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Abstract

Analytical formulas for effective drift, diffusivity, run times, and run lengths are derived for an
intracellular transport system consisting of a cargo attached to two cooperative but not identical
molecular motors (for example, kinesin-1 and kinesin-2) which can each attach and detach from a
microtubule. The dynamics of the motor and cargo in each phase are governed by stochastic
differential equations, and the switching rates depend on the spatial configuration of the motor and
cargo. This system is analyzed in a limit where the detached motors have faster dynamics than the
cargo, which in turn has faster dynamics than the attached motors. The attachment and detachment
rates are also taken to be slow relative to the spatial dynamics. Through an application of iterated
stochastic averaging to this system, and the use of renewal-reward theory to stitch together the
progress within each switching phase, we obtain explicit analytical expressions for the effective
drift, diffusivity, and processivity of the motor-cargo system. Our approach accounts in particular
for jumps in motor-cargo position that occur during attachment and detachment events, as the
cargo tracking variable makes a rapid adjustment due to the averaged fast scales. The asymptotic
formulas are in generally good agreement with direct stochastic simulations of the detailed model
based on experimental parameters for various pairings of kinesin-1 and kinesin-2 under assisting,
hindering, or no load.
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Introduction

A biological cell during its interphase requires sufficiently fast transport of organelles and
other compounds for its survival [1]. Transport through diffusion alone is often far too slow.
To illustrate, a compound moving through pure diffusion in some neurons might take years
to travel over the cell’s length [2]. For eukaryotic organisms, intracellular trafficking of
vesicles is instead governed by directed transport along a network of thin filaments, such as
microtubules or actin. A vesicle and the molecular compound it encloses, collectively
referred to as a cargo, travel along the filaments by attaching to one or several molecular
motors. As an important example on which we will focus, we can consider molecular motors
called kinesins, which consist of two heads which attach to a microtubule, a tail which
attaches to the cargo, and a coiled-coil tether connecting the heads and tail [3]. But the
mathematical framework to be developed can be applied to more general molecular motors,
including dynein and myosin.

The motor-cargo attachment is generally found to be much more durable than the motor-
microtubule attachment [4], so models of motor-cargo complexes typically assume the
number of motors attached to a given cargo can be treated as a fixed constant A/ over the
transport time scale of interest [5-9]. But the number of those A/ motors that are attached to
microtubules and therefore actively engaged in transport does appear to fluctuate through
dynamical attachment and detachment of the motors to and from the microtubule. In the
present work, we contemplate the simplest scenario in which the motor-cargo complex is in
the vicinity of a single microtubule. The state of the motor-cargo complex can then be
classified in terms of which of its motors are attached to the microtubule, and therefore
engaged in directed motion. Our model could also be formally applicable for a bundle of
parallel microtubules with common polarity if they are spaced sufficiently closely that the
progress of the cargo is not so sensitive to what particular set of microtubules the motors are
attached. Experimental observations [10, Fig. S5] show that approximating the multiple
motors as all attached to a single microtubule could be consistent even for some situations in
cell.

A cargo with two motors, for example, can fluctuate between three possible states while
remaining connected to the microtubule: two states with one attached and one detached
motor, and one state with two attached motors (Figure 1). One further state has both motors
detached, after which we will consider the cargo to move away from the microtubule and
terminate its run, though one could contemplate the motors remaining weakly bound and
possibly sliding along the microtubule [11, 7].

Microtubules are oriented with a + and — end, with the molecular motor kinesin always
traveling from the — to + end [1] and the molecular motor dynein traveling in the opposite
direction. This can result in “tug of war” scenarios and bidirectional transport for ensembles
including such antagonistic motors [12]. Our focus here is on cooperative transport of a
cargo by possibly different motor types which each move, when considered in a single motor
complex, in the same direction on the microtubule, such as two different types of motors
from the kinesin superfamily. Since we wish to contemplate the possibility of the motors
being of different types, motor labelling is relevant and we distinguish between the two
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states with one motor attached. This is in contrast to models with A identical motors
attached, which can be classified more compactly in terms of simply the number of those
motors which are currently attached to a microtubule [13]. For multiple motor complexes,
we are interested in calculating how statistics such as run lengths and effective speeds
depend on the properties of the individual motors. Comparisons of statistics between motor
complexes are not always intuitive. For instance, it has been observed in [14] that
heterogeneous motor complexes of kinesin-1 and kinesin-2 have longer run lengths than
pure systems consisting only of kinesin-1. This observation would seem to depend upon a
variety of physical parameters, often interacting in complex ways. Indeed, while kinesin-2 is
about half as fast as kinesin-1 and detaches more readily under load, it also appears to
reattach to microtubules four times more quickly than kinesin-1 [14].

A number of properties of some individual motors, acting in isolation, have been obtained
from in vitro experiments with optical traps, in which a polystyrene bead, serving as a cargo,
is attached to a motor, and directed along a microtubule with an applied optical trap force.
Under this setting, several motor properties can be measured, particularly their speed,
diffusivity, and detachment rate as a function of the applied optical trap force [15-21]. The
above experimental work can be used as a basis for parameterizing biophysically
mechanistic models for individual motors in theoretical models exploring their interactions
[6, 22-31]. For the purpose of experimentally measuring the interaction of molecular motors,
and in particular for motivation for and comparison against theoretical models, an important
experimental development has been to use DNA origami for cargo, which specifies closely
arranged handle sites onto which specified motor types attach [14, 27, 32]. The actual
engagement of motors with microtubules cannot be resolved, so particularly when not using
engineered motor-attachment constructs, the number of relevant motors of various types
attached to an observed cargo with a particular microtubule must typically be statistically
inferred, sometimes using simple theoretical models [10, 33, 9].

1.1 Overview of Methods and Results

Our mathematical modeling framework is based on the one developed in McKinley,
Athreya, et al [34], where cargo transport statistics were examined for cooperative
ensembles of identical motors that are treated as permanently attached to the microtubule.
The coupled spatial dynamics of the motor and cargo position are expressed as a system of
continuous stochastic differential equations (SDEs) which are viewed as a coarse-graining of
discrete stepping model. The model is posed in essentially one spatial dimension along the
microtubule, neglecting transverse fluctuations. We extend the model in [34] in two ways: 1)
allowing the motors to be distinct, but still cooperative, and 2) allowing the motors to attach
and detach from the microtubule. This model represents the motor-cargo system in terms of
basic parameters concerning biophysical properties of the individual motors and the cargo.
The cargo and detached motor dynamics are modeled as overdamped point particles
responding to spring forces from the motor-cargo tether and driven by stochastic terms
representing thermal fluctuations. On the other hand, as in [34], the attached motors
dynamics are governed by a nonlinear force-velocity relation together with stochastic terms
arising from the nonequilibrium stepping process. Punctuating the continuous evolution of
the motor-cargo dynamics is the attachment or detachment of motors from the microtubule.
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These are represented in terms of Markovian jump processes, with attachments occurring at
constant rates but the detachments occurring at rates dependent upon the force on the motor.

To characterize the effective behavior of the motor-cargo complex as a whole, we proceed
through a sequence of coarse-graining steps motivated by the separation of time scales of the
various physical processes. First we average over the fast dynamics of the cargo and
detached motors. This can be accomplished easily for arbitrary number A of cooperative
motors, but our further analytical progress is restricted to the case of /=2 cooperative
motors due to the substantial increase in complexity for /> 2. We homogenize over the
spatial dynamics of the attached motors between attachment and detachment events. This
eventually yields an effective Markov chain description in terms of jumps between different
states of motor attachment, with associated durations and displacements of the motor-cargo
complex within each state. By decomposing the stochastic trajectory through this finite state
space in terms of cycles demarcated by moments when both motors are attached, we further
coarse-grain the motor-cargo dynamics into a renewal-reward process. With Wald’s identity,
we characterize the fundamental statistics of the run length and run time of the motor-cargo
complex in terms of the statistics of duration and displacement over one of these cycles,
which are in turn related to the basic biophysical parameters of the model. With a law of
large numbers argument and its application to renewal-reward processes, we relate the
effective velocity and diffusivity also to the cycle statistics, and thereby in turn to the basic
biophysical parameters. We next proceed to discuss the components of our analysis in some
more detail, with reference to related work.

1.2 Modeling approach

The reason we work with the coarse-grained SDE model for the motors is to reduce the
number of physical parameters modeling the individual motor to those characterizing the
force-velocity relationship, the force-detachment relationship, and a noise parameter.
Moreover, the mathematical presentation is simplified by having the cargo and motor
dynamics in a unified SDE framework. One could of course start with a motor stepping
model [26, 35-37, 5, 38, 39, 30, 25], and readily coarse-grain it to obtain the parameters for
our SDE model, and the conclusions would be equivalent unless the cargo fluctuations fed
back on the force-dependent kinetics of stepping in a substantially different way than they
do on the force-dependent coarse-grained velocity. We cannot rule such subtle feedback out
[40], but if it were real, one would presumably have to represent the chemomechanical
stepping cycle in more detail to capture these effects than a generic stepping model with one
step per cycle. The detailed description of the stepping dynamics of even well-studied
motors such as kinesin-1 is still under active experimental investigation [18, 41, 16], while
the more coarse-grained characterizations needed for the SDE description are more
consistently established across labs. For these reasons, we will proceed here with the coarse-
grained SDE description, in somewhat the same vein as coarse-grained integrate-and-fire
models are often used in place of more detailed Hodgkin-Huxley models to study networks
of interacting neurons [42-49].

In Section 2, we present our extended model allowing for distinct motors and attachment/
detachment from the microtubule. The modification of the spatial dynamics is presented in
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Subsection 2.1, resulting in a system of SDEs (1)-(4) with the motor dynamics depending on
both the motor label and whether the motor is attached or detached. In Subsection 2.2, we
present our model of switching times. Attachment rates are rather difficult to quantify
experimentally and appears to depend on the operating conditions and whether the motor is
tethered near the microtubule by other motors [27, 32, 50], and we simply adopt the
common approach of modeling them as constant (as in a homogenous Poisson process
model). The detachment rates, on the other hand, will be taken as functions of the applied
force on the attached motor, which is itself a stochastic process induced by the stochastic
spatial dynamics. Mathematically, then, the detachment process is more akin to a Cox
process [51, 52]. The class of functions we consider for detachment rates is general enough
to include the most common cases seen in previous works, including constant [53],
exponential [18, 22, 54, 13], double-exponential functions [17], and exponential functions
turning over to slower linear growth beyond stall [6, 55] or along the assisting direction [56].

Transitions between attached and detached states have been modeled as continuous time
Markov chains in the case of identical motors [13, 57, 58, 24] with constant switching rates
depending on the number of attached and detached motors. Our model allows for
nonidentical motors, which increases the state space of possible attachment and detachment
configurations. Similar to the discrete-space models discussed in [57, 58], our transition
rates depend on relative motor positions, but now must consider motor types. Moreover, our
model does not make the popular assumption [13, 24, 27] that the cargo is always in
mechanical equilibrium with the motors nor the further mean-field approximation that all
motors feel a perfectly shared load from the cargo. Stochastic fluctuations of cargo and
motor positions have been shown to significantly alter the mean-field predictions, at least for
small teams of motors [22, 59, 6], and experimental observations do not support the load-
sharing assumption in teams of two kinesin-1 [27]. Bouzat [26] shows how the neglect of
fluctuations in the cargo position can give incorrect modeling results for the effective force-
velocity response of a single motor and in particular for the stall force of cooperative motors.
Berger, Miiller, and Lipowsky [60] and Arpag, Norris, et al [56] similarly find the force felt
by a motor from the cargo substantially affects its effective detachment rate, and so departs
from the mean-field dynamical description by averaging the detachment rate against the
modeled probability distribution of the force applied by the cargo in a given configuration of
attached and detached motors. We apply a similar, but more systematic, procedure in
Subsection 4.3.1 to compute effective detachment rates by averaging over a quasi-stationary
distribution of the force felt from the cargo, as a function of the current configuration of
attached motors. Uppulury, Efremov, et al [59] and Kunwar, Tripathy, et al [6] conducted
informative simulation studies of discrete-state stochastic stepping models that keep track of
the relative positions of identical motors, but did not develop analytical formulas relating
collective behavior to single-motor properties. Keller, Berger, et al [25] similarly conducted
simulation studies for a pair of identical motors which resolved the chemomechanical steps,
finding in particular that the transport is degraded as the strength of the Hookean tether
coupling the motors and cargo is increased. Wang and Li [5] derive an analytical formula for
the effective velocity of a cooperative team of identical stochastic stepping motors, but don’t
include attachment and detachment effects. Li, Lipowsky, and Kierfeld [61] developed a
variation of the Markov chain model of Klumpp and Lipowsky [13] for cooperation by two
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groups of motors, one fast and one slow, in the context of gliding assays where the numbers
of engaged motors are considerably larger than for cargo transport, to relate bistability in the
transport of microtubules to a small ratio of detachment force scales to the stall forces. A
recent model by Miles, Lawley, and Keener [31] for cooperative molecular motor transport
employs a similar framework to ours, with a stochastic differential equation for the cargo
dynamics, but with step-resolving dynamics for the motors. The model we present extends
the model of [31] in allowing the motors to be nonidentical and allowing the detachment
rates of motors to depend on the spatial configuration of the motors.

1.3 Computation of transport statistics

The analysis of our model will proceed in Section 3 by an extension of the asymptotic
analysis developed in McKinley, Athreya, et al [34], based on the cargo dynamics being
taken as fast relative to the dynamics of the motors attached to the microtubule. Extending
this nondimensionalization to our setting of nonidentical motors which attach and detach
from the microtubule in Section 3.1, we further motivate taking the detached motor
dynamics to be faster than the cargo (due to their relative size), and the attachment and
detachment processes as slow compared to the dynamical time scale of attached motors. A
similar hierarchy of time scales was considered in the context of the stepping of the two
heads of a kinesin motor attached to a cargo in Peskin and Oster [62], where the detached
head was taken to move quickly relative to the cargo, while the cargo dynamics were taken
as fast relative to the time scale of motor stepping.

We set up an asymptotic analysis which formalizes the separation of time scales we identify,
with the further assumption that the parameters for different motor types do not vary
drastically (which seems to be reasonable for kinesin-1 versus kinesin-2, for example, [18]).
We proceed in Subsection 3.2 to apply stochastic averaging successively over the unbound
motor positions and the cargo position to obtain effective dynamics and effective detachment
rates based only on the positions and identities of the attached motors. The analysis thus far
applies to AV cooperative but possibly not identical motors, and in fact does not require a time
scale separation assumption between the attached motor dynamics and attachment/
detachment dynamics. In Section 4, we use this scale separation assumption for the case of
N=2 motors to proceed further by homogenizing the effective dynamics obtained from the
stochastically averaged equations within each interval between attachment or detachment,
and averaging the detachment rates over the spatial configurations of the motor-cargo
complex.

Finally, in Section 5 we develop theoretical formulas for the effective velocity, diffusivity,
and processivity statistics of the motor-cargo complex, all expressed in terms of explicit
formulas involving the parameters governing the motor and cargo dynamics. The appropriate
definition of velocity and diffusivity requires some consideration when applied to random
finite time intervals over which the cargo remains associated to a microtubule, and we
consider two versions relevant to different protocols of computational simulation or
experimental observations where data from multiple runs are collected. Our method of
deriving these effective transport statistics is through the application of the law of large
numbers and renewal-reward asymptotics to the progress made by the motor-cargo complex
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over several cycles of attachment and detachment events. Krishnan and Epureanu [63]
developed some early ideas for how to interpret experimental statistics for molecular motor
systems using results from renewal-reward theory. Hughes, Hancock, and Fricks [37]
appealed to renewal theory arguments for a discrete semi-Markov stepping model to
compute effective statistics for motor head stepping from a chemomechanical cycle model,
and Shtylla and Keener [64] applied this framework to describe the effective dynamics of a
ParB protein complex that moves along a track of ParA proteins in a manner similar to
molecular motors which “burn” the track as they progress. In a broad sense, our strategy of
combining asymptotic arguments regarding separation of time scales and renewal-reward
calculations to obtain these explicit formulas mirrors that of Miles, Lawley, and Keener [31]
for the case of identical cooperative motors with force-independent detachment rates, though
our implementation of these ideas differ in some details which we will discuss in the
conclusion (Section 7).

We show in Section 6 that our theoretical formulas obtained by these scale separation
arguments for the effective transport of kinesin-1/kinesin-1, kinesin-2/kinesin-2, and
kinesin-1/kinesin-2 complexes compare generally well with direct numerical simulations of
our model as parameterized by experimental observations of individual kinesin-1 and
kinesin-2 motors. A few issues in translating experimental observations into model
parameterization, however, require study before our predictions based on our mathematical
framework can meaningfully be compared directly with experimental observations [14, 27]
of pair complexes of kinesin-1 and kinesin-2. Our objective in the present work is on the
development of the general mathematical coarse-graining procedure and formulas for
cooperative molecular motor transport in terms of the biophysical properties of the
constituent motors, and we provide in Section 7 an assessment of the merits of this
mathematical approach as well as limitations whose resolution will motivate future work.

2 Models of evolution and switching

For a fixed number of attached and detached motors, we model the transport of a motor and
cargo system through a system of SDEs. Similar to McKinley, Athreya, et al [34], we
coarse-grain over this discrete stepping and model this motion as a one-dimensional
continuous process along the direction of the microtubule, neglecting transverse fluctuations
which might not be so significant [30]. The locations of A/motors over time tare denoted by
X(f € (-00, ), j=1, ... ,N. All motors in the system are assumed to remain attached to
a single cargo, with a position of Z{(#) € (—oo, 00). During a realization of the stochastic
process, a motor will change its state from time to time. We will denote the /th motor’s state
at time tas Q)(9) € {0, 1}, where 0 and 1 denote states of detachment or attachment to the
microtubule, respectively. The switching between motor states will be governed by a jump

process, which is Markovian with respect to the filtration generated jointly by {x®“n)} N |,

20 and {01} |, and with switching (jump) rates due to attachment and detachment
depending on the spatial displacements between the motors and cargo.
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2.1 Drift and diffusion of nonidentical motors

For a motor system with A/ motors the governing equations take, for /=1, ..., N, the
autonomous form

axO(1) = (P XV, Z@ndt +\2k5T /4 aw )1 - 0w

+ (X O, Z@)di + 6 Vaw )0V 0), ®
N
YdZ(t) = Z FOXY) = Z@t))dt — Frdt + 2k gTydW ,(t). @)
i=1
with drift coefficients 4, u{ :R? — R for the motors satisfying
n(x, 2) = vg(FO(x - 2) / FY), ®)
pg)(x, )= — FOx—z2) /y{. (©)

A table of the parameters and their roles can be found in Table 1. We next briefly summarize
the meaning of the model equations (1)-(4); more details can be found in [34].

If O(4 =1, equation (1) describes an attached motor with position X((#. The restorative
force in (3) results from the stretching of the coiled-coil tether that connects the motor head
and tail attached to the cargo. While a nonlinear force model for the tether would seem to be
most appropriate [27, 59, 65], we could not find a clear consensus on its precise form. To
reduce technical complications in the formulas and to keep focus on the overall structure of
the mathematical course-graining, in the present work, similarly to Miles, Lawley, and
Keener [31], we model the force for this tether for motor 7by a simple Hookean spring
relation A(y) = x{)y, where yis the longitudinal displacement from the cargo to the motor,
and x{9 is the effective spring constant for the tether to the /th motor. The value we have
cited from Furuta, Furuta, et al [32] is measured from motors attached to a DNA scaffold,
but we expect the stiffness to mostly reflect the properties of the motor tether [30]. The value
is roughly consistent with the x~ 0.3 pN/nm values found in other experiments [66, 54, 65].
Surely a better model for the tether would have it be slack under compression from its rest
length [54, 67, 56, 68, 32]. While we do not investigate the consequences of nonlinear tether
force models here in detail, our framework can be generalized to include them, as discussed
in Appendix A.

The nondimensional force velocity relation g :R — R is multiplied by an unencumbered
velocity 149 to produce an instantaneous expected velocity. The argument of g measures the
ratio between the tether force and the motor’s stall force £/, or the opposing force needed
from the cargo to anchor a motor. Positive arguments of g correspond to forces opposing or
hindering the free motion of the motor. To agree with the definitions of X and £,(), g must
satisfy g(0) = 1 and g(1) = 0. Random effects are modelled by independent Brownian
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motions WA)(d, with an effective motor diffusion of %(a(")f. In Table 1, we have used

randomness parameters for kinesin 1 and 2 found in [69, 18] to calculate diffusivities via
their relation which can, for example, be found in Eqgn. (47) of Krishnan and Epureanu [63].

When (3 = 0, the equation for the position of an detached motor X((3 in (1) is an
overdamped Langevin equation for a particle with a friction constant y{), and spring constant

). The friction constant y{) was computed with the Stokes-Einstein relation y{) = 6zan for

a spherical object with radius @ = 50 nm in water, with a fluid dynamic viscosity of 7= 107°
pN s/nm2. The Brownian motions WA)(#) are independent of each other, and also of the
Brownian motion Wy driving the cargo. Finally, the constant kg7 is the Boltzmann
constant multiplied by temperature.

The equation for cargo position Z(4) in (2) also follows an overdamped Langevin equation
with friction constant y (also calculated using the Stokes-Einstein law with a= 500 nm), but
differs from that of detached motors in two ways. First, the cargo is subject to spring forces
from each of the A//motors. Second, we also account for a possible constant applied optical
trap force F; as in the experiments of [6, 17, 16] and simulations of [26, 40, 13, 22, 67, 27].
Note that the friction constant values for the detached motors and cargo should be viewed in
a somewhat notional sense, and we have not attempted to give them precise values.
Fortunately as will discuss in Section 7, the effective dynamics are not sensitive to their
precise values.

2.2 Switching between attachment configurations

We model the transition between attachment configurations with varying numbers of
attached and detached motors with jump processes. See Table 1 for a list of typical
attachment/detachment values. The attachment of motors is modeled by a homogeneous
Poisson process, with each detached motor having an attachment rate of &%. As in most
theoretical work [13, 6, 26], we take the attachment rates to be independent of the
configuration of the motor-cargo complex, though we acknowledge that Furuta, Furuta, et al
[32] finds significant reduction of the attachment rate of a second motor when the cargo is
under load. The attachment rate of a motor can naturally be expected to be somewhat
different when at least one other motor on the same cargo is also attached to a microtubule
than when none are [31], as does seem to be indicated experimentally [27]. As we do not
model the attachment of the motor-cargo complex from a state of no attached motors, the
attachment rate we require is the one where at least one other motor on the same cargo is
currently attached to a microtubule. We therefore take our parameter value for &/ in Table 1
from recent experimental measurements in this setting [14], rather than the conventional
estimate in modeling work [13] based on single-kinesin attachment rates. When a motor
reattaches, we simply place it at the same position along the microtubule as it was previously
in the detached state.

This is a bit different than most other reattachment models in the literature, which do not
precisely track the motor position in the detached state (as we do), but apply a selection rule
of where the motor reattaches. For example, [25] attaches the second motor at a location that
leads to a zero tether force with the cargo, while [31] attaches the motor directly at the
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current cargo position. By contrast, [32, 26, 67, 68] randomly choose attachment sites that
are within a geometrically defined range of the motor’s attachment point to the cargo while
[9, 30] preferentially reattaches a motor to the microtubule at locations that require the least
strain energy on the motor. Our approach, as well as the other random models just cited, are
consistent with experimental observations that a motor can reattach ahead or behind the
motor already attached [14].

Detachment rates are determined through the function depending on the force Ffelt by the
motor:

d(F) = diYO(F | FY). ©®)

Here, the parameter Fff) is a scale force, and Y'¥) satisfies Y(0) = 1, so that d(()i) is the

detachment rate under no external force. Note that since we are only modeling the motor-
cargo dynamics along the microtubule direction, our detachment rate model correspondingly
depends only on the longitudinal force £, with a positive sign corresponding to opposing the
motor’s natural direction of motion. Note this convention of writing the relation of the
detachment rate and applied force with positive arguments corresponding to a hindering
force is opposite to how such relations are typically presented in recent experimental studies
[16, 17, 70] but are consistent with how force-velocity relationships are typically expressed
in theoretical and simulation studies [24, 26, 34]. The force #= A)(# opposing the motor 7
at time £ consists of the force from the tether to the cargo, which is

FO@) = kD XD1) - z@)). ©)

As A(p is a random process, so is the detachment rate ol)(A(#) of motor 7 The resulting
model for detachment thus amounts to a Cox process, a generalization of a Poisson process
in which the intensity function may be a random process (see Cox and Isham [51] for an
introduction).

We can formalize the description of the switching model through the association of standard
Poisson counting processes with each potential state transition. We thereby define, with

associations, the standard Poisson counting processes Y((ji)(t) to represent detachment of

motor /and Ygi)(t) to represent attachment of motor /. Then the dynamics of the attachment
states can be written, for /=1, ... , M

do" (1) = Yg“(a@ / - Q(i)(t’))dt’)
0

. . N . i 2
_ Yg)( fo 0t)d Y kP X V)~ Z(1) / Ffj))dt/).

Together with Egs. (1)-(4) from Subsection 2.1, we have a complete Markovian dynamical
description for the motor-cargo model.
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A common choice of Y”, following the theory of Bell [71], is an exponential function (see
[7, 22], for instance). For simulations in Section 6, we will use the more general double
exponential detachment model, which is based on observations that run length is asymmetric
with respect to the direction of external load [16, 17], which can be argued to improve the
processivity of a team of motors [67]. Detachment rates for the double exponential
detachment model are given by

) ()
. d’ exp(— F/ F9 ) F <o,

dr) = (i) ) ®)
dyyexp(F/ Fyy) F>0.

Here, d(()il and d” are, respectively, limits of detachment rates as the hindering (assisting)

external force approaches zero. The corresponding force scales Ffj)+ and Ffj)_ of
detachment are expressed in the literature [16, 17] in terms of characteristic length scales 6@

and 8 via FY}), = kT /5. Note again our sign convention on the force is opposite to how
the experimental results are presented in [16, 17], but is consistent with the standard
representation of force-velocity relations in theoretical studies. In our one-dimensional
model, we are not distinguishing between longitudinal and transverse force components,
which may have interesting dynamics from geometric considerations of the cargo [27].

From the additivity of Poisson rates, a system with A/, attached motors has a constant total
attachment rate of ¥ ; 9=oA”). Under constant detachment rates o/, j=1, ..., N, which
occur when Y is a constant function, switching between states is a homogeneous,
continuous time, finite state Markov chain, with an average time z(S) spent in a state Q =

(D, ..., M) given by:

1

©S) = — MR
Y11= 0D+ IV 004D

©

For more complicated detachment rates, the average time until either first detachment or
attachment admits no explicit solutions. As we will see in Section 4, however, under a slow
switching regime, we may approximate detachment rates by constants q? through averaging
over possible motor-cargo configurations. This is in contrast to the quasi-steady state model
studied by Bressloff and Newby [72], in which transitions between states are considered fast
compared to motor velocities.

3 Nondimensionalization and averaging

In this section, we prepare for the asymptotic analysis to coarse-grain the detailed model
from Section 2 by a systematic nondimensionalization in Subsection 3.1. We thereby
identify the detached motor and cargo dynamics as faster than those of the attached motors,
and conduct in Subsection 3.2 a stochastic averaging over the cargo and detached motor
coordinates to obtain an effective description only involving the attachment state of the

Res Math Sci. Author manuscript; available in PMC 2021 December 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Klobusicky et al.

Page 12

motors together with the spatial positions of attached motors. This section is essentially a
generalization of the analysis from McKinley, Athreya, et al [34] to the case of nonidentical
cooperative motors, together with a consideration of the coarse-grained attachment or
detachment events.

3.1 Nondimensionalization

For the purposes of reducing the number of parameters in a motor-cargo system, we perform
a nondimensionalization of (1)-(4), adapting the nondimensionalizaton in [34] for the case of
identical cooperative motors. To not only nondimensionalize but normalize the variables for
the asymptotic reduction exploiting time scale disparities [73, 74], a reference time scale of
¥/« and a reference length scale of .2k gT / x was taken in the nondimensionalization, where
x was the common motor-cargo tether spring constant. These characterize the nominal
fluctuation dynamics of the cargo, so the resulting nondimensional equations are normalized
to order unity for the cargo, and manifest the relatively slow dynamics of the attached
motors.

To extend this nondimensionalization to nonidentical motors, we define
N .
K= 2 @ /N, K@ = k0 /K, (10)

and take the average « to define the reference units in the nondimensionalization. Under the
change of coordinates 7 =« / y, and

707 - X0t /%) ~ _ Z(4T /K

FOS e O T

equations (1) and (2) may be written in nondimensional form

(1)

dy(i)(;«) - (S(i)g(s(i)( X(i)(T)— ZE))dT + /ﬁ(i)e(i)dw(i)(f))Q(i)(?)
+(~arOTIROEO@) — Z@ndi + (O 2aw i) - 000,
I <i<N,

(12)

N
dZ({) = ( 3 ®IXVE) - Z(0) - Fr|di +aw,@). 13)

Ji=1

The nondimensional attachment and detachment rates are now & = aDy /% and

av - d®y /%. Under this nondimensionalization, the detachment rate (5) then becomes
(expressed now as a stochastic process in time):

3@ = iy wOXOF) - ZTy) . (14)

Res Math Sci. Author manuscript; available in PMC 2021 December 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Klobusicky et al. Page 13

A listing of nondimensional parameters introduced in Egs. (12)-(14) and their typical values
are provided in Table 2.

3.2 Multiscale Averaging

By comparing magnitudes of drift coefficients, we are now able to identify fast and slow
variables. For systems with multiple scales, a common method of dimension reduction
averages out fast variables by considering their stationary distributions against fixed values
of slow variables (see Pavliotis and Stuart [75] for multiple examples). We will use standard
asymptotic notation for indicating the relative magnitudes of quantities. Informally, f<< gor
equivalently £~ o(g) means fis much smaller than g, f~ gor equivalently f~ ora(g) means
and g are of comparable size, F> gmeans fis much greater than g, and f~ O(g) means fis
comparable to or smaller than g. All these concepts can be given precise asymptotic
definitions [76], which we follow though without making the formalism explicit. From Table
2 and Eqgs. (12) and (13), we observe that a plausible asymptotic ordering for the
nondimensional parameters is: @ ~ 3" « e® « 1 < (r)~!. That is, the dynamics for
detached motors are faster than those for the cargo, which in turn are faster than those for
attached motors, which in turn are faster than the attachment and detachment processes. We
by no means claim this asymptotic ordering is well satisfied for all molecular motors, or for
kinesin-1 under all conditions, but simply that the assumptions on which our asymptotic
simplification is based is at least plausible based on the kinesin-1 data we have drawn from
the literature, summarized in nondimensional form in Table 2. The assumption that the
attachment and detachment processes are asymptotically slow compared to attached motor
dynamics was also adopted and exploited in Miles, Lawley, and Keener [31]. For mixtures of
motors, while we allow the attachment, detachment, and unencumbered velocities to differ,
we assume the parameters in each group are of the same order of magnitude in our

asymptotic ordering (@@ ~ a0 ~ 37 ~ 3, ) ~ ) forall 1< 4, i< N).

While the focus for this paper will mainly be for two motor systems, it is possible to write
averaged formulas for both detached motor and cargo positions under a generic system of NV
motors. Fixing a time ¢= 0 and motor index /, if O()(4 = 0, we may regard the distribution of

the detached motor i(i)(t) as approximately that of the quasistationary distribution pz(® | 7

under fast detached phase dynamics (Q{)(# = 0 in Eq. 12), with the slower cargo variable
Z(¥) held at a fixed value . This is the Gaussian PDF

~(i) )
PR | Z(X | 2) = \/"Texp(—%”(z—zf), (15)

and all detached motor positions are conditionally independent given the cargo position
Z(@) = z. Similarly, by fixing the positions of the slow attached motors, an approximation of
the distribution of the faster cargo position is the quasi-stationary distribution p7 | %@ of
(13) with the states of all motors and the positions of the attached motors held at fixed
values, which is another Gaussian of the form
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p7 X9 o(Z | x.q)

N R N 2
Z/Lexp _( Z q(1)§</)) 5

ZIN= | q( j)fc'(j))?(j) - Fr
N N~(Jj
Zi . q( ,)K(J)

(16)

T

i=1

where x = (XD, X2, ..., XM) and q = (1), ¢?, ..., ) parameterize, respectively the
positions and states of all //motors. Note that the above formula for the quasistationary
distribution of the cargo does not actually depend on the positions of the detached motors
(indices /7for which ¢{) = 0), as these are fast relative to the cargo, and so are treated as
already averaged out on the cargo time scale. This is why we denote the fixed variable as

3('(“), though we write the quasi-stationary distribution formally as a function of all motor
positions to keep notation simple. Moreover, the averaging of the detached motors does not
affect the cargo dynamics to leading order, because the tether force will average to zero, and
the contribution of the force fluctuations to the cargo diffusivity are O(7{)). The average
position for the cargo according to Eq. (16) is a weighted average of the attached motor
positions shifted by a multiple (which would be the simple inverse of the number of attached
motors if they had the same tether spring constants) of the nondimensional trap force. In
reality the cargo should lag a bit from this weighted average position of the attached motors
because of balancing the viscous drag force. Our treatment of £/ as a small parameter,
however, implies that the cargo drag force is being treated as small compared to the force
scale of the thermal fluctuations of the cargo, so this mean lag would be small compared to
the standard deviation of the cargo fluctuations and is thus neglected. We will often refer to
(16) in the specific case of systems with /=2 motors. With one out of the two motors
attached,

~(1) F 2
o ~ ~(1) ~2 K ~D|~ ~1 T
07189, | .5, (1,0)) = /£~ exp| & )(z—x”+—~(1) ,

—~(2) 7\ (17)
~ = ~ ~(1) ~2 K ~Dl~  ~2 T
p7 1% oF | GV, 0,1) = \/Texp & )(z S|
K
and with both motors attached,
(=) | ~@2~2) F\?
< 7170 7 2 ~ K +% Fr
p7 1K@, | FV.ZD). (1. 1) = \/; exp —2(z SR ARTED LT

Our nondimensionalization set the time scale to be order unity for the cargo, so the dynamics
of the slower attached motors expressed in Eq. (12) appears weak on this time scale
(ora(£) drift and diffusivity for attached motors 7, with &) < 1). Thus, to see nontrivial
attached motor dynamics, we must go to a longer time scale

N
i=i/g &= ) /N, 19)
/=1
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over which the cargo now appears ord(()" 1) fast and equilibrates quickly relative to changes
in attached motor position. From stochastic averaging theory (see [77, 78]), we can

approximate the attached motor positions on this time scale i(i)(t' / © by an averaged

stochastic process )?(i)(t' ) satisfying the system of SDEs
(i N . . @
- _ - - B - . [ AN
dx (0 = g (XL @: 10N i +\pPaw Vi), p0 =50, o

with an effective drift obtained by averaging over the quasi-stationary distribution of the
cargo:

. O] i
| € i)~ ~ ~ ~
§Uxs) = = A g6OEY = )p7 X9, oF | % @)dZ . 2

Note the averaged dynamics of the attached motors in Eq. (20) are coupled directly to each
other, through the averaging out of the cargo variable to which they are explicitly coupled in
(12). The averaged drift z¥) ostensibly depends on all motor positions, but it actually is
independent of the detached motor positions because the same is true of p7 | ’;z(a),Q in Eq.

(16). Bouzat [26] proposes alternatively to coarse-grain the effects of the cargo fluctuations
on the effective velocity of motors through an exponential time-averaging of the force felt
from the cargo. This should give equivalent results to the more straightforward stochastic
averaging used here for the “robust” regime of averaging time scales advocated in [26].

Continuing with our assumption that the detachment process is slow compared to the time
scale of motor motion (Zi(") < M), we may also obtain an averaged detachment rate &(i)(x)

for each motor 7 (within the framework [79] of averaging for general Markov processes):

~()

79 _do O(zD - 3)\pz 5@ oF 4 22
d"xs) = — AY(u (x z))pZ|X“,Q(z|X,q)dz. (2)

This formula may be viewed as a more detailed implementation of the idea given in [60, 56]
that the effective detachment rate for a motor should be computed by averaging the nominal
force-detachment rate formula over a probability distribution of forces felt from the cargo,
and that this can lead to a significant enhancement relative to the evaluation of the
detachment rate in terms of simply the average force felt from the cargo. The constant
attachment rates on the longer time scale (19) are now

a’=a"/e. (23)
When a detached motor attaches, its attachment position is taken to be drawn from the quasi-
stationary distribution of the detached motors, given fixed positions of the attached motors.

This follows from our modeling of the attachment process as independent of spatial
configuration in the present work. [32, 26, 67] place attaching motors uniformly at random

Res Math Sci. Author manuscript; available in PMC 2021 December 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Klobusicky et al.

Page 16

over the region of the microtubule where the motor-cargo tether is unstretched; this would be
roughly consistent with our approach when the linear spring is modified to give no
resistance to compression below a rest length (see Appendix A). [55] places attaching
motors at the closest position on the microtubule to their attachment point to the cargo
(which, with our point particle representation of the cargo, would here amount to attaching
the motor at the current cargo position Z). Because of the assumed time scale separation, the
relative position of the detached motors and the cargo is independent of the relative position
of the cargo and the attached motors, and these are governed by the respective Gaussian
quasi-stationary distributions (15) and (17). The quasi-stationary distribution of the position
of the detached motors for fixed positions of the attached motors is therefore obtained by
convolving these Gaussian quasi-stationary distributions, giving rise to a Gaussian
distribution as well. In the simple case of /=2 motors with exactly one of the two motors
currently attached, the probability densities for the attachment position of the detached
motor would be:

@ o~ ~ D ot~y e ~(1) ~
pe(x | EVF2, 1,00 = A PR | Z(x' | Dp7 X9, | FV, %),

[F=2) 2R F
~ [k K _K K , =, F
(1,0))dz = 5 exp( 3 \x X+ =0

~(1)~(2) ~(1)=~(2) = \2
@ o~ ~2) _ kK _K K ( , =2, F
PO [ (X, X7), (0, 1)) = || = _—exp|——— |- % to) | ®

For the general case of A//motors, the attachment position of a currently detached motor 7
would have a Gaussian probability distribution with mean

(24)

>

Z;'V: 1q(j)i(j)5c'(j) _ FT

and variance

1 1
AT . I~ + e
225'\; lq(j)i(j) 2"5(1)

4 Effective dynamics under slow switching approximation

From here on, we will focus on dynamics for a two motor (V= 2) system during a
processive run. At any one time, either one or two motors may be attached to the
microtubule, which gives three possible states, or the run may terminate when both motors
are simultaneously detached from the microtubule. The dynamical description for V=2
motors resulting from the coarse-graining over the dynamics of detached motors and cargo
fluctuations is summarized in Figure 2. The cargo position is now represented as a
probability distribution given the location and identity of the attached motors (see Eg. (28)),
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with a “cargo tracking variable” M(r) representing the conditional mean position of the
cargo. The symmetry of the dynamics under common spatial translation of all entities
implies the effective dynamics while in the state with one motor attached has constant drift
and attachment/detachment rates, while these quantities in the state with two motors
attached only depends on the directed separation of the attached motors

R = XV - xP0). (26)

In this section, we will make use of the assumption that the attachment and detachment rates
are slow relative to the attached motor dynamics (a, d < ¢), to homogenize the spatial
dynamics within each attachment state and thereby further coarse-grain our model, based on
stochastic differential equations with configuration-dependent detachment rates, into simple
continuous-time Markov chain dynamics on the state space of attachment states, together
with the cargo tracking variable M(#) which may be thought of as an accumulated reward
function associated with the Markov chain. The four states of this Markov chain are labeled
by a list @ of the indices of the attached motors, as indicated in Figure 3. The transition rates
between states after homogenization of attached motor dynamics are now all constant, also
indicated in Figure 3.

The state ® = @ acts as an absorbing state terminating the processive run. In each the other
three states, the cargo tracking variable undergoes a constant-coefficient drift-diffusion
dynamics. Thus, a visit to a state ® # @ is associated to a cargo tracking variable increment

AMg = V54T 5 + \2DgAW (AT ),

where ATg; is the duration of the visit to state , Vg and Dg are, respectively, the constant

coarse-grained velocity and diffusivity in state @, and A9 ~ MO, 9 denotes the increment
of the Wiener process over a time £ In other words, the cargo tracking variable increment is
Gaussian conditioned on the duration AT in the state ®:

AMy | AT 5 ~ N(V 34T 5,2 D3AT ;) . 27)

Here and later, the notation ¥'~ My, o) indicates that Y'is a normally distributed random
variable with mean zand variance o2. The tracking variable A/ will also suffer jumps
associated to transitions, corresponding to adjustments in the mean cargo position under the
new configuration of attached motors.

We now proceed to more precisely quantify the elements of the coarse-grained Markov
chain description depicted in Figure 3. The cargo tracking variable A for the motor-cargo
complex in the coarse-grained representation is defined and discussed in Subsection 4.1.
Thereafter, formulas for the effective drift and diffusion coefficients of the cargo tracking
variable in each state (Vg and Dg) are presented in Subsection 4.2. In Subsection 4.3, we

describe both the transition rates of the coarse-grained Markov chain as well as the
associated jumps in the tracking variable at a transition. These coarse-grained quantities are
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expressed following the nondimensionalization from Subsection 3.1, followed by the
passage to the long time scale 7 = 7, so the effective drift, diffusion, and attachment/
detachment rate formulas presented would need to be multiplied by  to give their
expressions in terms of the original nondimensionalization. Note that when describing
effective transport and switching rates from various states of attachment, we will typically
list the indices of the attached motors in the subscript (without parentheses or brackets), and
when needed, indicating by a parenthesized superscript the index of which motor in that
state is being described by the parameter. Finally, in Subsection 4.4, we shift focus to a more
event-based view, decomposing the progress of a motor-cargo complex along a microtubule
in terms of cycles of detachment and reattachment of a motor before eventual complete
detachment of both motors. This representation of the motor-cargo complex dynamics in
terms of these cycles will be the basis for computing the overall statistics of cargo transport
in Section 5.

4.1 Tracking Variable for Coarse-Grained Motor-Cargo Complex

One challenge in characterizing the progress of the motor-cargo system through phases of
attachment and detachment is the choice of a “tracking” variable that remains well-defined
in the various states of motor attachment. The cargo variable Z(7) is an obvious candidate
since in experiments it is the largest and most easily observed object, and whose progress
through space is of practical importance. Mathematically, though, as shown in the
dimensional analysis from Subsection 3.1, the cargo will tend to fluctuate more rapidly than
attached motors, which makes it somewhat awkward to use its instantaneous position as a
tracking variable on long time scales. We therefore introduce the variable M (7) for the mean
cargo position at time 7 under the quasi-stationary distribution p7 | g(“),Q (16) for the cargo

given the current positions of the motors attached to the microtubule at time 7

M) = f Zp7 |39 52 | X(D), Q1)
Y 0VERY @) ) Fr
Z;V: 1Q(j)(?)ﬁ(j) Zflz 1Q(j)(7)f('(j) :

(28)

One can check that M(7) is equivalent to the deterministic mechanical equilibrium of the
cargo, for given attached motor positions, in the absence of stochastic fluctuations. Markov
chain models for cargo transport with attaching and detaching motors often model the cargo
as always being exactly at this position M (7) of force balance relative to the attached motors
[13, 24]; our present model accounts for cargo fluctuations about this mechanical
equilibrium. Nonetheless, M is a more convenient variable for tracking the progress of the
cargo through episodes of attachment and detachment. Moreover, the cargo position Z(7),
under our time scale separation assumptions, has a Gaussian distribution centered at M (7)

with standard deviation no larger than max; < ; < N{L(j)} (see Eqg. (16)). Consequently, the
2K

long-time statistical transport properties of the cargo position Z(7') and the tracking variable
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M(7) are equivalent. Note below we define the tracking variable on the longer time scale
(which is being used after averaging out the cargo dynamics in Subsection 3.2) as

M@{)=M@G/#®. (29)

4.2 Effective Drift and Diffusion Coefficients in Attachment States

For states where the motor with index 7is attached but the other motor is detached, the
effective drift is:

=) (i) ; ~ i
K e ; ~ =
Vi=\—" Ag(S(I)Y)eXP(_K(Z)(Y_FT/ &y 30

/2

and the effective diffusivity is

1 .
D; = zp(’) : (1)

These formulas follow directly from Eq. (20), once we recognize from Eqg. (28), that

M@ = X0 - F /7. (32)

Now we just carry over the result from Eq. (20), noting the expression (21) is constant for
the case of one attached motor.

For the state where both motors are attached, the effective drift is:
Via= A G (r)pr(r)dr. (33)
Where

Pr(r) = Crexp

2 / "
- G_(r’)dr’}, — 0 < r< oo, (34)

with normalizing constant Cg, is the stationary probability density for the displacement R =
XD - X(2) between the two attached motors. The effective diffusivity of the motor-cargo
complex in this state is:

2

[«3] 1 r , N 1
DLF/_oo e (/_oo(G+(r)—V1,2)PR(r | s
o RO DR 40
oD 4 p@ 8 '

A (G = V1, DR - rdr +

The auxiliary functions referenced in these formulas are:
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= @
G.(r) = —G(l)(r) +X G(z)(r) (35)

G_(r) =GV - GPw). (36)

The derivation of these formulas for the effective transport for the state with two motors
attached proceeds as follows. For known motor positions X1, x(2), we can express the cargo-
averaged drift coefficients purely in terms of the signed displacement r= x1) — x(2) between
the motors:

gD, x@; (1, 1)) = GP D - x@), @7)

2™, x®; (1,1)) = GP D — x@), (38)

(i)
=X \f / g(s<’>y)exp(

This representation is achieved by the change of variable y= X/ - zin (21).

~ =~ \2
L DR Fr

—s 5 dy. (39)

The tracking variable (28) in this state is, from Eq. (18),

(1) 2

M@ =XV 0) +x¥PXY0) - Fp /2, (40)

Passing now to the long time scale 7 / e, we can recast the cargo-averaged dynamics (20) for
the two attached motors in terms of this tracking variable rescaled to large time, M(r) (29),
and the (signed) intermotor separation

riH = ¥V /& - ¢ /&

which gives
[ (=132 2) =252
dM(7) = G(R@))dF + de(l)(t_ )+ %dW@)(f ), (1)

dR() = G_(R@))dt +/pVdw D7) — \[p@aw (7). “2)

Under the regime where switching is slow relative to detachment, we may simply
homogenize the internal variable R in order to obtain the effective velocity and diffusion for
M on the long time scales when attachment or detachment occurs. As (42) does not depend
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on M, the stationary distribution for the process Ris a potential function, given in Eq. (34).
The formula (33) follows directly.

The computation for effective diffusivity is more complicated. For nonidentical motors, the
driving terms in the stochastic differential equations in Eqs. (41)-(42) are correlated in
general, unlike the identical motor case from [34]. Only minor modifications are needed to
generalize the derivation for effective diffusion found in Pavliotis and Stuart [75] for the
case of uncorrelated stochastic driving, as we show in Appendix B.

4.3 Effective switching dynamics

After presenting in Subsection 4.3.1 the effective switching rates between attachment states
(as indicated in Figure 3), we discuss the effectively instantaneous jumps in the cargo
tracking variable that occurs in the coarse-grained representation when switches occur.
Namely, when a motor /detaches from the two-motor-attached state (transition (1, 2) — (/
9), the tracking variable undergoes a jump AM,@ given by equation (52). When a motor 7
attaches to form the two-motor-attached state (transition (/) — (1, 2)), the tracking variable
undergoes a jump AM,@), given by equation (56).

4.3.1 Effective detachment rates—From our assumptions about the detachment time
scale being slower than the attached motor time scale (Ei(") <€) in Subsection 3.2, we can
apply stochastic averaging [79] to approximate the rate at which motor 7 detaches from a

state with both motors attached by averaging over the stationary distribution pg(r) (34) for

the motor separation R, just as we did for the effective velocity:

s = A a5 (r) pr(r)dr., 43)

. D) J(i) 1 ) ., ~ \2
dy(r) = \/;TO A Y(u“)y)exp(—Z( — (= RO - FT)) )dy. (44)

This last formula is just an expression of the detachment rate (22) solely through the
intermotor distance r= x1) — X2), An effective total rate of detachment from the state of
both motors attached is then

di,=drV+ars?. (45)

In the case of a single attached motor with index /, we have a constant attachment rate 7@,
and detachment rate 3”(x(0, z) that is dependent on the attached motor position X and
cargo position z. On the longer 7 = & time scale, the slow switching approximation would

reduce the detachment rate (22) to a constant:
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0] d(l)
0 / Y u®y)exp(— & (y — Fr / §))dy. (46)

and simply rescale the constant attachment rates:

a*®= ‘Z. (7)
€

4.3.2 Jumps at detachment from state of both motors attached—When a motor
detaches from a state of two attached motors, there is an immediate change in the force
balance between motors and cargo. The cargo, which is fast relative to a single bound motor,
quickly adjusts to the new motor configuration. This results in a jump of the tracking
variable position. A similar readjustment occurs with motor attachment. See Fig. 4 in
Section 6 for simulations depicting jumps in cargo positions. In this subsection, we describe
distributions of jump sizes at these switching events. This is done under the assumption of
slow switching, so that we may assume the intermotor distance variable R(7) in the state of
two attached motors (in addition to the cargo) has achieved its stationary distribution.

We focus in this subsection on the statistical behavior of the system at a random time z4 at
which one of the two motors detaches (Q(z3) = (1, 1) # Q(zy))- The distribution of R(z7) just

before detachment will not be the same as the stationary distribution of /(4 due to the
dependence of the detachment rate on /(). Rather, the distribution of the intermotor

distance just before first detachment RY = R(z3) will be reweighted by the detachment rate,
yielding the probability density:

(@) + a5 pR(r)

dy,»

PRA(r) = (48)

This can be readily argued by considering a short time interval of length Afover which
fluctuations in A(#) are negligible, using Bayes’ rule to calculate the conditional probability
of R(# given that detachment occurs during the time interval, and passing to the limit A¢4 0.

Next, we denote by X9 the index of the motor which first detaches from the two-motor-
attached state (at the random time z4). From the standard theory of continuous-time jump
processes,

a5 (r)

(D 7(2)

PUD =i| Ry =r) = ———
di»(r) +dj, 2(")

(49)

and thus the unconditional probability that motor /7 detaches first is:
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(t) 5(r) 7% (D)

D —pgd_ o [ d _di2
a(r) +dia(r ) di,2

This is consistent with the coarse-grained description of the attachment states of the motors,
under the slow switching approximation, having the properties of a continuous-time Markov
chain.

The jump of the tracking variable M at detachment is essentially a result of how the mean
position of cargo relies upon the number of attached motors. This is represented by the
difference between equations (32) and (40). Consider, for now, that motor 2 detaches (A9 =

2) from the two-motor-attached state at time z4. The jump size AM( ) = = M(rg) — M(z7) will
be

X(l)( d) - g ] 2[”(I)X(l)(T )+K(2)X( )(Td)

o o
= TR(‘rd) - W,

and thus have the distribution

%2 =
@ R __F
aMy” ~ =5 ( E(l))'

where Rl(d) is defined as a random variable with distribution equal to that of the intermotor

distance A& conditioned on the event A9 = jthat motor /is the one which detaches from the
state of both motors attached. Using Bayes’ rule with Egs. (49)-(50), we can derive the
probability density function

@ = PRV ()

a—, * (1) (51)

A similar calculation shows that when motor 1 detaches (A9 = 1), then

Q)

d F
(- RO -

AM%d) ~ E). In more compact form, the jump in the tracking variable when
K

motor /detaches first from the two-motor-attached state has distribution:

~(i) o

d K i (d F

aM® ~ T(( ~1)'R? - $) (52)
K

4.3.3 Jumps at attachment of second motor from state of one motor attached
—\We now compute the statistics of the jumping distances at a time z before which only one
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motor is attached, and at which time the second motor (with index @) attaches. Suppose
first that we begin with motor 1 attached, then motor 2 attaches (/@ = 2) at time z,.

From Eq. (24), detached motor 2 has a location distributed, conditional on the position of
attached motor 1, as

XPa7) ~ NXVap) - Fr /&1 7 &%), (53)

Under our model that the attaching motors attaches at a position governed by its detached
spatial distribution, the jump in the central coordinate upon attachment of motor 2 is then

~() 3 ~) g =1 s F
AMS = %[K(”x(”(rg) +®¥PXPp) - Fr| - XV - =5
K
=0 ¢4
4

More generally, when motor 7is the detached motor which attaches, the tracking coordinate
jumps by an amount

~()
AM® ~ N0, X |, (55)
; ey

which is always mean zero even when the motors are nonidentical. We remark that the
reattachment rule of Keller, Berger, et al [25], where the tether between the detached motor
and cargo is treated as exactly slack (at rest length), and this motor reattaches similarly at a
location where the tether force is zero, and the cargo instantaneously moves to a position of
mechanical force balance, corresponds to a deterministic version of the rules described for
our model above, using just the means of the random reattachment position and jump in
cargo tracking variable.

4.4 Effective dynamics in terms of detachment-attachment cycles

Starting from the fully attached state (1,2), the motor-cargo complex will undergo a random
number A of full cycles between 2-motor and 1-motor attached states (either (1,2) — (1)
— (1,2) or (1,2) — (2) — (1,2)) and ultimately a ferminal cycle (either (1,2) — (1) — O or
(1,2) — (2) — 0) ending in complete detachment. Thus A is a geometric random variable
with mean (1 - p?) / p?, where the probability of complete detachment during an initiated

cycle is defined by

di d

] 2) 1 2) 2

Pi=p; ——+U-—pi ) ———=. (56)
a*@ 4 ay a* Wy a5

For each cycle (either complete or terminal), time advances by a random increment
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AT, = AT172 + AT ;) (57)
where J9" = 3 - A9 is the index of the motor remaining attached.

The distributions of time AT , spent in the fully attached and time A7;spent in the state
with only motor 7attached are exponentially distributed random variables with the indicated
means:

AT} 5 ~Exp((d] )Y, AT, ~Exp(@* " +d)H™. (58)

Similarly, in each cycle the tracking variable will advance by a random increment

—() d
AM; = AM| 5+ AM j(@)' + AM ;(d) + AM(J()d). (59)

Here, we write 2\7\7,@) to extend the random variable AM,@ (56) describing the jump in the
cargo tracking variable upon reattachment of motor /7to omit its contribution (with the value
zrz\z,@ =0) in the terminal cycle when motor /7 detaches before motor /reattaches. The
distributions for the jump in the cargo tracking variable upon detachment of motor /, AM,@,

is given in Eq. (52). By the independence of residence times and the next state visited in a
continuous-time Markov chain, these jumps are independent of the time spent in any state of
the cycle. On the other hand, from the results of Subsection 4.2 for the effective velocity and
diffusivity in each attachment state,

AMy 5 | ATy 5 ~ N(V1,24T 2,2Dy 24T} 2), (60)
AM; | AT; ~ N(VAT;, pDAT ) 5). (61)

Like the distributions for A7y , and AT}, the displacements AM; , and AM;, within an
attachment state are independent on whether the motor system eventually returns to a two
motor attached state.

5 Effective Transport Characterization

For a cooperative system of two motors, we have provided in the previous section a coarse-
grained approximation of the stochastic process governed by equations (12)-(14). These
simplified equations are adequate, under the conditions of validity of the asymptotic
approximations, for computing effective transport properties of the motor-cargo complex.
We begin in Subsection 5.1 by computing the processivity measures: the mean and variance
of the run time and run length. Then we turn in Subsection 5.2 to the theoretical calculation
of the effective velocity and diffusivity of the motor-cargo complex. The proper definition of
these transport statistics is not entirely obvious for a motor-cargo complex that eventually
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detaches and terminates progress along the microtubule. We discuss two distinct
mathematical framings of velocity and diffusivity in this context, and relate them to
approaches used in analyses of previous models as well as to experimental approaches. We
then, in turn, compute the velocity and diffusivity under each of the two mathematical
interpretations.

The formulas in these subsections are formulated in terms of statistics of the cycles of
attachment and detachment presented and derived in Subsection 5.3. In complicated
expressions, we will sometimes have yy denote the mean, oy denote the standard deviation,
and oy - denote the covariance of the random variables Y, Y

5.1 Run length and run time statistics

We now consider the total run time 7 and total run length L taken by an ensemble of a cargo
with two cooperative motors before complete detachment. For simplicity, we take the system
to start with both motors are attached. Then 7is just the first passage time of the coarse-
grained Markov chain from state (1,2) to the state 0, and L is the increment in the cargo
tracking variable M until absorption at the fully detached state 0. We may then write 7and L
as random sums of iid random variables {AT{}}?L 1 and {AM{};?‘; 1, Where the number of

complete detachment-attachment cycles A (and therefore also the total number of cycles A,
+ 1) has the property of a Markov (stopping) time for the natural filtration generated by
these two sequences of random variables together with the sequence of Markov chain states
visited:

Ne+1 Ne+1

T= ) AT, L= ) AM. (62)
=1 =1

This permits us to use Wald’s identity (Th. 14.6 of DasGupta [80]) and the second Wald
identity (Th. 2.4.5 of Ghosh, Mukhopadhyay, and Sen [81]) to obtain:

Proposition 1 (Run length and time from cycle statistics)

1. The mean run time and run length are given by
nr = E[T] = E[N¢ + lpyr,, (63)
np =E[L] = E[Nc+ Hpanm, - (64)
2. The variances and covariance of the run time and run length are given by
6% = Var(T) = E[N + 11657, + Var(Ne + Diir,. 65)
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67 = Var(L) = E[N¢ + 1]65y, + Var(Ne + D(Ram,)’

(66)
or, 1. = Cou(T,L) = E[N. + I]GATC,AMC + Var(N. + l)pATC”AMC .
3. The number of complete detachment-attachment cycles N; has the following first
and second order statistics:
1
E[Nc+ 1] =—, (67)
Pq
1- p(a
Var[Nc + 1] = TZd’ (68)
P4

with the probability of complete detachment during an initiated cycle given by

i s
2 1 2 2
P8 = PP ———+ =)

—. (69)
a*?+d, a*WDya;

The statistics of A follow directly from the discussion at the beginning of Subsection 4.4.
Explicit expressions for the other cycle statistics in Prop. 1 will be provided in Subsection
5.3.

It may seem surprising that we do not need to subdivide the calculation into the component
from the A, complete cycles and the terminal cycle, since the probability distribution of the

attachment jump W(Ja()d)’, does depend on whether it is a terminal cycle. But Wald’s identity

precisely allows us to do this because, viewed jointly, the sequence of times taken, cargo
motion incurred (including the jump variables), and attachment/detachment events within
each cycle are independent and identically distributed across cycles. It is only when one
conditions on the first cycle that leads to complete detachment (A, + 1) that the cargo
motion incurred on each cycle is no longer identically distributed. Our calculation involving
Wald’s identity eschews this conditioning step, which in fact would further complicate the
calculation due to its effect on which motor A9 detaches during a cycle (see Subsection 5.3
below).

5.2 Effective velocity and diffusion

The characterization of the effective velocity and diffusivity is not so straightforward for a
motor-cargo complex that eventually detaches from a microtubule. One cannot directly take
the long-time limit of the ratio of distance traveled to time, since the motor-cargo complex
will detach at a finite time. Of course, for cooperative motor models that explicitly model a
rate for reattachment for the motors even from the fully detached state, one can define an
effective velocity and diffusivity in the usual way, essentially averaging progress over both
phases where the motor-cargo complex is attached or detached from a microtubule
[23,31,82]. While such an effective velocity is meaningful for characterizing transport, it
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does not relate so naturally to experimental observations of particular cargo, which are
tracked only while they appear to be attached to a microtubule. Moreover, the time until
reattachment could be quite long. In a model with explicit reattachment from the fully
detached state, one could alternatively and meaningfully define a effective velocity
conditioned on attachment [13], but it is not clear how to similarly define a diffusivity
conditioned on attachment.

In order to describe the effective velocity and diffusivity of cargo during periods where at
least one of its motors is attached to a microtubule, we consider two distinct definitions of
effective velocity and diffusivity which could be applied to any theoretical or simulation
model for motor-cargo dynamics, without reference to a model for reattachment from a state
of complete detachment:

1. Pooling run times 7 and run lengths LY over independent experiments j= 1,
..., S, and defining the ensemble velocity and diffusivity as:

N (@)
. Xj=1L

Vens = lim {S'—(-)s (70)
S—»oozj=1Tj

S j )2
Zj -1 (L(J) _ VensT(J))
S — o0 22;9: 1 T(j)

(1)

2. We may alternatively censor experiments by requiring that they complete a
certain number of full cycles, thereby defining the long-run velocity and
diffusivity as

S j ;
_ XLV 5
Vi = khm lim — T , (72)
—»ooS—>oozj=1T 1Né1)>k

s ] . ) 2
2= 1((L(J) - VrunT(J))lNéf) > k)

k— 008 — 0o 255~ 1ITO1INGD) 5 i

(73)

What we have defined as the ensemble velocity should coincide with the velocity
conditioned on attachment in models with explicit reattachment from a completely detached
state [13]. With regard to the distinction in the definition of the long-run transport statistics,

note that a large number of cycles during a run, N — oo, implies (almost surely) a large

run time 7¢) — co. The idea here is that one may often only wish to take data on sufficiently
long runs in experiments, or simulations, in order to downplay transient effects at the
beginning or end of a cargo run, and better characterize the dynamics in the middle of a run.

Censoring on run time 7 rather than the number of attachment/detachment cycles Ngf) ina
simulation or experiment would be more natural, but the derivation of the theoretical
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expression would be less straightforward, so we leave its consideration for a later work. The
k— oo limit is the more important one in the above definitions as it characterizes a “long
run”. The S— oo limit of many experiments passing the censoring step is unnecessary for
computing the long-run velocity and only needed for computing the long-run diffusivity
since we only take data on the total time and displacement of a run. We have left aside here
the capacity, often exploited, to use observations of the cargo position at intermediate times
within a run to infer velocity or diffusivity through, for example, fitting mean displacement
and mean-squared displacement as a function of time [83,84,18]. More complex statistical
definitions of measured velocity and diffusivity could be accordingly formulated. We finally
remark that in the limit of small detachment rate, the long-run statistics should converge to
the ensemble transport statistics since most runs will be long [85].

The ensemble definition has good mathematical properties and is an idealized manner of
estimating velocity and diffusivity in experiments, but we must bear in mind that
experiments typically only measure runs of a cargo that are sufficiently long [86,69,56,32],
since short runs are difficult to detect or disambiguate from noise. Thus, the actual
experimental values might fall somewhere between the ensemble and long-run definitions
given above, so we will study both. The selection of runs to record in an experiment can be
censored in other ways as well, for example those with an observable initial attachment and
complete detachment event [87].

Some stochastic simulations also compute velocity (and sometimes diffusivity) using the
ensemble definitions given above [88], though some simulation studies compute velocities
and diffusivities in each run, and then average the single-run velocities and diffusivities over

the ensemble [68,26] by averaging the ratio of run length to run time (%Zfz 1%). The

latter has no inherent connection to long-time properties, but would be approximated by the
long-run definitions if the run times happened to be sufficiently long in some statistical
sense [85]. This velocity estimator, however, has infinite variance [85] while the ensemble
definition (71) (with a large but finite number of samples S) enjoys the good statistical
convergence properties afforded by the applicability of the central limit theorem.

We define o as the event that a cycle ends with a return to the two-motor-attached state
((1,2) — (» — (1,2)) rather than to the detachment of the complex ((1,2) — (/) — 0). The
formulas for the long-run velocity and diffusivity involve first and second moment statistics
of cycle displacements and durations, conditioned upon «/; we denote these conditional
statistics by appending ”| «” in the subscript. As A, — 09, the contribution of the terminal
cycles in Vjyn and Dy become negligible. From the standard law of large numbers for
independent random variables for the case of ensemble statistics, and its version for renewal-
reward processes [89,90] for the long-run statistics, we arrive at the following expressions:

Proposition 2 (Velocity and diffusivity from cycle statistics) If all runs are initialized from a
state in which both motors are attached’:

1. The ensemble velocities and diffusivity are given by
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153 _ pAMC

Vens = — ,
T pr AT,

(74)

2 2. 2
Vens®F + 67 — 2Vens“T, L
2pr
VensOar, + 6an, — 2V,
ensOAT, T O4AM, ensO AT, AM,
2par, '

Deps =

(79)

2. The long-run velocity and diffusivity are given by

Wam, | o
= (76)

run — ’
HAT, | &

2 2 2
1| HAM, | ACAT, | o N CAM| o 2WAM, | ACAM, AT | o

2 3 2
2 HAT, | o WAt | o MAT, | o

Dy =
(77)

2 2
VianGar, | o + 6amg | o = 2Vrun®aM, AT | o
2par, | '

We see that the expressions for the ensemble and long-run velocity and diffusivity in terms
of cycle statistics have a similar structure, with the latter involving a conditioning on the
cycle indeed returning to a state of two attached motors rather than possibly terminating in
complete detachment.

Corollary 1 When the two motors in the ensemble have identical parameters, then Vops =
Viun and

1
| Dens — Drun | STATC‘

We prove this corollary in Subsection 5.3.3. For both kinesin-1/kinesin-1 and kinesin-2/
kinesin-2 ensembles which we consider in Section 6, the difference in diffusivities is less
than one percent. The distinction between ensemble and long-run transport characteristics
therefore appear potentially important mainly for heterogenous ensembles.

5.3 Expressions for cycle statistics

The formulas for the effective motor-cargo transport in Subsections 5.1 and 5.2 refer to
statistics of durations and displacements within detachment-attachment cycles. We now
provide formulas for these cycle statistics, followed by a discussion of how they are derived.

Proposition 3 (Explicit expressions of cycle statistics)

Res Math Sci. Author manuscript; available in PMC 2021 December 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Klobusicky et al. Page 31

1. The first and second order moments of the unconditional cycle times and
displacements have the explicit forms in terms of the effective nondimensional
parameters defined in the coarse-grained model from Section 4:

2 1
1 Pc(z) P((j)

RaT. = — + — + — (78)
Cdi, aP+a aV+d

@
Vi2 2(" @pPR? — @R + Pi Vi

Ram, = — -
¢ di, a* P4 9
o0 ~ |
+—Vz_ﬂ r? !
PRI ba —m T Pd )|
2 1
62 — 1 + pt(i) Pfi)
AT, — ~ 2 _ _
¢ (@t @P+a) @V+a?
) (80)
@ (1) 1 1
+ —
Pa Pd (5*‘2)+&’f a4 a
2
5 2Dy Vi
CiM, = —; =
di» di»
o o 2D vi Vo1-0f K() ()
+ ) )l ——— ~ (Kl)ﬁ(d) 81
i; aOyd \a* D44 4 3 ®1
2
2 2 i+1 (g
(l)pff)( & ()F+ z (-1 Vi+”R K
) AT 2
V1,2 pElZ)Vl + (I)V
GAT ., AM, = —— - - -
T @t @P+a)t @ V+ar)?
) () 1 1
+pd pd ( — — 82
a*P+d a*V+a (62)

: ~(0)
x(ff“)—*’@))~ 2 (-1itly,  rROR
1

ﬁ(l)ﬁ(Z) ) + d‘;“ 2

Ad(ditional notation used here is i”= 3 — i (the index of the “other” motor), the
- % (l)
dy.

probability = - (50) that motor I detaches first from the state of both
di 2

motors attached, the unconditional probability of complete detachment in a given
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cycle p (57), and ug(@, the conditional mean of R\ given detachment of motor
I, which may be computed from its probability density (51).

2. Expressions of the corresponding cycle statistics which are conditioned on o, the
cycle being complete and returning to a state of two motors attachea, are the
same as corresponding statistics given in the above equations (79)-(83), except

that
. Inall instances, p is replaced with
iy 3 o ()1
o= [ d0d2 drta (83)
! a” a9 @ +a"
b. To compute sap, | o, i equation (82) we replace the term pgf (defined

in (57)) with 0.

5.3.1 Derivation of unconditional cycle statistics in Proposition 3—We begin
by computing statistics for run lengths and times for different attachment states involved in a
cycle. For evolution with two attached motors, we invoke the law of total expectation,
conditioning on A7 7, to obtain

Vi
[E[AMI,Z] =—- (84)

di 2

From (61), we may use the law of total variance, to obtain

2D »
Var(AMLz) = .

%k

di 2

(85)

Next, from the definition (60) of AM, we obtain, by conditioning on possible values of X9,

oy = Ifll,z 2 Vi ., g(szgd) ) %OF,
R a* @4 q; 2 2
86
a +d; 2K

which is equivalent to (80). A similar argument, referring to Eq. (58) and (59) yields (79).

From (52), (56), and (27) we can similarly compute the following statistics:
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E(AM) _n Var(AM;) _ b
)= —, ar )= —
! d*(l)+d;k ! L-Z*(l)_l_d?‘
vi | @7)
a4 g)’
(@ @, _ 18V
E(AM;™) =0, Var(AM;™) = 7 —,
A
S P 1 — pg ~(i)
E@AM™) =0, Var(AM™®) = e (89)
K
@, _ & i F @, _ L ~ip 2
E(AMI )=T(—1)HRI()—m, Var(AMl )=Z(K )URI(d) (89)
K

Here, we note that the mean le(d) and variance Ui(d) of the intermotor separation Rfd) at the
i

detachment time, given motor / detaches first, may be computed directly from the density
given in Eq. (51). For the special case of constant detachment rates, le(d) = ug and

or@ = op.

To find af\TC and o3 M, Observe that the times spent and dynamics within the fully attached

and one-motor detached states are independent, which implies

6 i1, = Var(4Ty o) + Var(AT /@),
R b T () (90)
Sim, = Var(AM, ) + Var(AM ;&' + AM ;) + AM () .-

From (59), Var(4Ty 2) =1/ ((i’i 2)2. For the second term in (91), we use the law of total
variance, conditioning on A9, to obtain

Var(AT j(d)) = Var(ATl)p((jZ) + Var(ATz)pfjl) + (E[4T] - ATz])prf) pfil),
which, using (59), yields (81). A similar calculation gives (82), with attachment and
detachment jumps, due to their association with the fast dynamics of the cargo and detached

motors, taken as independent of each other and of the progress of the cargo tracking variable
during the time one motor was attached.

It remains to calculate the covariance o7 ang., Which may be decomposed as the sum
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04T, aM, = Cov(AM | 2, AT 2)

. ——(@) (d) , (91)
+ Cov(AM ;@' + AM (d) + AM j(a), AT ;@)
The first term follows easily from the law of total covariance, conditioning on A7; »:
Via
Cov(ATy, 2, AM | 3) = —. (92)
(d1,2)

Through another application of the law of total covariance, conditioning on 49 and noting
- . . . . . — d
the conditional independence of the jumps in the cargo tracking variable AM(;()d) and AM(J(L)

from the residence times A7 £q)’, we may write

, —(@ ) ,
Cov(4M j(@)' + AM ,(d) + AM J(d)-AT @
= pPcovamy, atp) + ) )COV(AMZ AT)
+ oo €411 - ELaTS))
——(a) d) ——(a) (d)

X (E[AM 1+ AMy~ + AMYy | — E[AMg + AM | + AM{V]).

A direct calculation of each of these terms yields (83).

5.3.2 Derivation of conditional cycle statistics in Proposition 3—By the
independence of residence time of a state and the next state in a continuous-time Markov
chain, the conditioning upon re-entry into the state of two attached motors does not affect
distributions of attachment and detachment times given in (59), nor the components of the

cargo-tracking displacements AM 5, AM,, AM,@, and AMl(d). What is affected is the

probability distribution of which motor is the one to detach from the state of two attached
motors.

Let /D | & denote the index of the motor which detaches during a cycle, conditioned on the
event o of next returning to a two-motor attached state rather than to a state of complete

detachment. We can compute the distribution of /@ | & through Bayes’ rule, with

pfi’)l P D =i )
A0

dl*g)
U D=y di+ad\ di
T e )

ar+a\| di

=Pt | JD =)

c;;kf+ﬁ(l)k d1’2
-1
i e

FOIPRCE

1+

Res Math Sci. Author manuscript; available in PMC 2021 December 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Klobusicky et al.

Page 35

Note the conditioning on returning to the state of two attached motors biases the probability
distribution for which motor detaches toward the one that is more likely to reattach.

When conditionining AM, on the event </, the only variables affected are A9 and W(Ja()d)).
Thus, expressions in (79)-(83) now are computed with P(J¥ =i | &) = pff)l . rather than

i . —() .
pY. To obtain oy, | o, We note that AMJa(d) | of ~ AM(Ja()d) | o @nd carry out calculations

similar to those which yield (82).

5.3.3 Derivation of special case of identical motors in Corollary 1—From these
formulas, we observe that if two motors in an ensemble have identical parameters, it follows

from symmetry that pf}) = pfill) « = 1/2,and consequently Vens = Vyn. Effective
diffusivities Dyns and Dy, for identical motors ensembles are, in general, not equal due to
the difference in the term involving p? in equation (82). However, a straightforward estimate

comparing the effect of this term on (76) and (78) shows that the diffusivities differ at most
by 1/(84are)-

6 Simulations

In this section, we compare theoretical and sample statistics through direct simulation of
equations (1)-(4) for two motor ensembles. Both homogeneous (kinesin-1/kinesin-1 or
kinesin-2/kinesin-2) and heterogeneous (kinesin-1/kinesin-2) ensembles are simulated, using
the parameters in Table 1. For each ensemble, we consider optical trap forces of F7=
-5,0,and 5 pN. We also considered two separate detachment models. The first utilizes the
double exponential function given in (8). For comparison, we also use a constant detachment
rate set equal to the average of the double-exponential detachment rate model against the
stationary distribution of the force Fapplied by the cargo when the motor in question is the
only one attached with no trap force. Therefore, at zero trap force, both models have the

same nondimensional effective detachment rates 4}, but the first model has a double

exponential function describing the detachment rate as a function of force while the second
model has a force-independent detachment rate. Note that, for the constant detachment rate
case, this would also be the detachment rate from the state with two motors attached, but

*

would in general differ from the effective detachment rate él,g) (43) for the double-

exponential detachment rate model. The effective detachment rates from the state of one
motor attached will be higher under assisting or opposing trap forces for the double-
exponential detachment rate model relative to the constant detachment rate model. In all
cases, we used constant values &% for attachment rates. Values of parameters related to
attachment and detachment are found in Table 1.

The stochastic differential equations (1)-(2) were simulated by an Euler-Maruyama
discretization with a time increment At= 10~%s. The random switching was discretized with
respect to the same time interval, with probabilities to switch as the momentary rate
multiplied by the time step. For stability and accuracy concerns, the time step was selected
to be less than the time scale y,/ « for the drift of unattached motors (and consequently the
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larger time scales for attached motors, cargo, and switching dynamics). Our choice of the
nondimensional force-velocity curve g in Eq. (4) is the same used in McKinley, Athreya, et
al [34], defined by

g(x) = A — Btanh(Cx — D), (93)

with g(x) — 1.2 as x— —oo and g(x) — —.1 as x — oo. With the requirements g(0) = 1 and
g(1) =0, the constants A, B, C, and D may be uniquely determined numerically.

We show a sample path of motor and cargo positions in Fig. 4 near times of attachment and
detachment at zero trap force F7= 0. As predicted by the calculation (28) (or the force
balance analysis of [13,24]), the mean cargo position is a weighted average of the position of
kinesin-1 and kinesin-2 when both motors are attached. When one motor is attached, the
detached motor and cargo both have mean position equal to the current position of the
attached motor. Fig. 4 also suggests that the transient period for motors and cargo to change
their relative positions is small compared to times between attachment or detachment. In
particular, we can interpret the jumps in the cargo position at motor detachment events as
potentially corresponding to “flyback” seen in experimental traces [91,50,14].

For each combination of motor ensemble (kinesin-1/kinesin-1, kinesin-2/kinesin-2, or
kinesin-1/kinesin-2), detachment model (constant or double exponential), and trap force
strength (Fr=-5, 0, or 5 pN), we simulated S= 2,000 runs, each beginning with two
attached motors and cargo at identical positions along the microtubule, and terminating with
complete detachment from the microtubule. All experiments have the same initial conditions
X1(0) = X5(0) = Z0) = 0. However, due to repositioning from force balance, we should
expect the cargo to quickly readjust to 10 nm for /7= -5 pN and to =10 nm for ~7=5 pN.
We include these corrections in reporting our simulation results. Table 3 reports these
simulation results for constant detachment rates and Table 4 for double exponential
detachment rate functions. For the means of run times 7, run lengths L, and number of
cycles A, estimates are given by sample means with intervals of the standard error. The
ensemble velocities and diffusions are estimated using the finite $= 2, 000 version of the
formulas (71) and (72), with errors estimated from bootstrapping. Specifically, from our data

.....

B = 1,000 bootstrap samples @} = (T(j), L,(,j))j =1,..s foreach =1, ..., B, where each

(ng), L,()j)) denotes a random sample with replacement from 6. For W, (73) and Dy, (74),

we use a similar procedure, with now the dataset & thinned to those /10 = 200 data pairs
associated to the run lengths LU in the top decile.

Our main concern here will be the question of adequacy of the theoretical results based on
the asymptotic analysis relative to the Monte Carlo simulations, but we first remark on how
the velocities, both theoretical and simulated, can be quite a bit faster than either of the
kinesin-1 or kinesin-2 maximum speeds when the trap force is assisting (F7= —5pN). Note
first that under our force-velocity model (94), the motors can move 20% faster than their
unloaded speeds, listed in Table 1, under assisting loads. The reason the reported effective
velocities can exceed even this figure is the contribution from the jumps in the cargo
tracking variable at detachment events (Subsubsection 4.3.2). Indeed, the cargo with no
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motors bound will travel under an assisting force at an average speed F7/y ~ 5 x 10°nm/s.
Of course we are only considering the cargo during times where one of the associated
motors is attached to a microtubule, but this indicates the cargo can move considerably more
quickly than the motor speeds when one motor detaches. So what is really causing these
large velocities under assisting forces is typically that the lagging motor (under stronger
force and therefore higher detachment rate since the cargo is typically ahead of the motors
under assisting force) detaches, freeing the cargo to quickly move forward to the new quasi-
equilibrium with the remaining attached motor, and meanwhile the detached motor also
quickly moves up to the cargo’s position and reattaches near the cargo’s new position,
becoming now the leading motor. These jumpy adjustments can allow the cargo to move at a
large velocity, at least until the cycle is broken by the attached motor detaching before the
detached motor reattaches.

Returning to the central question of the adequacy of the theoretical asymptotic
approximation, we see from Table 3 that the simulations well support the theoretical
approximations for models with constant detachment rates. The diffusivities are somewhat
underestimated for hindering trap forces, and overestimated for the kinesin-1/kinesin-2
ensemble at zero trap force. These issues carry over to the double exponential detachment
rate model in Table 4, with now a substantial overestimation of diffusivity for the kinesin-1/
kinesin-2 ensemble with assisting trap force. These discrepancies can be traced to order of
magnitude errors in some of the second moment cycle statistics (Egs. (81) through (83)),
which are apparently more sensitive to the non-ideal scale separation.

A more fundamental discrepancy emerges for the kinesin-2/kinesin-2 ensemble with
hindering trap force, where the mean run length but not the mean run time is overestimated
by a factor of two by the theory, and the velocity similarly overestimated. What appears to
make this case the most problematic for the theory is the failure of the assumption that
detachment from the state (1,2) with both motors attached takes place on a time scale long
compared with that required for the intermotor separation /to reach its stationary
distribution (34). First of all, the nondimensional effective rate of detachment from this state,

JT,z = 0.24, is the highest for this case out of all considered, and is therefore the least well

separated from the ora(1) time scale of the relaxation dynamics of the intermotor separation
R. Moreover, the force scale of detachment under hindering forces (for both kinesin-1 and
kinesin-2) is about F4 = 2pN (Table 1), which is on the order of the load carried by each
motor under a trap force of 5 pN. Upon reattachment from the state of one attached motor,
the leading motor will still be carrying approximately 5 pN of load, since the recently
reattached motor is typically near the cargo position and relaxed, and so the leading motor
will be considerably more likely to detach shortly after reattachment than it would under an
averaged theory where both motors are carrying 2.5 pN of load on average. Kinesin-1 is
similarly sensitive to fluctuations in hindering load, but its lower base rate of detachment ap+
appears not to lead to a substantial violation of the scale separation assumption (Table 1).
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7 Discussion and Conclusions

7.1 Summary and Related Work

We have developed and analyzed a mathematical model for the transport of cargo by
multiple, nonidentical molecular motors along a microtubule. The spatial dynamics are
formulated in terms of stochastic differential equations, coarse-graining implicitly over the
stepping dynamics of the motors. The process of detachment is modeled via a Cox process,
in that the detachment rate depends on the spatial configuration of the motor-cargo complex,
which in turn is a random process governed by the stochastic differential equations.
Nondimensionalization revealed an at least nominal separation of time scales between
detached motor dynamics, cargo dynamics, attached motor dynamics, and attachment/
detachment processes. For the case of two motors attached to a cargo, we exploited this scale
separation by successive averaging and homogenization procedures to arrive at an effective
continuous-time Markov chain for the attachment states of the two motors, together with
random displacements of a cargo tracking variable associated with each visit to a state. The
cargo tracking variable is just a smoothed representation of the position of the cargo that has
the same long-time dynamics. The displacements of this cargo tracking variable in each state
also include jumps associated with attachment and detachment events where the cargo
tracking variable adjusts, on a fast time scale, to the new state. We developed analytical
formulas for the effective velocity, diffusivity, and processivity of the cargo by an
application of the law of large numbers and renewal-reward asymptotics to a decomposition
of the coarse-grained Markov chain into regeneration cycles. 1.

Miles, Lawley, and Keener [31] previously pursued in a similar spirit an analysis of effective
transport and processivity of a cargo with multiple motors attached via renewal reward
theory. Their procedure, as ours, relies on a separation of time scales between the continuous
dynamics of spatial motion of the motors and cargo and the attachment and detachment
kinetics. Our use of the cargo tracking variable in Subsection 4.1 to provide a representation
of the cargo position even when it has been explicitly removed as a fast variable is similar in
spirit to the study in [31] of the conditional expectation of the cargo (and motor) variables
given the attachment/detachment state of the motors. While our methods of analysis share
these similarities with [31], our model and analysis does offer several complements. First of
all, we remark that [31] start with a stepping model for the motors, while we opted for a
coarse-grained stochastic differential equation to unify the mathematical description with the
cargo dynamics. We note below that our approach could be extended to motor stepping
models, and we intend to do this in future work. Our model, on the other hand, has the
following distinctive features relative to the model of [31]: First, we allow the motors to be
of different types, since we are interested in understanding dynamics of heterogenous
ensembles as studied for example in Feng, Mickolajczyk, et al [14]. [31] was rather
motivated to explain the emergence of transport ability of homogenous collections of the
non-processive motor Ncd [32]. Secondly, we model motor dynamics and detachment rates
in terms of the instantaneous force felt and thus the spatial configuration. [31] rather model

IThis latter procedure is presented in more generality in a separate publication “Renewal reward perspective on linear switching
diffusion systems in models of intracellular transport” by M. V Ciocanel, J. Fricks, P. R. Kramer, and S. A. McKinley
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motor dynamics and detachment in terms of the number of currently attached motors, which
could be viewed as a phenomenological way of accounting for the different distributions of
forces experienced, but this framework does not adapt well to mixed motor types. Third, we
provide a statistical model for the detached motors and where they reattach, rather than
assume they are always exactly at the current cargo location. Finally, though we focused on
the same kind of linear spring model for the motor-cargo tether as was adopted in the model
of [31], our mathematical framework can handle nonlinear tether models (Appendix B). This
is important for comparison with experiment, as we spell out below.

With regard to the mathematical analysis of the models, our coarse-grained velocities,
diffusivities, and detachment rates within each attachment state reported in Section 4 involve
more complex formulas as we have attempted to explicitly model force dependence of the
dynamics. This accounting for the effects of the spatial distribution of the motors also is
shown in Subsection 4.3.1 to lead to jump contributions of the effective cargo position, with
generically nonzero means, when motors attach and detach and the cargo adjusts to the new
statistical quasi-equilibrium. Effective velocity is computed in [31] through renewal-reward
asymptotics applied to a long time over which the cargo is allowed to go through periods of
having no motors attached to the microtubule; the results can be renormalized in the usual
way to estimate the average velocity while attached. We have eschewed this setup of
allowing reattachment from a completely detached state because it does not allow for a
computation of effective diffusivity during a run in which the cargo is attached to a
microtubule in the same way it does for effective velocity. Rather we contemplated two
asymptotic idealizations of experiments or simulations which terminate when the cargo
disassociates from a microtubule: a large ensemble of runs, or a collection of runs which are
censored to be sufficiently long. Either setup permits the computation of effective velocity
and effective diffusivity through a law of large numbers, based on the random increments of
time and cargo displacement during a regeneration cycle of detachment and reattachment to
the fully attached state, terminated by a cycle of complete detachment. The effective velocity
and diffusivity differ somewhat when computed under the two setups, primarily because the
terminal cycle of complete detachment is treated as negligible when only long runs are
considered. For homogenous ensembles, as shown in Corollary 1, the effective velocities are
in fact identical and the effective diffusivities rigorously close. For kinesin-1/kinesin-2
ensembles, the predictions of effective velocity and effective diffusivity are found in Tables
3 and 4 to differ under the two scenarios by only a few percent in almost all cases.

7.2 Conceptual Findings from Mathematical Results

Inspection of the effective transport formulas presented in Sections 4 and 5 shows (once
redimensionalized) that they do not depend on the friction coefficients y and () for the

cargo and detached motor dynamics, respectively. These coefficients only need to be small
enough that the cargo and detached motor dynamics are indeed fast relative to the attached
motor dynamics so that our separation of scales arguments are valid; then their precise
values are not relevant. On the other hand, the properties of the motor velocities and
diffusivities while attached play clear roles in the determination of associated statistics for
two motor systems. The tether spring constant x{/ plays an important role in setting the
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force scale of thermal fluctuations y/k gT?), whose ratio to stall force (in the

nondimensional parameter s) and to detachment force scale (in the nondimensional
parameter (A7) potentially significantly affect the effective velocities and diffusivities within
states (Subsection 4.2), as well as the effective detachment rates (Subsection 4.3.1).
Moreover the magnitude of the jumps of the cargo tracking variable at detachment
(Subsection 4.3.2) and attachment events (Subsubsection 4.3.3) is also sensitive to the value
of the tether spring constant.

These jumps, which perhaps can be associated to cargo flyback [91,50,14], can have a
nontrivial impact on the effective transport of ensembles of motors. The mean cargo jump at
detachment of a motor is typically nonzero (Eq. (90)), due to relaxation of the cargo to a new
equilibrium balancing the applied trap force with one tether rather than two, and the
preferential detachment of the leading or trailing motor. But, at least in our model, the cargo
jump has mean zero upon reattachment of the second motor (Egs. (88) and (89)). So in
principle, the motor-cargo complex can have a substantial contribution to its effective
velocity from a ratcheting process in which, from the state of two attached motors, one
detaches, allowing the cargo to rapidly adjust by thermal diffusion to a statistical equilibrium
with the attached motor while the detached motor even more quickly equilibrates about the
cargo, then the detached motor reattaches to a relaxed configuration (with no net mean cargo
position change), and the two attached motors move again toward a more strained
configuration leading to motor detachment. This phenomenon caused a speedup in our
model of the motor-cargo complex under an assisting trap force which in some cases
exceeded the maximum single motor velocity.

We plan to examine this flyback effect with more biophysical detail in future work.

7.3 Future Work for Improved Biophysical Fidelity

Our primary goal in this work has been to set out a mathematical framework for relating the
various physicochemical properties of dissimilar cooperative motors on their effective
transport as a team. While we have endeavored to parameterize our models for kinesin-1 and
kinesin-2 with experimentally-based values, we must note a few issues in this
parameterization that require further study before we can meaningfully confront our model
predictions to experimental data on multiple motor transport. First of all, our parameters
from Table 1 are all from in vitro measurements. As noted as well in McKinley, Athreya, et
al [34], the viscosity in cell is substantially higher than water, and this can make the scale
separation assumption between cargo and attached motor dynamics (small £ in Table 2)
less tenable. Other biophysical parameters may also have different values in cell [6], though
these are even more difficult to establish than their in vitro counterparts. Thus, our focus
remains for now on targeting our mathematical framework toward understanding and
interpreting in vitro observations.

At least two parameterization problems require substantial development before this can be
credibly attempted, though. First of all, to keep focus on the various coarse-graining
relationships we employed, we adopted in the main text and in the simulations a simple
Hookean spring model for the motor-cargo tether, with a spring constant obtained from

Res Math Sci. Author manuscript; available in PMC 2021 December 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Klobusicky et al.

Page 41

experimental observations of motor-cargo systems with the tether pulled to its natural
extension, This linear spring approximation is reasonable for describing small fluctuations
of the extended tether, but does not at all model the tether well when its end-to-end
separation is smaller than its natural extension. A simple general model used in biophysical
simulations of kinesin is to have a linear restoring force under extension from a rest length
(varying from 40 nm in [56] to 80 nm in [25] to 110 nm in [22,68]), but no resistance to
compression; more complex nonlinear models for extension have also been considered
[59,40,92]. Using a fully Hookean model with zero rest length and the experimentally
measured linear spring constant (shown in Table 1) leads to an absurd conclusion that the
root-mean-square extension of the tether for kinesin-1 is about 5 nm, when of course it
should be more like 70 nm. The 5 nm is really an estimate for the magnitude of the
fluctuations about this rest length when force on the tether pulls it approximately taut.
During a given phase of attachment, this neglect of the rest length of the motor-cargo tether
does not necessarily have a strong impact on the calculations — we can imagine the cargo is
in fact just approximately this rest length behind the nominal cargo position Z(# and the
motors would feel generally comparable forces as in the simple Hookean model with zero
rest length which we used. The big difference, though, would be on the dynamics of the
detached motors, which should be fluctuating over a distance comparable to the motor-cargo
tether rest length rather than the nominal root-mean-square extension of the Hookean spring
model with zero rest length. This would have a big impact on where the detached motors
reattach on the microtubule. Thus, the Hookean spring model with zero rest length for the
motor-cargo tether cannot be expected to give useful predictions for the transport of actual
molecular motors; we must at least extend it to a nonlinear model with no resistance to
compression below a finite rest length as in [25,54,67,56,68,32]. In Appendix A, we indicate
how nonlinear spring models for the motor-cargo tether can be handled by our mathematical
framework — the main complication is the jumps of the cargo tracking variable in Section 4.3
become non-Gaussian. We have here stayed with the purely linear spring model in the main
text to minimize technical complications and more clearly illustrate the key concepts in the
mathematical coarse-graining of the dynamics of a system of cooperative dissimilar motors.
In future work, we will adapt this framework to more biophysically accurate nonlinear
spring models for the motor-cargo tether, and examine through this lens various hypotheses
and experimental observations regarding the dynamics of cooperative molecular motors.

A second parameterization problem is that of the double exponential force-detachment rate
relation (8). Our model is based on a relation between detachment rate and instantaneous
force, while what is measured [16,17,70] is the relation between run length and applied trap
force. We convert the run length to a detachment rate by dividing by the unloaded velocity,
which is a bit crude but arguably a reasonable rough approximation, but the more serious
concern is equating the dependence on applied trap force with the dependence on
instantanexous force felt by the motor via its tether to the cargo. This leads to particular
peculiarities, noted in Section 6, in the absence of trap force, since the force-detachment rate
model is discontinuous at zero force. So, in our model, the motor at zero trap force is
fluctuating between high detachment rates when the cargo is pulling the motor forward and
low detachment rates when the cargo is pulling the motor backward, leading to an
inappropriately augmented detachment rate. Rectifying this detachment rate model requires,
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in future work, a better statistical inference approach for a relation between instantaneous
force and detachment rate that would replicate, under our model, the relation between run
length and applied trap force reported in [16,17]. A further potential improvement would be
to incorporate the findings of a recent study [70] suggesting a different structure for the
dependence of the detachment rate against a truly longitudinal applied force on kinesin-1.

7.4 Future Mathematical Directions

A mathematical question for future work is to examine whether the coarse-grained model
developed here would change if we started with a discrete stepping model
[26,35-37,5,38,39,30,25] for the motor dynamics, rather than the coarse-grained stochastic
differential equation model (1) used here. This is essentially a question of how the coarse-
graining of a jump process model for the motor dynamics into a stochastic differential
equation interacts with the coarse-graining procedures developed here. Perhaps the cargo
fluctuations interacting with the discrete stepping model would give rise to a different
effective dynamics (20) for the attached motors.

Another question is how our detailed analysis of effective transport of an ensemble of two
cooperative motors can be extended to more general scenarios of multiple motors attached to
a cargo. The initial coarse-graining steps over the detached motor and cargo dynamics in
Section 3 applied to an arbitrary number N of cooperative motors, only at the cost of
complexity, but the coarse-graining over the attached motor dynamics in Section 4 relied on
the ability to homogenize the attached motor dynamics for the case NV = 2 via the explicit
stationary distribution for an autonomous single-variable SDE for the separation R between
the motors. For A/> 2, we would have V-1 coupled degrees of freedom for the internal
configuration of the motors, whose stationary distribution does not seem possible to
compute analytically due to the absence of a potential structure for the drift. The work of
Miles, Lawley, and Keener [31] could readily handle arbitrary numbers of cooperative
motors because their model did not include explicit reference to the spatial configuration of
the motors.

A complementary extension to the tug-of-war case of two opposing motors is problematic
because the scale separation assumption between attached motor dynamics and the
detachment process is unlikely to be supported under realistic models for the detachment
rate. For two cooperative motors, the separation between them can plausibly be thought to
reach a stationary distribution before they detach, and the nondimensional analysis in
Section 3 provides some quantitative support. Recall that the predictions from the
asymptotic theory were not so accurate under the double exponential detachment rate model
for a kinesin-2/kinesin-2 ensemble (Table 4) under hindering trap force because the
detachment may actually be governed by when a fluctuation, perhaps from the initial
reattachment configuration, in the separation of the motors caused the leading motor to feel
a higher force and an exponentially increased detachment rate. This phenomenon would be
manifest more generally in the case of opposing motors because their separation would
directly increase by their dynamics, only stabilized when the forces on the motors are
substantial enough to slow their rate of separation, but then the detachment rate would also
be substantially increased. Only if the stall force for the motors were considerably less than
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the force scale of detachment could the dynamics of a pair of attached motors plausibly
reach a stationary distribution before detachment. But this is certainly not true for kinesin-1
or kinesin-2 (Table 1)) and does not appear relevant for biological motors in general [93]. A
fundamentally different mathematical analysis would be required to characterize the
statistics of displacement and detachment from a state of two attached opposing motors
when the dependence of the detachment rate on force varies strongly over the scale of the
stall force of the motors.

While the model and analysis here considered the case of the cooperative motors all being
associated with a single microtubule, the model and calculations could still be appropriate
for the context of the motors attaching and detaching from a parallel bundle of microtubules,
so long as their spacing is tight enough that the transverse displacements of the motors could
be treated as having a negligible effect on the dynamics along the longitudinal direction, and
the cargo dynamics are not much affected by steric interaction with the microtubule bundles.
These conditions are probably not satisfied in most biologically relevant contexts, though
they could apply to certain engineered in vitro configurations. But once the microtubule
network is not aligned with a common polarity, the motor dynamics will be affected by tug-
of-war considerations and the coarse-graining of attached motor dynamics would require a
different approach, as for the case of opposing motors.

Availability of data and material (data transparency)

Simulation data was generated to test the model. As the main product of this manuscript is
the theoretical framework, we do not view the simulated data as being of sufficient value to
make publicly available.
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A Appendix: A note on nonlinear spring models

A linear model for representing the tether between the motor and the cargo is not
particularly accurate. Better theoretical tether models can involve a model which is Hookean
for extension beyond a rest length, but offers no resistance to compression
[25,54,67,56,68,32], a sigmoidal stiffness dependence on force [59], or a multiple-
component model for the motor-cargo tether including separate models for the neck linker
and stalk [40]. We may generalize the averaging results by considering a nonlinear spring
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FO¢) = F%O¢ /L9y 1<i< N. (94)

Here &)(p) is a nondimensionalized spring potential, Lg“ is an appropriate length scale, and

F iis a characteristic force magnitude for each motor index /. We define k() = F /LY as

an “effective” spring constant of the nonlinear spring; it agrees with the usual spring
constant when the spring force model is purely Hookean, as in the main text.

With the same nondimensionalization as before, the equations of motion become, for 1 < /<
N,

X1 =

(e“')g(s(")iz")(/l“))‘1(1)’(")(,1(")(5('(’)(7) — Z@y)di + \/ﬁ(’)e(i)dW(i)(T)) x 0U(T)

D O\ L= 3D D) 5D 5\ 7 N—1/2 Wou (%)

+(-(rO20) RO OGO(XT - ZO)))dt + Oy 2awOD)

x (1= 0"y,
~ N . : . ~(7 ~ ~
dZ{) = ( Y GO %D ARV - ZTy) - Frldi +dw @), (9%)
i=1
where we have introduced the new nondimensional parameter
n +/2kBT [ K

POl LAY ©7)

Ly

which describes the length-scale of thermally induced variations on the tether relative to the
length scale of variation of the tether force law. Calculations for the averaged drifts g, and
thus G, and G_, are similar, but now involve pairing drift functions with non-Gaussian
stationary distributions for unattached motors and cargo (the forms for these equations are
nearly identical to those found in Appendix A in McKinley, Athreya, et al [34]). For
detachment jumps, no assumptions of distribution type are made for p(7), and therefore the
calculations for distributions in Subsection 4.3.2 only need to be adjusted to refer to the
mean cargo position under nonlinear tethers.

The random variable AM,(a) describing the change of position of the cargo tracking variable

after motor attachment may be computed similarly as in Subsection 4.3.3, but it will no
longer be normally distributed or have mean zero in general. The calculations in Section 5
otherwise go through for a nonlinear tether model, with only the modified contribution to the
moments of the cargo tracking variable changes at attachment and detachment jumps.

B Appendix: Derivation of effective diffusion for two motors

The following derivation for the effective diffusion of the cargo tracking variable during a
state with both motors attached to the microtubule follows the multiscale expansion method
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illustrated in Pavliotis and Stuart [75], with rigorous exposition in Veretennikov and Pardoux
[94] for the unbounded state space case relevant to our application. Having computed the
effective drift V1 » in Eq. (33) in this state, we pass to a diffusive scaling centered about this
mean drift7 — 7 /% M — e(M — V1,21, with the internal configuration variable / unscaled
(R— R). Note in this appendix, e is just a formal small parameter used to push to long time;
it is unrelated to the physically meaningful nondimensional parameters &) and  in the main
text. Moreover, for simplicity for calculations within this appendix, we use the undecorated
variables ¢ M,Rto describe the dynamics under this centered diffusive rescaling, which read:

[ (D=2 [ 2) =22
AM(t) = %(G+(R(t)) — Vi 2di+ %dwm(t) + de(z)t (98)

1 1
dR(1) = —G_(R@)d + E( pWaw Vpy — \/p(z)dW(z)(t)). 99)
The infinitesimal generator # for (99)-(100) is defined by its action on a test function v=
um,n), with

Zv(m,r)=h- Vu+%F:VVu. (100)

Here h(m,A) = ((G+() — V4.2)le,G-(n)I ) is the drift vector, and %F is the diffusion tensor,

where

T
~(1 ~(2 ~(1 ~((2
WOED? pOE? || fpO&RD? o)
2 2

2 2
(1) @ (1) ()]
v _Np p _Np
e

D2 4 2212 =) ) (102)
p &) + pP ) pKY - pPk
4 2¢e
= ~(1 ~2
2e 82

We have also used notation for the Frobenius inner product for matrices, where for matrices
A=(&j)nxmand B = (b; ) nxm, We define A: B=Z;a; bj

We may write out (101) explicitly as
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ZLov(m,r)=h- Vu+%F:VVu

1 1
= 2 (G+() = V1 )vm + =Gy,
€

(102)
1l pM ﬁ(l) 2, 5@ ’12(2) 2 (1)-15(1) _ (z)ﬁ(Z) COIINE))
+§l(p ( )4p (k™) Oy + 2 [ O + |2 820 o]
The generator may be decomposed to match powers of  as
& = iff + 13 +Z
=20t 2 (103)
with
1 (2)
Zo=G_(r)o, + =L, (104)
WM _ @@
1= 0, + (G = V120, (105)
MM 2+ 2) ;5(2) 2
>, =P () 8p (™) P (106)
Assuming a multiscale solution v= vy + evg + €215 + ... for the backward Kolmogorov
equation
Jdv
o= Z, (107)
we match powers of orders 1/£2, 1/, and 1 to obtain
ZLovo =0, (108)
—Zov1 = L1, (109)
aUO
—Zovy = —7+$101+32U0. (110)
The first equation implies that 14 is only a function of mand £ From here, the second
equation may be simplified to
=Zov1 = (G(r) = V'1,2) Optp(m, 1) . (112)
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As the operator Z only depends on r, we may express v; as

vi(m, r,t) = y(r)dyvo(m,1). (112)

Proceeding to the third equation of the asymptotic expansion, the Fredholm alternative states
that for (111) to have a solution, its right hand side must be orthogonal to p(7), or

d
S = [ oo zamnic [ on 21 dpootm. 0
R R

=L +1.

(113)

We look at each integral in turn. First,

I = ‘/RPR(")gﬂ)O(m’ Hdr

(1) =12 2)(=(2)2
p U+ O ))amm%(m,,)]dr

= A PR(")[(G+(")_ V1,2) Omuo(m, 1) +

) §(1)2+ 2) E(2)2
=(p G 0 P

(114)

The second integral may be broken up further, as

I = [R: PR(NZL1(x(r) Opvo(m, 1))dr

(DD = (D@
= A pR<r>(" == )amru(r)amvo(m,r» (115)

+ (GH(r) = V1,2) O (x(r) Opyvo(m, 1) |dr
=134+ 1.

The first part satisfies

(I)E(l) _ (2)’K“(2)
I; = APR(") L D) P Opr (1 (r) 0, 00(m, 1))dr

(1 _ p(2)§(2) (116)

2
= Ay Opmo(m, 1) .

_([p0%

A PR(r) ar)((i‘)d") OmmUo(m, 1)

Finally, we have
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Iy = APR<r>[<G+<r> ~V1,2) O () dytig(m, 1))

117
= A PROUG() = V1, 2) 2(P)1dr Sy v(m. 1) (a0
= Ay OpmUo(m, 1) .
The closed form equation for vp(/m, 9 is thus given by
9 (1) m=(1y2 2)(=(2)\2
% _ L T o 4y 4240 |dpmio(m, ), (118)
ot 2 4
and is the backward Kolmogorov equation for the SDE
(1) =(2 Q) (=22
AM() = [ 2 ) s ) 124, + 24,dW (D) w19)

= 2" Daw ),

where W (9 is a standard Brownian motion.

Now we compute explicit expressions for constants A; and A,. This involves solving the cell
problem for y, given by

M 4 53
~G_(Nx'(") = (%)m = 740,

(120)
A x(r)pr(r)dr =0,

where we define g,(r) = G1(r) — V1 2. If we rewrite (121), using an integration factor 1(7), as

1T — ~ 2
() (Nl = —u(r)g+(r)(m), (121)

then it is straightforward to show that (/) is in fact equal to the stationary distribution pg(/).
Integrating out (122) leaves us with

r
~ 2
x'(r) = —f g (r’)(—

for some unknown integration constant C. By the subexponential growth requirement on y
and y “[94], it follows that C= 0. From (117),

Q=2 _ (HzD) r
p K p K ~ ! ! !
A= / f Z+ (PR dr
( oD 1 p® ) )5

=) _ (2)=(2)
_ e = pk /~
= g+(r)pR(r) - rdr.
( oD 1 p® ) 5t

pr(r")dr’ [ pr(r) + C / pr(r) (122)

(123)
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The last equality used integration by parts, in which the boundary term vanishes under the
assumption that p() = o(1//2) as r— +oo. The calculation for A, (118) follows from
integration by parts, with

Ay = [ (g1 (r)pr(rdr = — f X Zox(r)pr(r)dr

o) —00

oo ()] @
- f x(r)(G_(rmr) +(%)x”(r))m(r)dr

(e ]

oo 4 52
f (%)x’(r)%(r)dr

. 2
" 1
( [ mg+(r/)pR(r'>dr') S

- /.

[\

(124)

_2
p®D 1 p@
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Fig. 1:

Atq[achment and detachment from a microtubule for a system of two motors durably attached
to a cargo. The spatial positions along the microtubule for the motors are denoted X(1), and
X and for the cargo by Z. From a state with two attached motors (left), each motor /7can
detach with a rate &) depending on the current spatial configuration. From a state with one
attached and one detached motor (center), the detached motor 7can (re)attach with a
constant rate &/, or the attached motor / can also detach at a configuration-dependent rate
), terminating the run on the microtubule.

Res Math Sci. Author manuscript; available in PMC 2021 December 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Klobusicky et al.

Page 54

3@ M -

\
|

(1) i
X d
- = 1
a2
M -
e —C— a[l) ———————
= = 1,2
X@  x® S -
— ‘m d;
R a Lo—
}-({?)

Fig. 2: Switched diffusion model.

Effective dynamics of cargo with two attached motors on time scale

70~ J9 « ¢ « 7 « 1 <« (r'P)~! long compared to detached motor and cargo fluctuation
dynamics but short compared to attached motor dynamics. The cargo dynamics are
represented on this time scale by a cargo tracking variable M, as discussed in Subsection 4.1.
Left: A cargo with both motors attached to the microtubule. The cargo tracking variable

dynamics (41) and the detachment rate &(1’?2 (44) of each motor /depends on the

displacement R between the attached motors, also evolving dynamically. Middle: With only
one motor attached, the cargo tracking variable A7with one attached motor evolves with
constant drift (30) and diffusivity (31). From these states, the system either detaches
completely (as shown in the rightmost part of the figure), with effective rate given in (46) or

returns to having two attached motors, with rates ) (47).
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Fig. 3: Coarse-grained Markov chain model.
Under the assumption of slow switching, the switched diffusion model (see Fig. 2) is further

coarsened by averaging intermotor separation. The random duration A7, spent in state w is
exponentially distributed with mean determined in the usual way by the transition rates out
the state. The random displacement AM, for each attachment state w (shown in the upper

left corner of each box) is then found through (27). Detachment rates &ff g) from the state of

two attached motors, given by (43), are how constants coarse-grained with respect to
intermotor separation.
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Fig. 4:

Sv?/itching behavior for a sample path of the kinesin-1/kinesin-2 complex simulation under
trap force F7= 0 using double exponential detachment rate functions and parameters taken
from Table 1. Recall that the molecular motor dynamics are approximated via continuous
diffusion processes, so the small fluctuations (< 8 nm) of attached motors are a model
artifact that are not supposed to affect the central concerns of this work. Top left: Motor
behavior at a detachment event, with kinesin-1 (thick orange) attached at all times shown,
and kinesin-2 (thin blue) detaching near ¢=.2675 s. Top right: Behavior of cargo during this
detachment event. Dashed lines denote numerical averages for positions of motors and cargo
taken over .002 seconds before and after detachment. Bottom left: Motor behavior at an
attachment event, with kinesin-1 (thick orange) attached at all times shown, and kinesin-2
(thin blue) attaching near ¢=.3043 s. Bottom right: Behavior of cargo during this attachment
event. Dashed lines denote numerical averages for positions of motors and cargo taken

over .002 seconds before and after attachment.
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Typical values for kinesin-1 in water-like environments at saturating ATP concentrations. Values of parameters
which differ for kinesin-2 (specifically, KIF3A/B) are in bold with parentheses [69, 32, 18, 34, 16, 14, 17].

Parameter | Description Typical values

F! Motor stall force 7 pN [69]

kgT Boltzmann constant by temperature 4.1 pNnm

) Motor-cargo tether spring constant 0.25 pN/nm [32]

W) Unencumbered motor velocity 790 nm/s (500 nm/s) [18]
¥ Cargo friction 1% 1075 pN s/nm [34]
Ym,i Motor friction 1x 1076 pN s/nm

()2 Effective motor diffusion 5000 nm?/s (1500 nm?/s)[69, 18]
Fr Optical trapping force -20 pN to 6 pN [16]

ah Motor attachment rate 4/s (16/s) [14]

d(l)_ Small assisting force detachment rate | 9.1/s (5.6/s) [16, 17]
d(()l)+ Small hindering force detachment rate | 0.7/s (2.3/s) [16, 17]
F(i)_ Assisting force detachment scale 14 pN (10 pN) [16, 17]
F((jl)_i_ Hindering force detachment scale 2.1pN (2.0 pN) [16, 17]
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Nondimensional groups and typical values for kinesin-1 and kinesin-2. When only a single value is given, it is

common to both. Otherwise the kinesin-1 value is listed first, with the kinesin-2 value in bold text in

parentheses. Attachment and detachment scales are taken for hindering forces.

Group | Definition Typical value
0]
vy
i) -3 -3
P oL 6 x 1073 (3 x 1073)
(i) [2kpT
) LY
Y F, = 0.2
~ Fr
Fr m -10to 4
RN NG/ SV B
p v() ok gT '
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0 Im 01
Y
k(@ [2kgT
o —\ 7(7)
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a'(l) a(;)y 2% 1074 (6 x 107
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i R 3% 10°5 (8 x 10°5)
K

Res Math Sci. Author manuscript; available in PMC 2021 December 01.



1duosnuey Joyiny 1duosnuen Joyiny 1duosnuey Joyiny

1duosnuen Joyiny

Klobusicky et al. Page 59

Table 3:
Simulations with constant detachment rate model.

The detachment rates (/) are taken to be constants obtained by averaging the double exponential
detachment rate model (8) against the stationary distribution of the force ~when only the motor in question is
attached. The columns are organized by applied trap force F7, with positive (negative) values corresponding to
hindering (assisting) forces. The theoretical values are computed according to the formulas from Section 5
while the simulated values are obtained from 2,000 Monte Carlo simulations conducted as described in
Section 6. Units of time and distance are measured in seconds and nanometers, respectively. The means of for
the number of cycles (including the terminal one) A, + 1, run time 7, and run length L are estimated with the
sample mean, where intervals denote the standard error. The errors in the ensemble and long-run velocities
(Vens and Vyn) and diffusivities (Deng and Dy are obtained through bootstrap sampling with 1,000 bootstrap

samples.

Fr=-5pN Fr=0pN Fr=5pN

Simulation | Theory | Simulation | Theory | Simulation | Theory

kinesin-1/kinesin-1

Viun 951+4 946 758 +4 755 257 +5 257
Vens 951+3 946 758 +2 755 256+ 3 257
Dyn 2700 = 200 2500 2100 + 200 2100 3900 + 300 3400
Dins 2500 + 100 2500 2100 + 100 2100 3700 + 200 3400

E[Nc+1] | 172+ .03 1.74 1.73+.03 1.74 1.74+ .03 1.74

E[T] 34+ .01 .33 .35+.01 .35 34+ .01 .35

E[L] 326+6 329 263+5 263 88+2 90

kinesin 2/kinesin 2

Viun 628 + 2 632 483 +2 482 168 +3 174
Vens 630+1 632 4831 482 171+1 174
D 900 + 100 1000 610 + 60 630 1600 + 100 1200
Dens 950 +40 1000 630 + 30 620 1350 + 60 1220

E[Nc+ 1] | 436+.08 4.29 424+ .08 4.29 4.40 + .09 4.29

E[T] .66 £ .01 .65 .64 + .01 .65 .67+ .01 .65

E[L] 411+9 408 311+6 311 114 +3 112

kinesin-1/kinesin-2

Viun 749+ 6 727 583+4 578 202 +5 210
Vens 728 +3 688 569 + 2 554 200+ 2 198
Dryn 4000 + 400 4400 1800 + 100 2200 2800 + 300 2200
Dens 3500 + 200 3700 1800 + 100 2000 2300 + 100 2200

E[Nc+1] | 236+.04 2.45 2.44 + 04 2.45 244+ .04 2.45

E[T] 42+ 01 42 44+ 01 42 A4+ 01 42

E[L] 308 +6 305 250+5 242 87+2 88
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Table 4:
Simulations with double exponential detachment rate model.

The detachment rates ot)(F) are given by the double exponential detachment rate model (8). The columns are
organized by applied trap force F7, with positive (negative) values corresponding to hindering (assisting)
forces. The theoretical values are computed according to the formulas from Section 5 while the simulated
values are obtained from 2000 Monte Carlo simulations conducted as described in Section 6. Units of time and
distance are measured in seconds and nanometers, respectively. The means of for the number of cycles
(including the terminal one) A; + 1, run time 7, and run length L are estimated with the sample mean, where
intervals denote the standard error. The errors in the ensemble and long-run velocities (Vgns and V) and
diffusivities (Dang and Dy ) are obtained through bootstrap sampling with 1,000 bootstrap samples.

Fr=-5pN Fr=0pN Fr=5pN

Simulation | Theory | Simulation | Theory | Simulation | Theory

kinesin-1/kinesin-1

Viun 1021 +7 1026 780 + 4 776 291+5 289
Vens 1018 +4 1026 785+ 3 776 296+ 4 289
Dryn 2800 + 200 3000 2300 + 200 2200 3900 + 200 3500
Dens 2700 =100 3000 2200 =100 2200 3700 + 100 3500

E[Nc+1] | 131+.01 1.30 1.74 + .03 1.74 1.45+ .02 1.44

E[T] 15+ .01 14 .33+.01 .32 30+.01 .28

E[L] 148 +3 144 262 +5 247 88+2 80

kinesin-2/kinesin-2

Viun 675+3 675 487 £2 482 19+8 67
Vens 676+ 2 675 487+ 1 482 37+5 67
Dryn 1300 + 100 1300 630 + 60 690 2600 + 200 1700
Dens 1280 +50 1260 650 + 30 680 2200 + 100 1600

E[Nc+1] | 267+.05 2.75 4.40 + .09 428 1.45 + .02 1.47

E[T] 29+ .01 .30 .63 +.01 .57 10+.01 .10

E[L] 197 +4 201 308+7 276 3.6%.5 6.7

kinesin-1/kinesin-2

Viun 812+6 878 615+ 4 612 196+ 6 208
Vens 804 +4 823 604 + 2 586 187+ 4 185
Drn 2800 + 200 5800 2200 * 200 2600 2600 + 200 2200
Dens 3100 = 100 5500 2300 + 100 2500 2600 + 100 2300

E[Nc+ 1] | 177+ .03 1.89 2.81+.05 2.73 1.77 +.02 1.76

E[T] 21+.01 .20 49+ .01 42 .20+ .01 .20

E[L] 169+ 3 178 293+ 6 258 38+1 42
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