1duosnuey Joyiny 1duosnuen Joyiny 1duosnuey Joyiny

1duosnuey Joyiny

Author manuscript
J Am Stat Assoc. Author manuscript; available in PMC 2021 March 12.

-, HHS Public Access
«

Published in final edited form as:
J Am Stat Assoc. 2020 ; 115(532): 1946-1959. doi:10.1080/01621459.2019.1671200.

Optimal Designs of Two-Phase Studies

Ran Tao, Donglin Zeng, Dan-Yu Lin
Department of Biostatistics and Vanderbilt Genetics Institute, Vanderbilt University Medical
Center, Nashville, TN 37232.

Department of Biostatistics, University of North Carolina, Chapel Hill, NC 27599.

Abstract

The two-phase design is a cost-effective sampling strategy to evaluate the effects of covariates on
an outcome when certain covariates are too expensive to be measured on all study subjects. Under
such a design, the outcome and inexpensive covariates are measured on all subjects in the first
phase and the first-phase information is used to select subjects for measurements of expensive
covariates in the second phase. Previous research on two-phase studies has focused largely on the
inference procedures rather than the design aspects. We investigate the design efficiency of the
two-phase study, as measured by the semiparametric efficiency bound for estimating the regression
coefficients of expensive covariates. We consider general two-phase studies, where the outcome
variable can be continuous, discrete, or censored, and the second-phase sampling can depend on
the first-phase data in any manner. We develop optimal or approximately optimal two-phase
designs, which can be substantially more efficient than the existing designs. We demonstrate the
improvements of the new designs over the existing ones through extensive simulation studies and
two large medical studies.

Keywords
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1. INTRODUCTION

In modern epidemiological and clinical studies, the outcomes of interest, such as disease
occurrence and death, together with demographic factors and basic clinical variables, are
typically known for all study subjects. The covariates of main interest often involve
genotyping, biomarker assay, or medical imaging and thus are prohibitively expensive to be
measured on all study subjects. A cost-effective solution is the two-phase design (White,
1982), under which the outcome and inexpensive covariates are observed on all subjects
during the first phase and the first-phase information is used to select subjects for
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measurements of expensive covariates during the second phase. This type of design greatly
reduces the cost associated with the collection of expensive covariate data and thus has been
used widely in large-scale studies, including the National Wilms’ Tumor Study (Green et al.,
2001; Warwick et al., 2010) and the National Heart, Lung, and Blood Institute Exome
Sequencing Project (Lin et al., 2013).

A large body of literature exists on statistical inference for two-phase studies. For case-
control studies, Prentice and Pyke (1979) showed that standard logistic regression ignoring
the retrospective nature of the sampling scheme yields valid and efficient inference for the
odds-ratio parameters. For designs under which every subject has a positive probability of
being selected in the second phase, Robins et al. (1995) developed efficient estimators based
on augmented inverse probability of selection weighting. For more general designs,
Chatterjee et al. (2003) and Weaver and Zhou (2005) constructed inefficient estimators based
on pseudo and estimated likelihood, respectively. Efficient estimators that are
computationally feasible were proposed by Scott and Wild (1991), Breslow and Holubkov
(1997), Scott and Wild (1997), Lawless et al. (1999), and Breslow et al. (2003) when the
first-phase variables are discrete and by Song et al. (2009) and Lin et al. (2013) when there
are no inexpensive covariates. Recently, Tao et al. (2017) studied efficient estimation under
general two-phase designs, where the sampling in the second phase can depend on the first-
phase data in any manner, and the outcome and inexpensive covariates can be continuous.

The design aspects of two-phase studies have received much less attention than the inference
procedures. It is natural to ask which design leads to the most efficient inference on the
effects of expensive covariates. The answer to this question is known only when there are no
inexpensive covariates. Specifically, Prentice and Pyke (1979)’s work implies that the case-
control design with an equal number of cases and controls is optimal. For a continuous
outcome, Lin et al. (2013) showed that the two-phase design is more efficient if it selects
subjects with more extreme values of the outcome variable.

The use of two-phase designs in large cohort studies with potentially censored event times
has been a topic of great interest. Important examples include the case-cohort design
(Prentice, 1986), which selects all cases and a random subcohort, and the nested case-control
design (Thomas, 1977), which selects a small number of controls at each observed event
time. These designs have been extended so as to select a fraction of, rather than all, cases
(Cai and Zeng, 2007). Recently, Ding et al. (2014) proposed a general failure-time outcome-
dependent sampling scheme that selects cases with extremely large or small observed event
times in addition to a random subcohort, and Lawless (2018) suggested to select the smallest
observed event times and the largest censored observations. Various methods have been
developed to make inference under two-phase cohort studies; see Zeng and Lin (2014) and
Ding et al. (2017) for reviews. However, no theoretical results exist on optimal cohort
sampling.

Inexpensive covariates can be used in the second-phase sampling to enhance efficiency. For
discrete outcomes, Breslow and Chatterjee (1999) stratified the second-phase sampling by
the outcome and inexpensive covariates jointly. For continuous outcomes, the National
Heart, Lung, and Blood Institute Exome Sequencing Project selected subjects with extreme
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values of the residuals from the linear regression of the outcome on inexpensive covariates
(Lin etal., 2013). Zhou et al. (2014) proposed a probability-dependent sampling scheme,
which selects a simple random sample at the beginning of the second phase and selects the
remaining subjects using the predicted values of the expensive covariate. For censored
outcomes, Borgan et al. (2000) stratified the selection of the subcohort in the case-cohort
design on inexpensive covariates, and Langholz and Borgan (1995) used inexpensive
covariates to select “counter-matched” controls at each observed event time. Whether any of
the aforementioned two-phase designs are optimal among designs that make use of
inexpensive covariates is unknown.

In this paper, we investigate the efficiency of general two-phase designs, where the second-
phase sampling can depend on the first-phase data in any manner, and the outcome variable
can be continuous, discrete, or censored. The design efficiency pertains to the
semiparametric efficiency bound for estimating the regression coefficients of expensive
covariates. We explore the optimal designs that maximize the efficiency among all possible
two-phase designs and find good approximations to the optimal designs when they are not
directly implementable. In addition, we compare the efficiencies of the proposed and
existing two-phase designs through extensive simulation studies. Finally, we provide
applications to the National Wilms’ Tumor Study and the National Heart, Lung, and Blood
Institute Exome Sequencing Project.

2. THEORY AND METHODS

2.1.

Data and Models

Let Y denote the outcome of interest, X'the expensive covariate, and Z the vector of
inexpensive covariates. The observation (Y .X; Z) is assumed to be generated from the joint
density pg (Y / X, Z) F(X Z), where pg,,('|-,) pertains to a parametric or semiparametric
regression model indexed by parameters 8= (a,5,y")" and n(a,B,y) are the regression
coefficients in the linear predictor 4(X,Z) = a + BX+ ¥'Z, nis a possibly infinite-
dimensional nuisance parameter, and 7(:,-) is the joint density of X'and Z with respect to a
dominating measure. For linear regression,

po, (Y 1X.Z) = (2202)” ! /zexp[— 1Y — (X, Z)}Z/(Zaz)],

Where 7 = ¢2; for logistic regression,

po. (Y = 11X, Z) = [1 +exp - u(X, )17\

For proportional hazards regression (Cox, 1972), the hazard function of the event time T
conditional on covariates X and Z takes the form A(?) exp{( X, Z)}, where a in ((X; Z) is
set to zero, and A() is an unknown baseline hazard function, which corresponds to 7. In the
presence of right censoring, the observed outcome becomes Y = (T, A), where T = min(T’, C),
A=/(T< O), Cisthe censoring time on 7, and /() is the indicator function. Assuming that
Cis independent of 7and X conditional on Z, we have
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0, (Y 1X. Z) o [T exp{u(X. Z)}1° expl = AT explu(xX. 2|1

where A(r) = [§ Au)du.

Efficient Inference Under Two-Phase Sampling

If (Y,X, Z) is observed for all 77subjects in the study, then the inference on @is typically
based on the likelihood [T}, — | pe, n(Y;!X;. Z;). Under the two-phase design, however, only

(Y, Z) is measured on all 77subjects in the first phase, and X'is measured for a sub-sample of
size mp in the second phase. Let R be the selection indicator for the measurement of X'in the
second phase. It is assumed that the distribution of (/y,...,R,;) depends on (Y;,X;Z) (i=1,
...,/ only through the first-phase data ( ¥;,Z) (/= 1,...,n). This assumption implies that the
data on X are missing at random, such that the joint distribution of (Ry,...,/,) conditional on
(Y1,Z1,..., YmZ,) can be disregarded in the likelihood inference on g Thus, the observed-
data likelihood can be written as

L6,n, f) -
= H {po,n(Yil X, Z,) f( X, Z,-)}Rilfpg,,,(Y,-lx, Z;)f(x, Z;)dx l~ @

i=1
Our main interest lies in the inference on g.

Remark 1. For designs that select a simple random sample at the beginning of the second
phase, the observed-data likelihood (1) is valid even if the selection of the remaining
subjects depends on the values of X'in the simple random sample.

As mentioned in Section 1, efficient inference on S has been studied for different regression
models (e.g., Robins et al., 1995; Breslow et al., 2003; Lin et al., 2013). In particular,
nonparametric maximum likelihood estimation, under which the distribution of covariates is
unspecified, has been developed by Tao et al. (2017) for continuous and discrete outcomes
and by Zeng and Lin (2014) for censored data. Specifically, the joint density 7(x; 2) in (1) is
expressed as the product of the marginal density of Zand the conditional density of X given
Z =z The marginal density of Z drops out of the likelihood, whereas the conditional density
of X given zis estimated through sieves and kernel smoothing by Tao et al. (2017) and Zeng
and Lin (2014), respectively. Under mild regularity conditions, the nonparametric maximum
likelihood estimator for B, denoted by B, is consistent, and n!/2(3 — p) is asymptotically zero-
mean normal with a variance that attains the semiparametric efficiency bound. We denote
this variance by V. By definition, the design is more efficient if the corresponding Vg is
smaller, and the optimal design minimizes V for a given 7,.

2.3. Design Efficiency

In this subsection, we present some theoretical results on Vg in terms of the joint distribution
of (¥,.X/Z) and the probability of £ =1 given (¥;Z). The general form of Vjis available but
involves an implicit integral equation (Robins et al., 1995; Bickel et al., 1998). To make the
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expression of Vjzanalytically tractable, we assume that Sis small in the sense that B = o(1).
This situation is of practical importance because design efficiency is the most critical when
Bis small, as in genetic association studies. For commonly used regression models, the
information matrix is insensitive to perturbation in A, such that the expression of Vgunder g
= 0(1) provides a good approximation for large .

Let D, be the derivative of logpg ,, ( Y/X,Z) with respect to the linear predictor 4. We state
below our main theoretical result.

Theorem 1. Under 8 = o(1),

Vy=[Z +E{Rvar(D,IR = 1, Z)var(X12)}| ", @

Where %y is the Fisher information for Sin the regression model pg,;, (Y'/ X/Z) based on one
observation, with Xreplaced by E(X| Z).

The proof of Theorem 1 is given in the Appendix. A key step in the proof is to derive the
efficient score function for S using the semiparametric efficiency theory (Bickel et al., 1998)
and the fact that Y'and X are approximately independent given Z under 8 = o(1). When =
0, Z is discrete, and 7 is finite-dimensional, taking the inverse of the two sides of equation
(2) yields equation (7) in Derkach et al. (2015).

In Theorem 1, Z; does not depend on R. Therefore, searching for the optimal, two-phase
design is equivalent to finding the sampling rule R that maximizes

E{Rvar(D,IR =1, Z) var(X|Z)} ®

subject to the constraint
Pr(R=1) =71, 4

where s the second-phase sampling fraction that is fixed by study budgets. In light of
expression (3), it is desirable to select the subjects with the largest or smallest values of D,
in each stratum of Z to maximize the variability of D, where the strata correspond to the
levels of discrete or discretized Z. In addition, expression (3) shows that the optimal design
should oversample subjects with the largest values of var(X| Z). This is reasonable because
Xis harder to “impute” by Z when var(X| Z) is larger, such that measuring X'among
subjects with larger values of var(X| Z) is more “rewarding” than measuring X'among
subjects with smaller values of var(.X'| Z). We formalize these heuristic arguments in the
following theorem, whose proof is provided in the Appendix.

Theorem 2. The optimal sampling rule R°Pt under budget constraint (4) takes the following
form:
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1 ifd,<lzord,> ug
az ifd,=Il;and Pr(D,=1;1Z =2z) >0,

PR =11D,=d,Z=z)=1{ " " % (Dy =1z ) ©)
by ifdﬂ=uzandPr(D”=uzIZ=z)>O,

0 othervise,

where (/ u; a, by) for each zin the support of Z is chosen to maximize

[l[d# <12 ol > uz}dﬁdF(dﬂlz) + Ra,F({I;}12) + u2b F({u;) 1 z)

{dy <12) 0 {d, > ug) dudF(dy)2) + Lzaz F({12}12) + uzbz F({uz) |z)}2 . ®)
— \4
F(I712)+ 1 = Fuf12) + aF({I;}12) + b F({uz)12)
)dF(z)
subject to
/{F(lz_lz) +1— F(uflz) + a;F({I;}12) + b,F({uz}1z)}dF,(z) = 7. ©)

Here, F is the cumulative distribution function of Z, A| 2) is the conditional cumulative
distribution function of D, given Z =z, and A{d)}| 2) is the jump size of Ad,|2) at D, -q),

Remark 2. 1f A:| 2) is continuous, then &, = &, = 0, and equation (5) and expression (6) can
be simplified greatly. Note that expression (6) and constraint (7) correspond to expression
(3) and constraint (4), respectively.

Theorem 2 confirms that the optimal design selects subjects with the largest or smallest
values of Dy, in each stratum of Z and favors the strata with the largest values of var(X| Z).
Under 8= 0, 4(X,Z) reduces to (Z) = »"Z. For linear regression, D,={Y- WUZ)H 2,
which is the error term scaled by o2; for logistic regression Dy=Y-[1+ exp{-U2)}},
which is the deviance for one subject; for proportional hazards regression,

D, = A — A(T) exp{u(2Z)}, which is a martingale. The unknown parameters in D, are

estimated by the first-phase data to yield the scaled, deviance, and martingale residuals for
the linear, logistic, and proportional hazards regression, respectively.

The dependence of the optimal design on var(X| Z) is a new discovery. In practice, var(X|
Z) is unknown and needs to be estimated from prior knowledge or historical data. Many two-
phase studies, including the National Heart, Lung, and Blood Institute Exome Sequencing
Project, select a simple random sample in the second phase, which can be used to study
multiple outcomes or to explore the correct form of the model. We can estimate var(X| Z)
from this subsample and then use the optimal rule /PPt to select the remaining subjects. The
resulting design is optimal among those with a second-phase simple random sample of the
same size.
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Remark 3. A question naturally arises as to what the “optimal” size of the simple random
sample is. A larger simple random sample will yield a more accurate estimate of var(X| Z)
but entails more efficiency loss. If the spread of var(X| Z) is small across different values of
Z, then it may be sensible to treat var(X| Z) as a constant and not select a simple random
sample at all. If the spread of var(X| Z) is large, then one should select the smallest number
of subjects that ensures an accurate estimate of var(X'| Z). A rule of thumb is to group Z into
five strata and select ten subjects in each stratum.

2.4. Algorithms for Finding the Optimal Design

According to Theorem 2, the optimal design is determined by the distribution of D), at the
two extreme tails and the variability of Xin each stratum of Z. Except for some special
distributions of D), there exists no explicit solution for (4, u, &, £,). In this subsection, we
first derive the optimal designs for linear and logistic regression, where simple solutions
exist. We then propose a generic algorithm for finding an approximate solution to the
optimal design for general regression models.

For linear regression, D, = -{ Y- (Z)} &2 Under B = o(1) the conditional distribution of ¥
given Z is continuous and symmetric about zero. In this situation, the optimal design has an
explicit form, as given in the following corollary, whose proof is provided in the Appendix.

Corollary 1. The second-phase sampling rule R{™. , defined as

opt | 1if (¥ — w22 var(x12) > G,
Rlinear

0 otherwise,

where ¢ is chosen to satisfy Pr[{Y - w2} var(X1Z) > c(%] = Pr(RﬁEtear = 1) = 7, maximizes

expression (3) over all rules that satisfy budget constraint (4).

Corollary 1 sheds light on existing two-phase designs. If var(X| Z) is a constant, then the
optimal design is the same as the residual-dependent sampling design that selects subjects
with extreme values of Y'— ((Z). If we further assume that Z does not affect Y; such that
M(Z) is a constant, then the optimal design becomes the outcome-dependent sampling design
that selects subjects with extreme values of Y; this result was previously proven by Lin et al.
(2013). The probability-dependent sampling design of Zhou et al. (2014) requires a simple
random sample at the beginning of the second phase; it selects the remaining subjects using
the extreme predicted values of .X; where the prediction model is built on the simple random
sample. This sampling strategy essentially maximizes E{R var(X| Z, Y,R =1)}, which
reduces to

E{Rvar(X12Z)} (8)

under 8= 0. Unlike expression (3), expression (8) ignores var(Dy, | #=1,Z) Thus, the
probability-dependent sampling design is less efficient than the optimal design.
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For logistic regression, D, = Y=[1 + exp{-Z)}]"L. Because the conditional distribution of
Y given Z among subjects with £ =1 is Bernoulli, we have var(Y/R=1,2) =E(Y/R=
1,2) {1 - E(Y/R=1,2)}. By Bayes’ theorem, E(Y/R=1,2) =E(R/ Y= 1,2)E(Y| Z)| E(R

| 2). Thus, expression (3) equals

| ERIY = 1, ZE(Y I Z){E(RIZ) — E(RIY = 1, Z)E(Y|Z))

ERIZ) var(X12Z)|. 9)

We derive the optimal design that maximizes expression (9) in the following corollary,
whose proof is provided in the appendix.

Corollary 2. Assume, without loss of generality, that E( Y| Z) <1/2. The optimal sampling

opt -
rule Rygyigic Satisfies

E(R°pt |Y=1,z)=min{E(R°pt IZ)/ZE(YIZ),I}, (10)

logistic logistic
where E(Riygigiic! Z) maximizes

B[1[ER12D <o ERID) | ERIZ) o)y, 71 - ENVD

2) w

over E(R| Z) subject to budget constraint (4). In particular, if var(X| Z) is a constant and t <
2E(Y), then there exists a design such that E(R| Z) < 2E(Y'| Z) and E(R/ Y'=1,Z) = E(R|
Z2)I{2E( Y| Z)}. Moreover, any such design maximizes (11) and thus is optimal.

Remark 4. Equation (10) is equivalentto E(RY| Z) =E{R(1 - Y) | Z} if E(R| Z) < 2E(Y/|
Z). Thus, the optimal design selects an equal number of cases and controls within the strata
of Z for which E(R| Z) < 2E( Y| Z) and selects all cases and more controls than cases for the
other strata. If var(X| Z) is a constant and © < 2E('Y), then the optimal design always selects
an equal number of cases and controls in each stratum of Z. In this situation, the stratum
sizes are irrelevant to design efficiency. In other situations, we determine the optimal stratum
sizes by maximizing the empirical version of expression (11) through grid search.

For more complex models such as the proportional hazards model, the conditional
distribution of D, given Z is not symmetric. In this situation, (4, ¢, &, b,) does not have an
explicit form, and finding the optimal design relies on numerical maximization of the
empirical version of expression (3). When the conditional distribution of D, given Z is not
too skewed, we suggest to select an equal number of subjects at the two extreme tails of D,
in each stratum of Z and then determine the optimal second-phase sample size of each
stratum by maximizing the empirical version of expression (3) through grid search. This
design is easy to implement and should provide a good approximation to the optimal design.

Remark 5. When there is no information about var(X'| Z) at all, treating it as a constant will
result in a design that is optimal among those with the same second-phase sample
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stratification. For linear regression, Corollary 1 shows that the optimal design does not need
to stratify on Z. Then treating var(.X| Z) as a constant reduces the optimal design to residual-
dependent sampling, which is always more efficient than outcome-dependent sampling
whether var(X | Z) is a constant or not. For logistic regression, treating var(X| Z) as a
constant reduces the optimal design to stratified case-control sampling. In this situation, we
do not know the optimal stratum sizes because var(D, | R = 1,Z) = 1/4 for any Z (provided
that T < 2E(Y)). If var(X| Z) is a constant, then the stratum sizes are irrelevant to design
efficiency. If the spread of var(X| Z) is large, then stratified case-control sampling with
equal stratum sizes can be more or less efficient than case-control sampling when the strata
with larger values of var(X| Z) are less or more prevalent than the other strata, respectively.
For more complex models, such as the proportional hazards model, treating var(X| Z) as a
constant is appropriate when the spread of var(X| Z) is small or when var(X| Z) and var(Dy,
| R=1,Z) are positively correlated. Treating var(.X| Z) as a constant can reduce design
efficiency when the spread of var(X| Z) is large and var(X| Z) and var(D, | R=1,Z) are
negatively correlated.

3. SIMULATION STUDIES

We conducted extensive simulation studies to compare the efficiencies of various two-phase
designs in realistic settings. In the first set of studies, we considered a continuous outcome
with discrete covariates. Specifically, we set Zand X'/ Zto Bern(0.5) and Bern{/(Z=0) +
KZ=1)p}, respectively, with 0 < pgg <1 and 0 < p; <1. We generated the outcome from the
linear model Y=BX+ yZ+ e, where e is a standard normal random variable independent
of Xand Z We set n= 4000 and considered four sampling strategies at the second phase:
simple random sampling selects 400 subjects randomly; outcome-dependent sampling
selects 200 subjects with the highest and 200 subjects with the lowest values of Y; residual-
dependent sampling selects 200 subjects with the highest and 200 subjects with the lowest
values of Y — i(Z), where ji(Z) = ¢ + 7 Z, and a and 7 are the least-squares estimates from
the linear regression of Yon Z; and optimal sampling selects 200 subjects with the highest

and 200 subjects with the lowest values of {Y - ﬁ(Z)}{ var(X12)}'?, where var(X /Z = j) = pj

(1 - p) (G=0,1). We performed maximum likelihood estimation (Tao et al., 2017) under the
four designs. We evaluated the efficiency of each design according to the empirical variance
of 4. In addition, we compared the analytical variance Vs given in Theorem 1 with the
empirical variance.

The results for the first set of studies are shown in Table 1 and Supplementary Table S1. We
see that outcome-dependent, residual-dependent, and optimal sampling are much more
efficient than simple random sampling. When y = 0, residual-dependent sampling is as
efficient as outcome-dependent sampling. When y # 0, residual-dependent sampling is more
efficient than outcome-dependent sampling, and the efficiency gain increases as y increases.
When var(X/2) is a constant, the optimal design is as efficient as residual-dependent
sampling. When var(X/2) is a non-trivial function of Z, the optimal design is substantially
more efficient than residual-dependent sampling. The analytical standard error of 3
approximates the empirical standard error very well when gis small. The approximation
becomes less accurate when gis large; however, the bias tends to be small (relative to the
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true value) and in the same direction for different designs, such that the ordering of the
design efficiencies is unaltered.

In the second set of simulation studies, we considered a continuous instead of a discrete
expensive covariate. Specifically, we set X=0.22+ (1 + k2)Y2e,, where e, is a standard
normal random variable independent of Zand €1, and x is a parameter that controls the
value of var(X/2). We set Zto Bern(0.5) or Unif(0,1). In addition to the two-phase designs
considered in the first set of studies, we included four designs that select a simple random
sample of 200 subjects at the beginning of the second phase. The following strategies were
adopted to select the remaining 200 subjects in the second phase: outcome-dependent
sampling selects subjects with extreme values of Y; residual-dependent sampling selects
subjects with extreme values of Y — fi(Z); probability-dependent sampling (Zhou et al.,
2014) selects subjects with extreme values of X, where X is the predicted value of X from
the linear regression of X'on Y'stratified by Zwhen Z is discrete and from the linear

regression of Xon (¥, 2) when Zis continuous; and optimal sampling selects subjects with

12
}

extreme values of {Y — a(2)}{ var(X12)}"'<, where var( X/ 2) is estimated from the simple

random sample.

The results for the second set of studies are summarized in Table 2 and Supplementary
Tables S2-S3. In general, the designs that do not require a simple random sample at the

beginning of the second phase are more efficient than those that do. Among designs that

opt

linear to

contain a simple random sample, the design that adopts the optimal sampling rule R

select the remaining subjects in the second phase is the most efficient.

In the third set of simulation studies, we considered a binary outcome. We generated X and
Zin the same manner as in the first set of studies, except that we considered different values
of E(2). We simulated the outcome from the logistic model logit {Pr(Y'=1| X,2)} = a+ X
+ yZ, where we used a to control E('Y). We considered both common and rare outcomes.
For a common outcome, we let E(Y) = 0.3 and varied E(2) from 0.3 to 0.7. We set n= 10,
000 and defined two strata according to the values of Z We set 1, = 400 and compared the
optimal design with case-control sampling, which selected 200 cases and 200 controls, and
stratified case-control sampling, which selected 100 cases and 100 controls from each
stratum. For a rare outcome, we set /7= 4000, E( Y) = 0.14, and E(2) = 0.1, mimicking the
“rare disease and rare exposure” scenario described in Breslow and Chatterjee (1999). We
compared the optimal design with case-control sampling and stratified case-control
sampling, both of which select all cases and an equal number of controls in the second
phase.

The results for the third set of studies are summarized in Table 3 and Supplementary Tables
S4-S5. When var(X/2) is a constant and y = 0, all designs are equally efficient. When » #
0, stratified case-control sampling and optimal design are more efficient than case-control
sampling, and the efficiency gain increases as y increases. In addition, the similar
efficiencies between stratified case-control sampling and optimal design confirm that the
stratum size is irrelevant to the design efficiency. When var(.X'/2) is a non-trivial function of
Z, the optimal design is substantially more efficient than the other two designs. Stratified
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case-control sampling can be less efficient than case-control sampling when var(X/2) is
larger in the more prevalent stratum. These results disprove the common belief that it is
always desirable to pursue an equal number of subjects per stratum.

In the last set of simulation studies, we considered a potentially censored event time. We
generated X and Zin the same manner as in the first set of studies. We generated 7 from the
Weibull proportional hazards model with cumulative hazard function 0.12-7 exp(BX + ¥2).
In addition, we generated the censoring time Cfrom a Uniform(0,¢;) distribution, where ¢;
= lor 5, yielding 85% to 94% or 64% to 84% censoring, to be referred to as high and
moderate censoring rates, respectively. We set the cohort size 7= 2000. In the case of
moderate censoring rate, we set /2 = 400 and compared the optimal design with four
sampling strategies that select a subset of cases: case-cohort sampling (Cai and Zeng, 2007)
selects 200 cases and 200 controls; stratified case-cohort sampling (Borgan et al., 2000)
selects 100 cases and 100 controls from each of the two strata; general failure-time outcome-
dependent sampling (Ding et al., 2014) selects 100 cases with the largest and 100 cases with
the smallest observed event times in addition to a subcohort of 200 subjects; and Y-
dependent sampling (Lawless, 2018) selects the 200 smallest observed event times and the
200 largest censored observations. In the case of high censoring rate, we compared the
optimal design with four sampling strategies that select all cases and an equal number of
controls in the second phase: case-cohort sampling (Prentice, 1986); stratified case-cohort
sampling; nested case-control sampling (Thomas, 1977) with one control for each observed
event time; counter-matching (Langholz and Borgan, 1995), which selects one control with
Z=0 for each case with Z=1 and vice versa; and Y-dependent sampling.

The results for the last set of studies are summarized in Table 4 and Supplementary Tables
S6-S7. The optimal design is much more efficient than the other designs in most situations.
The Y-dependent sampling design is as efficient as the optimal design when var(X/2) is a
constant and » = 0. In this situation, D, = A — A(T), which is a monotone function of T.

Therefore, selecting the smallest observed event times and the largest censored observations
is equivalent to selecting subjects with the largest and smallest values of D, respectively.

4. APPLICATIONS

4.1.

National Heart, Lung, and Blood Institute Exome Sequencing Project

The National Heart, Lung, and Blood Institute Exome Sequencing Project was designed to
identify genetic variants in all protein—coding regions of the human genome that are
associated with heart, lung, and blood disorders. The project performed whole-exome
sequencing on 4494 subjects from seven large cohorts and consisted of several studies, each
focusing on a particular outcome (Lin et al., 2013). The majority of the studies adopted two-
phase designs. For example, the study on body mass index selected 659 subjects with body
mass index less than 25kg / m2 or greater than 40kg / m2. The study on blood pressure
selected 806 subjects from the upper and lower 0.2% to 1.0% of the blood pressure
distribution adjusted for age, gender, race, body mass index, and anti-hypertensive
medication. The study on low-density lipoprotein cholesterol selected 657 subjects with
extremely high or low values of low-density lipoprotein cholesterol adjusted for age, gender,
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race, and lipid medication. In addition to the two-phase studies, the project obtained a simple
random sample of 964 subjects with measurements on a common set of phenotypes, referred
to as the “deeply phenotyped reference”. We used this deeply phenotyped reference to
evaluate the efficiencies of two-phase designs.

We considered log-transformed body mass index as the outcome of interest and included
age, gender, race, and cohort indicators as inexpensive covariates. We restricted our analysis
to the 43,245 single-nucleotide polymorphisms (SNPs) with minor allele frequencies greater
than 5%. We chose the additive genetic model, under which the genetic variable codes the
number of minor alleles that a subject carries at a variant site. We set /2 = 300 and
considered three sampling strategies: outcome-dependent sampling; residual-dependent
sampling; and optimal sampling. The probability-dependent sampling design (Zhou et al.,
2014) is not applicable because it does not allow discrete expensive covariates. Because age,
gender, and cohort indicators are independent of SNPs, we only need to estimate the
conditional variance of the genetic variable given race when implementing the optimal
design. Because this conditional variance depends on the genetic variable, the optimal
sampling rule is specific to each SNP.

Figure 1 compares the estimates of the genetic effects and the standard error estimates
among the three two-phase designs and the full-data analysis. The effect estimates are
similar among the three two-phase designs and are close to those of the full-data analysis.
The standard error estimates under the optimal design tend to be smaller than those under
residual-dependent sampling, which tend to be smaller than those under outcome-dependent
sampling. These results show that residual-dependent sampling can yield more precise
genetic effect estimates and higher power than outcome-dependent sampling for genome-
wide association studies, and the optimal design can be more efficient than residual-
dependent sampling for candidate-gene studies.

National Wilms’ Tumor Study

The National Wilms” Tumor Study Group conducted a series of studies on Wilms’ tumor,
which is a rare childhood kidney cancer. We used data on 4028 patients from the group’s
third and fourth clinical trials (D’angio et al., 1989; Green et al., 1998) to evaluate the effects
of tumor histological type, stage, and age at diagnosis on disease relapse. The censoring rate
was approximately 86%. This dataset was analyzed previously by Breslow and Chatterjee
(1999).

Each tumor’s histological type was assessed by both a local pathologist and an experienced
pathologist from a central facility. The latter assessment tends to be more accurate but is
more expensive and time-consuming. If a two-phase design had been adopted to assess
histological type at the central facility for only a small subset of patients, then the cost of the
trials would have been drastically reduced. In fact, several follow-up studies by the National
Wilms” Tumor Study Group adopted the nested case-control design (Green et al., 2001;
Warwick et al., 2010).

We defined two strata according to unfavorable versus favorable local histological
assessment. We considered two scenarios with different values of 7. In the first scenario, we
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set /7, = 400 and considered five sampling strategies: case-cohort sampling; stratified case-
cohort sampling; general failure-time outcome-dependent sampling; Y-dependent sampling;
and optimal sampling. To ensure model identifiability and numerical stability, we required
the second-phase sample size for each stratum to be greater than 60 under the optimal
design. Because var(.X'| Z) is larger among patients with unfavorable local histological
assessment than those with favorable local histological assessment, with values of 0.152
versus 0.034, we ended up selecting 156 cases and 184 controls with unfavorable local
histological assessment and 30 cases and 30 controls with favorable local histological
assessment. In the second scenario, we set /2 = 1142 and compared the optimal design with
case-cohort sampling, stratified case-cohort sampling, nested case-control sampling,
counter-matching, and Y-dependent sampling. These designs selected all 571 cases in the
second phase. The optimal design selected all patients, 156 cases and 250 controls, with
unfavorable local histological assessment and 368 cases and 368 controls with favorable
local histological assessment.

Table 5 shows the estimation results for the proportional hazards model under the two-phase
designs and the full-cohort analysis. The log hazard-ratio estimates under most two-phase
designs are close to their full-cohort counterparts. The effect of local histological assessment
is not significant after adjusting for central histological assessment. The standard error
estimate of central histological assessment under the optimal design is smaller than that
under the other two-phase designs. These results are consistent with our theoretical and
simulation results.

5. DISCUSSION

As mentioned in Section 1, the existing literature on two-phase studies is concerned
primarily with the inference procedures rather than the design aspects. In particular, Tao et
al. (2017) studied efficient inference under two-phase sampling but did not consider design
efficiency at all. To investigate design efficiency, one has to know exactly how the design
parameter affects the efficiency bound. To this end, Theorem 1 provides for the first time an
explicit form for the efficiency bound. It reveals an important fact that the efficiency depends
on the conditional variance of the expensive covariate given inexpensive covariates.
Theorem 2, together with Corollaries 1 and 2, provides the optimal sampling rules for two-
phase studies. No such result exists in the literature, despite extensive prior research on two-
phase studies. Indeed, our work shows that the commonly used two-phase designs are not
optimal. The proofs of Theorems 1 and 2 and Corollaries 1 and 2 require considerable
technical innovation.

As shown in Section 2.4, the optimal design for linear regression does not need to stratify on
Z. The optimal designs for logistic regression and proportional hazards regression do not
need to stratify on Z when =0 and var(X| Z) is a constant. In other situations, we need to
divide Z into a few strata when implementing the “optimal” design. Discretizing Z is a
common practice to facilitate implementation of two-phase studies. The resulting design
should converge to the optimal one as the number of strata increases.

JAm Stat Assoc. Author manuscript; available in PMC 2021 March 12.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Tao etal.

Page 14

The efficiency bound under the condition of g = o(1) is of practical importance because
design efficiency matters the most when gis small, and it provides a good approximation to
the efficiency bound for large g, as confirmed by our numerical studies. In the simulation
studies, we considered g as large as 0.5, which corresponds to 50% of the error variance,
odds ratio of 1.65, and hazard ratio of 1.65 under the linear, logistic, and proportional
hazards models, respectively. For the National Heart, Lung, and Blood Institute Exome
Sequencing Project, the estimates of the genetic effects on standardized log-transformed
body mass index range from —0.39 to 0.32. For genetic studies with binary traits, the odds
ratio estimates are rarely larger than 1.3 (Schizophrenia Working Group of the Psychiatric
Genomics Consortium, 2014; Xue et al., 2018). Thus, the values of gis our simulation
studies cover the typical values in genetic studies, for which two-phase designs are most
commonly adopted. For the National Wilms’ Tumor Study, the hazard ratio for central
histology is 4.24. In all these situations, the proposed designs are more efficient than the
existing designs.

Our theory does not require every study subject to have a positive probability of being
selected in the second phase and thus can accommodate the outcome-dependent sampling
and residual-dependent sampling described in Lin et al. (2013), the Y-dependent sampling
proposed by Lawless (2018), and the optimal design. Naturally, we can estimate only the
parameters that are informed by the observed data. For example, if we sample only from the
extreme tails of the outcome distribution, then we cannot nonparametrically identify the
distribution in the middle, although we can estimate the regression parameters. The existing
semiparametric efficiency theory with missing data (Robins et al., 1995) requires positive
selection probability for every study subject, so as to identify all parameters.

We evaluated the efficiencies of existing two-phase designs and developed optimal designs.
A closely-related problem is to calculate the power and sample size for a specific design.
The variance formula given in (2) can be used for power and sample size calculations under
any two-phase design, provided that the first-phase data and the first and second moments of
the conditional distribution of X given Z are available.

We focused on the main effect of X If the primary interest lies instead in the interactions
between Xand Z, then we can include those interactions in the linear predictor /(.X;Z) and
derive the corresponding optimal designs. In this case, the design efficiency for logistic
regression may depend on stratum sizes even when var(.X| Z) is a constant.

We assumed that X'is a scalar. For multivariate X, var(D,/| £ = 1,Z) is still a scalar, whereas
var(X | Z) becomes a matrix. We can still use Theorem 1 to calculate Vg for any two-phase
design. The added complexity lies in the estimation of var(X | Z). We can define the design
efficiency based on the trace or determinant of Vg with the corresponding optimal designs
being “A-optimal” or “D-optimal”, respectively. Optimality criteria have been discussed in
the design of experiments literature; see Fedorov and Leonov (2013). The use of different
optimality criteria, such as the determinant, trace, or eigenvalues of the covariance matrix,
can yield different optimal designs, and which should be chosen in practice depends on the
scientific question of interest. Because var(D, | R=1,Z) is a scalar, the optimal designs still
select subjects with the largest or smallest values of Dy, in each stratum of Z and favors the
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strata with the largest values of the trace or determinant of var(X | Z). Theorem 2 and
Corollaries 1 and 2 with multivariate X can be derived similarly to the case of a scalar X.

Some of the early research on two-phase designs was concerned with the main effects of Z,
with Xas an expensive confounder, and the inference procedures were typically based only
on the second-phase data (White, 1982; Breslow and Cain, 1988). Because our efficient
inference procedures utilize the data on Z for all study subjects, our estimator of » under any
two-phase design is essentially as efficient as the maximum likelihood estimator based on
the full data.

We dealt with a single outcome. In large-scale cohort studies and electronic heath record
systems, a number of potentially correlated outcomes are observed. An interesting topic of
investigation is the optimal two-phase design when multiple continuous outcomes are of
equal importance. Tao et al. (2015) considered two multivariate outcome-dependent
sampling designs: the first design selects an equal number of subjects from the upper and
lower tails of each outcome distribution; the second design selects subjects from one tail of
each outcome distribution and uses a random sample as a common comparison group.
Although their simulation results indicated that the first design is more efficient than the
second one, it is unclear whether or not this conclusion holds broadly. Another interesting
topic is the optimal design when the outcome is longitudinal repeated measures (Schildcrout
et al., 2013). Our framework can be used to derive optimal designs for studies with multiple
or longitudinal outcomes.
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APPENDIX:: Technical Details

Let S,(/n) denote the score for nalong the submodel € — 7 (/n) for one complete Let
observation (Y; X; Z), where /»_ is the tangent direction along this submodel in that dn/{/) /
Oee=0 = n, and mo(/nm) = 1. Let Up denote the score for 8,U,(/1) denote the score for »
along the submodel n{/4), and Ur(/») denote the score for Falong the submodel {1 +

e (x, 2} x, 2) under the two-phase design, where /, belongs to

L) = {h:/h fdxdz =0, [h? fdxdz < oo}. Clearly,

Up = RD,(1. X, ZT)T +(1- R)E(DM(I, X, ZT)TIY, Z],

Uy(h1) = RSy(hy) + (1 = RE(S,(h)1Y, Z},
U p(hy) = Rhy(X, Z) + (1 — RE{hy(X, Z)IY, Z}.

The information operator is
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3 *k 3k
UjUg UjiUy UsU r |,

3k 3k *
UUg U3U, UU ¢

where Ug, U} and U;’} are the adjoint operators of Ug, U, and Uy, respectively. where g =0,

Dy and S;(/n) do not depend on X, and the calculations of the information operators can be
simplified greatly. We utilize this property to derive the semiparametric efficiency bound of
estimating S under general two-phase designs.

Let &y, 7, and 7 be the true values of 8, n, and £, respectively. We impose the following
regularity conditions:

Condition A.1. The set of covariates (X, Z) has bounded support.

Condition A.2. If there exist two sets of parameters (8y, n1, £) and (6, 1, ) such
that

PG],nz(Y|X7 Z)f1(X,Z)= po,, nz(Y|X» Z)f(X, 2Z),

where (Y, X, Z) liesin € = {(»,x,z):Pr(R = 11y,z) > 0}, then @, = &, 1 = mp, and £
= £. In addition, if there exists a constant vector v such that

[0log{p90, 110(” Ix, z)/pgo’ ,Io(yzlx, z)}/aG]Tu =0

for any (y;,x,z) € (i = 1,2), then v=0.

Condition A.3. The density function £ is positive in its support and g-times
continuously differentiable with respect to a suitable measure, where g> d,/ 2, and
dis the dimension of Z.

Condition A.4. The function E(R| Y; Z) is g-times continuously differentiable with
respect to Z in its support.

Remark A.1. Conditions A.1-A.4 correspond to Conditions (C.1)—(C.4) in Tao et al. (2017);
see Remark S.1 in Tao et al. (2017) for discussion of these conditions.
Because a, B, and y can be perturbed independently, we can write UjUg as

UiUq UUpR UZU,

UjUq UgUp UpUy |,

UjUq UpUp UU,

where U,, Ugand U, denote the scores for a, B, and y, respectively, and U, U;‘ and Uy

denote the adjoint operators of U,, Ugand U,, respectively. We state and prove the
following two lemmas, which will be used in the proof of Theorem 1.
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Lemma A.1. When g =0, the information operators for (8, n, f) are

UgUq = E(D}i). UpUy, = E(D;2Z" ) Uz, = E(DZ"),

UiUp = E{D%E(XI Z)}, UU, = E{D/%E(XI Z)ZT},

UjUp = E{DI%E(XI Z)z} + E{RD,% var(X| Z)},

U§Uy(h1) = B{DSy()}, UsUy(h1) = E{ D, ZSy(h1)},

UjUy(h1) = E{D,E(X1Z)Sy(h1)}, Uj;Uy(h1) = S;;Sy(h1),

UGU ¢(hp) = 0,U3U g(hp) = 0, U3U ¢(h2) = 0,

URU f(hp) = E[E{RD,| Z}{X - E(X12)}m(X. Z)].

UU f(hp) = E(RI Z)hy(X, Z) + E(1 - RIZ)E{ (X, Z)| Z},

where S; is the adjoint operator of S,

Proof of Lemma A.1. The calculations of the information operators follow from the
derivations in the proof of Theorem S.2 in Tao et al. (2017) and the fact that Yand Rare
independent of X conditional on Z when S=0. &

LemmaA.2. Let My =U f(Uj;U f)_lU} be the projection operator onto the score space of £

Suppose that /3 belongs to LS(@), where 2 is the probability measure indexed by (6, ), #).
When g =0 and Conditions A.1-A.4 hold,

Myhs = RE(RIZ)"Y{E(Rh3/ X, Z) — E(Rh31 Z)} + E(h31 Z), (A1)
where we define E(R| Z)™1 = 0 whenever E(R| Z) = 0.

Proof of Lemma A.2. We first derive Uj(h3). By the definition of adjoint operators,
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(Uf(ha). h3) = (2. U(h3)). (A2)

where (-,-) denotes the inner product in Hilbert space. Under 8= 0, Yand R are independent
of X given Z, such that the left side of equation (A.2) equals

E([Rhy(X, Z) + (1 = RE{hy(X, Z)| Z}|3(Y. X, Z))
E[E{Rh3(Y. X, Z)| X, ZYho(X, Z)] + E(E[E{(1 = Ryn3(Y, X, Z)| Z}hy(X, Z)| Z])
E([E{Rm3(Y, X, Z)IX, Z} + E{(1 - Rn3(Y, X, Z)| Z}|h(X, Z)).

Thus,

U(hs) = E{Rh3(Y. X, Z)1X. Z} + B{(1 - R)h3(Y. X, Z)| Z} . (A3)

Next, we calculate (U5U f)_l(hz). Assume, without loss of generality, that

(U}U f)_l(hz) = A(X, Z)hy(X, Z) + B(X, Z)E{hy(X, Z)| Z}, where A(X, Z) and B(X, Z)
belong to Ly(A = {#: I I faxaz < oo}. Clearly,

m(X. 2) = (U3U,)" (UFU)(n)
= A(X, Z)[E(RI Z)hy(X, Z) + {1 — E(RI Z)}E{hy(X, Z)| Z}] + B(X, Z
)E[E(RIZ)hy(X, Z) + {1 — E(RI Z)}E{hy(X, Z)| Z}| Z]

= A(X, Z)ERI Z)hy(X, Z) + [A(X, Z) - A(X, Z)E(RI Z) + B(X, Z)
}E{hz(X, 2)1Z).

(A4)

Because equation (A.4) holds for all A, € Lg(f), we have A(X, Z) = E(R| 2) L and B(X, 2)
=1-E(R|2)™. Thus,

(UjiUf)_l(hg) =ER)(Z) 'my(X, Z) + {1 —ERIZ)™! }E{hz(X, 2)1Z}. (A5

By combining equations (A.3) and (A.5), we obtain

(UjﬁUf)_lU}‘f(h3) = E(RIZ)"'[E(Rh31 X, Z) + E{(1 — R)h31 Z}]
+ {1 - BRI 2)" ' |E[B(RA31 X, Z) + E{(1 - R)h31 Z}1 Z]

= E(RI Z)"{E(Rh3|X, Z) = E(RIs| Z)} + E(h31 Z), (A6)
Mohy = Uf(U;ﬁUf)‘lU;f(hg = RE(RIZ)"Y{E(Rh3| X, Z) — E(Rh3| Z)}
+E(h31Z).

This concludes the proof of Lemma A.2. &

Proof of Theorem 1. By Lemma A.1, UZU r(ho) = 0, U5U f(hp) = 0, and U;iU p(ho) = 0, i.€.,

the score space for (a, ¥, i) and fare orthogonal when 8= 0. Thus, the inverse of the
efficiency bound for estimating B with one observation is
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3o =UjUs— (MUp,Ug) = (MUp, Up)

AT
= B[ DRE(X12)*} - (MU, Ug) — (MaUp, Upg) + E{ RD}; var(X12)}, A0
where M is the projection operator onto the score space of (a, ¥, 7). Clearly,
UxU, UEU, UzU,|" U
M, =[U, U, U,||\UsU, U3U, UsU,| |UZ|, (A8)
UiU, U3U, UEU,| U
3= E{D/%E(XIZ)Z} — (MUp.U).
We wish to calculate (M, Ug, Ug). By setting /13 = Ugin Lemma A.2, we have
MyUjs = RE(RIZ) ' E(RU4IX, Z) - E(RUS| Z)} + E(U}| Z). (A9)
We evaluate the expressions E(RUA X Z), E(RUAZ), and E(Ug Z) on the right side of
equation (A.9) as follows:
E(RUsX,Z) =E[R{RD,X + (1 - RE(D,X1Y,Z)}1X, Z| AL
=E(RD,|Z)X, (A.10)
E(RU4|Z) = E{E(RU4| X, Z)| Z} = E(RD,| Z)E(X1Z), (A11)
E(Usl Z) =E{RD,X + (1 - RE(D, XY, Z)| Z}
=E{RD,X +(1 - R)\D,E(X1Z)| Z} A1)
=E{RD,+(1 - RD,IZ|E(X|Z)
=0.
By combining equations (A.9), (A.10), (A.11), and (A.12), we have
MyU; = RE(RIZ) 'E(RD,| Z){X — B(X| Z)} . (A13)

In light of equation (A.13),

(MyUp,Ug) = E|RE(R1 Z)”"E(RD,| Z){ X - B(X1Z)

}{RDMX+ (1- R)D”E(XIZ)}]

= E[RE(RI Z)"'E(RD,,| Z){X — E(X| Z)}RDMX] (A.14)
= E[E(RI Z)"'E(RD,| Z)E{X2 —EX1Z2)X1Y, Z}RDM]

- E[E(RI Z)"'B(RD,] Z)* var(X| Z)] :

By combining equations (A.7), (A.8), and (A.14), we obtain
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Yo =X +E|[E(RD}1 Z) - E(RI Z)”'E(RD, | Z)?} var(X1 Z)]

=Y, +E[Rvar{D,IR =1, Z} var(X12Z)]. (A.15)

Because X is a continuous function of g, equation (A.15) continues to hold when = o(1).
Taking the inverse of both sides of equation (A.15) yields equation (2). &

Proof of Theorem 2. By Theorem 1, for any fixed E(R| Z) = g >0, we wish to find Pr(R=1|
Dy, Z) that maximizes var(D, | R=1, Z), which is equal to

E(RD}1 Z)/E(RIZ) - E(RD,| Z) /E(RI Z)?. If we further fix E(RD, | Z) = m, then this
maximization is equivalent to maximizing E(RD,%IZ) subject to the constraints of E(R| Z) =
gand E(RD,| Z) = m. That is, we wish to find Pr(R = 1| D,, Z) that maximizes

/;Mdl%Pr(R = 11Dy, = dy,. Z)dF(d,| Z)

subject to the constraints

ﬁ ﬂPr(R =11D,=d,, Z)dF(d,| Z) = g, (A.16)
Adﬂpr(ze 11D, = d,. Z)dF(d,1Z) = m. (a7

Using the method of Lagrange multipliers, we aim to maximize

ﬁu(d,% —& - ézdﬂ)Pr(R = 11D, = dy, Z)dF(d,,| Z),

where & and & are the Lagrange multipliers. By the arguments in the proof of the
Neyman-Pearson lemma (Lehmann and Romano, 2005), we can show that

1t (df— & - &ady) > 0,
Pr(RP' = 11D, = dy, Z) = ez if (d,% —¢ - ézdﬂ) =0,

0 otherwise,
where ¢ is a constant such that pr(/°Pt = 11D, = a), Z) satisfies constraints (A.16) and
(A.17). This immediately leads to expression (5). &

Proof of Corollary 1. Again, we appeal to the arguments in the proof of the Neyman—
Pearson lemma (Lehmann and Romano, 2005). Specifically, if R ”is another second-phase
sampling rule that satisfies budget constraint (4), then
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E{(Riinex = R[(Y = (@)} var(x12) - ) 2 0

by the definition of leear This inequality can be rewritten as

E[ROP

hex [Y = M@} var(X1 2)|  E[R(Y = 4(2)) var(X1Z)

p N
2 COE(leear - R ) =0.

It follows that

linear
> E[R (Y — u(Z))? var(X| Z)] = E(E[R’{Y - w(Z))? Z] var(X | Z)) (A18)
> E{R'var(YIR' =1, Z) var(X1Z)} .

E[R‘)Pt (Y — w(Z))? var(X| Z)]

When 8= 0, Yis independent of X given Z, and the conditional distribution of Y'— 1(2Z)
given Z is symmetric about 0. Thus,

linear

E[R"pt (Y = w(2)}1 Z] =0. (A.19)

By combining inequality (A.18) and equality (A.19), we obtain

opt _ _ opt
E{ Rifhear var(YIR = 1, Z) var(X12)| = E| Rijhex

>E{R var(YIR' =1, Z)var(X | Z)} .

Y - w2))? var(X/Z)]

That is, the second-phase sampling rule Rﬁﬁgar maximizes expression (3) over all rules R~
that satisfy budget constraint (4). &

Proof of Corollary 2. To maximize expression (9), we first fix E(R| Z) €[0,1] and search for
the value of E(R| Y'=1, Z) that maximizes

E(RIY =1, Z){E(RI Z) - E(RIY = 1, Z)EY| Z)} (A.20)

subject to the constraint

_1-E(RIZ) _ . [E(RIZ)
maxi 1 —E(YIZ) 0 <E(RIY—1,Z)5mm[E(Y|Z) 1] (A.21)
This constraint arises from the relationship

E(RIZ)=E(RIY =1, Z)E(YIZ)+E(RIY =0, Z){1 —E(Y|Z)} (A.22)

and the fact that E(R| Y'=1, Z) and E(R| Y= 0, Z) are conditional probabilities. We
consider two scenarios for E(R| Z).

JAm Stat Assoc. Author manuscript; available in PMC 2021 March 12.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Tao etal.

Page 22
Scenario 1:E(R| Z) < 2E(Y'| Z). Let
E(RIY =1,Z) =E(RIZ)/{2E(Y1Z)} . (A.23)
By equation (A.22),
E(RY =0,Z) =E(RIZ)/[2{1 —E(Y12)}]. (A.24)

Clearly, both E(R| Y=1, Z) and E(R| Y=0, Z) liein [0,1], and E(R| Y= 1, Z) maximizes
expression (A.20). Under this sampling rule, E(RY'| Z) = E{R(1-Y) | Z}, so we should
select an equal number of cases and controls in this stratum.

Scenario 2:E(R| Z) > 2E(Y'| Z). The upper bound for E(R| Y'=1, Z) in constraint (A.21) is
one. Because E(R| Z)/ {2E( Y| Z)}>1, the maximum of expression (A.20) is attained when
E(R| Y=1, Z) = 1. By equation (A.22),

E(RIZ) - E(Y1Z)

E(RIY =0,2) = = “557 7

Clearly, E(RY| Z) < E{R(1 - Y) | Z}, so we should select all cases and a larger number of
controls in this stratum.

By taking into account both scenarios, we see that expression (9) can be written as
expression (11). We then search for the optimal E(R| Z) that maximizes expression (11)
subject to budget constraint (4).

Now consider the special case when var(X| Z) is a constant and E(R) < 2E(Y). We first
show that there exists a design such that E(R| Z) < 2E( Y| Z). In fact, if we define (zy (= inf
{(z(: 2Pr(Y=1,(Z(>(zy () £z}, which is finite, then the design with E(R|Z=2) =2E(Y| Z
=2) for (z(>(zg (and E(R Z = 7p) = =— Pr(R =1, (Z (>(zy () satisfies the condition. For any
such design, if we further let E(R| Y=1,Z) = E(R| Z) / {2E(Y'| 2)}, then the value of
expression (11) equals constant var(X) z/ 4. On the other hand, expression (11) is bounded
by var(X) z/ 4 because

E(YIZ)[I - E(Y'Z)} <ERIZ)

ERIZ) 7

Hence, any design that satisfies E(R| Z) < 2E( Y| Z) and

E(RIY = 1,2Z) = E(RIZ)/{2E(Y| Z)}

is optimal. B
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Estimates of the genetic effects, shown in the upper right triangle, and standard errors,
shown in the lower left triangle, from the linear regression of the log-transformed body mass
index on SNPs in the deeply phenotyped reference for the National Heart, Lung, and Blood
Institute Exome Sequencing Project.
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Table 1

Simulation Results for Linear Regression With Discrete Covariates

Analytical Empirical Efficiency
standard error of ﬁ standard error ofﬁ relativeto SRS
Po Py B y| SRS | ODS | RDS | OPT SRS | ODS | RDS | OPT | ODS | RDS | OPT
07107 |00 00| 0109 | 0052 | 0.052 | 0.052 | 0.109 | 0.053 | 0.053 | 0.053 | 4.23 | 424 | 4.24
0.5 | 0.109 | 0.058 | 0.052 | 0.052 | 0.109 | 0.058 | 0.053 | 0.053 | 3.53 | 424 | 4.24
1.0 | 0.109 | 0.080 | 0.052 | 0.052 | 0.109 | 0.081 | 0.053 | 0.053 183 | 424 | 424
0.3 ] 0.0 | 0.108 | 0.052 | 0.052 | 0.052 | 0.108 | 0.054 | 0.054 | 0.054 | 3.96 | 3.95 3.95
0.5 | 0.108 | 0.057 | 0.052 | 0.052 | 0.108 | 0.060 | 0.054 | 0.054 | 3.21 | 3.95 3.95
1.0 | 0.108 | 0.078 | 0.052 | 0.052 | 0.108 | 0.082 | 0.054 | 0.054 171 | 3.95 3.95
05 ] 0.0 | 0.107 | 0.051 | 0.051 | 0.051 | 0.104 | 0.057 | 0.057 | 0.057 331 | 331 3.31
0.5 | 0.107 | 0.056 | 0.051 | 0.051 | 0.104 | 0.062 | 0.057 | 0.057 277 | 331 331
1.0 | 0.107 | 0.076 | 0.051 | 0.051 | 0.104 | 0.083 | 0.057 | 0.057 155 | 331 3.31
05109 | 00100 0122 | 0.058 | 0.058 | 0.055 | 0.122 | 0.059 | 0.058 | 0.055 | 4.35 | 4.37 5.01
0.5 ] 0.122 | 0.064 | 0.058 | 0.055 | 0.122 | 0.065 | 0.058 | 0.055 | 3.50 | 4.37 5.01
1.0 | 0.122 | 0.089 | 0.058 | 0.055 | 0.122 | 0.090 | 0.058 | 0.055 182 | 437 5.01
0.3 | 0.0 | 0.120 | 0.058 | 0.057 | 0.054 | 0.117 | 0.059 | 0.060 | 0.055 | 3.89 | 3.87 | 451
0.5 | 0.120 | 0.067 | 0.057 | 0.054 | 0.117 | 0.068 | 0.060 | 0.055 | 3.02 | 3.87 | 4.51
1.0 | 0.120 | 0.096 | 0.057 | 0.054 | 0.117 | 0.095 | 0.060 | 0.055 153 | 387 | 451
05 ] 0.0 | 0.119 | 0.057 | 0.056 | 0.053 | 0.110 | 0.061 | 0.061 | 0.056 | 3.19 | 3.23 3.82
0.5 | 0.119 | 0.068 | 0.056 | 0.053 | 0.110 | 0.070 | 0.061 | 0.056 245 | 3.23 3.82
1.0 | 0.119 | 0.099 | 0.056 | 0.053 | 0.110 | 0.097 | 0.061 | 0.056 129 | 3.23 3.82
01]05| 001 0.0 0122 | 0.058 | 0.058 | 0.055 | 0.123 | 0.059 | 0.059 | 0.055 | 4.36 | 4.36 5.00
0.5 | 0.122 | 0.064 | 0.058 | 0.055 | 0.123 | 0.066 | 0.059 | 0.055 | 3.52 | 4.36 5.00
1.0 | 0.122 | 0.088 | 0.058 | 0.055 | 0.123 | 0.091 | 0.059 | 0.055 182 | 4.36 5.00
0.3 ] 0.0 | 0.120 | 0.058 0.05 | 0.054 | 0.118 | 0.060 | 0.060 | 0.056 | 3.88 | 3.87 | 4.40
0.5 0.12 | 0.067 | 0.057 | 0.054 | 0.118 | 0.068 | 0.060 | 0.056 | 3.03 | 3.87 | 4.40
1.0 | 0.120 | 0.096 | 0.057 | 0.054 | 0.118 | 0.096 | 0.060 | 0.056 152 | 3.87 | 440
0. 0. 0.11 0.05 0.05 0.05 0.11 0.06 0.06 005 | 318 | 3.19 3.72
5 0 9 7 6 3 0 2 2 7
0.5 ] 0.119 | 0.068 | 0.056 | 0.053 | 0.110 | 0.071 | 0.062 | 0.057 243 | 3.19 3.72
1.0 | 0.119 | 0.099 | 0.056 | 0.053 | 0.110 | 0.097 | 0.062 | 0.057 128 | 3.19 3.72

NOTE: SRS, ODS, RDS, and OPT denote simple random sampling, outcome-dependent sampling, residual-dependent sampling, and optimal

design, respectively. Each entry is based on 10,000 replicates.
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Table 2

Relative Efficiencies of Two-Phase Designs to Simple Random Sampling for Linear Regression With a
Continuous Expensive Covariate

Without a simple With asimple
random sample random sample
z x B ¥y | ODS | RDS | OPT | ODS | RDS | PDS | OPT

Bern(05) 00|00 |00 | 441 | 440 | 440 | 324 | 324 | 244 | 322

05| 355 | 440 | 440 | 282 | 3.24 | 244 | 3.22

1.0 188 | 440 | 440 | 212 | 324 | 244 | 3.22

03|00 | 257 | 260 | 260 | 229 | 230 | 1.93 | 2.28

05| 214 | 260 | 260 | 2.08 | 230 | 1.93 | 2.28

10| 137 | 260 | 260 | 1.74 | 230 | 1.93 | 2.28

05 | 0.0 130 | 1.30 | 130 | 148 | 149 | 141 | 148

05| 112 | 130 | 130 | 142 | 149 | 141 | 148

10| 085 | 130 | 130 | 132 | 149 | 141 | 148

-07 100 ] 00| 440 | 440 | 507 | 3.26 | 3.26 | 252 | 3.83

05| 355 | 440 | 507 | 283 | 3.26 | 252 | 3.83

10| 188 | 440 | 507 | 213 | 326 | 252 | 3.83

03|00 | 248 | 249 | 290 | 214 | 215 | 2.01 | 235

05| 208 | 249 | 290 | 193 | 215 | 201 | 235

10| 135 | 249 | 290 | 163 | 215 | 201 | 235

05|00 | 141 | 141 | 165 | 145 | 146 | 141 | 146

0.5 120 | 141 165 | 136 | 146 | 141 | 1.46

10| 089 | 141 | 165 | 123 | 146 | 141 | 146

Unif(0, 1) 00| 00|00 | 493 | 494 | 494 | 357 | 356 | 2.00 | 3.56

05| 461 | 493 | 493 | 338 | 355 | 200 | 3.55

10 | 369 | 494 | 494 | 299 | 355 | 2.00 | 355

03|00 | 282 | 283 | 283 | 250 | 250 | 2.01 | 250

05| 265 | 283 | 283 | 241 | 251 | 202 | 251

10| 226 | 283 | 283 | 222 | 251 | 201 | 251

05 | 0.0 136 | 1.36 136 | 158 | 157 | 151 | 157

05| 130 | 136 | 136 | 154 | 157 | 150 | 1.57

1.0 116 | 1.36 136 | 148 | 157 | 150 | 1.57

-07 10000 )| 492 | 492 | 506 | 357 | 356 | 1.85 | 3.79

05| 460 | 492 | 506 | 3.38 | 356 | 1.86 | 3.79

10| 369 | 492 | 506 | 299 | 356 | 1.85 | 3.79

03|00 | 318 | 321 | 340 | 268 | 267 | 186 | 2.77

05| 299 | 320 | 339 | 255 | 267 | 1.86 | 276

10| 255 | 321 | 339 | 236 | 267 | 186 | 2.76

05|00 | 18 | 182 | 19 | 186 | 186 | 1.69 | 1.85
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Without a simple With asimple
random sample random sample
Z x B y | ODS | RDS | OPT | ODS | RDS | PDS | OPT
0.5 1.72 1.82 1.96 1.81 1.86 | 1.69 1.85
1.0 1.52 1.82 1.96 1.71 186 | 1.69 1.85

Page 28

NOTE: ODS, RDS, PDS, and OPT denote outcome-dependent sampling, residual-dependent sampling, probability-dependent sampling, and

optimal design, respectively. Each entry is based on 10,000 replicates.
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Table 3

Relative Efficiencies of Other Two-Phase Designs to Case-Control Sampling for Logistic Regression

Common disease Rare disease

E(Z)=03 E(Z)=05 E(Z)=0.7 E(@Z)=01

Po P1 B| | SCC | OPT | SCC | OPT | SCC | OPT | SCC | OPT
07107 |00 0| 098 1.00 | 1.03 1.04 | 097 1.00 | 099 | 0.98
1] 1.04 1.05 | 1.08 1.10 | 1.03 1.07 | 1.05 1.05

2| 123 1.27 | 1.30 129 | 118 119 | 117 1.17

03] 0| 0.96 1.01 | 1.04 1.05 | 0.97 1.00 | 1.01 1.03

1] 1.04 1.07 | 1.09 1.07 | 1.05 1.03 | 1.06 1.05

2| 124 128 | 1.22 126 | 117 119 | 118 1.19

051 0| 0.99 1.01 | 1.02 1.00 | 1.01 1.04 | 1.01 | 0.99

1] 1.08 1.10 | 1.05 1.07 | 1.04 1.07 | 1.05 1.03

2| 1.28 133 | 1.23 1.26 | 1.13 115 | 114 1.12

05]09|00] 0| 084 1.20 | 1.02 145 | 1.25 177 | 097 1.02
1] 0.90 129 | 115 166 | 1.44 | 2.04 | 0.99 1.10

2| 110 164 | 156 218 | 171 251 | 095 1.10

03] 0| 083 1.19 | 1.00 147 | 127 185 | 0.97 1.05

1] 091 131 | 116 1.65 | 145 2.08 | 0.99 1.08

2| 111 156 | 1.52 217 | 1.82 262 | 0.96 1.10

05] 0| 082 123 | 1.02 150 | 1.29 195 | 1.01 1.06

1] 092 131 | 114 172 | 147 216 | 0.98 1.07

2| 112 158 | 157 218 | 1.86 275 | 0.96 1.09

0105|100 0] 122 1.80 | 0.98 146 | 0.85 121 | 101 1.02
1] 129 1.90 | 0.99 147 | 0.86 122 | 116 1.22

2| 152 210 | 112 158 | 0.90 128 | 155 1.56

03] 0| 120 1.73 | 1.01 146 | 0.84 120 | 1.01 1.04

1] 129 184 | 1.01 141 | 084 117 | 116 1.24

2| 158 219 | 1.10 158 | 0.87 123 | 146 1.50

05] 0| 122 1.74 | 0.98 137 | 084 116 | 1.02 1.06

1] 127 1.80 | 1.00 141 | 0.87 120 | 116 1.23

2| 153 211 | 1.16 158 | 0.89 123 | 141 1.43

NOTE: SCC and OPT denote stratified case-control sampling and optimal design, respectively. Each entry is based on 10,000 replicates.
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Table 4

Relative Efficiencies of Other Two-Phase Designs to Case-Cohort Sampling Under the Proportional Hazards
Model

High censoring rate Moder ate censoring rate

Po Py B Y| SCC | NCC | CM | YDS | OPT | SCC | ODS | YDS | OPT

07|07 00]00] 101 1.01 | 097 | 1.06 | 1.07 | 1.02 | 099 | 135 | 1.36

05 | 1.02 1.02 | 095 | 1.08 | 1.12 | 1.02 | 101 | 144 | 150

10| 111 1.07 | 0.90 | 1.17 1.28 | 1.07 1.01 | 1.58 1.94

03 | 0.0 | 1.02 1.02 | 1.00 | 1.09 | 110 | 1.00 | 100 | 138 | 141

05| 1.05 1.03 | 098 | 1.13 116 | 1.02 1.00 | 1.50 1.56

1.0 | 1.06 1.04 | 087 | 112 | 123 | 1.02 | 098 | 1.62 | 2.00

05| 0.0 | 1.00 1.03 | 1.02 | 111 111 | 1.01 | 098 | 1.43 1.43

05| 1.01 1.02 | 097 | 111 | 114 ) 099 | 093 | 152 | 1.60

1.0 | 1.03 1.03 | 090 | 114 | 124 | 1.04 | 093 | 165 | 205

05|09 00| 00] 09 1.03 | 1.04 | 1.08 | 1.18 | 0.99 | 097 | 134 | 162

05| 0.96 103 | 103 | 1.09 | 113 | 1.05 ) 097 | 139 | 1.69

1.0 | 0.96 1.03 1 099 | 112 | 115 ) 113 | 099 | 150 | 1.82

03| 0.0 | 097 1.02 | 1.02 | 1.08 | 1.17 | 1.02 | 098 | 137 | 1.74

05 | 095 1.05 | 107 | 114 | 114 ) 110 | 100 | 148 | 187

1.0 | 0.95 1.04 | 1.01 | 115 115 | 1.13 | 0.95 | 1.50 1.84

05| 0.0 | 0.98 101 | 105 | 111 | 117 ) 1.07 | 098 | 145 | 190

05| 093 1.04 | 1.05 | 112 112 | 1.13 | 098 | 151 1.99

1.0 | 0.93 1.02 | 098 | 114 | 112 | 117 | 094 | 151 | 1.89

01]05]00]| 00| 097 101 | 099 | 1.06 | 1.14 | 099 | 095 | 1.30 | 1.56

05| 1.06 1.02 | 093 | 1.09 | 126 | 098 | 094 | 146 | 1.86

1.0 | 1.22 106 | 082 | 115 ] 143 | 096 | 093 | 163 | 233

03| 00| 101 099 | 098 | 1.06 | 1.13 | 1.02 | 0.96 | 1.38 | 1.62

05)] 106 | 105|092 | 109 | 126 | 0.98 | 090 | 1.49 | 1.90

1.0 | 119 1.05 1081 | 117 | 143 | 1.01 | 094 | 178 | 250

05| 0.0 | 1.03 1.03 | 1.02 | 110 | 117 | 0.9 | 093 | 140 | 161

05| 1.10 1.05 1 094 | 114 | 128 | 1.00 | 091 | 158 | 200

1.0 | 117 1.07 | 081 | 1.18 144 | 1.00 | 092 | 1.73 | 243

NOTE: SCC, NCC, CM, ODS, YDS, and OPT denote stratified case-cohort sampling, nested case-control sampling, counter-matching, general
failure-time outcome-dependent sampling, Y-dependent sampling, and optimal design, respectively. Each entry is based on 10,000 replicates.
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