py Lﬁ“——ﬁl N > oS,

CPCpaE =/3°‘I L,B"‘— + ﬁl — —KYE+0EW(t),
§7DEI =K* piE — (vg' + ¥ = 81+ o IW (©),
§DEP =K* p1E — (y& + ¥*)P — 8P + o PW (1),
§TCDFA =K* (1 — p1 — p2)E + 0 AW (1),
SEDYH =y (I+P) — y*H — §¢H + o HW (¢),

SPEDER =y (I +P) + y*H + o RW (1),

§DFF =8¢1+ 8%P + 8¢H + o FW (1), (7)

whereww, the stochastic perturbation in (7) model is a white noise
type that is directly proportional to all the model variables. The
stability of the system (7) may be investigated by Lyapunov stabil-
ity method [20,26].

3.1. Basic reproduction number

In the following, we use the next generation method [25] to
find the basic reproduction number in deterministic case for sys-
tem (7). Consider the following matrices F and V, where

All parameters of systems (7) and their definitions [13].

Parameter  Description Value (per day—%)

L Hospitalized patients relative transmissibility 1.56 dimensionless
B« Coefficient of infected individual 2.55%

BY Coefficient of super-spreaders 7.65%

K* The exposure rate become infectious 0.25¢

01 Rate at which exposed people become infected [ 0.580 dimensionless
02 Rate at which exposed people become super-spreaders  0.001 dimensionless
178 Recovery without being hospitalized rate 0.27%

v Recovery hospitalized patients rate 0.5

%4 Hospitalized rate 0.94

8¢ Disease induced death due to infected class rate 3.5¢

3 Disease induced death hospitalized class rate 0.3%

§¢ Disease induced death super-spreaders rate 1%
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Fig. 1. Real data verses model (7) fitting at « =1, and o = 0.0.
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Fig. 2. Real data verses model (7) fitting at « = 1, and o = 0.05.

F represents the new infection terms, V represents the remain- Then,
ing transfer terms [25]:
Ro=p(FV) =
0 g% p* By B p1 (VG“H e +5,‘f)) (ﬁ"‘yﬂ“Hﬁ?(yr" +5ﬁ‘)>,02
=2 0 0 0 ¥ (8)
“lo o o o} WE+IDWE+yE+80) W+ +vE+5%)
0 O 0 0
where, Ry is the basic reproduction number of the model, and p
indicates the spectral radius of FV—1.
—K* 0 0 0
Ve —K@ -+ v 0 0 4. Numerical methods
| K% 0 ~(Vs& +yE+85) 0 ’
0 Ya Ya (480 A cross the paper, we constructed a new method to solve the

hybrid stochastic fractional order system (7). This method called
CPC- Milstein method, moreover, from this method we have the



N.H. Sweilam, S.M. AL - Mekhlafi and D. Baleanu Chaos, Solitons and Fractals 145 (2021) 110762

[=2]
=4
[ =4
o

=== Fitting model

. Real data J

(2]

(=3

(=3

(=]
T

=N

[ =4

(=3

o
T

Confirmed cases in Wuhan per day

0 10 20 30 40 50 60 70
t (day)

Fig. 3. Real data verses model (7) fitting at « = 1, and o = 0.1.

«=0.9
¥ T T T T
* === Fitting modeling
* Real deta

4000 T T

(%]

=

[—4

o
T

2000

1000

*
|********_~g*}.’\’: e

0 10 20 30 40 50 60 70
t (day)

Confirmed cases in Wuhan per day
[—]
¥
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Caputo discretization with Milstein’s method (C-Milstein). We will Or, by using (6) we have:
give a brief summary of both methods as follows: n+1

Q*(1-w) . _ (1
> e oa| ¢t DI — (T |y iy
i=
acZaQ(l—a) n+1
4.1. CPC- Milstein method a1 (.Vn+1 - Z Ki¥ni1-i — Qn+1J/o>
i=1
Consider the general form of the hybrid stochastic fractional or- =TE(tn, y(tn)) + 0 (tn, yn) AW,
der Eq. (1), by using (4) we have: 1 do 5
+ja(tn:Yn)Ty(tnsYn)[(AWn) -7l (10)
i [(i+ 1)-e) _ (i)(lfa):| where, Kop(a) =aC?*Q1-%), Ki(a)=(1-a)Q% wo=1, w;j=
=0 (1-9wq, t"=nt,  T=o, Npel Mi:(—w"*l( ;x),
<(1 W)Y +(¥C2ati(1—a)yn—i+lr_ }/n_i> - 21"}2 ; Wi=a, g = % and consider [17,19]:
a- -«

] 5 O< iy <Mi<..<mp=oa<l,
o
=T (tn, Y(tn)) + 0 (tn, Yn) AWn + ig(tn;_Vn)W(tnvyn)[(AWn)z -1l

1
(9) 0<Qi+l<Qi<-~-<Q1:m~
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Fig. 5. Mean solution for the model (7) at different &, Ty = 60, §; =6, =6, =0 and 0 = 0.5.

4.2. C- Milstein’s method

Let Ki(x) =0 and Ky(e) =1, in
formula as follows:

(10), then we have C-Milstein

n+1

1
Toa1 (J/n+1 - Z Mi¥ni1-i — Qn+1)’o>

i=1

=7& (ta, Y(tn)) + 0 (0, Yn) AW, + %U(tn’yn)%(tnsyn)[(AWn)z -7l
(11)

4.3. Mean square stability of CPC-Milstein method

In this section, we will prove that the CPC-Milstein approxima-
tion (10) is stable. Let us consider a test problem of the following
form:

SPCDy(t) = ay(t) + oy (HW (),
¥(0) =y,

O0<t<T.
(12)

Theorem 4.1. The CPC-Milstein method given in (10) is a mean
square stable.

Proof. In the following, we will prove Theorem 4.1 to a test prob-
lem (12) for all t > 0, this is only for simplicity. Using Milstein
method (10) and (12), we have:

n+l1 n+1
Ayni +A Z}’n—iHB + G(}’n+l - Z Mi¥ny1-i — Qn+1.VO>
i=1 i=1

1
=fayn+UYnAWn+EUZJ’H[(AWn)Z_r]s (13)
_ Q0w p_ QUw) _ acki-w
where, A = TG a) BT I a) G= 0
Then,
Ta+ 0 AW, + Lo?2[(aW,)? — 7]
Yny1 = ( = A2-|— G = Yn (14)
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Fig. 6. Mean solution for the model (7) at different &, Tf = 60, §; = 8, =8, =0 and o =0.1.

n+1 n+1
+ G( D UiYni1-i— Qn+1}/0> - (A ZYn—mB)v (15)
i=1

i=1

n+1 :
then we can claim:
- (A Zyn_ms), (14)
i Ta+0 AW, + 302[(AW,)? - 7]
Y1 = ALC Yn, (16)
also,
from [21], the numerical scheme (10) is a mean square stable for
3 Ta+ 0 AW, + 30 2[(AW,)? - 1] o.7.aif
Ynr1 = A+G Yn Ta+0 AW, + 302[(AW,)? - 7] 2 -1
n+1 A+G -
+ G( D WiVnia-i— Qn+1}/o> -
i=1
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Fig. 9. Mean solution for the model (7) at « = 0.9, Ty =60, §; =8, =, =0 and o = 0.6.

5. Numerical results

In this section, CPC-Milstein (10) and C-Milstein (11) are in-
troduced to study the model problem (7). The initial conditions
are given as follows: R(0) =0, F(0) =0, S(0) =N -6, E(0) =0,
1(0) =1, A(0) =0, P(0) =5, [12].

The simulations will be run 100,000 iterations in order to ex-
amine the inclusion of stochastic effects into deterministic model.
Fig. 1 shows the comparison between real data from WHO verses
present considered model at o0 =0, o = 1. From this figure, it
can be noticed that our model shows a strong agreement with
real data collected by WHO during the two months outbreak (66
days to be precise, from January 4 to March 9, 2020)[18]. Also,
Fig. (2)-(3) show the comparison between real data from WHO
verses present considered model at different values of o. More-
over, Fig. 4 shows the comparison between real data from WHO

verses present considered model at o = 0.1, o« = 0.9. From Figs. 5-
13, we consider §; = 8, = §p = 0, with different values of o. Figs.
5-8, show how the solutions are changed with different values of
the order «.

Figs. (9) to (12) show the level of noises at different values of
o and « = 0.9 by using (10) and (11). Comparing the results ob-
tained from Fig. 11 with Fig. 12 at the same data, we can claim that
the results which obtained by Fig. 11 is the best, because these re-
sult is more convergent to the deterministic case than the results
which obtained with Caputo operator. Fig. 13 shows the numeri-
cal simulations in 3 dimensions of the mean solutions for I and
R at 0 =0.09, « =0.9 in Fig. 13 (a) and 0 =0.009, o =0.9 in
Fig. 13 (b). In Figs. 14-16, we considered &;, é, and &, not equal
zero as in Table 2. These figures, show how the level of noises
change at different values of o and «. All computations are done
using MATLAB.
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Fig. 15. Mean solution for the model (7) at different ., Tf = 60 and o = 0.05.
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Fig. 16. Mean solution for the model (7) at different o, Tf = 60 and o = 0.

6. Conclusions

In this work, the HFSCM is presented, where the new CPC
operator which given in [9] is successfully used to constructed
the proposed Coronavirus model. The proposed stochastic COVID-
19 model describes well the real data of daily confirmed cases
in Wuhan. This model shows a strong agreement with real data
collected by WHO [18]. The model provides new insights into
epidemic-logical situations when the environmental noise (pertur-
bations) and fractional calculus are considered in the COVID-19
model. The combination of white noise and fractional order in
the epidemic model, has a considerable impact on the persistence
and extinction of the infection and enriches the dynamics of the
model.

Milstein’s method is constructed with the new operator to sim-
ulate the model problem. The mean-square stability is given. Nu-
merical simulations in this article are implemented for different
o and «. We concluded that the level of noise reduced when
the value of o convergent to zero. From our results which ob-
tain in this article we concluded that the proposed hybrid oper-
ator derivative is more general and suitable to study the Coron-
avirus model than the Caputo’s derivative. Some simulations are
presented to support our theoretical findings. Finally, we suggest
that the CPC derivative could be useful for the scientists and
researchers.
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