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Coherence resonance for neuronal bursting with spike undershoot
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Abstract
Although the bursting patterns with spike undershoot are involved with the achievement of physiological or cognitive

functions of brain with synaptic noise, noise induced-coherence resonance (CR) from resting state or subthreshold

oscillations instead of bursting has been widely identified to play positive roles in information process. Instead, in the

present paper, CR characterized by the increase firstly and then decease of peak value of power spectrum of spike trains is

evoked from a bursting pattern with spike undershoot, which means that the minimal membrane potential within burst is

lower than that of the subthreshold oscillations between bursts, while CR cannot be evoked from the bursting pattern

without spike undershoot. With bifurcations and fast-slow variable dissection method, the bursting patterns with and

without spike undershoot are classified into ‘‘Sub-Hopf/Fold’’ bursting and ‘‘Fold/Homoclinic’’ bursting, respectively. For

the bursting with spike undershoot, the trajectory of the subthreshold oscillations is very close to that of the spikes within

burst. Therefore, noise can induce more spikes from the subthreshold oscillations and modulate the bursting regularity,

which leads to the appearance of CR. For the bursting pattern without spike undershoot, the trajectory of the quiescent state

is not close to that of the spikes within burst, and noise cannot induce spikes from the quiescent state between bursts, which

is cause for non-CR. The result provides a novel case of CR phenomenon and extends the scopes of CR concept, presents

that noise can enhance rather than suppress information of the bursting patterns with spike undershoot, which are helpful

for understanding the dynamics and the potential physiological or cognitive functions of the nerve fiber or brain neurons

with such bursting patterns.
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Introduction

Neural electronic activities contain resting state, sub-

threshold oscillations, spiking, and bursting, and play

important roles in achieving physiological or cognitive

functions of the nervous system. Stochastic resonance (SR)

or coherence resonance (CR) evoked by noise from resting

state or subthreshold oscillations near bifurcation point to

spiking or bursting have been widely investigated (Gu

et al. 2001, 2002, 2015; Jia and Gu 2012, 2017; Longtin

1997; Pikovsky and Kurths 1997; Wu et al. 2001), which

shows that noise plays positive roles in the nervous system

(Benzi et al. 1981; Gammaitoni et al. 1998; Lindnera et al.

2004; McDonnell et al. 2015; Simakov and Pérez-Mer-

cader 2013; Sun et al. 2016). SR refers to the phenomenon

that an optimized response appears at a moderate noise

intensity in nonlinear system driven by both noise and a

weak periodic signal (Braun et al. 1994; Douglass et al.

1993; Levin and Miller 1996; Longtin et al. 1991;

McDonnell and Abbott 2009), and CR is SR-like phe-

nomenon in system without external signal (Gu et al.

2002, 2015; Pikovsky and Kurths 1997; Wu and Ma 2019).

The stochastic firing induced by noise exhibits stochastic

transitions between spikes (bursts) and subthreshold

oscillations, which resemble the behaviors of some burst-

ing patterns in appearance (Gu et al. 2015; Zhang et al.

2019). Many bursting patterns have been identified in the

single neurons of the central nervous system which

receives relatively strong synaptic noise, and the burst is

suggested to be the unit of information process (Lisman
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1997). However, the modulations of noise on bursting

patterns have been put much less attention.

In appearance, the behavior of bursting is recurrent

transition between burst containing multiple spikes and

quiescent state or subthreshold oscillations (Izhikevich

2000a). Some bursting patterns exhibit spike undershoot

characteristic, which means that the minimal value of the

membrane potential of the spikes within burst is lower than

the membrane potential of quiescent state or subthreshold

oscillations. The bursting patterns with spike undershoot

have been widely observed in the nerve fiber (Del Negro

et al. 1998; Guttman and Barnhill 1970; Guttman et al.

1980), in the noncholinergic (putative GABAergic) neu-

rons of medial septum and in many other cell types,

including neocortical neurons, mitral cells in the olfactory

bulb, magnocellular neuron in hypothalamus, mesen-

cephalic trigeminal neurons, dorsal column nuclei neurons

in culture, and hippocampal interneurons in the lacunosum-

moleculare layer (Gireesh and Plenz 2008; Serafin et al.

1996; Wang 2002, 2010), which shows that the bursting

patterns are involved with the physiological and cognitive

functions of the related brain regions. For example, the

representatives of such a bursting patten are shown in

Fig. 4 of Wang (2010), which are related to in the Theta

rhythms and even Gamma rhythm of entorhinal cortex and

hippocampus. Therefore, the effects of noise on bursting

patterns with spike undershoot are very important for

understanding the dynamics and the potential physiological

or cognitive function of the related neurons or brain

regions. In addition, other bursting patterns do not manifest

spike undershoot characteristic, i.e. that the minimal value

of the membrane potential of the spikes within burst is

higher than the membrane potential of quiescent state or

subthreshold oscillations, for example, Fig. 5 in Wang

(2010). Considering that more spikes (bursts) evoked from

subthreshold oscillations at low or moderate noise intensity

is the underling dynamics for the appearance of CR (Gu

et al. 2015), we can speculate the effect of noise on

bursting behaviors as follows: if noise can induce more

bursts (spikes) from the quiescent state or subthreshold

oscillations, CR may be evoked; if noise cannot induce

more spikes from the the quiescent state or subthreshold

oscillations, CR may not be induced. Therefore, the effect

of noise on different bursting patterns should be studied to

identify the appearance of CR or not. For example, the

modulations of noise on bursting patterns with spike

undershoot and without spike undershoot should be

compared.

Theoretically, the bursting appears in the neuron model

composed of fast and slow variables, and can be classified

into different patterns with bifurcations acquired by fast-

slow variable dissection method (Izhikevich

2000a, b, 2007). In recent studies, bifurcation and fast-slow

variable dissection are widely used to identify the complex

dynamics of bursting behaviors modulated by deterministic

or stochastic modulations. For example, abnormal

dynamics of bursting patterns modulated by self-feedback

(autapse) or electromagnetic induction current (Cao et al.

2018; Jia et al. 2017; Li et al. 2019; Wu et al. 2019; Wu

and Gu 2020) are identified with fast-slow variable dis-

section method, which shows that the firing frequency of

bursting patterns increases rather than decreases with

increasing inhibitory effect. Especially, the complex

stochastic dynamics of bursting patterns modulated by

noise are identified with fast-slow variable dissection

method and trajectory of bursting patterns in phase plane

(Li and Gu 2017). Furthermore, the famous type I bursting

is simulated in the Hindmarsh–Rose model and Chay

model and observed in the biological experiments on var-

ious nervous systems, which exhibits non-spike undershoot

characteristic and is classified to be ‘‘Fold/Homoclinic’’

bursting with fast-slow variable dissection method. A kind

of type III bursting or sub-Hopf ellitic bursting simulated in

the FitzHugh–Rinzel model and observed in the experi-

ment on giant nerve fiber is classified into ‘‘Sub-Hopf/

Fold’’ bursting (Del Negro et al. 1998; Guttman and

Barnhill 1970; Guttman et al. 1980) and manifests spike

undershoot characteristic. Although the ‘‘Sub-Hopf/Fold’’

bursting observed in the experiment resembles stochastic

firing (Gu et al. 2015) and noise is inevitable in the real

nervous system (Faisal et al. 2008), the modulations of

noise on the ‘‘Sub-Hopf/Fold’’ bursting remain unclear.

In the present paper, the effect of noise on the‘‘Sub-

Hopf/Fold’’ bursting with spike undershoot and the ‘‘Fold/

Homoclinic’’ bursting without spike undershoot is com-

pared. The ‘‘Sub-Hopf/Fold’’ bursting with spike under-

shoot exhibits CR, which is characterized by the increase

firstly and then decrease of the peak value of power

spectrum of stochastic bursting trains, while the ‘‘Fold/

Homoclinic’’ bursting dose not. Furthermore, the dynami-

cal mechanism for CR evoked from the ‘‘Sub-Hopf/Fold’’

bursting and for CR not induced from the ‘‘Fold/Homo-

clinic’’ bursting are identified with the fast-slow variable

dissection method. For the ‘‘Sub-Hopf/Fold’’ bursting, the

stable node of the fast subsystem, which corresponds to the

subthreshold oscillations of the bursting, is within and very

close to the stable limit cycle of the fast subsystem, which

corresponds to the spikes within burst. Therefore, novel

spikes to form burst can be evoked from the quiescent state

(stable focus) by noise, which is the underlying mechanism

for CR evoked from the ‘‘Sub-Hopf/Fold’’ bursting with

spike undershoot. For the ‘‘Fold/Homoclinic’’ bursting, the

stable node of the fast subsystem (the quiescent state of the

bursting) is outside of and far from the stable limit cycle of

the fast subsystem (the spikes within burst). Therefore, no

novel spikes can be induced from the quiescent state of the

78 Cognitive Neurodynamics (2021) 15:77–90

123



‘‘Fold/Homoclinic’’ bursting without spike undershoot,

which can not induce CR. Such a result presents a novel

case of CR that noise can enhance information of bursting

and the corresponding bifurcation mechanism, which is

different from the previous investigations wherein CR is

always evoked from the resting state. Such a result is

helpful for identifying the stochastic dynamics and poten-

tial physiological or cognitive of nerve fiber or neurons of

brain with bursting patterns with spike undershoot.

Theoretical model and methods

Deterministic and stochastic Hindmarsh–Rose
models

The Hindmarsh–Rose (HR) model is widely used to

describe the deterministic neuronal bursting patterns and

stochastic dynamics of resting state near the bursting pat-

tern. For example, CR induced from the resting state near

the bifurcation to bursting pattern has been investigated

(Longtin 1997). In addition, the HR model can simulate the

type I bursting or ‘‘Fold/Homoclinic’’ bursting. In the

present paper, the HR model is used and is described as

follows:

_x ¼ y� ax3 þ bx2 � zþ I ð1Þ

_y ¼ c� dx2 � y ð2Þ

_z ¼ rðsðx� x1Þ � zÞ ð3Þ

where x is the membrane potential, y is the recovery

variable, and z is the slow adjusting variable. The param-

eter I is the background current. The parameter values are

given as follows: a = 1, b = 3, c = 1, d = 5, s = 4, r = 0.001,

x1 = -1.6. The parameter I is taken as the control

parameter.

When a Gaussian white noise nðtÞ is introduced into

Eqs. (1), (2) and (3) remain unchanged, the stochastic HR

model is formed, and the first equation is shown as follows:

_x ¼ y� ax3 þ bx2 � zþ I þ nðtÞ ð4Þ

The characteristics of nðtÞ are as follows:\nðtÞ[ = 0 and

\nðtÞnðt0Þ[ = 2 Ddðt � t0Þ, where D is the noise inten-

sity, \ � [ means the average, and dð�Þ is the Dirac d-
function.

Deterministic and stochastic FitzHugh–Rinzel
models

The ‘‘Sub-Hopf/Fold’’ bursting can be simulated in Fitz-

Hugh–Rinzel model described as follows (Izhikevich

2000a):

_V ¼ V � V3

3
� wþ yþ I2 ð5Þ

_w ¼ d2ða2 þ V � b2wÞ ð6Þ

_y ¼ lðc2 � V � d2yÞ ð7Þ

The variables V and w represent the membrane potential

and the recovery variable, and y is a slow variable to

modulate the slow dynamics of membrane current. The

FitzHugh–Rinzel model is dimensionless, and the param-

eter values are as follows: I2 = 0.3125, a2 = 0.7, b2 = 0.8, c2
= -0.775, d2 = 1, d2 = 0.08, and l = 0.0001.

After introducing nðtÞ to the first equation (Eq. (5)) of

the deterministic FitzHugh–Rinzel model to form the first

equation of the stochastic FitzHugh–Rinzel model, which

is shown as follows:

_V ¼ V � V3

3
� wþ yþ I2 þ nðtÞ ð8Þ

The second and last equations of the stochastic FitzHugh–

Rinzel model are the same as those of the deterministic

model.

Fast and slow subsystems

For both the HR model and the FitzHugh–Rinzel model,

the third equation is the slow subsystem and the the third

variable is the slow variable, and the first two equations

with the slow variable regarded as bifurcation parameter

are the fast subsystem.

Methods

Both the deterministic and stochastic HR model and Fitz-

Hugh–Rinzel model are integrated using a Mannella

numerical integration method (Mannella and Palleschi

1989) and the integration time step is chosen as 0.001. The

bifurcations are acquired with software of XPPAUT (Er-

mentrout 2002).

Measure to characterize coherence resonance

The power spectrum of bursting trains, which has been

widely used to characterize CR (Gu et al. 2015; Pikovsky

and Kurths 1997), is used in the present paper. The power

spectrum of x(t) for the HR model and V(t) for the Fitz-

Hugh–Rinzel model is acquired with the Fast Fourier

Transform (FFT). If the peak value of power spectrum

increases firstly and then decreases with increasing noise

intensity D, CR is evoked.
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Results

CR evoked from resting state and bifurcations
of the HR model

CR evoked from the resting state

When I = 1.25, the behavior of the deterministic HR model

is resting state, as shown in Fig. 1a. When noise is intro-

duced, stochastic bursting with multiple spikes per burst is

evoked, and the intervals between two continual bursts are

approximately 606.06, as shown in Fig. 1b–d. With

increasing noise intensity D, bursts appear more frequently,

and the intervals between bursts become more irregular.

Therefore, the peak values of the power spectrums of the

stochastic bursting patterns exhibit increase firstly and then

decrease, as shown in Fig. 2a and b, which shows that CR

is evoked from the resting state by noise. The main fre-

quency of stochastic bursting is about 0.00165, which

corresponds to the intervals between two continual bursts

(about 606.06). Such a result has been reported in Longtin

(1997) and is reproduced in the present paper to be com-

pared with the effect of noise on two kinds of deterministic

bursting patterns and to be self-contained.

Identification of stochastic bursting behaviors
with bifurcations

When I = 1.25, the bifurcations of the fast subsystem with

respect to z are acquired to investigate the dynamics of the

stochastic bursting. The equilibrium point of the fast sub-

system of the HR model shows a Z-shaped curve, as shown

in Fig. 3a. The middle (dotted line) and lower (black thin

solid line) branches are the saddle and stable node,

respectively. The intersection point between the middle

and lower branches corresponds to a saddle-node bifurca-

tion or fold bifurcation of equilibrium at z � 1.08, as shown

by ‘‘Fold’’ in Fig. 3. On the upper branch, the fast sub-

system exhibits a supercritical Hopf bifurcation (labeled

with supH in Fig. 3a) at z � 10.30. Via the Hopf bifurca-

tion point, the stable focus (black bold solid line) changes

to an unstable focus (dashed line) and meanwhile a

stable limit cycle with maximal (upper green) and minimal

(lower green) values appears. The stable limit cycle inter-

sects with the saddle on the middle branch to form a

homoclinic orbit and terminates at z � 1.33, as shown by

the ‘‘Homoclinic’’ in Fig. 3b.

The (z, x) projection of the resting state (the

stable equilibrium) of the HR model is shown by the red

star in Fig. 3a and b, which corresponds to a stable node of

the fast subsystem and locates at the left end of the lower

branch. Figure 3b is the enlargement of the Fig. 3a.

The (z, x) trajectory of the stochastic bursting (blue),

and the bifurcations of the fast subsystem and the

(z, x) projection of the resting state (same as Fig. 3b) are

plotted in one figure, as shown in Fig. 4. It can be found

that noise can evoke burst from the stable node at some

time or subthreshold oscillations around the stable node

(red point) at other time. The generation of the burst or

subthreshold oscillations and running directions of

(z, x) trajectory are shown by the arrows. The burst ter-

minates via the Homoclinic bifurcation, and the quiescent

state runs along the stable node of the fast subsystem.

Therefore, the novel burst containing multiple spikes

evoked from the stable node of the fast subsystem is the

cause of CR evoked from the resting state of the HR model.

CR not evoked from ‘‘Fold/Homoclinic’’ bursting
without spike undershoot and bifurcations
of the HR model

Peak of the power spectrum decreases with increasing
noise intensity

When I = 1.3, the deterministic HR model (D = 0) exhibits

a period-5 bursting pattern, which belongs to ‘‘Fold/Ho-

moclinic’’ bursting without spike undershoot, as shown in

Fig. 5a. The bursting without spike undershoot means that

the minimal membrane potential within burst is larger than

that of the quiescent state, i.e. the levels of membrane

potential of the quiescent state is outside of the range of the

membrane potential of the burst. This is a most important

characteristic of the ‘‘Fold/Homoclinic’’ bursting without

spike undershoot. The interburst interval of period-5

bursting is about 606.06.

After introducing noise, the bursting is disturbed by

noise, and the stochastic bursting patterns with different

levels of noise intensity D are shown in Fig. 5b–d. With

increasing D values, no novel bursts are evoked from the

quiescent state, and the interburst intervals of the stochastic

bursting patterns become irregular. For example, burst with

not 5 spikes appears when D = 0.0009, as shown in Fig. 5c,

or certain burst is suppressed to form subthreshold oscil-

lation when D = 0.005, as depicted in Fig. 5d. Therefore,

with increasing D values, the dominant peak values of the

power spectrum of the stochastic bursting decrease, as

shown in Fig. 6. The dominant frequency of stochastic

bursting is about 0.00165, which approximately corre-

sponds to the interburst interval (606.06). The most obvi-

ous characteristics of the stochastic bursting are that the

bursts are suppressed, which is very different from the

enhancement of stochastic bursting evoked from the resting

state.
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Characteristics of the ‘‘Fold/Homoclinic’’ bursting
without spike undershoot

When I = 1.3, the bifurcation structures of the fast sub-

system of the HR model resemble those of I = 1. 25, as

shown in Fig. 7a, except for the small changes of param-

eter value of bifurcation point. The (z, x) trajectory of the

deterministic period-5 bursting (red) is plotted with the

bifurcations of the fast subsystem, as shown in Fig. 7b and

c. Figure 7c is the enlargement of Fig. 7b. The behavior of

burst begins from the Fold bifurcation, runs along the

stable limit cycle of the fast subsystem 5 circles from left to

right, terminates at the bifurcation of Homoclinic orbit to

initiate the behavior of quiescent state, and the quiescent

Fig. 1 The membrane potential

of the HR model when I = 1.25

at different levels of noise

intensity D. a Resting state

when D = 0; b stochastic

bursting when D = 0.002;

c stochastic bursting when D =

0.005; d stochastic bursting

when D = 0.009
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state terminates at the Fold bifurcation. Such a result shows

that the period-5 bursting belongs to ‘‘Fold/Homoclinic’’

bursting pattern.

As can be found from Fig. 7c, the minimal membrane

potential within the burst corresponds to the minimal value

(lower green) of the stable limit cycle of the fast subsys-

tem, and the quiescent state of the bursting corresponds to

the stable node (black solid) of the fast subsystem. The

minimal value (lower green) of the stable limit cycle of the

fast subsystem is much higher than the membrane potential

of the stable node (black solid). Such a result can be further

found from the dynamics in (y, x) plane, as shown in

Fig. 7d (z = 1.27). The green cycle represents the

stable limit cycle of the fast subsystem and the black star

represents the stable node. Except that the membrane

potential of the limit cycle is higher than the membrane

potential of the stable node, another important character-

istic is that the stable node locates outside of the

stable limit cycle and is very far from the stable limit cycle.

Such characteristics of the ‘‘Fold/Homoclinic’’ bursting

without spike undershoot can be used to explain the cause

that no spikes evoked from the quiescent state between

bursts.

Dynamics of the stochastic bursting

The (z, x) trajectory of the stochastic bursting (blue), and

the bifurcations of the fast subsystem are plotted in one

figure, as shown in Fig. 8. Figure 8a–c correspond to D =

0.002, 0.005, and 0.009, respectively. When noise intensity

D is relative small (D = 0.002 and 0.005), the transition

from stable node to limit cycle happens near the Fold point,

which resembles the deterministic period-5 bursting. And

no other transitions from the stable node to the stable limit

cycle appear and advance the Fold point, which is due to

the long distance between the stable node and the

stable limit cycle of the fast subsystem, i.e. the character-

istic of bursting without spike undershoot. On the contrary,

when noise intensity is large (D = 0.009), except for the

transitions from the stable node to the limit cycle (the

upper arrow), some transitions from the quiescent state to

the burst are disturbed to form the subthreshold oscillations

around the stable node, as depicted by the lower arrow in

Fig. 8c. Therefore, the suppression or disappearance of

certain bursts is the cause of CR not evoked from the

deterministic bursting without spike undershoot.

It should be noticed that if noise intensity D is strong

enough to induce transitions from the stable node to the

limit cycle and prior to the Fold point, complex stochastic

bursting patterns may be evoked, which is not investigated

in the present paper and will be studied in future.

CR evoked from ‘‘Sub-Hopf/Fold’’ bursting
with spike undershoot and bifurcations
of the FitzHugh–Rinzel model

CR evoked from bursting with spike undershoot

The deterministic FitzHugh–Rinzel model (D = 0) exhibits

a ‘‘Sub-Hopf/Fold’’ bursting pattern with spike undershoot,

as shown in Fig. 9a. The ‘‘Sub-Hopf/Fold’’ bursting pattern

is called sub-Hopf elliptic bursting in Izhikevich (2000a).

The bursting exhibits the transitions between subthreshold

oscillations and burst and the spike undershoot character-

istic, which is different from the ‘‘Fold/Homoclinic’’

bursting without spike undershoot characteristic. There-

fore, the membrane potential of the subthreshold oscilla-

tions is within the range of the membrane potential of the

burst, which is the most important characteristic of the

‘‘Sub-Hopf/Fold’’ bursting with spike undershoot. In

addition, there are two other important characteristics of

‘‘Sub-Hopf/Fold’’ bursting. One is that the interspike

intervals within the burst is nearly fixed (approximate

52.63), and the other is that some durations of subthreshold

oscillations are relatively long.

The three characteristics of ‘‘Sub-Hopf/Fold’’ bursting

determine that noise plays important roles in influencing

the bursting behaviors. During the long duration of the

Fig. 2 Characteristics of power

spectrum of the stochastic

bursting patterns. a Power

spectrum of stochastic bursting

with different levels of noise

intensity D; red (D = 0.002),

blue (D = 0.005), and green

(D = 0.009); b changes of the

peak value of power spectrum

with increasing D values. (Color

figure online)
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subthreshold oscillations, noise can induce novel spikes.

The membrane potentials of the stochastic bursting patterns

at different levels of noise intensity D are show in Fig. 9b–

d. With increasing D values, the spikes become more and

more and the durations of subthreshold oscillations become

shorter and shorter. For example, as D values increase from

0.0005 (Fig. 9b), to 0.006 (Fig. 9c), and to 0.01 (Fig. 9d),

the mean interspike intervals decrease from 96.45, to

61.89, and to 56.59. In addition, as noise intensity D in-

creases to a level such as D = 0.01, the interspike intervals

become more irregular, as shown in Fig. 9d. Such results

are different from those of the ‘‘Fold/Homoclinic’’ bursting

with noise.

The power spectrums of the stochastic bursting trains at

different levels of noise intensity D are depicted in Fig. 10.

The frequency is about 0.019, which corresponds to the

fixed interspike intervals (about 52.63). The peak value of

power spectrum for D = 0.006 (Blue) is larger than those

for D = 0.0005 (Red) and D = 0.01 (Green), as shown in

Fig. 10a. The peak values of the power spectrum increase

firstly and then decrease with increasing D values, as

illustrated in Fig. 10b, which shows that CR is evoked from

the ‘‘Sub-Hopf/Fold’’ bursting pattern with spike under-

shoot. The increase and decrease of the peak values is

mainly induced by the increase of the spike rate and the

decrease of the regularity of the spike trains or interspike

intervals, respectively.

It should be pointed out that if the noise intensity D is

much stronger, more complex stochastic bursting patterns

may be evoked, which will be studied in future.

Dynamics of ‘‘Sub-Hopf/Fold’’ bursting with spike
undershoot

The bifurcations of the fast subsystem of the FitzHugh–

Rinzel model with respect to y are shown in Fig. 11a. With

increasing y, the stable focus (solid red) changes to

unstable focus (black dash) via a subcritical Hopf bifur-

cation point (labeled with ‘‘Sub-Hopf’’ in Fig. 11a) at yH ¼
y � 0.01186, meanwhile, an unstable limit cycle appears.

The maximal (minimal) value of the unstable limit cycle is

represented by the upper (lower) dashed blue curve. The

unstable limit cycle collides with a stable limit cycle cor-

responding to the spike within burst to form a fold or

saddle-node bifurcation (labeled with ‘‘Fold’’ in Fig. 11a)

of the limit cycle at yF ¼ y � 0.01152. The maximal

(minimal) value of the stable limit cycle is represented by

the upper (lower) green curve.

The (y, v) trajectory of the deterministic ‘‘Sub-Hopf/

Fold’’ bursting and the bifurcations of the fast subsystem of

the FitzHugh–Rinzel model are plotted in one figure, as

Fig. 3 Fast-slow variable

dissection to the resting state.

a Bifurcations of the fast

subsystem of the HR model

with respect to z and the

projection (red circle) of the

resting state in (z, x) plane;
b enlargement of a

Fig. 4 The (z, x) trajectory of the stochastic bursting (blue) at

different levels of noise intensity D plotted with the bifurcations of

the fast subsystem and the (z, x) projection of the resting state of the

HR model when I = 1.25 (same as Fig. 3b). a D = 0.002; b D = 0.005;

c D = 0.009. (Color figure online)
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depicted in Fig. 11b. The spikes within the burst oscillate

between the maximal (upper green) and minimal (lower

green) values of the stable limit cycle of the fast subsystem

and runs from right to left, which leads to that the burst

terminates via the Fold bifurcation of the limit cycle of the

fast subsystem. After then, the subthreshold oscillations

oscillate around the stable focus firstly and then around the

unstable focus via a low passage effect from left to right.

The oscillation amplitude decreases before the ‘‘Sub-Hopf’’

point and increases after the ‘‘Sub-Hopf’’ point. As the

amplitude of the subthreshold oscillations increases to a

value large enough, the subthreshold oscillations will

change to spikes to form burst. Therefore, such a bursting

belongs to ‘‘Sub-Hopf/Fold’’ bursting. The minimal value

Fig. 5 The membrane potentials

of the HR model at different

levels of noise intensity D when

I = 1.3. a Deterministic period-5

bursting when D = 0;

b stochastic bursting when D =

0.0002; c stochastic bursting

when D = 0.0009; d stochastic

bursting when D = 0.005
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of membrane potential of the burst corresponds to the

minimal value (lower green) of the stable limit cycle of the

fast subsystem, and is lower than the membrane potential

of subthreshold oscillations, which shows the spike

undershoot characteristic.

Fig. 6 Characteristics of power

spectrum of the stochastic

bursting patterns of the HR

model with I = 1.3. a Power

spectrum of stochastic bursting

at different levels of noise

intensity D; red (D = 0.0002),

blue (D = 0.0009), and green

(D = 0.005); b changes of peak

values of power spectrum with

increasing D values. (Color

figure online)

Fig. 7 Fast-slow variable

dissection to bursting of the HR

model when I = 1.3.

a Bifurcations of the fast

subsystem with respect to z;
b the (z, x) trajectory (blue) of

the period-5 bursting and the

bifurcations of the fast

subsystem (same as a) are
plotted in one figure;

c enlargement of b; d the

stable node (black star) and the

stable limit cycle (green) in

(y, x) plane of fast subsystem

when z = 1.27. (Color

figure online)

Fig. 8 The (z, x) trajectory of the stochastic bursting (blue) at different levels of noise intensity D plotted with the bifurcations of the fast

subsystem of HR model when I = 1.3. a D = 0.002; b D = 0.005; c D = 0.009. (Color figure online)
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Dynamics of the stochastic bursting

The spike undershoot characteristic of the ‘‘Sub-Hopf/

Fold’’ bursting can also be found from dynamics of the fast

subsystem in plane (w, V), as shown in Fig. 12a. For

example, when y = 0.017, the stable focus (red point) of the

fast subsystem locates inside of and is very close to the

coexisting stable limit cycle (green) of the fast subsystem.

For the deterministic ‘‘Sub-Hopf/Fold’’ bursting, the slow

variable modulates the (w, V) trajectory (black) of bursting

alternated between the subthreshold oscillations around the

focus (red point) and the spikes within burst along the

stable limit cycle (green), as shown in Fig. 12b.

Fig. 9 The membrane potentials

of the FitzHugh–Rinzel model

at different levels of noise

intensity D. a Deterministic

bursting when D = 0;

b stochastic bursting when D =

0.0005; c stochastic bursting

when D = 0.006; d stochastic

bursting when D = 0.01
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When noise intensity D = 0.0005, 0.006, and 0.01, the

(w, V) trajectory (black) of the stochastic bursting, and the

stable focus (red point) and stable limit cycle (green) are

potted in one figure, as depicted in Fig. 13a–c. With

increasing noise intensity (D), the transitions from the

subthreshold oscillations to spikes become more fre-

quently, which is due to the very close distance between

the stable focus and the coexisting stable limit cycle, and

the spikes (or interspike intervals) become more irregular,

which is the cause of CR evoked from the deterministic

‘‘Sub-Hopf/Fold’’ bursting with spike undershoot.

Discussion and conclusion

For most investigation of single neurons, SR or CR phe-

nomenon is evoked from the resting state near bifurcation

(Gu et al. 2001, 2002, 2015; Jia and Gu 2017; Pikovsky

and Kurths 1997). In the present paper, CR evoked from a

‘‘Sub-Hopf/Fold’’ bursting with spike undershoot instead

of the resting state is simulated. Such a result presents

important significance in 3 aspects. Firstly, such a result

presents a novel case of CR phenomenon evoked from not

resting state but bursting behavior, which extends the scope

of the CR concept. Secondly, such a result presents the

Fig. 10 Characteristics of power

spectrum of the stochastic

bursting patterns of the

FitzHugh–Rinzel model.

a Power spectrum of stochastic

bursting at different levels of

noise intensity D; red (D =

0.0005), blue (D = 0.006), and

green (D = 0.01); b changes of

peak values of power spectrum

with increasing D values. (Color

figure online)

Fig. 11 The fast-slow variable

dissection to the ‘‘Sub-Hopf/

Fold’’ bursting of the FitzHugh–

Rinzel model. a Bifurcations of

fast subsystem with respect to y;
b the trajectory of the ‘‘Sub-

Hopf/Fold’’ bursting (y, V) and
the bifurcations of fast

subsystem (same as a) plotted in
one figure. (Color figure online)

Fig. 12 Dynamics in plane (w, V) of the fast subsystem of the

FitzHugh–Rinzel model. The stable focus (red point) locates inside of

and is very close to the coexisting stable limit cycle (green); b The

(w, V) trajectory of the deterministic ‘‘Sub-Hopf/Fold’’ bursting

(blue) and the dynamics of the fast subsystem (same as a) are plotted
in one figure. (Color figure online)
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novel effects of noise on the bursting patterns with spike

undershoot, which shows that noise can enhance rather

than suppress information of bursting patterns with spike

undershoot. Considering that bursting patterns with spike

undershoot have been widely observed in the nerve fiber

(Del Negro et al. 1998; Guttman and Barnhill 1970;

Guttman et al. 1980; Izhikevich 2000a) and many cell

types of brain (Gireesh and Plenz 2008; Serafin et al. 1996;

Wang 2002, 2010), such a result implies that noise

induced-enhancement of information of bursting patterns

with spike undershoot is involved with achievement of

physiological or cognitive functions in the related nervous

systems. Thirdly, the dynamics of bursting pattern with

spike undershoot observed in both nerve fiber and brain

neurons (Gireesh and Plenz 2008; Serafin et al. 1996;

Wang 2002, 2010) are explained. In the present paper, the

bursting patterns are suggested to be stochastic firing

patterns.

The dynamical mechanism for the CR phenomenon

evoked from ‘‘Sub-Hopf/Fold’’ bursting with spike under-

shoot can be interpreted with bifurcations acquired with

fast-slow variable dissection method (Izhikevich

2000a, b, 2007). The behavior of ‘‘Sub-Hopf/Fold’’ burst-

ing is transition between subthreshold oscillations and

burst, the durations of most subthreshold oscillations are

relatively long, and the spikes within burst exhibit nearly

fixed interspike intervals. The subthreshold oscillations

correspond to a focus near a subcritical Hopf bifurcation of

the fast subsystem of the FitzHugh–Rinzel model, and the

spikes within burst is related to the stable limit cycle of the

fast subsystem. The focus and stable limit cycle coexist in

the fast subsystem, and the stable focus locates inside of

and very close to the stable limit cycle. When noise is

introduced, noise can induce more spikes from some sub-

threshold oscillations, which leads to that the spike rate

becomes higher (peak values of the power spectrum

increase) and the regularity of spikes becomes lower (peak

values of the power spectrum decrease) with increasing

noise intensity. Therefore, CR phenomenon is evoked from

the ‘‘Sub-Hopf/Fold’’ bursting with spike undershoot.

Furthermore, with help of bifurcations, the dynamical

mechanism for CR not evoked from the ‘‘Fold/Homo-

clinic’’ bursting without spike undershoot can be explained.

The ‘‘Fold/Homoclinic’’ bursting exhibits transition

between quiescent sate and spikes within a burst. For the

fast subsystem, a stable node and the coexist stable limit

cycle correspond to the quiescent state and spikes within

burst, respectively. The stable node is far from and outside

of the stable limit cycle. Noise cannot induce spikes from

the quiescent state(stable node) but disturb certain bursts.

Therefore, CR cannot be evoked from the ‘‘Fold/Homo-

clinic’’ bursting without spike undershoot. In future, the

effect of strong noise on ‘‘Fold/Homoclinic’’ bursting and

the effect of noise other bursting patterns mentioned in

Izhikevich 2000a will be studied to acquire the compre-

hensive and deep views on the effect of noise on bursting

patterns. In addition, except for the single neuron, CR has

been observed in the biological experiment on neuronal

network (Kim et al. 2015), which shows that noise play

important roles in modulating dynamical behaviors of the

network such as phase change of bursting (Cagnan et al.

2019; Kim et al. 2019). In future, the CR for network with

bursting behaviors should be studied.
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