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M A T E R I A L S  S C I E N C E

Development of ferroelectric nematic fluids 
with giant- dielectricity and nonlinear  
optical properties
Jinxing Li1†, Hiroya Nishikawa2†, Junichi Kougo1,3†, Junchen Zhou1, Shuqi Dai1, Wentao Tang1, 
Xiuhu Zhao1, Yuki Hisai4, Mingjun Huang1,3*, Satoshi Aya1,3*

Superhigh- materials that exhibit exceptionally high dielectric permittivity are recognized as potential candi-
dates for a wide range of next-generation photonic and electronic devices. In general, achieving a high- state 
requires low material symmetry, as most known high- materials are symmetry-broken crystals. There are few 
reports on fluidic high- dielectrics. Here, we demonstrate how small molecules with high polarity, enabled by 
rational molecular design and machine learning analyses, enable the development of superhigh- fluid materials 
(dielectric permittivity,  > 104) with strong second harmonic generation and macroscopic spontaneous polar or-
dering. The polar structures are confirmed to be identical for all the synthesized materials. Furthermore, adapting 
this strategy to high–molecular weight systems allows us to generalize this approach to polar polymeric materials, 
creating polar soft matters with spontaneous symmetry breaking.

INTRODUCTION
High- dielectrics are classified as the materials exhibiting dielectric 
permittivity larger than 7 to 8 of silicon nitride. In recent decades, 
there emerges a new trend of high- electrics by using barium titanate– 
type (1–5) and two-dimensional (2D) crystalline materials (6–8), 
where  reaches up to about 102 to 103, making it possible to realize 
electronics such as high energy-density dielectric films (9), high- 
performance capacitors (10) and insulators (11–12), and high-density 
memory (13). While barium titanate–type crystals serve as high- 
dielectrics owing to the breaking of the cubic symmetry in bulk, 2D 
crystals do so primarily because of the huge specific surface area of 
ordered atoms on the surface. These paradigms give a common per-
spective that the incidence of the high- state is only allowed when 
the symmetry of material is broken (thereby generally nonfluidic) 
and the thickness of the material is small, so that a net switchable 
polarization can remain at a high density and contribute to the high 
value of . Massive progress in this framework has been made in the 
past few decades, and it has been recognized that a majority of other 
materials, e.g., noncrystalline materials, are out of consideration for 
achieving a high- state because the two characteristics of broken 
symmetry and fluidity can barely coexist in the same material. There-
fore, the selection variety of materials is considerably limited, so many 
other unknown properties may not show up so far.

Very recently, in 2017, two outliers appeared. One of our authors, 
Nishikawa et al. reported a new class of liquid crystalline phase state 
of matters, termed as polar nematic, that serves as the first exam-
ple of fluidic superhigh- (or giant-) dielectric. The synthesized 

molecule, DIO (5b in Fig. 1), exhibits, e.g.,  ~ 104 at 1 kHz charac-
terized by undefined polar structures and inherent high fluidity 
(14). At almost the same period, Mandle et al. (15–18) reported an 
unknown liquid crystalline phase state in RM734 (1a in Fig. 1), 
which has been assigned to be splay nematic later. Most recently, 
Chen et al. (19) confirmed that RM734 exhibits ferroelectric re-
sponse. The previously unidentified nematic liquid crystal phases 
with a fascinating combination of huge  and high fluidity are at-
tracting the increasing endeavor for deep study in underlying physics 
and material properties (20–22).

Nevertheless, there are plenty of critical issues that need to be 
overcome to push the development of these materials for practical 
applications. Regarding the origin of polar nature, the structure and 
the mechanism of the phase formation are unclear and under debate, 
accompanying the uncertainty of the structural evolution pathway 
and the relationship with the conventional nematic phase. More-
over, with only the two aforementioned polar molecular systems 
experimentally proved by dielectric and optical nonlinear measure-
ments, it is not sure whether this polar nematic state occurs occa-
sionally or can be a generally accessible liquid crystal phase. To 
dissolve the erotetic arguments, we here establish a generic molecu-
lar guideline toward the rational design of giant- polar fluids with 
the aid of machine learning and make full analyses of polarizing 
optical microscopy (POM), second harmonic generation (SHG), and 
dielectric spectroscopy. We conclude that the emerging polar nem-
atic state can widely exist in rod-shaped molecules under the proper 
conditions discussed below. We reveal the evolution of topological 
structures and unravel the family of the materials that provides a 
combination of outstanding performance of dielectricity (giant-) 
and second-order nonlinear optical (NLO) properties (high nonlinear 
coefficient). Furthermore, adopting this strategy to high–molecular 
weight systems additionally extends the polar material category 
from monomer to polymer. These results would promote the quicker 
development of a soft matter platform for high-performance fluidic 
dielectrics and nonlinear optics. Hereafter, because of the com-
mon ferroelectric nature for all the observed polar nematics, we 
unify the terms to be the ferroelectric nematic (NF) phase after (19).
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RESULTS AND DISCUSSION
Establishment of molecular library of the polar nematics 
guided by machine learning
To find generic molecular design for the NF, we developed a custom 
machine learning algorithm (next section and discussion S4) to 
quantitatively extract molecular features that affect material func-
tion. This approach provides a guideline for synthesis and optimi-
zation of molecules to stabilize the NF phase. We synthesized more 
than 40 new rod-shaped molecules with dipole moments () ranging 
from 4 to 13 D (Fig. 1). Electron-withdrawing groups such as ester, 
fluoride, fluorocarbon ether, nitro, nitrile, or trifluorocarbon are 
arranged sequentially in the same direction to create large dipole 

moments. After careful examination by POM, SHG, and dielectric 
studies, these compounds can be divided into three categories ac-
cording to the polar feature (highlighted as green, red, and blue col-
ors in Fig. 1). For the compounds highlighted in green, the NF phase 
could be stable at some temperatures upon cooling, with persistent 
existence of the typical NF texture, large dielectric permittivity, and 
high SH signal. Two phase transitions (Iso→N→NF) could also be 
identified by differential scanning calorimetry (DSC) measurement 
(table S1). In contrast, the compounds highlighted in red show either 
crystalline or traditional nonpolar N phase with extremely weak SH 
signal and low dielectric constant ( < 15). The final class of com-
pounds, highlighted in blue in Fig. 1, sits in between and exhibits a 

Fig. 1. Synthetic molecular library. All the synthesized materials are shown. The dipole moment values calculated by density functional theory are denoted. The com-
pounds labeled by green color show stable NF phase upon cooling process. The blue color label indicates observed metastable NF phase; the red color label indicates no 
NF phase observed at all temperatures upon cooling.
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metastable NF phase. The fast crystallization within this category 
usually overwhelms the formation of the NF phase, resulting in the 
NF phase being overlooked under typical observation conditions 
during slow cooling. No NF phase or related phase transitions could 
be observed in DSC with typical scanning rates of 1 to 30 K/min. 
However, we could expand the observation window of the NF phase 
by suppressing crystal nucleation or decreasing the crystallization 
rate with appropriate treatment. For instance, quickly quenching to 
room temperature from the isotropic state helped us capture the NF 
phase in most of these polar compounds, enabling the observation 
of characteristic POM texture and strong SH signal in a short time 
window (several seconds to tens of minutes). Overall, more than 
half of the synthesized materials (23 of 43) were detected to exhibit 
strong spontaneous polar ordering that results in huge dielectric 
permittivity,  over 10,000 at all the frequencies below about 1 to 
10 kHz. This strongly suggests that the NF phase could be a general 
liquid crystalline state with a common structure and properties as 
discussed later. Note that, in contrast to the common ferroelectrics 
and relaxors that exhibit giant- in a narrow-frequency and narrow- 
temperature ranges, our synthesized materials present the giant 
dielectric permittivity in a wide range of frequency (<1 to 10 kHz) 
and temperature.

Molecular features for the polar nematics
Taking previously reported molecules with similar chemical struc-
tures or properties into account (fig. S1 and table S2), the total num-
ber of molecules for machine learning is expanded to ca. 70. The 
essential molecular features are summarized in Fig. 2A. The machine 
learning calculation is based on both the linear Pearson’s correlation 
method (23) and the nonlinear analyses combining the random for-
est regression with a modified Shapley additive explanations (SHAP) 
analysis (24). Figure 2 (B and C) demonstrates the Pearson’s correla-
tion coefficients and SHAP values for the addressed parameters. The 
parameters carrying high Pearson’s correlation coefficients to the 
stability of the NF phase show wider distributions and higher abso-
lute strength of SHAP value, confirming the importance of the pa-
rameters as below: molecular dipole >  length > geometrical aspect 
ratio (AR) > angle of dipole moment; the rest of the parameters have neg-
ligible contributions. In addition, SHAP analysis provides a quanti-
tative evaluation of the degree of positive or negative contribution of 
each parameter to the stability of the NF phase. That is, the positive 
and negative values correspond to the stabilization and the destabili-
zation effects on the NF phase, respectively. Figure 2 (D to G) plots 
the SHAP values as a function of the molecular dipole, the geometri-
cal AR, and the angle of dipole moment. The results offer a clear 

Fig. 2. Machine learning–driven understanding of molecular parameters stabilizing the NF phase. (A) Molecular geometrical properties. As the model molecule, 5b 
is shown. (B) Comparison of Pearson’s correlation coefficient to the incidence of the NF phase. Higher positive values mean higher probability to stabilize the NF phase and 
vice versa. (C) The scattered plots of SHAP values for each molecular parameter. The colors of the points mean the magnitude of the parameters. Red-purple-blue colors 
correspond to the descending order of magnitude. This helps catch the tendency of how the magnitude correlate to the SHAP value. (D to G) The SHAP values as a func-
tion of the magnitude of each molecular parameter. The red lines are fitting curves by Hill equation. The crossover values from the negative to the positive regimes indi-
cate the threshold values for stabilizing the NF phase. HOMO, highest occupied molecular orbital; LUMO, lowest unoccupied molecular orbital.
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statistical guideline for the molecular design of the NF materials: (i) 
the dipole moment,  > 9 D; (ii) the geometrical AR defined as the 
length per the width, AR < 2.5; and (iii) the angle of the dipole should 
be in a moderate range, offering an oblique dipole (~20°). Note that all 
the conditions should be satisfied to guarantee the materials to 
exhibit both the high polarity and the liquid crystalline nature. For 
example, if the dipole moment is lower than the threshold of 9 D, 
then the traditional nonpolar nematic phase appears. This situation 
is supported by the prediction by Born (25) in 1916 that a ferro-
electric anisotropic fluid would exist if the molecular dipole is large 
enough to overcome the thermal fluctuation. Meanwhile, the geometri-
cal AR plays a crucial role in either avoiding material crystallization 
before transitioning into the NF phase or expanding the tempera-
ture range of the NF phase toward lower temperatures. Side-chain 
installation is synonymous with increasing the overall AR of me-
sogens, which proves to efficiently stabilize the NF phase (e.g., com-
pare end-chain substitution in 1f and 1g with side-chain substitution 
in 1d and 1e; Fig. 1). The longer the side-chain length, the lower the 
temperature at which the NF phase is stable, as we observe in mate-
rial series 1, 2, and 6. Too long of a side chain may impede the parallel 
polar packing among rod-like mesogens and interrupt NF formation 
as in 4d and 6e. The inclination of the dipole would work as the driv-
ing force for preventing the dimerization of the molecules. Otherwise, 
the molecules processing the dipole along the long axis universally 
show the traditional nematic phase, where the net dipole is zero 
through the dimerization. Noticeably, all the nitrile-containing 
molecules (e.g., 2d-f and 11a-b) fail to form the NF phase, although 
with large dipole values (>10 D) and side groups. We speculate that 
the linear shape and small cross-sectional area of the nitrile group 
facilitate the dimerization between large dipoles, in strong contrast 
to the planar nitro group.

Structure, dielectricity, and polarity of the polar nematics
Revealing the topological structure of this new phase is crucial for 
understanding structure-property relationships. To date, the de-
tailed structure of the NF phase remains unclear, and how the struc-
ture is developed from the high-temperature N phase with the 
uniform director field is unknown. Note that while earlier works 
(17, 18) have already triggered intensive theoretical studies (20–22), 
the true structure still requires further confirmation. To systemati-
cally correlate between the structures and the emergence of polarity, 
we simultaneously measured POM, SHG, and dielectric measure-
ments for our synthesized materials upon varying temperature. While 
the dielectric permittivity provides information about the dynamic 
polarity where the polarization switches the direction following the 
electric field, the SH signal clarifies the static polarity where the polar-
ization “freezes” during the incoming light field oscillations.

Figure 3 and figs. S4 and S5 demonstrate the systematic observa-
tions of POM, SHG, and dielectricity on three NF materials including 
5c, 5b, and 1a. Notably, although all the synthesized NF molecules 
have distinct chemical structures, they show common features on POM 
and DSC (table S1). They exhibit a similar structural evolution on cool-
ing via four steps (Fig. 3, B to F): Schlieren texture (N phase)→stripe 
texture (N phase)→defect-free band texture (N phase)→band tex-
ture with line disclination (NF phase). The similar texture evolution 
is also previously demonstrated in (19) [refer to figs. S8 and S9 and 
figures 2 and S11 in (19) for splay and band textures], suggesting the 
general structural pathway for the NF materials. In general, from the 
isotropic state down to the middle of the N phase, the materials 

show relatively low dielectricity (e.g.,  < 100) and vanishingly small 
SH signal, similar to traditional N materials (Fig. 3A). However, as 
we further decrease temperature toward the N-NF transition, both 
the dielectric permittivity and the SH signal grow continuously and 
markedly, confirming the emergence of the polar nature in the N 
phase as a pretransitional phenomenon. Curiously, the temperature 
window for the increase of the polarity is more than ca. 15°C in 
most of the NF materials. In this range, we observe a structural 
transformation from Schlieren to a stripe texture, which runs paral-
lel to the average molecular orientation (i.e., nematic director n). 
The stripe texture, attributed to the flexoelectric effect–induced splay 
deformation of the director field, enhances its contrast upon ap-
proaching the N-NF transition (Figs. 3, C and D, and 4, D to F, and 
discussion S2). Right above the N-NF transition, the stripe texture is 
replaced by the band texture without defects (Fig. 3, D and E), 
where filamentous regimes accompanied by different interference 
colors than the surroundings appear. This state is characterized by 
the sharpening of the Schlieren dark brushes and the continuous 
increase of both the dielectric permittivity and the SH signal, con-
firming the enhancement of both the structural ordering and polar-
ity. Upon the transition to the NF phase, a swarm of line defects pop 
up, seeded by the filamentous domains. In all the examined materials, 
each domain separated by the line defect is polar, emitting strong 
SH signal. The directional sense of the polarity is confirmed by SHG 
interferometry measurement. The SH signals from the neighboring 
domains interfere with a reference quartz plate in an opposite man-
ner, i.e., one domain interferes constructively while the two neigh-
boring domains do destructively (fig. S8). This confirms the nearly 
antiparallel polar sense of the adjacent domains, consistent with the 
conclusion of the ferroelectricity reported in (19). Note that the 
strong polarity in the NF phase already develops at the stage of 
the defect-free band texture in the N phase, manifested by the dras-
tic increase of the dielectricity and SH signal (Fig. 3). Dissimilar to 
the extinction of the N texture when the rubbing direction is paral-
lel to either the polarizer or analyzer of the microscope, the domains 
of the NF phase do not show complete extinction (Fig. 4, J to M, and 
figs. S7 and S11). Considering the overall structural evolution and 
SHG interferometry, the band texture in the NF is attributed to a 
Néel type I director field accompanied by local bend deformation 
near the disclinations. The corresponding director field of the band 
texture (Fig. 4G) is also directly visualized by carefully observing the 
structural transition from the NF phases to the N phase upon heat-
ing (Fig. 3G).

Figure 4 (A to I) summarizes the 3D model structures for N and 
NF states, along with the corresponding textural features, dielectric-
ity, and SHG characteristics. For understanding the POM observa-
tions of the NF phase in detail, we consider several other possible NF 
director field models that do not seemingly violate the experimental 
observations and the most plausible Néel type I director field: two 
wall-defect–type, Bloch-type, and two Néel-type models (fig. S10). 
Obviously, the band texture in the NF phase cannot be explained by 
symmetric structures in a single band, i.e., wall-defect type and Néel 
type II structures should be excluded because the extinction area in 
the middle of each polarization domain cannot be observed in the 
experiment (fig. S11). We simulated the POM images for the struc-
tures and found that, while other structures including the Bloch-
type defect display substantial discrepancy with the observed POM, 
only the Néel type I structure well reproduces the POM textures 
under various conditions (Fig. 4, J to M, and fig. S11). All the above 



Li et al., Sci. Adv. 2021; 7 : eabf5047     21 April 2021

S C I E N C E  A D V A N C E S  |  R E S E A R C H  A R T I C L E

5 of 9

10

100

1000

10,000

100,000

-5
0
5

10
15
20
25

30 40 50 60 70 80 90

NK NF

B

C
E GF

D

A

27

14

10

102

103

104

tan

10 10210−1 1

1

2

3
4

5

6

7
8

9
10

11
12

13 15

16

17

18 19 20
24

25
26

28

22

105

Organic solid Hybrid solid CompositeInorganic solid

This work
5b

5c

1b

1a 21

23

H I

10

102

103

104

10 102 10310−1 1
1

10−2

10 16

2
1

11 14

13

12

6 9

3

5

8

4

7

15

17

18
19

21 22

20

23

24
25

26

27

This work

Organic solid Hybrid solidInorganic solid

B C D

F EG

−1

Fig. 3. Systematic studies of structure and polarity of the NF phase POM, SHG, and dielectric spectroscopy. (A) The temperature dependencies of the dielectric 
constant and SHG efficiency. SHG efficiency is defined as the SHG intensity ratio of the NF materials to that of the reference quartz plate. The corresponding POM images 
for 5c (B to G) taken during cooling at various temperatures, indicated in (A). While the stripe texture in (D) exhibits the splay deformation in the sample plane, the band 
texture observed in (F) shows the bend deformation near the defect lines. The striped pattern in the band structure in (G), observed on heating, is considered as the em-
bodiment of the Néel type I NF structure. The cell thickness is 2.7 m. Scale bars, 20 m. Road maps of both the dielectric constant versus the loss tangent, tan−1 (H), and 
dielectric constant versus NLO properties (I) are shown, respectively. The expanded view of (I) for the new NF materials with their names is shown fig. S8. The colored areas 
mean the typical parameter range for different material groups: yellow, NF materials; blue, inorganic solid materials; pink, organic solid materials; purple, hybrid solid 
materials; green, composite materials.
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evidence supports that the Néel type I structure is close to the “real” 
form of the NF phase. More details of the NF phase texture and 
structure evolution can be found in discussions S1 and S2. We note 
that potential detailed orientational states, smaller than several hun-
dred nanometers in scale, may have been missed and will be the 
subject of future studies. Overall, our work more clearly elucidates 
packing structure in the NF phase to better explore a broad range of 
physical effects, including response to external fields and topologi-
cal defect change to diverse surface anchoring.

From polar nematic monomer to polymer
The small-molecule NF phases described are metastable at room 
temperature and tend to crystallize, resulting in a loss in their high 
intrinsic polarity. Therefore, we considered further extending our 
approach to high–molecular weight side-chain polymers, where 
crystallization is unlikely to occur and mechanical properties po-
tentially improved. On the basis of our newfound understanding of 
how AR influences the likelihood of NF phase induction, we synthe-
sized a side-chain polymer liquid crystal (PLC as in Fig. 1). PLC not 
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Fig. 4. Model and the free energy of the NF phase. (A to I) The cross sections of the molecular orientational field of the homogeneous traditional N phase without po-
larity (A to C) and the locally polarized N phase with the splay texture (D to F) and the most plausible director field for the NF phase (G to I) in the xy, yz, and xz planes. The 
y and z axes are parallel to the rubbing and surface normal directions. The gray bullet-shaped objects in (H) represent the defect walls near the surfaces. The textural 
feature, dielectricity, and SHG signal as the ratio to the SH signal of the quartz crystal are shown in the top table. The colors of the rods and arrows correspond to different 
polar and azimuthal orientational angles as indicated in the color maps in the xy and yz planes. The scale bars for (D) to (F) and (G) and (H) represent the typical length 
scale for the molecular and the director modulations: The scale bar in (D) to (F) is in the range of 4 to 10 m; the scale bar in (G) and (H) is in the range of 20 to 70 m. (J to 
M) The comparison of the experimental and calculated POM images of the Néel type I NF structure under crossed and decrossed polarizers. The POM observation is made 
in a 5-m cell. Image width, 145 m.
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only displays the expected NF-like texture (Fig. 5C) but also emits a 
strong SH signal (Fig. 5A). With this material, we successfully fabri-
cated free- standing polymer fibers and films exhibiting a similar NF 
phase (fig. S15). In the fiber, we observed that the polar molecules 
spontaneously orient along the elongation axis.

Last, we highlight that the polar nematic materials exhibit giant 
dielectric permittivity and high nonlinear coefficients. Figure 3 (H 
and I) displays the dielectric permittivity versus tan−1 and versus 
NLO coefficient, respectively, for various types of materials includ-
ing inorganic-, organic-, hybrid-solid, and composite materials (see 
tables S3 and S4). The NF materials (1a, 1b, 5b, 5c, etc.) have highly 
superior properties of dielectric permittivity ( over 104 below 10 kHz) 
and low tan−1 (0.05 < tan < 0.20), which represent the state-of-
the-art functionality in soft matters. The giant dielectricity in the NF 
materials is even comparable to well-known inorganic ferroelectric 
or relaxor materials (e.g., barium titanate crystals; see tables S3 and 
S4). Besides, for the NF materials, one can notice that the high NLO 
coefficient ranging between 1 and 10 pm V−1, which are comparable 
to some ferroelectric organic and hybrid solids. Note that those ex-
cellent NLO materials based on inorganics usually show quite low 
dielectric permittivity below 10. Hence, the excellent combination 
of giant dielectricity and NLO properties in the NF materials, together 
with the fluidity or flexibility, is rather unique and offers vast tech-
nological potentials for high-performance supercapacitors, NLO ele-
ments, memory device, and electro-optic functional devices.

MATERIALS AND METHODS
Material synthesis
Refer to the Materials and Methods in the Supplementary Materials.

SHG measurement
We use a fundamental beam from a Q-switched pulsed laser (MPL-
III-1064-20J) with a central wavelength of 1064 nm, maximum 
power of 200 mW, pulse duration of 5 ns, and 100-Hz repetition. 
The p-polarized fundamental beam was directed at liquid crystal cells. 
The SH light is detected at p-polarization from the transmission di-
rection by a photomultiplier tube (DH-PMT-D100V, Daheng Optics). 
The time evolution of the SH signal is read by an oscilloscope, and 

the data are transferred to a computer. The SH signal is recorded 
every 1°C under the control of a homemade LabVIEW program. The 
schematics of the optical system are drawn in fig. S12. The nonlin-
ear coefficient is calculated by the maker fringe method. The sym-
metry of the NF phase is C∞v, giving spontaneous polarization 
mainly along the long molecular axis. The second-order NLO 
tensor is given by

  d = (  
0

  
0

  
0

  
0

  
 d  15  

  
0

   0  0  0   d  24    0  0   
 d  31  

  
 d  32  

  
 d  33  

  
0

  
0

  
0

 ) . 
The second-order nonlinear polarizations (Px, Py, and Pz) are 

calculated as below

   P  x  (2 ) = 2    0    d  15    E  x  ( )  E  z  ()  

   P  y  (2 ) = 2    0    d  24    E  y  ( )  E  z  ()  

   P  z  (2 ) =    0    d  31    E  x    ()   2  +    0    d  32    E  y    ()   2  +    0    d  33    E  z    ()   2   

   P  x  (2 ) =    0      15    E  x  ( )  E  z  ()  

   P  y  (2 ) =    0      24    E  y  ( )  E  z  ()  

   P  z  (2 ) =    0      31    E  x    ()   2  / 2 +    0      32    E  y    ()   2  / 2 +    0      33    E  z    ()   2  / 2  

, 0, Ex, Ey, and Ez represent the frequency of the light, free-space 
permittivity, and three components of the electric field in the x, y, 
and z directions. In the polarization combinations of (polarization 
of excitation light, polarization of detected light) = (p,s), (s,s), (s,p), 
and (p,p), the probed polarizations are

   P  y  (2 ) = 0 in (p, s ) combination  

   P  y  (2 ) = 0 in (s, s ) combination  

Fig. 5. Polar nematic polymer material. (A) SHG efficiency as a function of temperature. POM texture of polar polymer at 115°C in the N phase (B) and at 50°C NF phases 
(C) under crossed polarizers. Scale bars, 50 m (left) and 20 m (right).
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   P  x  (2 ) = 0,  P  z  (2 ) =    0      32    E  y    ()   2  / 2 in (s, p ) combination  

          
  P  x   (  2ω )   =  ε  0    χ  15    E  x   (  ω )    E  z   (  ω )  ,  P  z   (  2ω )   =  ε  0    χ  31    E  x     (  ω )     2  / 2 

    
  in  (  p, p )    combination 

   

In accordance with the above analyses, we observe strong SH 
signals in (s,p) and (p,p) combinations, and the rest only show neg-
ligible signals.

Machine learning
The code for the machine learning is written in Python by combining 
the following libraries and packages: Pandas data analysis library, 
NumPy extension module for numerical calculation, Matplotlib and 
Seaborn for statistical data visualization, SHAP package, and scikit-
learn machine learning library. Refer to discussion S4 and fig. S13 for 
the detailed algorithm.

Berreman 4 × 4 matrix optical simulation
We perform the Berreman 4 × 4 matrix optical simulation (26) to 
find the adequate model structure that matches the real POM ob-
servation. Numerical simulations are made on the basis of the direc-
tor structure as shown in fig. S11. We use the refractive indices of 5b 
with ordinary and extraordinary refractive indices of n0 = 1.485 and 
ne = 1.697 without dispersion. The liquid crystal material is assumed 
to be composed of a stack of 100-nm-thick thin layers. To reproduce 
the color of the illumination halogen lamp, we use a measured spec-
trum of a halogen lamp and create 60 discrete different wavelengths 
evenly distributed between 380 and 780 nm. The simulation results 
are obtained as red-green-blue images by using color-matching func-
tions for the 60 wavelengths.

SUPPLEMENTARY MATERIALS
Supplementary material for this article is available at http://advances.sciencemag.org/cgi/
content/full/7/17/eabf5047/DC1
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