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Abstract

Sample correlation matrices are widely used, but for high-dimensional data little is known about
their spectral properties beyond “null models”, which assume the data have independent
coordinates. In the class of spiked models, we apply random matrix theory to derive asymptotic
first-order and distributional results for both leading eigenvalues and eigenvectors of sample
correlation matrices, assuming a high-dimensional regime in which the ratio p/n, of number of
variables pto sample size n, converges to a positive constant. While the first-order spectral
properties of sample correlation matrices match those of sample covariance matrices, their
asymptotic distributions can differ significantly. Indeed, the correlation-based fluctuations of both
sample eigenvalues and eigenvectors are often remarkably smaller than those of their sample
covariance counterparts.

Keywords
Sample correlation; eigenstructure; spiked models

1. Introduction

Estimating a correlation matrix is a fundamental statistical task. It is widely applied in areas
such as viral sequence analysis and vaccine design in biology (Dahirel et al., 2011, Quadeer
et al., 2014, 2018), large portfolio design in finance (Plerou et al., 2002), signal detection in
radio astronomy (Leshem and van der Veen, 2001), and collaborative filtering (Liu et al.,
2014, Ruan et al., 2016), among many others. In classical statistical settings, with a limited
number of variables pand a large sample size 7, the sample correlation matrix performs well
and its statistical properties are well understood; see, for example, Girshick (1939), Konishi
(1979), Fang and Krishnaiah (1982), Schott (1991), Kollo and Neudecker (1993), and Boik
(2003). Modern applications, however, often exhibit high dimensionality, with large pand,
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in many cases, limited #. In such cases, sample correlation matrices become inaccurate
owing to an aggregation of statistical noise across the matrix coordinates that is visible in the
eigen-spectrum (EI Karoui, 2009). This is particularly important in principal component
analysis (PCA), which often involves projecting data onto the leading eigenvectors of the
sample correlation matrix or, equivalently, onto those of the sample covariance matrix after
standardizing the data.

Despite the extensive use of sample correlation matrices, relatively little is known about
theoretical properties of their eigen-spectra in high dimensions. In contrast, sample
covariance matrices have been studied extensively, and a rich body of literature now exists
(e.g., Yao et al. (2015)). Their asymptotic properties have typically been described in high-
dimensional settings in which the number of samples and variables both grow large, often
though not always at the same rate, based on the theory of random matrices. Specific first-
and second-order results for the eigenvalues and eigenvectors of sample covariance matrices
are reviewed in Bai and Silverstein (2009), Couillet and Debbah (2011), and Yao et al.
(2015).

For the spectra of high-dimensional sample correlation matrices, current theoretical results
focus on the simplest “null model” scenario, in which the data are assumed to be
independent. In this null model, correlation matrices share many of the same asymptotic
properties as covariance matrices from independent and identically distributed (i.i.d.) data,
with zero mean and unit variance. Thus, the empirical eigenvalue distribution converges to
the Marchenko—Pastur distribution, almost surely (Jiang, 2004b), and the largest and
smallest eigenvalues converge to the edges of this distribution (Jiang, 2004b, Xiao and Zhou,
2010). Moreover, the rescaled largest and smallest eigenvalues asymptotically follow the
Tracy—Widom law (Bao et al., 2012, Pillai and Yin, 2012). Central limit theorems (CLTSs) for
linear spectral statistics have also been derived (Gao et al., 2017). A separate line of work
studies the maximum absolute off-diagonal entry of sample correlation matrices, referred to
as “coherence” (Jiang, 2004a, Cai and Jiang, 2011, 2012), which has been proposed as a
statistic for conducting independence tests; see also Cochran et al. (1995), Mestre and Vallet
(2017), and the references therein. Hero and Rajaratnam (2011, 2012) use a related statistic
to identify variables exhibiting strong correlations, an approach referred to as “correlation
screening.”

For non-trivial correlation models, however, asymptotic results for the spectra of sample
correlation matrices are quite scarce. Notably, ElI Karoui (2009) shows that, for a fairly
general class of covariance models with bounded spectral norm, to first order, the
eigenvalues of sample correlation matrices asymptotically coincide with those of sample
covariance matrices with unit-variance data, generalizing earlier results of Jiang (2004b) and
Xiao and Zhou (2010). Under similar covariance assumptions, recent work also presents
CLTs for linear spectral statistics of sample correlation matrices (Mestre and Vallet, 2017),
extending the work of Gao et al. (2017). First order behavior again coincides with that of
sample covariances. However, the asymptotic fluctuations are quite different for sample
correlation matrices.
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This study considers a particular class of correlation matrix models, the so-called “spiked
models,” in which a few large or small eigenvalues of the population covariance (or
correlation) matrix are assumed to be well separated from the rest (Johnstone, 2001). Spiked
covariance models are relevant in applications in which the primary covariance information
lies in a relatively small number of eigenmodes. Such applications include collaborative
signal detection in cognitive radio systems (Bianchi et al., 2009), fault detection in sensor
networks (Couillet and Hachem, 2013), adaptive beamforming in array processing (Hachem
etal., 2013, Vallet et al., 2015, Yang et al., 2018), and protein contact prediction in biology
(Cocco et al., 2011, 2013). The spectral properties of spiked covariance models have been
well studied, with precise analytical results established for the asymptotic first-order and
distributional properties of both eigenvalues and eigenvectors; see, for example, Baik et al.
(2005), Baik and Silverstein (2006), Paul (2007), Bai and Yao (2008), Benaych-Georges and
Nadakuditi (2011), Couillet and Hachem (2013), Bloemendal et al. (2016). For reviews, see
also Couillet and Debbah (2011, Chapter 9) and Yao et al. (2015, Chapter 11).

Less is known about the spectrum of sample correlation matrices under spiked models.
Although the asymptotic first-order behavior is expected to coincide with that of the sample
covariance, as a consequence of El Karoui (2009), a simple simulation reveals striking
differences in the fluctuations of both sample eigenvalues and eigenvectors; see Figure 1.

Here, we present theoretical results to describe these observed phenomena. We obtain
asymptotic first-order and distribution results for the eigenvalues and eigenvectors of sample
correlation matrices under a spiked model. Paul (2007) proved theorems for sample
covariance matrices in the special case of Gaussian data. In essence, we present analogs of
these theorems for sample correlation matrices, and extend them to non-Gaussian data. To
first order, the eigenvalues and eigenvectors coincide asymptotically with those of sample
covariance matrices; however, their fluctuations can be very different. Indeed, for both the
largest sample correlation eigenvalues (Theorem 1) and the projections of the corresponding
eigenvectors (Theorem 2), the asymptotic variances admit a decomposition into three terms.
The first term is just the asymptotic variance for sample covariance matrices generated from
Gaussian data; the second adds corrections due to non-Gaussianity, and the third captures
further corrections due to data normalization imposed by the sample correlation matrix.
(This last amounts to normalizing the entries of the sample covariance matrix using the
sample variances). Consistent with the example shown in Figure 1(a), in the CLT for the
leading sample eigenvalues, the sample correlation eigenvalues often show lower
fluctuations—despite the variance normalization—than those of the sample covariance
eigenvalues. As seen in Figure 1(b), the (hormalized) eigenvector projections are typically
asymptotically correlated, even for Gaussian data, unlike the sample covariance setting of
Paul (2007, Theorem 5).

Technical contributions

We build on and extend a set of random matrix tools for studying spiked covariance models.
The companion manuscript (Johnstone and Yang, 2018) [JY], gives an exposition and
parallel treatment for sample covariance matrices. Important adaptations are needed here to
account for the data normalization imposed by sample correlation matrices. Among key

Stat Sin. Author manuscript; available in PMC 2021 April 07.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Morales-Jimenez et al. Page 4

Model M

Notation

technical contributions of our work, basic to our main theorems, are asymptotic first-order
and distributional properties for bilinear forms and matrix quadratic forms with normalized
entries, Section 4. A novel regularization-based proof strategy is used to establish the
inconsistency of eigenvector projections in the case of “subcritical” spiked eigenvalues,
Theorem 3.

Let x € R™* P be a random vector with finite (4+&)th moment for some &> 0. Consider the
partition

Assume that £ € R™ has mean zero and covariance Z, and is independent of # € R?, which
has i.i.d components 7;with mean zero and unit variance. Let £ = diag(of. ..., o%) be the

diagonal matrix containing the variances of &; and letT = 21‘)1/2225”2 be the correlation

matrix of & with eigen-decomposition T' = PLPT, where P= [p, ..., p] is the eigenvector
matrix, and L = diag(4, ..., 4, contains the spike correlation eigenvalues 4 > ... = £,> 0.

The correlation matrix of xis therefore T, = blkdiag(T, /), with eigenvalues 4, ..., 4,1, ...,
1, and corresponding eigenvectors py. ... by, Epel, -, Enpep WhHere p; = [pl-TOZ;]T and g;is the

Jth canonical vector (i.e., a vector of all zeros, except for a one in the jth coordinate).

Consider a sequence of i.i.d. copies of x, the first 7of which fill the columns of the (m+ p)
x n1data matrix X'= (x;). We assume m is fixed, whereas pand 7 increase with

ym=pln—y>0 as pn— .

Let S= 7 1xX7 be the sample covariance matrix, and Sp, = diag(&% ..... 52 p) be the

diagonal matrix containing the sample variances. Let R = 53'/2555!/? be the sample
correlation matrix, with corresponding vth sample eigenvalue and eigenvector satisfying

Rﬁv = ?vﬁv,

L T . - .
where, for later use, we partition p, = [ﬁ{, uﬂ . Here 5, is the subvector of p, restricted to

the first /m coordinates.

For ¢ > 1 +/y, define

4 . dp(?,
WD =y MO = ”f3/>=1-(/1)2.
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For an index v, for which 7, > 1 +/y is a simple eigenvalue, set

Py = P(fv’ 3/)5 Pvn = p(€s Yn)v Py = p.(fv’ Y): Pon= p(fv’ }/n) . (1.1)

We refer to eigenvalues satisfying 7, > 1 +/y as “supercritical,” and those satisfying
¢, < 1 +4Jy as “subcritical,” with the quantity 1 + /y referred to as the “phase transition.”

To describe and interpret the variance terms in the limiting distributions to follow, we need
some definitions. Let &; = &/0; and «;; = EE;£; denote the scaled components of £ and their

covariances; of course x;;= 1. The corresponding scaled fourth-order cumulants are
Kijirj = E[E&ErE )| — Kijir j — Kk — Kirk - (12
When £is Gaussian,; ji'j» = 0.

The effect of variance scaling in the correlation matrix is described using additional
quadratic functions of (&;), defined by

xij=¢i&) wij= Kij(f_,-z+§_?)/2 (1.3)
Kijirj = Cov(wijwirjr) — Cov(wij xirj) — Cov(xijs wirjr) - (1.4)

Tensor notation
For convenience, it is useful to consider «; ;- and ;- as entries of four-dimensional tensor
arrays xand &, respectively, and to define an additional array ##*¥ with entries
Py, iPy', jPv,i’Pv, j- IN addition, define " as 2***". Finally, for a second array A of the same
dimensions,

(7% al= X Py
LT

2. Main results
Our first main result, proved in Section 5, gives the asymptotic properties of the largest

(spike) eigenvalues of the sample correlation matrix:

Theorem 1

Assume Model M, and that ¢, > 1 +\y Is a simple eigenvalue. As p/n—> y >0,

. - as.
() Cy— py,

N (2.5)
W) @y pu) > N(0.52),

where
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51 =2p 00+ PP k| + PPV K. 26)
Centering at p,,, rather than at p,, is important. If, for example, y,= » + a2, then

~ 9D _
Ji@y - p) > NGt (£, - 1)1, 6D,

and we see a limiting shift. Furthermore, it may also be beneficial to consider &3,1 instead of

63, obtained by replacing p, with p,,, in (2.6), such that

~ .9
Jn(y = py)!Gyn = N, 1).

The asymptotic first-order limit in (/), which follows as an easy consequence of El Karoui
(2009), coincides with that of the +th largest eigenvalue of a sample covariance matrix
computed from data with population covariance I" (Paul, 2007). This implies that, when
constructing /&, normalizing by the sample variances has no effect on the leading
eigenvalues, at least to first order.

However, key differences are seen when looking at the asymptotic distribution, given in (/J),
and in the variance formula (2.6) in particular. This can be readily interpreted. The first term
corresponds to the variance in the Gaussian-covariance case of Paul (2007), again for
samples with covariance I'. The second provides a correction of that result for non-Gaussian
data, see the companion article [JY]. The third term describes the contribution specific to
sample correlation matrices, representing the effect of normalizing the data by the sample
variances. This term is often negative, and is evaluated explicitly for Gaussian data in
Corollary 1 below, proved in the Supplementary Material, S1.1.

For & Gaussian, the asymptotic variance in Theorem 1 simplifies to

g . 4 2
2= 2f%pv[1 - pv(2fvtrPD’ y—t(Pp \CPp) )]

where Pp ,, = diag(0y,1, ..., Pyv,m)-

Thus, computing the sample correlation results in the asymptotic variance being scaled by
1 - p,A,, relative to the sample covariance, where

2 2
Ay = 2fv[rPéll), v tl'(PD, vIPD, v) = vaz P\A,r,i - z (Pv, iKijPv, j)
i i

is often positive, implying that spiked eigenvalues of the sample correlation often exhibit a
smaller variance than those of the sample covariance. Indeed, such variance reduction occurs
iff

Stat Sin. Author manuscript; available in PMC 2021 April 07.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Morales-Jimenez et al.

Theorem 2

Page 7

Z Py, sz]Pv J < 27 va [ ZPV iKijDy, j(p\/ i +Pv j) 2.7
i,j i,j

with the last identity following from the fact that #,p, ; = ¥ ;i p,, ;. Condition (2.7), and
variance reduction, holds in the following cases:

i both I' and p,, have nonnegative entries, or
|| ZKVZipéJ>1,Or
i 27, 3.

In case (i), the inequalities 0 < p,, jx;;py, j < 2py,ipy, j < pai + p%,,- yield (2.7). Note that if I

has nonnegative entries, then the Perron—Frobenius theorem establishes the existence of an
eigenvector with nonnegative components for 4; furthermore, if I has positive entries, by the
same theorem, 4 is simple and associated with an eigenvector with positive components.

Case (ii) follows from ¥; ;(py, ixijpv, J-)2 <Y i(py,ipy, j)2 =1, and holds if Z,> m/2, because
Y pi ;> 1/m. Case (iii) follows from the inequalities 2p2 ;p2 ; < i ; + py. ; and
Tid=(r?), < Il = 7. Note that this is rather special, in that it has nothing to do with

eigenvectors, and a necessary condition for it to hold is £ < 2.

Condition (2.7) can fail, however. For example, for even mand r € (0, 1), consider

1 —r T
F=(_r 1)®1m/21m/2’

where 1,,, is the (/m/2)-dimensional vector of all ones, which corresponds to two negatively
correlated groups of identical random vectors. This has simple supercritical eigenvalues 4 =
(L+nmR2and 4= (1 - Am2 when m > 2(1 ++/y)/(1 - r), with p2 ; = m~! for v=1, 2. One
finds that A, = (1 - 2r— )2 < 0 for r > /2 — 1, although A1 > 0 because 4 > m/2, which
implies case (ii).

We turn now to the eigenvectors. Again, fix an index v for which #, > 1 +/y is a simple

eigenvalue of T', with corresponding eigenvector p, = [pVT OT] Recall that p, = [pv “ﬂ is
the vth sample eigenvector of R, and let a, = p,/||p, || be the corresponding normalized
subvector of p,, restricted to the first 77 coordinates. The next result establishes a limit for
the eigenvector projection (ﬁv, pv), and a CLT for the normalized cross-projections

Pla, = o] ay.. .,p,j,;av]T; see Sections 6.1 and 6.2.

Assume Model M, and that ¢, > 1 +\Jy is a simple eigenvalue. Then, as p/n— y >0,
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@) <£v7 pv>2 E; l}va/l’v,

2
@ Va(PTay—e)) = N, T,),

wheres, = 9,2,9, with

m
-1
Dy= Y (=) eel (28)
k#v
iv, Kkl = p;lfkfvék’l + [gkvlv’ K] + [gkvlv’ %:I, (2.9)

where &y 1= 1 Iif k =1, and zero otherwise.

The CLT result in (/i) can be rephrased in terms of the entries of &,, for which we readily

obtain yn(a, — p,) = N(0, Pz, PT); note that ., has zeros in the vth row and the vth column.

As for the eigenvalues, Theorem 2 shows that the spiked eigenvectors of sample correlation
matrices exhibit the same first-order behavior as those of the sample covariance (Paul,
2007). The difference again lies in the asymptotic fluctuations, captured by the covariance
matrix X,. Note that this is decomposed as a product of &, — a diagonal matrix—and the

matrix Z,, which involves the three terms in (2.9). These terms have similar interpretations

as those discussed previously in (2.6). That is, the first term captures the asymptotic
fluctuations for a Gaussian-covariance model (Paul, 2007), the second term captures the
effect of non-Gaussianity in the covariance case [JY], and the third term captures
information specific to the correlation case, representing fluctuations due to sample variance
normalization. Note that only the first term is diagonal in general, suggesting that the
eigenvector projections may be asymptotically correlated, as seen earlier in Figure 1(b),
right panel. This holds also for Gaussian data, evaluated explicitly in Corollary 2 below; see
Supplementary Material, S1.2, for the proof. We note an interesting contrast with the
eigenvector projections for covariance matrices (Paul, 2007), described only by the leading
term in (2.9).

Corollary 2

For & Gaussian, the asymptotic covariance in Theorem 2 reduces to s, = 2,2,9,,

- Cy 1 2
S, = YL+ (40 + L)(7:Z° - fv?)(fvl +L)+ fv(fv? - L?L),
Py 2
where = PTPp_ (T ~T)Pp P, ¥ = P P} P, and~ denotes the Hadamard product

Thus, for Gaussian data, the entries of the asymptotic covariance matrix are given by (for 4; /
Zv)
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1 1%y Zki
Zvki =Gy =) Gy =2 Al 1+ (v + E)Ey + E) 5= = OO Ck+ £ + 2008 ) Y k-

Consider now the subcritical case in which vis such that 1 < 2, < 1 ++/y. Let p, denote the
corresponding population eigenvector, and let #, and p,, denote the corresponding sample

eigenvalue and eigenvector, respectively. With proofs deferred to Sections 5.1 and 6.3, we
have the following result:

Assume Model M, and that 1 < ¢, < 1 +Jy Is a simple eigenvalue. Then, as p/n— y >0,

Once again, the asymptotic first-order limits of the sample eigenvalue and its associated
eigenvector are the same as those obtained for the sample covariance (Paul, 2007).

Recall that our high-dimensional results assume an asymptotic regime where p/n— >0,
as opposed to the classical regime where pis fixed and 7— oo. The case of fixed p
corresponds to = 0 and the spectral properties of the sample correlation matrix are well
understood; see, for example, Girshick (1939), Konishi (1979), Fang and Krishnaiah (1982),
Schott (1991), Kollo and Neudecker (1993), and Boik (2003). When y = 0, the function o(J
reduces to the identity. Indeed, for fixed p, there is no high-dimensional component 7 in
Model M, and hence no biasing effect on o(£ y) that occurs when 3 > 0. In particular, for
fixed pthere is no counterpart to our Theorem 3.

To summarize, in comparison to the high-dimensional (p/7— » > 0) sample covariance
setting, our results for the spiked eigenvalues and eigenvectors of sample correlation
matrices confirm that the first-order asymptotic behavior is indeed equivalent to that of
sample covariance matrices, in agreement with previous results and observations (El Karoui,
2009, Mestre and Vallet, 2017). While the eigenvalue limits in Theorem 1 and Theorem 3
follow as a straightforward consequence of EI Karoui (2009), the eigenvector results of
Theorem 2-(4) and Theorem 3-(/7) do not. In contrast to the first-order equivalences,
important differences arise in the fluctuations of both the eigenvalues and eigenvectors, as
shown by the asymptotic distributions of Theorem 1-(//) and Theorem 2-(/i).

We illustrate these differences with a simple example having covariance

I'=(1 =)y +rl,lL, where r€ [0, 1]; that is, a model with unit variances and constant
correlation racross all components. Moreover, £ is assumed to be Gaussian for simplicity. In
this setting, L = diag(4, 1 - r, ..., 1 — /), where 4 = 1 + /(m— 1) is supercritical iff

r > \Jy/(m — 1). Consider the largest sample eigenvalue 7, in such a supercritical case. From
Corollary 1, the asymptotic variances for the sample covariance and the sample correlation
can be computed, yielding
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o1 =261, 61 =0f(1-p1A),

respectively, with A = 2f1trP§‘) - tr(PDFPD)Z, and where

v

Pp2 Pp =m0, BT
r-im-—

Figure 2(a) plots these asymptotic variances versus rfor various (y,/). Indeed, the variance
(fluctuation) for the sample correlation is consistently smaller than for the sample
covariance. The difference is striking, becoming extremely large as 7./ 1. Similar trends are
observed for various choices of /mand y, being more pronounced for higher m, while not
much affected by varying . This may be understood from the fact that, after writing A = 12
=N+ -A2mt=1-(1- DXL - Y,

-2 Y as r — 1, m fixed
o] . 2
4§,= 1—-p1A-—§ (nz— D

o1

a- r)2 as m — oo, rfixed.

Turn now to the fluctuations of the leading sample eigenvector, in the same setting as above.
Note that, in Corollary 2, for this particular case, one can deduce from P'TP= L that

Z = m_l(l - r2>1m + rzelelT, ¥ =m~11,.

Also from Corollary 2, the asymptotic variances for the normalized sample-to-population
eigenvector projection p2T aj, in the sample covariance and sample correlation cases, are

computed as

102 162(¢1+¢2)

cov COV

Ln=—m Z1,22=E1,22—L27,
(rm) "

B

p1 (rm)

1-r
rm

. -1
respectively, where ¢ = 1 —r + %(1 + r)(l + ) , and we recall that 4 =1 - r+ rmand 4 =

1 - r. These variances are numerically evaluated in Figure 2(b) for the same parameter
choices as before and, again, as functions of r. Note, however, that for better visual
appreciation, the range of rhas been restricted to supercritical values sufficiently above the
critical point \/y/(m — 1), because the variance explodes at that point. The comparative

evaluation again shows smaller variances for the sample correlation. The variance reduction

here is less visible in the graphs, because both X3 2, and £{°, vanish as 7 — 1. The ratio,

however, behaves quite similarly to the variance ratio 5%/0%:
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as r — 1, m fixed

Z1,22 (¢1+7¢2) 5
scoy =1-¢ m —m=1
1,2 (1 —=r)(1 —r/2) as m — oo, r fixed.

We end the discussion of our main results with a few remarks about possible extensions. Our
results assume that 4,> 1 is a simple eigenvalue, but extensions for small spikes with £,< 1
and for spikes with multiplicities should be possible. Analogous results for eigenvalues have
been obtained for sample covariance matrices for 4, < 1, including multiplicities greater than
one (e.g., see Bai and Yao (2008)), giving reason to expect corresponding results for
correlation matrices. Extensions of our results for eigenvalues and eigenvectors of sample
correlation matrices for simple 4, < 1 should be fairly straightforward, though the cases y <
1, =1, and y> 1 would need separate treatment. Extensions for spikes with multiplicities
are also possible, but in this case the eigenvectors are not well defined and one would need
to consider subspace projections, requiring non-trivial modifications of our technical
arguments.

The remainder of the paper proceeds as follows. First, in Section 3, we introduce key
quantities and identities used in the derivations. Section 4 presents necessary asymptotic
properties for bilinear forms and matrix quadratic forms with normalized entries, with the
corresponding proofs relegated to the Supplementary Material, Section S3. These properties
provide a foundation for describing the asymptotic convergence and distribution of
eigenvalues and eigenvectors of sample correlation matrices, derived in Sections 5 and 6
respectively.

As already noted, a parallel treatment for the simpler case of covariance matrices is given in
a supplementary manuscript [JY]. This aims at a unified exposition of known spectral
properties of spiked covariance matrices as a benchmark for the current work, along with
additional citations to the literature.

inaries

We begin with a block representation and some associated reductions for the sample
correlation matrix /. These are well known in the covariance matrix setting. As with the
partition of xin Model M, consider

X1

X=|, X eR"XNM xy e RPXM,

Write Sp = blkdiag(Sp1, Spp), with Spp containing the sample variances corresponding to &,
and Spp containing those corresponding to 7. Define the “normalized” data matrices

X1 = 5p1"?xy and X, = Sph/? X, such that

= =T = =T
_1[X1X1 X1X2 | [R11 Riz

R=n N

R21 Rp2

XoX| XpX5
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. S . . S~ 5 o~ [T ATT
This partitioning of the eigenvector equation Rp, = #,p,, along with p, = [pv, uv] , yields

Ry1Py+ Ri20y = £\by

Ry 1Py + Rpoby = 60y .

From the second equation, o, = (?le - Rzz)_lelﬁv- Substituting this into the first equation

yields

K(L”V)ﬁv = 2‘,1’5\,, with  K(t) = Ry + R]z(tlp - R22)_1R21 .

Thus, Z,, is an eigenvalue of K(?v), with associated eigenvector p,; this is central to our
derivations. Note that K(?V) is well defined if 7, is well separated from the eigenvalues of
R»o; Section 5.1 shows that this occurs with probability one for all large 7when 4, is
supercritical. Furthermore, the normalization condition, ﬁfﬁv + Efﬁv =1 yields

T ~ - -2
Pvm+0Qypy=1, 0Qy= RlZ(vap - R22) Ryp-

Phrased in terms of the signal-space normalized eigenvector a, = p,/||p, ||, we have
~ ~ T ~ _2
K(fv)av =7lvay, ay(I,+ Qv)av = ”pv” . (3.10)
Note also that the sample-to-population inner product can be rewritten as

(gvs pv> = (Pv pv) = IPul{av p) - (311)

In the derivation of our CLT results, we use an eigenvector perturbation formula with
quadratic error bound given in [JY, Lemma 13], itself a modification of the arguments in
Paul (2007). This yields the key expansion

ay—py= — RyDyp, + 1, (3.12)
where
ty & -1 - 2
Ryn = on Z (¢ —2v) Pkplj; D, = K(fv) = (pyn/ )T [Irvll = O(HD\/” )
vn 2,

The derivations of our eigenvalue and eigenvector results, presented in Sections 5 and 6
respectively, take (3.10), (3.11) and (3.12) as points of departure, and rely on asymptotic
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properties of the key objects K(?V) and Q.. In particular, K(f) can be expressed as the

random matrix quadratic form
K1) =n~1XB0)X], (3.13)
where, using the Woodbury identity,

15T —1

By(t) = I +n~1X3(t1,— Rpo)” Xp
15T\ !

=t(l[n—n X2X2)

Thus, our key objects are random quadratic forms involving the normalized data matrices X
and X,. The asymptotic properties of these forms are foundational to our results, and are
presented next.

4. Quadratic forms with normalized entries

In this section, we establish the first-order (deterministic) convergence and a CLT for matrix
quadratic forms of the type n—l)?an)?lT, where B, is a matrix with bounded spectral norm.

While being essential to our purposes, some of the technical results may be of independent
interest; thus, we first present the general results, and then apply these in the context of
Model M.

4.1 First-order convergence

To establish the first-order convergence, we first require some results on bilinear forms
involving correlated random vectors of unit length. A main technical result (see
Supplementary Material, S3.1) is the following:

Lemma 1—Let B be an n x n nonrandom symmetric matrix, and let x, y € R" be random
vectors of i.i.d. entries with mean zero, variance one, Elx;, Ely;|’ < v, and E[x;y;] = p. Let
% = /nx/||x|| and 7 = \/uy/||y||. Then, for any s > 1,

/2
[E|n—1>ETBy - pn_ltrBls < %S[n_s(vzstrBs + <v4tr32)s )+ HB‘

N
(n=s/203/2 s + 1V2S)}’

where & is a constant depending only on s.

This is a generalization of Gao et al. (2017, Lemma 5), which established a corresponding
bound for normalized quadratic forms. Lemma 1 leads to the following first-order
convergence result:

Corollary 3—Let x,y be random vectors of I.i.d. entries with mean zero, variance one,
4+6 4+6
Elxi” ™%, Elyi

and let B, be a sequence of n x n symmetric matrices, with | B\l bounded. Then,

< oo for some >0, and E[x;y;] = p. Define x = \Jnx/||x|| and'y = \Jny!| |y,
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-1

n= 15 B,5—n=1

as.
ptrB, — 0.

Proof. Because the (4 + 8)th moment and 11 B,]l are bounded, from Lemma 1,

Bl 15" B - n—lptan‘z +82 o= (1+614)

The convergence then follows from Markov’s inequality and the Borel-Cantelli lemma. O

We now apply this to our Model M with random matrices B,(X»), independent of x:

Lemma 2—Assume Model M, and suppose that B, = B,(X>) is a sequence of random
symmetric matrices, for which IIBjl is O, (1). Then,

n1X| By(X2)X] — n~ lrBy(Xo)r 2550,

Proof. This follows from Fubini’s theorem. Specifically, one may use the arguments in the
proof of [JY, Lemma 5], applying Corollary 3, and noting that X is independent of B,(X>).

O

Limit Theorem

To establish our main matrix quadratic-form CLT result, we first derive a CLT for scalar
bilinear forms involving normalized random vectors. To this end, we must introduce some
further notation. Consider zero-mean random vectors (x, y) € RM x RM, with

XX Xy

>

X
Cov( ) =C=
y cyx ¥y

where C};7 = E[x;yy]. Assume Cjf* = ¢} = 1; that is, all components of the xand y vectors
have unit variance and p; = C};” = E[x;y;]. We first introduce notation for some quadratic

functions of x, ;. Let z,w € RM, with

z] = Xx1y;, wj= pl(xlz + ylz)/Z, C?% = Cov(z), cW? = Cov(z, w), etc.

Let X= (X)) amxnand Y= () pmp be data matrices based on ni.i.d. observations of (x; )),
and define the “normalized” data matrices X = i;”zx and Y = i;”zY, where

< (A2 20\ S ) ) 2 2.2 _ 2
3= dlag(UXI, ...,O'XM), Zy = dlag(ayl, “"GVM)‘ and ox =n 12;’= 1 X0y =1 12?= 1V

Then, we use the following notation for the rows i,T and y,T of the normalized data matrices
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T T
X1, 1
X=FMxn=| i |\ Y=0iMxn=|:
T T
M- M

With this setup, we have the following result, proved in the Supplementary Material, S3.2:

Proposition 1—Let B, = (bp jj) be random symmetric n x n matrices, independent of X, Y,
such that for some finite B, Bl < g for all n, and

n
n_1 z b%’,-l-lw, n_ltrB%—p>0, (n_ltan)zﬂmp,
i=1

all finite. In addition, define z, € R™, with components

— T _
Zn,l=" 172 X] Buy;. — pitrBy|.

Then, z, 2 N (0, D), with
D=(0-wJd+wK|+¢pK, =0J +wK + K, (4.14)
where K = K; — J and J,K1,K, are matrices defined by

J=CYe O+ o
K, =C* (4.15)
K, = CWW _ oWz _ cEW

The entries of Kare fourth-order cumulants of xand y.
Ky = E(ayixpyr) — EQay)E(xyr) — E(ayr)E(vixr) — E(ax)E(vyr) - (4.16)
Hence, Kvanishes if x, y are Gaussian.

The corresponding result with unnormalized vectors is established in [JY Theorem 10]. The
terms 6J+ wK appear in that case, and the additional term ¢Kj reflects the normalization in
x;_and y; . Asin [JY], the proof is based on the martingale CLT, rather than the moment

method used in Bai and Yao (2008), which stated a similar result for quadratic forms
involving unnormalized random vectors.

While potentially of independent interest, Proposition 1 is important for our purposes
through its application to Model M.

Proposition 2—Assume Model M, and consider B, as in Proposition 1. Then,
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- D
W, =n= 12X, B,X1 - (uB,)| 2 W,

where W is a symmetric m x m Gaussian matrix with entries W j; mean zero, and
covariances given by

COV[Wij, Wi'j'] = G(Kij'Kj,'/ + Kii’ij') + C()K'iji’j’ + (I)giji'j'v (4.17)
fori<jandi’ <j’.

Proof. The result follows from Proposition 1 by turning the matrix quadratic form Xan)?lT

into a vector of bilinear forms; see, for example, [JY, Proposition 6] and Bai and Yao (2008,
Proposition 3.1). Specifically, use an index /for the M= m(m+ 1)/2 pairs (/, j), with1 < /j<j
< m. Build the random vectors (x, ) for Proposition 1 as follows: if /= (4, j), then set x;= &7/
gjand y;= £yo;. In the resulting covariance matrix Cfor (x, y), ifalso /' = (7', ),

Xy yx XX yy
Gyt = El&éy|/oioj) = rij Cop =wjin Cif =wipe Cpjf =xjj1

and, in particular, p; = ¢}’ = ;; and p = ;7 7, whereas Cj* = C;;¥ = 1. Component W/, ;;

corresponds to component Zyin Proposition 1. Thus, we conclude that W, 2 W, where Wis
a Gaussian matrix with zero mean and Cov(W;;, W ;) = Dy, given by Proposition 1. It
remains to interpret the quantities in (4.14) in terms of Model M. Substituting x; = &; and

yi = &; into (4.16) and chasing definitions, we obtain J;; = k; jixjir + K and Ky = i .
Observing that z/= xy;= yjand w; = p(x7 + y7)/2 = w;;, we similarly find that

Ky = K-

5. Proofs of the eigenvalue results

In this section, we derive the main eigenvalue results, presented in Theorem 1 and Theorem

3-().

5.1 Preliminaries

Convergence properties of the eigenvalues of Roo—It is well known that the
empirical spectral density (ESD) of Sy, converges weakly a.s. to the Marchenko—Pastur
(MP) law £,, and that the extreme non-trivial eigenvalues converge to the edges of the
support of . For the sample correlation case, Jiang (2004b) shows that the same is true for
Ry,. That is, the empirical distribution of the eigenvalues /4 > ... = 11, of the “noise”

correlation matrix Ry, = n~ !X, X5 converges weakly a.s. to the MP law F,, supported on
[a,.b,] = [(1 - ﬁ)z, 1+ \/;7)2], if y<1,andon {0} U [a,, b,] otherwise. Furthermore, the

ESD of the /7% 17companion matrix C, = n~ ! X5 X,, denoted by F,, converges weakly a.s. to
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the “companion MP law” F,, = (1 = )1[0,c0) + ¥F,, Where 14 denotes the indicator function
on set A.

In addition, Jiang (2004b) shows that

a.s. a.s.
ui— b, and p,p,— a,. (5.18)

Based on these results, if 7, — funiformly as continuous functions on the closure .7 of a
bounded neighborhood of the support of F,, then:

/ FaFy(dx) = f FOF(dx). (5.19)

If supp(F) is not contained in .7, then the left side integral may not be defined. However,
such an event occurs for at most finitely many 7 with probability one.

Almost sure limit of #,—The statements in Theorem 1-(/) and Theorem 3-(j) follow

easily from known results. Specifically, denote the +vth eigenvalue of the sample covariance
Sby 4,. The almost sure limits

~ as. Pvs fv>1+\/)7

Ay —> 5 (5.20)
I+ 1<, <1+4fy

were established in Baik and Silverstein (2006). From the proof of El Karoui (2009, Lemma
1),

~  5ja.s.
max |/1,-—f,-|—>0.
m

.....

Therefore, the same almost sure limits as (5.20) hold for 7,.

High-probability events Jne, Jne1—When necessary, we may confine attention to the
event J, = {Z, > min(py, pyn) — €, 41 < by + €} OF Jye1 = {1 < by, + €}, with €> 0 chosen such

that p, — b, 2 3¢, because from (2.5) (proven above) and (5.18), these events occur with
probability one for all large 7.

Asymptotic expansion of K(?V)—We establish an asymptotic stochastic expansion for

the quadratic form K(#,). Specifically, using the decomposition

K(;/;v) = K(pyn) + [K(;’;v) - K(/’vn)]a (5.21)
we show that
K(pyn) =5 = pym(py: 7)T = (p,/£,)T (5.22)
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and
K(?\/) - K(pvn) = - (2\/ - pvn)[c(pv)r + 0455, (1)]7 (5.23)

where, for ¢ ¢ supp(F, ),

mt;y) = f =07 Edx), o) = f X(t = )7 2Fy(dx).

Here, m is the Stieltjes transform of the companion distribution F,.

In establishing (5.22), start by taking sufficiently large 7 such that |p,,— p.] < € with €
defined as above. For such 7, on J,.;, we have

py+e
rt

| Bu(ovm)ll <

Because Jj,¢7 holds with probability one for all large 7, 1B{o.,)ll = O,5.(1) and, therefore, it
follows from Lemma 2 that

_ a.s.
K(pyn) = n~ LBy (pyn)0 = 0.

In addition, (5.19) yields

n- ltan(Pvn) = /Pvn(l’vn -x) an(dX) 2% /l’v(l’v -x)" le(dx) = —pym(py;7).

Explicit evaluation gives m(p,; ») = —1/4, [JY, Appendix A], and (5.22) follows.

To establish (5.23), we start by recalling that C,, = n—l)?g)?z, and introduce the resolvent
notation Z(9 = (t/,— C,)~1, such that B( = ¢ 5 and K(t) =n~ X1 Zn X . From the

resolvent identity, that is, A1 - B1 = A71(B- A)B1 for square invertible A and B, and
noting that £{f) = C,Z(7) + /from the Woodbury identity, we have, for 4, & > b,,

1Z(t1) —0Z(ty) = — (11 —12)CpZ(t)Z(12)

and, therefore,

K(?v) = K(pyn) = - (?v - Pvn)”_ lylcnz(:ﬂv)z(ﬂvn))?{~

Moreover, again by the resolvent identity, Z(#,) = Z(py) = (£, = pun) Z(#,) Z(pyn), Which
yields
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5 5 e =T
K(fv) - K(pvn) = - (bﬂv - pvn)n 1Xanl(/’vna pvn)Xl (5.24)
5 2 % oo (3 >T :

+ (fv - pvn) n 1)(1 BnZ(fv» pvn)Xl >
with B[, b) defined as
B, (t1,1) = C,Z(t1)Z' (1) . (5.25)

We now characterize the first-order behavior of the two matrix quadratic forms in (5.24). For
the first, we simply mirror the arguments of the proof of (5.22) to obtain

1= —T as.
n 1Xanl(l’wn pum)X1 — c(py)L .

For the second, we again apply similar reasoning, operating on the event J,.. Specifically, it
is easy to establish that on J,, and for nsufficiently large that oy, pu] < € || Bua(2- pu)| TS

bounded. Hence, || Byo(#y, pun)|| = Oa.s. (1), and it follows from Lemma 2 and (5.19) that

Ao =T
n1X1Byy(y pyn)X1 = Oq 5. (D).

The expansion in (5.23) is obtained by combining the latter two equations with (5.24).
CLT of K(p,n)—We now specialize Proposition 2 for the matrix quadratic form K(o.).

Proposition 3—Assume Model M, and define p ., by (1.1) and K(p,,;) by (3.13). Then,

Wnlpvn) = \/;[K(p"") —n- ltan(/’vn)F] % w,

which Is a symmetric Gaussian random matrix with entries W;, mean zero, and covariances

given by
2 p2
v v ~
Cov|Wi Wiy | = —(kipkjir + kivncjpr) + —5(kijiry + Kijirj): (5:26)
£ypy 7y

where p,,and 5, are defined in (1.1), and the terms in parentheses are defined in (1.2) and
(1.4).

Proof. Recall that Jpeq = {44 < b, + €}, and consider sufficiently large 77such that p.,> p,, -

e Then, we may apply Proposition 2 with B, = By(p,n)1;, < ;, Which is independent of X,
and for which I8l is bounded. Specifically, the result follows by applying Proposition 2 to
Wulpun)ly, < o along with the fact that 1, _ 2% 1, and particularizing w, 6, and ¢in

(4.17). These quantities, denoted respectively by w,, 6,, and ¢,, can be computed as in [JY,
Appendix A], yielding
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2 2
(&y=1+7) P\Z/ (Zy=1+y) wy
v T 9‘/:72_7

wy = ¢y = 5= =—.
(¢y=1) &y (Ey=1)"—v Py

Tightness properties—Lastly, we establish some tightness properties essential to the
derivation of our second-order results.

We first establish a refinement of (5.22). Define Ky(o; y) := —pm(p; )T, such that (5.22) is
rewritten as K(p,,) =5 Ko(py: 7). Set g,(x) = p(p - X)L, and write

n

n
wBylp)= Y, oo—m)”' = > gplu)-
i=1 i=1

In addition, introducing

n
Gu(®): = Y, glw)—n f gX)Fy, (dx),
i=1

we have

K(p) — Ko(p: vn) = K(p) — n~'trB,(p)T

n

+pn‘1[ Z (p— )" —nf(p—X)_len(dX)

i=1

r (5.27)

=n"2W,(p) + n71Gy(g,)T .

Lemma 3—Assume that Model M holds, and that #, > 1 +/y is simple. For some b > pq,
let | denote the interval [b,, + 3€, b]. Then,

{Gn(gp), pE I} is uni formly tight, (5.28)
{nl/Z[K(p) —Kolp;rn)l,p € I} is uni formly tight, (5.29)
2y = pun = 0pfn™17), (530)

a,— p,= Op(n_llz). (5.31)

Proof. The proofs of (5.28)—(5.30) appear in the Supplementary Material, S2. We show
(5.31) using the expansion a, — p, = — %,,D,p, + r, given in (3.12), from which we recall

llrJi = O(1DJ12) and note that [|%,,]| < C and D, = K(#,) = Ko(pyn: 7). We then have a,, - p,,
= O[IIDJI + IDJ2). Furthermore, from
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DI < ||K(20) = K(oum)|| + 1K (ov) = Ko(pums 7).

the first term is Op(n‘l/z) by (5.23) and (5.30), as is the second term by (5.29). Hence,
| Dy|| = Op(n~172), (5.32)
and the proof is completed. O

5.2 Eigenvalue uctuations (Theorem 1-(ii))

The proof of Theorem 1-(/J) relies on the key expansion
\/;(2\/ - pvn)[l +c(p))ty + Op(l)] = PIWn(pvn)Pv + Op(1)7 (5.33)

which is obtained by combining the vector equations K(?V)av =2 a, and Ko(ovn 7)oy =
Py With expansions (5.24) for K(2,) - K(py,) and (5.27) for K(py,) = Kolovr 7).
Specifically, we first use [K(#,) — Z,1,u]a, = 0 to obtain

pVT[K(?V) - 2v1m]pv =(a, — pv)T[K(gv) - ?\/Im](av -p)= Op(n_ 1), (5.34)

because ||K(2,) - #,1|| = 0,(1) from (5.21)(5.23) and (2.5), and &, ~ p, = Oy /2) from
Lemma 3. In addition, because [Ko(ovm ¥n) = Pvalml Py = 0, it follows that

p‘T[K(/{?V) - 2VIm]p\/ = 17\7/“[K(2 ) KO(/’vn; yn) - (2\/ - pvn)lm]pv
=Dy [K( ) K(pyn) — (2\/ - pvn)Im]pv
+ pL[K(pun) — Ko(puns Vn)]pv (5.35)
(? - Pvn)[l +c(p)ty + Op(l)]
+ n_l/zp\TW (Pun)py + op( )

where the last equality follows from (5.23), (5.27), and (5.28). Combining (5.34) and (5.35)
yields (5.33).

The asymptotic normality of \/n(#, — p,.,) now follows from Proposition 3, with asymptotic

variance

=2 v
oy =[1+clpy)ty] Vm[p{WVpV] (A2 /l’v Z .@[j,-/j/Cov[W,Vj, lerjr],
LI

where WYis the mx msymmetric Gaussian random matrix defined in Proposition 3, with

covariance Cov|W};, W/ ;| given by (5.26). Using this in the developed expression for the

ij>
variance above leads to

.2 .
=py Z '@ljl J' Klj’Kji’ + Kii’ij') + pv[g)v’ K+ K] : (5.36)
i, i, J
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By symmetry and the eigen equation (I'p,); = X jx;jpy, j = £vpy,i» We have

v v 2 2 2
' 2 _/‘@iji’j”fii/’fjj’z ‘ Z .,gdiji’j”(ij”(ji’= va,ipv,j(va)i(va)j=va(pv,ipv,j) =7y.
LJ U] LU, LJ LJ

Therefore, the first sum in (5.36) reduces to 25,72, yielding formula (2.6) of Theorem 1.

6. Proofs of the eigenvector results

We now derive the main eigenvector results, presented in Theorem 2 and Theorem 3-(/i).

6.1 Eigenvector inconsistency (Theorem 2-(i))

The convergence result of Theorem 2-(4) follows from two facts: a, = p, and @, = ¢(p,)T,
which are shown below. Once these facts are established, from (3.10),

o =24 'y
Il — P\]/"(Im +c(py)Dpy =1+ c(py)?y = 75
vPv
which leads to

£vby
py

S 2 PN 2 TN
a-s~11m(Pv»Pv> = aslim(py, py)” = aslim||p,||” =

Proof of a, &% p,—This is a direct consequence of (3.12) and

~ a.s.
Dy = K(pyn) — (pyn/ €))L + K(fv) - K(pyn) — 0,

which follows from (5.22), (5.23), and the fact that 7, — p,,, %0, given in (2.5).

Proof of 0, 2% ¢(p,)l—With Z() = (11, - Ryy)~', we have
22 25\ 2 N
Oy=R12Z (py)R21 + RIZ[Z (¢)-2 (Pv)]RZI 20y +0y2.
Rewrite 0,1 = n‘l)?lé,,l)?lT, with B, = n—l)?giz(pv))?z. On the high-probability event J,q
={in < b, + €}, with €> 0 such that p, — b, = 2¢, it is easily established that || B, is

bounded and, consequently, that || B,,;|| = 0, ¢ (1). Hence, Lemma 2 can be applied to Q.
Moreover, from (5.19) and noting that

n~ B,y =n~lwB,1(py. py).

with By defined in (5.25), we have
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< a.s. -
"_1tanl_’/X(Pv_x) ZFy(dX)=C(Pv)~

This and Lemma 2 imply that 0, = ¢(p, )T

It remains to show Q,, Z%0. Using a variant of the resolvent identity, that is, A2 - B2 =
-A2(A% - B?) B2 for square invertible A and B, we rewrite

02 = 27y~ p)n~ 1K By X1,
with B, = n—lfgfz(?v)[%(?v +py)l - R22]Zz(pv))72. Working on the high-probability event

Jhe it can be verified that || B,»|| = 0, < (1). Thus, Lemma 2 together with (5.19) imply that

n~1X1B,pX] = 0, .(1). Because 7, % p,, we conclude that 0,, %% 0.

6.2 Eigenvector fluctuations (Theorem 2-(ii))

Again, we use the key expansion (3.12). Because Il7,)l = O(IDJI?) = Op(n‘l) from (5.32), we
have

Vn(ay = py) = = Ry nDypy + op(1).

Furthermore, using a similar decomposition to the derivation of (5.35),

JnDy, = \/Z[K(?v> - K(Apvn)] +n[K(pyn) = Ko(oyn: n)]
= Why(ovn) - \/;(fv - ﬂvn)c(l’v)r +op(D),

where we use (5.23) and (5.27), along with (5.28) and (5.30) of Lemma 3. Hence, noting
that %,,I'p, = £,%,,p, = 0 from the definition of %,,, in (3.12), we have

Vn(ay = py) = = RyuW nlovn)py + op(1),

or equivalently,
\/E(PTQV - ev) = = RynW p(pyn)ey + op(1),
where
T G5 T
Ryn = Pvn Z (Cx=1¢y) ekek s Wialoyn) = P* Wylpyn)P .
k #

The CLT for P’ a,,now follows from Proposition 3. In particular,
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D —
— Rywy~N(0,Zy),

\/;(PTaV - ev>

where %, = (¢,/p,)2,, recall (2.8), and w,, = PT WVp,, with W defined in Proposition 3.
The covariance matrix =, = %E[w,w! |%, = 2,%,2,, with £, = (fv/pv)Z[E[wvaT]. The Ath

component of w, is given by w, (k) = pf W"p, = i, jPk,iWi;py, j and, therefore,

2
Xy k= - Z -/pk, iPv, jPI, i’Pv,j’(”pv//’v) COV[lej, Wiv’j’] . (6.37)
l’ -/’ i 2 j

Theorem 2-(/i) follows after substituting (5.26) for Cov[W,-Vj, W,-V/jf] and noting that, when &, /
v,

T T
Z Pk, iby, jpL,i'Py, j/(xiikjj + KijRjit) = pic o1 PTpy+ P Loy - pYTpy = 61kl .
i,j.i'J

6.3 Eigenvector inconsistency in the subcritical case (Theorem 3-(ii))
From (3.10) and (3.11), it suffices to show that a7 Q,a, = o in order for Theorem 3-(/i) to

hold. We establish this by showing that A,in(Q,) 2% . The approach uses a regularized
version of Q,,

2 -1
0,t) = Rlz[(tlp - Ry) + 5211,} Rop,

for €> 0. Observe that O, > 0,(#, ), such that

liminf Amin(Qy) > liminfAmin(Qye(#))) = liminf Amin(Qye(by) + Ave).

where A,e: = 0,((7,) - Ov(by) (Recall that 7, = by). We show that A, — 0, and

a.s.

Ouelby) =5 [ x[(B, - x)*+ ez]_le(dx) T'=c/er, (6.38)

say. Because Amin(:) is a continuous function on m x m matrices, we conclude that
liminf Apin(Q,) > cp(€) Amin(D), (6.39)

and because ¢,(€) 2 c(b, + €) and (b, + €) /" %0 as € \ 0, by [JY, Appendix A], we obtain
Inin(0y) 2 0. We write Q,.(t) = n~ 1 X B,.() X1, with
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. _ _ 2 =1_
Bet) = n—lxg[(ﬂp - n—lxzsz) + ezlp} b

= Hdiag|{ fe(u;. 1)} H',

if we write the singular-value decomposition of n=1/2X, = v.u'?H", with . = diag(u;)" _ |

and define f.(u.1) = ,u[(l -’ + ez]_l. Evidently, || B, < e=2u is bounded almost surely.

Thus, Lemma 2 may be applied to @,(b,), and because

LBy (b)) &5 / Felx.by)Fy(dx) = eye)

from (5.19), our claim (6.38) follows.

Now consider A . Fix a € R™ such that llall, = 1, and set 5 = = /2T X1 4. We have

)4 ~
= 3 Rlrds) - o)
i =

Because |0 fo(u, 1)/ 0t| = 12u(t — y)l/[(t — )+ e2]2 < ule3, for 4, >0, by the

arithmeticmean—geometric-mean inequality, we have

|aTA"€a| < ”1€_3|2" - b7| ) Hbui = ”16_3|2v - b)/l”TRl 1a< ﬂ]€_3|2v - by|21 %0,

from Cauchy’s interlacing inequality for eigenvalues of symmetric matrices, Theorem 1-(/)
and Theorem 3-(J). Therefore, A, 2% 0, and the proof of (6.39) and, hence, of Theorem 3-
(7)) is complete.
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(a) Histogram of the largest sample eigenvalue
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(b) Scatter plot of sample-to-population eigenvector projections
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Figure 1:
A simple simulation shows remarkable distributional differences between sample covariance

and sample correlation. From 7= 200 i.i.d. Gaussian samples, x; € R'%, with covariance ¥ =
blkdiag(Zs, /o), where ()15 = | = (41 =) _ |, for r=0.95, we compute the sample
covariance and sample correlation, and show: (a) the empirical density (normalized
histogram) of the largest sample eigenvalue, along with a Gaussian distribution with its
estimated mean and standard deviation (solid line), and (b) a scatter plot of the leading
sample eigenvector, projected onto the second (x-axis) and fourth (y-axis) population
eigenvectors. A striking variance reduction is observed in the sample correlation for both (a)
and (b). A similar variance reduction is observed for different choices of population
eigenvectors in (b); the selected choice (being the second and fourth eigenvectors) facilitates
the illustration of an additional correlation effect in the sample-to-population eigenvector
projections.
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(a) Largest sample eigenvalue A
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(b) Sample-to-population eigenvector projection pZ'a;

v =0.5,m =10 v =0.5,m =30 y=2,m=10
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Figure2:
Differences in the fluctuations of sample eigenvalues and eigenvectors for an example

Gaussian model with T" = (1 — )1, + r1,,1%. Asympotic variances are shown for (a) the

largest sample eigenvalue 7}, and (b) the normalized sample-to-population eigenvector

projection pla;.
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