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More recently in statistical quality control studies, researchers are paying more attention to quality characteristics having
nonnormal distributions. In the present article, a generalized multiple dependent state (GMDS) sampling control chart is
proposed based on the transformation of gamma quality characteristics into a normal distribution. The parameters for the
proposed control charts are obtained using in-control average run length (ARL) at specified shape parametric values for
different specified average run lengths. The out-of-control ARL of the proposed gamma control chart using GMDS sampling is
explored using simulation for various shift size changes in scale parameters to study the performance of the control chart. The
proposed gamma control chart performs better than the existing multiple dependent state sampling (MDS) based on gamma
distribution and traditional Shewhart control charts in terms of average run lengths. A case study with real-life data from ICU
intake to death caused by COVID-19 has been incorporated for the realistic handling of the proposed control chart design.

1. Introduction

One of the important techniques for improving manufac-
tured product quality and for reducing the manufacturing
costs is statistical quality control (SQC). Since the pioneer
work by Shewhart A. Walter during 1920s in Bell Telephone
Laboratories, wide varieties of control chart techniques have
been constructed and extensively implemented in SQC. The
main feature of control charting is to identify the amount
of assignable cause(s) and hence rectify it by taking necessary
action on the production process before sending the outcome
of the products into the market. This control charting helps
to avoid nonconforming products from being manufactured
by the company. More details about Shewhart control charts
can be seen in Montgomery [1].

Usually, control charts are being designed and operating
under the assumption of the normality for the variable of
interest. Nevertheless, these assumptions may not be true
for various realistic situations and other distributions away
from normality had been considered and discussed by many
authors in the literature (e.g., see [2-5]). The waiting time of
an event, for example, can be represented by a gamma distri-
bution as in [6]. Numerous researchers concentrate on qual-
ity characteristic understudy which follows a nonnormal
distribution or transformed into normality to apply Shewhart
type control charts. For skewed data, the gamma distribution
is widely used. The works on the control charts for the
gamma distribution are presented by Al-Oraini and Rahim
[7], Jearkpaporn et al. [8], Sheu and Lin [9], Aslam et al.
[10], and Zhang et al. [11]. Santiago and Smith [5] used
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transformation given by Johnson and Kotz [12] and Nelson
[13]. Mohammed [14], Mohammed and Laney [15], and
Aslam et al. [16] discussed the application of the t-chart.

Several researchers have developed diversified sampling
designs to obtain more efficient control charts. Recently,
researchers focused on multiple dependent state (MDS) sam-
pling in the creation of a control chart. Wortham and Baker
[17] proposed the MDS sampling in quality control charts.
MDS design is more competent than the existing single sam-
pling plans because it considers the previous lot information
along with the current lot to make a decision whether the
process is under control or not (see [18]). Aslam et al. [19]
developed a control chart for gamma distribution using
MDS sampling. The control chart scheme using MDS sam-
pling was studied by different authors for various schemes
(see [16, 19, 20-29, 30, 31]).

More recently, Raza and Aslam [32], Rao et al. [33], Rao
et al. [34], and Aslam et al. [35, 36] formulated generalized
MDS (GMDS) sampling for various schemes. GMDS is more
flexible and efficient than MDS to design the control chart
using the gamma distribution. The aim of this article is to
construct a gamma control chart for monitoring the process
mean based on GMDS sampling design. The application of
the proposed chart will be given using the COVID-19 mor-
tality data. It is expected that the proposed chart will perform
better than the existing Shewhart control chart and control
charts using MDS in terms of average run length and stan-
dard deviation of run length.

2. Design of Control Chart for Gamma
Distribution Based on GMDS Sampling

The proposed control chart for a gamma distribution using
gamma to normal transformation is discussed. Let X be a
random variable from a gamma distribution with shape
parameter « and scale parameter 8. The cumulative distribu-
tion function (cdf) of the gamma distribution is given by

p(X<x)= “j PPy 1)

Wilson and Hilferty [37] recommended that if X follows
a gamma distribution with specific parameters, then the
transformed variable X* = X'* can be distributed approxi-
mately as normal with mean . and variance 0%, where

BI(a+1/3)

=g
2/3 (2)
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The proposed gamma control chart using GMDS sam-
pling comprises the two pairs of control chart limits. The
inner lower control limit (LCL) and upper control limit

Computational and Mathematical Methods in Medicine

(UCL) are denoted by subscript 1, and the outer lower con-
trol limit (LCL) and upper control limit (UCL) are denoted
by subscript 2. The four control limits are given by
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where k, and k, are the chart constants to be found when the
in-control ARL is approximately equal to preassigned value
ro- The convenient form of the above control limits is given
as follows: UCL, = g”°UL,, UCL, = "*UL,, LCL, = 8"*
LL,, and LCL, = f'”LL,, where
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The operation of the proposed control chart using GMDS
scheme is described as follows:

(1) Obtain quality measurement from the manufacturing
process, and denote the quality characteristic by X.
Compute the transformed variable X* as X* = X'/

(2) The process can be considered under control if
LCL, < X" <UCL,, and the process can be consid-
ered out-of-control if X* > UCL, orX* <LCL,. Or
else, go to Step 3
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(3) The process can be considered under control when-
ever k out of m proceeding subgroups have been
declared as under control, that is, LCL, <X* <
UCL,; otherwise, the output of the product can be
considered out-of-control and go back to Step 1

The probability of declaring as in-control for the pro-
posed control chart when the process is actually in-control
is given as follows:

Pin40:Pu40+Ps.O Li(r’jl)P{LO(l_Pu.O)mj]’ (11)
J

rd
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Therefore, the in-control average run length (ARL) when
the process is under control is given by

: (14)

ARLy = -

in.0

Assume the gamma scale parameter has been changed
from 8=, to =3, =spP,, where s is the shift value.

The probability of process is declared as in-control while
the scale parameter which has been changed can be obtained
as follows:

nofm ; i
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The out-of-control average run length (ARL) when the
process is out-of-control is given as

1
1-P,

in.1

ARL, = (18)

The proposed control chart parameters k; and k, along
with ARL are obtained using the following algorithm:
1

(1) Decide the predetermined in-control ARL as r,
(2) Fix the known values for m and k

(3) Obtain the ARL, using Equation (14), which consists
of chart parameters k; and k,

(4) Determine the most possible values of chart parame-
ters k; and k, such that, ARL; >r,

(5) In the above step, we get more values of k; and k, to
satisty the condition. Choose the best values of k; and
k, for which the value of ARL; is almost equal to r,

(6) Using the best parametric values of k; and k, deter-
mined in the previous step, work out the ARL, using
Equation (18) and hence obtain standard deviation
(SD) of run-length (SDRL) for various shift (s) values

The R codes to find the design parameters of the control
chart are given in the appendix.

3. Numerical Results and Discussion

The performance of the proposed gamma control chart using
GMDS sampling is considered based on ARL, such as ARL,
and ARL,. These ARL values are used to know the effective-
ness of the developed control chart. The developed chart is
said to be efficient if it shows larger in-control ARL and
smaller out-of-control ARL. Using the aforementioned algo-
rithm in Section 2, the chart coefficients k; and k, are
obtained. The out-of-control ARLs and SDRL are computed
for a choice of shift values, s from 1.0 to 2.0 with an interval of
0.1 and 2.0 to 4.0 with an interval of 0.5. The values of 1 con-
sidered are 4, 5, and 6 and «, =5, 10, and 20. Table 1 is for
1, =370 and «;, =5, Table 2 is for r, =370 and «, =10,
Table 3 is for r, =370 and «, =20, Table 4 is for r, =500
and &, =5, Table 5 is for r, =500 and «, = 10, and Table 6
is for r, =500 and «, = 20.

We pointed out the following several noteworthy com-
ments from Tables 1-6 for the developed control charts:



Computational and Mathematical Methods in Medicine

LSO 97’1 €70 91’1l €€°0 o1l LS0 97’1 wo oIl €€°0 01’1 95°0 STl 150 STl 0€°0 80T OF
SL°0 0¥’ 950 STl €70 oI'l SL°0 ov'l S50 STl €70 9T’ ¥L0 ov'1 ¥S0 €Tl 07’0 PIT S
SO’ L9'T L0 Wl 650 LTT L0'T 89'1 LLO Wl 190 671 90’1 L9 9,0 1 09°0 8TT  0€
0L'T LTT 171 08'1 €6'0 96T €L1 0£'T Y1 ¥8'1 101 €91 €L1 0€'C 97’1 98'T Y0'T 99T ST
S9'¢ 8T¥ €97 8T'¢ €1 69°C 18°€ YEY ¥8°C 6€'€ 87T €0'¢ L8°€ a7 00'€ X3 19T 9T 07T
95F 60'S X3 L8°€ YT 6T°€ 8LF 1€ ¥9°€ A%7 a3 9,°€ L8 6€'S 98°¢ ov'y 6£°€ €6 61
06'S w9 15y ¥6'y 69°€ wy 129 €L'9 o8y 8¢'s LEY 06 Se'9 L8°9 LTS 69'S 85¥ Irs 8T
86'L 05’8 S1'9 £9°9 €T'S SLs €v'8 S6'8 08'9 €L ) vL9 ¥9'8 ST'6 YTL 9L 87’9 0L L1

6T 16711 76 €9'6 6L €78 S0TI 95T 8001 0901 0¥'6 166  9€7l /871 1,01 ¢TIl 0L'6 1201 91
SELT 984T €SP VOST  €6TT PHEl €681 €881 66'ST 6091 LI'ST  89ST  LL8T  LT6T 9891  L€LT  0SST 0091 ST
€8T €06  €I'ST  €9ST  L6TT  SFET  966T  9¥0E  I€LT  T8LT  9€9T  989T 090  OT'IE  0S8T 006  L99T  LILT ¥
IS T9TIS  9€LF 8LV 9SFF  LOSEF 8T'ES  89°€S  6V0S 6605  S¥6F 966  90FS  9SFS  10TS  ISTS €6V  €T0S €1
L8'66  LEO0T  [V'96  L696  LTE6  LL€6  FSTOT FO'EOT 8001 8800T €¥66 €666 T9€0T TI'FOT  LOTOT  LSTOT 9866 9€00T TT

Wy0T 16%0C 0STOZ  00°€0C 1000 1S007 78907 CTELOT €8'S0T  €€907 €TSOT €LS0C  SLL0T  ST80T  €1£0C  €9£07 11907  1990C T'1

TS69€  TO0LE  €S69€  €00LE  ¥S69E  FOOLE  FS69E  FO0LE  IS69E  TO'0LE  0S69E  00°0LE TS69E  TO0LE  IS69E  T0°0LE  SS69€  SO0LE O

T™AsS TV TAdsS Tdv  TAdsS Tdv  Tdds Tdv TddsS  TdV TddS  TIv TddS  TIV Tdds  TIv TddsS TV

9=y ‘9=u S=y‘9=u p=y9=uw S=y‘c=u p=ys=uw €=y‘c=u y=yF=w e=yp=uw =y p=w .
STesT="y SLOT'T="5Y 097L 1= SSPST="y SS60°T=" G869°T =y GETST=Yy S0€0°T ="y ST0S T ="y
stzoe="y STz0e ="y ST90°¢="y 0900°€ = "y SH00°€ ="y ovzoe="y ST00°€ ="y S¥00°€ ="y sTire="y

'04¢ = 'T9V pue ¢ = v uoym uwonnquisip eurwed 1oy 3reyd jonuod pasodoid Jo sTYS pue STYV T 14V ],



Computational and Mathematical Methods in Medicine

LT°0 €01 710 101 600 101 LT°0 €0’ z1ro0 101 800 101 81°0 €0'1 ) 70’1 80°0 10T 0¥
ST0 90'T 81°0 €0’ €1°0 0T ST0 90'T 81°0 €01 €1°0 201 87°0 L0'T 61°0 €0’ 710 0TS¢
6€°0 Pl 87°0 80’1 120 PO'T 0%'0 YI'T 87°0 L0'T 070 OB €70 oI'l 0€°0 80’1 070 Y01 0€
89'0 Pe'l 870 07’1 LE0 T 89°0 6l 870 61T S€°0 IT1 SL°0 07’1 15°0 Tl 8€°0 1T ST
1 €0'T 660 191 9.0 W1 87T 90T 701 €91 6L0 71 L9°T STT 9I'T LLT ¥60 9T 07T
8.1 geT 171 181 ¥60 LS'T €81 0v'T 971 98'T 00T 91 01T 99'C 87T L0°T Tl 1T 61
LTT €87 SS1 €1 Tl 81 9¢'T 16C OB 12T €T 16'1 SLT 0€'€ 86'T ¥s'T 99'T €T 81
S0'€ 65°€ 60°C 59T 89’1 STT 61°€¢ €L'¢ 97T 18°C 98’ VT 6L°€ %7 08'C ve'e 6€T 6T L1
LEF 06% S0'€ 65°€ ST 90°¢ €9F 9I's 9¢'¢ 06'€ ¥8'C 6€°€ 95°s 80'9 LTY 08'¥ e STy 91
c8'9 LE'L 967 8¥'s wy SLY €€, e’/ 95°g 80'9 87 Ge's c8'8 LE6 ST'L L9°L ¥€9 989 ST
€1TI ¥9°TT 876 6L'6 61'8 0.8  TOET  €S€T V0T 8601 LE'6 68'6 1961 TI9T  OF€l  16€T  ¥ITT  S9CT  ¥1
67T ST €907 €TIT 0061  IS6T 1997  ITZT  SO€T  95°€T  8€'IT 68T ITIE  I9T€  S¥ST  S68T  1S9T  10/T €1
6909 6119  96FS  9¥'SS  68TS  6€€S  IL€9  TCHFY  TS6S  TO09  FELS VLS 00TL  OSTL 689 6689 TSS9 TE99 Tl

SO S6L9T  LLT9T  8TEOT  6VI9T 66’191  STTZT  SOTZT  €€89T 8891 06991 09T  6T6L1  6L6L1 108LT  IS8LT  ILSL1 1791 T

IS69€  T0°0LE  ¥S69€  F00LE TS69€ 1000 SS69€  SO'0LE  0S69€ 0000 TS69€ T00LE  TS69€  TO0LE TS69€ TO0LE 1S69€  T0°0LE O

TAsS TV TAdsS Tdv  TAdsS Tdv  Tdds TIv  TddsS TIV  TddS TIv  TdS  TIV Tdas  TIvV Tdds T4V

9=y‘9=1u S=y‘9=1u y=y9=1u S=y‘c=u y=ys=w €=y‘c=w y=yy=w €=y p=w =y y=u .
S0SFT="y 0610°C ="y 6599'T =%y SHOFT ="y 6800T=" S009°T = &y S9L5°T="7y 0SL0°T="5y 0645 T="%
SHPITE="y srere="y SLLTE="y S9L0°€="y 68L0°€="y SISTE="y ge10°e ="y SF10°€ ="y G50 ="y

'04€ = 'T9V pue o1 = %0 uaym uonnquisip ewrwred 1oy 3reyd jonuod pasodoid Jo sTYAS pue STYV ¢ 214V ],



Computational and Mathematical Methods in Medicine

100 00'T 100 00’1 100 00'T 100 00’1 100 00'T 100 00’1 100 00'T 100 00’1 000 00T 0%
€0°0 00'T 700 00’1 100 00'T €0°0 00’1 200 00'T 100 00’1 €00 00'T 200 00’1 100 00T €
80°0 10T S0°0 00’1 ¥0°0 00'T 800 101 S0°0 00'T €0°0 00’1 £0°0 101 %00 00’1 €0°0 00T  0€
61°0 70'T €10 701 01°0 10T 61°0 €0'1 710 0T 600 10T 8T1°0 €0'1 ] 101 60'0 10T ST
150 171 9¢'0 AN 87°0 L0'T 670 07’1 ¥€0 IT1 LT0 L0'T 8%°0 61T €€°0 0T'T 97'0 90T 07T
¥9°0 €1 S¥'0 LTT Se'0 IT1 790 0€'1 €70 9Tl ¥€0 IT1 09'0 8T'T 70 STl ¥€0 ITT 6T
180 91 LS0 97T S¥0 LTT 6.0 e S50 Za ¥50 LTT LLO Wl ¥S0 €Tl 970 STT 81
L0'T 69'T SL°0 ov'l 65°0 LTT S0'1 99'T €L°0 8¢l 09°0 8Tl €01 P91 €20 8¢l 99°0 €T L1
A L0°T €01 Y91 780 91 LV'T 50T 201 P91 88°0 IS 91 50T S0'T L9'T 00’1 ST 91
97T 8T SS'l €1 8T’ L8'T 97'C 78T 09'T LT €71 10T 67T ¥8°C 0LT LTT 0S'T L0T ST
96'¢ 6v'F 8LT X3 6£'T ¥6'C ¥0F LS ¥6'C a3 9T €€ 9T'F 69F a3 9L°€ 9¢'T 06T V1
€L'8 ¥T'6 9%'9 86'9 68's LE9 €0'6 ¥5'6 00'L 152 069 152 €7'6 ¥6'6 6LL €8 15 €L €1

€99z 9T/ €6'1T  ¥¥TT  LOTT  LSTT  L9LT  8T'ST  9L€T  9T¥C  9TTC  9LTC  €6'8T  ¥¥6T  ¥T9T  ¥L9T VST T6ST Tl

ITSIT  T9SIT  ¥9'80T FI'60I 8€80T 88'80T ¥SLIT SES8IT  6L€IT  6THIT  €LTIT  €TEIT  660CT 0STZI  T00ZT  €S0CT  SO6IT  SS6IT  T'1

GG'69€  SO0LE  SS69€  SO0LE  ¥S69E  FOOLE  SS69€  SO0LE  TS69E  TOOLE  IS69E  T00LE  SS69€  SO0LE  VS'69E  FOOLE  TS69E  TO0LE O

TAsS TV TAdsS Tdv  TAdsS Tdv  Tdds TIv  TddsS TIV  TddS TIv  TdS  TIV Tdas  TIvV Tdds T4V

9=y‘9=1u S=y‘9=1u y=y9=1u S=y‘c=u y=ys=w €=y‘c=w y=yy=w €=y p=w =y y=u .
S16TT=" GE88'T =&y 08851 =%y 08STT="5y 0LT81="y SEPST ="y 0L17T="y SSSL T =1y SSPY 1=y
ShesF="y 0619'% ="y 68e9c="y STeL T ="y 56957 ="y cozee="y S0sFH =Ty STETF ="y S1LTe="y

'04€ = 'T9V pue oz = " uaym uonnquisip ewrwred 1oy 3reyd jonuod pasodoid Jo sTYAS pue STYV ¢ 414V ],



Computational and Mathematical Methods in Medicine

050 171 8€°0 €Tl 1€0 60'T 6%°0 07’1 LE0 AN 0€°0 80’1 870 611 S€0 IT1 00 60T 0%
S9°0 €l 6%°0 07’1 07’0 Pl ¥9°0 €1 870 611 6€0 YI'T 790 0¢'T 9%°0 8Tl 150 SIT  S¢
160 bl L9°0 YE'T S50 iz 68°0 sl 99°0 €1 95°0 STl 88°0 ST 590 €l 790 67T 0€
1 20T S0'T 99'T L8°0 151 W 10T SO’ 99'T €6'0 95'T W 10T 80'T 69'1 60'T 0LT ST
LO'E 19°€ LTT 78T 00T 95T g3 99°€ LET 6T LTT €8T yTE 8L'€¢ 85T €T'e 4:x4 9¢c 07T
98'¢ 6£F 88T we LST a3 ¥6'€ 8¥'¥ y0°€ 86'¢ 96'C 0S'€ A7 S9F €c'¢ L8°€ 69'€ €F 61
¥0'S 95°s 8¢ Sey LV'E 0% 61°S 12§ L0F 09F €0F 95% 9¥'s 66'S 0S¥ 20's ¥0'S 95s 81
€6'9 Sv'L LE'S 68'S L6F 6¥'s 81°L 0L'L SLs 879 6L'S 1€9 09'L s 6€9 169 €TL oL LT

ST0T  £9°01 60'8 198 €9°L SIS 8501 60Tl 128 €76 88’8 66  VTIT  SLTT 89°6 070 6601  0STII 9T
609T 0991  T€€T  T8E€l 87T  6TET 0891  I€L1  €€%T  ¥8F1  €L¥%1  FTST  68LZ1  OF'ST  98ST  £€9T  16Z1  I¥ST ST
€0'8T  ¥S'ST  8THPT  SL¥C  89€T  S8IHT  LT6T  LL6T  009T 1S9 6L9T  6TLT  60TE  6STI€  8¥'8T  66'8T  8STIE  80TE P
VFS  ¥6FS 896  ST0S  66'8F  6V6F 859 80LS  6STS  60°€S  TLES  TTFS  S96S  ST09  SS9S  SOLS €909  €T'T9 €1

LELIT (81T TLTIT TITEIT 8STIT 60°TIT  $80TT  SETTl  ITZIT  I9ZTIT  6VZIT 6611  99STI  9T'9ZT  69TCT  6T'€TT 96'STT 9%9TT T

1L€9T TTP9T SLI9T  STTIT  6V6ST 66657 6S5L9T  60°89T  L099T  LS99T  TH'EIT TE'E9T  18TLT  IE€€LT  LOTLT  LSTLT  8L69T 8TOLT T

SS'66F  S000S  IS66F  10°00S  ¥S'66F  F000S  SS66Y  SO00S  TS66F  TO'00S  IS66Y  10°00S  SS66F  SO00S  ¥S'66F  F0'00S  €S66%  €0°00S 0T

TAsS TV TAdsS Tdv  TAdsS Tdv  Tdds TIv  TddsS TIV  TddS TIv  TdS  TIV Tdas  TIvV Tdds T4V

9=y‘9=1u S=y‘9=1u y=y9=1u S=y‘c=u y=ys=w €=y‘c=w y=yy=w €=y p=w =y y=u .
06£€°T=%y SLTET =1 STEIT="y 0£0€°T="5Y GSL8T=1Y GE8S T =y 0L9TT="% STIS'T="5y SIS 1=y
09LF'% ="y SovEF ="y SF8se="y SLSFT ="y oFPeE ="y ST9ce ="y 0865% ="y STILe="y srzre="y

'00S = 'T9V pue ¢ = v uoym uwonnquisip ewrwed 1oy 3reyd jonuod pasodoid Jo sTYS pue STYV ¥ 214V ],



Computational and Mathematical Methods in Medicine

ST°0 20T 110 101 80°0 101 ST'0 701 01°0 101 800 101 ST°0 20T 01°0 101 80°0 10T 0¥
€7°0 S0'1T LT°0 €0’ €1°0 0T €70 SO’ 91°0 20T €1°0 201 770 So'T ST'0 70’1 710 0TS¢
9¢°0 T LT0 L0'T 120 PO'T 9¢°0 IT1 ST0 90'T 070 OB ¥€0 IT1 Y0 90'T 070 Y01 0€
790 0€'T S¥'0 LTT 9¢'0 T 19'0 671 €70 9I'l 9¢°0 IT1 650 LTT o STl 9¢°0 T ST
€T 16'T €60 61 SL°0 07T 0€'T 68’1 760 SS'T 08°0 I 671 88'T 760 96'T 160 W1 0T
91 07T €11 VLT €6'0 SS'T 1971 81T STl SLT 0T €91 191 61°C 8T'T 6L'1 STl 65T 61
L0'T €97 vl €0'C 171 181 L0T €97 0S'T 80'C 9¢'T S6'1 01T 997 LS'T 4 €l 01z 81
6L'T ve'e 96T ST L9'1 ¥TT 8T 9¢°€ L0'T €97 €6'1 6v'T 68'C e 17T 9T 50T 0sT L1
S0¥ 86¥ 68°C a3 €57 L0°€ €T¥ 99% &3 ¥9°€ 86'C 3 0€¥ 8¥ 9¢'¢ 06'€ 88'C e 91
6%'9 102 9% 6T'S 6T 87 0,9 L 0T's €L'S ¥I'S L9°S €0°L Ss'L 69'S 179 LE'S 68 ST

6T €FTT 91’6 L9°6 €58 S06  8€TI  68TT 6001 0901  STOT 9401  80€T  6S€T  90TT  LSTIT  SSOT  90TT ¥

¥097  SS9T  S¥IT  S6TC 8907 61T 0T'ZC 1947 8S€T  80F%C  T€vr  T8¥c  198C  IT6C  T9ST  TI'9T  I8FT  1€ST €T

9969  9T'0L 0479  0T€9 109  TST9  €0TL  €STL  S9L9  ST'89  TO6Y  TS69  STSL  SLSL ILTL 1TTL 9T0L  9TIL Tl

LTHIT  LLVIT  8S80C 8060 08'£07 0€'80C SO'SIC SS8IT  S99IC SI'LZIC  vOSIZ  ¥SSIT  $67CC  8¥€Ce 991¢C  LI'T¢C €907 €ITee T

SS'66F  S000S  SS66F  SO00S  SS'66F  S0'00S  SS66Y  SO'00S €566 €0°00S  PS'66Y  FO00S  SS66F  SO00S  IS'66F  C0°00S  IS66¥  10°00S  O'T

TAsS TV TAdsS Tdv  TAdsS Tdv  Tdds TIv  TddsS TIV  TddS TIv  TdS  TIV Tdas  TIvV Tdds T4V

9=y‘9=1u S=y‘9=1u y=y9=1u S=y‘c=u y=ys=w €=y‘c=w y=yy=w €=y p=w =y y=u .
09%€T=%y 0626'T =Y STEIT="y SEIET="5y 0€L8'T="7y ST09'T =%y 0€LTT=7% S808'T = &y G8IS 1=y
0995% =1y SeLFy ="y s0zoe="y S8TSF ="y S690°6="y shree="y S6vS T =Ty srs8 e ="y ceoTe="y

'00S = 'TgV pue o1 = % uaym uonnquisip ewrwred 1oy 3reyd jonuod pasodoid Jo sTYAS pue STYV :G 14V ],



Computational and Mathematical Methods in Medicine

200 00'T 100 00’1 100 00'T 200 00’1 100 00'T 100 00’1 100 00'T 100 00’1 100 00T 0%
¥0°0 00'T 700 00’1 200 00'T €0°0 00’1 200 00'T 100 00’1 €00 00'T 200 00’1 100 00T €
80°0 10T S0°0 00’1 ¥0°0 00'T 800 101 S0°0 00'T %00 00’1 80°0 101 S0°0 00’1 €0°0 00T  0€
07°0 70'T ¥1°0 701 01°0 10T 070 Y0'T €1°0 0T 010 10T 61°0 €0'1 ] 101 60'0 10T ST
€5°0 €T1 8€°0 €Tl 67°0 80'T 750 w1 9¢'0 T 87°0 L0'T 050 171 ¥€0 IT1 87°0 LOT 07T
L9°0 €1 L¥0 611 LE0 T 59°0 €1 S¥'0 LTT 9¢°0 IT1 €9°0 €1 €70 9T'T 9¢°0 T 6T
98°0 671 09°0 87’1 L¥0 81’1 ¥8°0 YT LSO 97’1 9%°0 8Tl 180 91 950 STl 670 0TT 81
PI'T VLT 8L°0 A 790 671 IT1 1 9,0 51 €9°0 €1 01’1 0L'1 L0 Wl 0L°0 9T L1
65T L1'T 80’1 69'1 L8°0 0S'T LS'T S1'T 80'T 69'T €6°0 Sl LS'T S1'T €11 €Ll 80’1 69T 91
SH'T 00°€ 99'T YT 8¢'T 96'T 9%'C 10°€ 21 67T ¥S'T 1884 15T S0°€ 781 15T SS'l AN
ov'F €6'F 70°€ 86'¢ €97 LT'E 6vF 20's €T'€¢ LLE ¥0'€ 86'¢ L9 61'S 86°¢ ay SLT 6T V1

$00T  SSOT €€’ G8'L L9'9 6T,  8€0T 6801 S6'L L¥'8 90°L 808 €601  FHII S6'8 9%'6 wL €T8 €1
€176 ¥9TE  LT9T  [99T  €TST  VLST  0€€E  08'€E 9€'8T  /L88T  OTLT  09/T  SOSE  SSSE 091€  IITE O  €60€ TI

WLFT  16LF1  89°8ET  ST'6ET  €0°8ET  €S'8ET  S90ST  ST'IST  CTSPT  TLSPI 96THT  OVEFT  6TSST  6LSST FOPST  ¥SFHST  €0€ST  €5€ST T'T

SS'66F  S000S  SS66F  SO00S  ¥S'66F  F000S  SS66Y  SO'00S  SS66F  S0'00S  SS'66F  S0T00S  SS66F  SO00S  ¥S'66F  F0'00S  ¥S66Y  ¥O'00S 0T

TAsS TV TAdsS Tdv  TAdsS Tdv  Tdds TIv  TddsS TIV  TddS TIv  TdS  TIV Tdas  TIvV Tdds T4V

9=y‘9=1u S=y‘9=1u y=y9=1u S=y‘c=u y=ys=w €=y‘c=w y=yy=w €=y p=w =y y=u .
06¥€T=%y S6T6'T ="y G9€9'T =%y So1ET ="y 0vL8'T ="y SI8S'T =%y 0€LTT=7% ST08'T ="y SSLTT=Y
S8ILF ="y 06L9F ="y G88s'c ="y 0TISH ="y SoSFF ="y SoTF e ="y S6vS T =Ty ST8TH ="y STL9Y ="y

'00S = 'TgV pue o = % uaym uonnquisip ewrwred 1oy 3reyd jonuod pasodoid Jo sTYS pue STYV :9 14V ],



10 Computational and Mathematical Methods in Medicine

TaBLE 7: Developed gamma control chart ARL comparison with existing control charts when ARL; =370 and m =4.

ay =5 a, =10 a, =20
Proposed MDS Proposed MDS Proposed MDS
Sk =§.1125 k, =3.0025 LS}EC;’;‘;‘{); k, :5.0575 k, =3.0135 LS}SVS;;E k, =§.2715 k, =4.4505 LS}_’CZWS;‘{;
ky=1.5025 k,=2.5235 ky=1.5790 k,=2.5765 k,=14485 k,=22170
1.0 370.05 370.02 370.96 370.01 370.02 370.96 370.02 370.05 370.96
1.1 206.61 208.25 217.16 176.21 179.79 188.41 119.55 121.50 144.07
1.2 100.36 104.12 114.73 66.32 71.50 80.54 25.92 29.44 46.78
1.3 50.23 54.56 63.78 27.01 31.61 38.47 7.93 9.94 19.11
14 27.17 31.10 38.44 12.65 16.12 20.97 2.90 4.69 9.59
1.5 16.00 19.27 24.98 6.86 9.37 12.77 2.07 2.84 5.64
1.6 10.21 12.87 17.30 4.25 6.08 8.50 1.52 2.05 3.75
1.7 7.00 9.15 12.64 2.94 4.32 6.07 1.33 1.64 2.73
1.8 5.11 6.87 9.64 2.23 3.30 4.60 1.18 1.42 2.15
1.9 3.93 5.39 7.63 1.82 2.66 3.64 1.11 1.28 1.78
2.0 3.16 4.40 6.22 1.56 2.25 3.00 1.06 1.19 1.55
2.5 1.66 2.30 3.07 1.13 1.40 1.65 1.01 1.03 1.11
3.0 1.28 1.67 2.07 1.04 1.16 1.27 1.00 1.01 1.02
3.5 1.14 1.40 1.63 1.02 1.07 1.12 1.00 1.00 1.00
4.0 1.08 1.25 1.40 1.01 1.03 1.06 1.00 1.00 1.00
TaBLE 8: Developed gamma control chart ARLs comparison with existing control charts when ARL,=500 and m =5.
ay =5 a, =10 ay =20
Proposed MDS Proposed MDS Proposed MDS
S k= };.3615 k, =4.4575 LS}je;"(})‘Z;; k= I3).3245 k, =4.5285 LS}_‘e;"(};%tl k= I;.4165 k, =4.5120 LS}_’e;V(})‘sa&
k,=15835 k,=23070 k,=1.6015 k,=23135 k,=1.5815 k,=2.3165
1.0 500.01 500.05 500.94 500.04 500.05 500.93 500.05 500.05 500.04
1.1 263.92 268.09 283.07 215.54 218.55 244.74 143.46 151.15 185.05
1.2 117.99 121.35 144.60 69.52 72.53 100.63 27.60 33.80 57.41
1.3 54.22 57.08 78.26 24.82 27.61 46.63 8.08 10.89 22.64
14 27.29 29.77 46.15 10.76 12.89 24.79 3.58 5.02 11.04
1.5 15.24 17.31 29.45 5.67 7.22 14.78 2.11 3.01 6.33
1.6 9.39 11.09 20.09 3.52 4.66 9.66 1.55 2.15 4.12
1.7 6.31 7.70 14.47 2.49 3.36 6.80 1.31 1.72 2.96
1.8 4.56 5.71 10.91 1.95 2.63 5.08 1.18 1.47 2.29
1.9 3.50 4.48 8.54 1.63 2.18 3.98 1.11 1.32 1.88
2.0 2.83 3.66 6.90 1.44 1.89 3.24 1.07 1.22 1.61
2.5 1.56 2.01 3.29 1.11 1.29 1.72 1.01 1.04 1.12
3.0 1.25 1.52 2.17 1.04 1.11 1.29 1.00 1.01 1.03
3.5 1.14 1.31 1.69 1.02 1.05 1.14 1.00 1.00 1.01
4.0 1.08 1.20 1.44 1.01 1.02 1.07 1.00 1.00 1.00
(1) The out-of-control ARL and SDRL values decline ARL, and SDRL values increased with the increase
speedily when the shift (s) of the manufacturing pro- of k value (i.e., m-2 to m-0). It also observed the same
cess increases inclination over the other parametric combinations
) ) and ARL, = 370 and 500
(2) It is detected that the chart coeflicient k, shows an
increasing tendency for increased value of k for a (4) It is interesting to observe from the results that the
fixed value of m when other parametric combinations values of ARL, and SDRL are small for k = m-2 and
are fixed these values are increasing from k=m-2 to k=m
for fixed values of m. In addition, noticed that ARL,
(3) From the tables, it is noticed that ARL, and SDRL and SDRL values are large at k =m as compared to

values decrease when m values increase. In addition, the values at k=m-1 and k=m-2 (we know that
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F1GURE 2: ARL curves of gamma control chart for three charts for m =5 and ARL; = 500.

if k =m, the developed plan becomes MDS design).
Hence, it is concluded from the results that gamma
control chart using GMDS sampling is an enor-
mous amount of accurate than gamma control
chart using MDS sampling

4. Comparison with Existing Charts

In this part, a comparison is made between the developed
control chart and the existing Shewhart type control chat
and MDS control chart for gamma distribution. Also, the
application of developed control chart and its dominance
over available control chart schemes studied using real data
set is presented. In addition, through a simulation study,
the supremacy of the developed control chart when com-

pared with the existing control charts is examined. The per-
formance of the developed control chart is studied through
ARL values and we know that a control chart with smaller
ARL values is more desirable. In this investigation, we stud-
ied when ARL, =370 and ARL, = 500; the shape parameter
of gamma distribution is given as &, = 5, 10, and 20 to com-
pare the developed gamma control chart under GMDS with
the existing MDS and Shewhart type control chart at various
shift values. These comparisons are presented in Table 7 for
ARL, =370 and m =4 and in Table 8 for ARL, =500 and
m =5 at various shape parameters of the gamma distribution.

It is noticed that from the results on the basis of Tables 7
and 8, the developed gamma control charts show smaller
quantity ARL, values as compared with the MDS and
Shewhart type control charts at various shifts (s) values and
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TaBLE 9: The simulated data when m =5, o, = 5, and ARL, = 500.

S. no. X X S. no. X X S. no. X X S. no. X X
1 7.6063 1.9666 16 2.3608 1.3315 31 8.0437 2.0036 46 4.6261 1.6662
2 2.8743 1.4218 17 2.5800 1.3715 32 4.6680 1.6713 47 5.4935 1.7645
3 3.2301 1.4782 18 4.9637 1.7058 33 8.6453 2.0524 48 1.9999 1.2599
4 4.6671 1.6712 19 4.1035 1.6010 34 9.1395 2.0908 49 6.4479 1.8613
5 7.0398 1.9165 20 2.7647 1.4035 35 4.0200 1.5900 50 11.1001 2.2307
6 4.3621 1.6339 21 3.8728 1.5704 36 6.2734 1.8443 51 7.4944 1.9569
7 3.5145 1.5204 22 8.0095 2.0008 37 2.7584 1.4024 52 8.1311 2.0109
8 7.8831 1.9902 23 8.3195 2.0263 38 6.4997 1.8662 53 3.4348 1.5088
9 7.2328 1.9339 24 3.2821 1.4861 39 7.6433 1.9698 54 3.2860 1.4867
10 7.0640 1.9187 25 5.5956 1.7753 40 10.1004 2.1616 55 4.8631 1.6942
11 3.7153 1.5488 26 3.4608 1.5126 41 11.0929 2.2302 56 7.6722 1.9723
12 5.0059 1.7106 27 4.2462 1.6193 42 5.9905 1.8162 57 6.2898 1.8459
13 2.6249 1.3794 28 6.6523 1.8807 43 3.9466 1.5803 58 6.1469 1.8318
14 3.6922 1.5456 29 6.5704 1.8730 44 9.1140 2.0888 59 9.3127 2.1039
15 4.5475 1.6567 30 5.2560 1.7387 45 11.0067 2.2244 60 3.2213 1.4769
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FIGURE 3: Gamma control chart for Shewhart type for simulated data when m =5, ;) = 5, and ARL, = 500.

various parametric values studied in this article. At a glance,
when ARL, =370, &, =5 and s=1.4 from Table 7, for the
developed control chart ARL, =27.17 whereas ARL, =
31.10 for MDS scheme and ARL,; = 38.44 from the Shewhart
type control chart. Similarly, for ARL; = 500, «, = 10, and s
= 1.5 from Table 8, we sense that the developed control chart
gives ARL, =5.67 while ARL, =7.22 for the MDS control
chart and ARL, =14.28 from the Shewhart type control
chart. The graphical presentation is given to show the perfor-
mance of developed control chat over the existing MDS and
Shewhart type control charts along with various shift values
(see Figures 1 and 2). From these two figures, it is articulated
that the developed gamma control chart based on GMDS is
certified extra sensitive as compared to the MDS and the
Shewhart-type control charts. To draw attention to this con-

clusion, a real data illustration and a simulation study are also
carried out in the following subsections.

4.1. Simulation Analysis. In order to investigate the imple-
mentation of the planned control chart over the available
control charts, a simulation study is conducted. In this inves-
tigation, 30 samples are generated from the gamma distribu-
tion with shape parameter a;=5 and in-control scale
parameter 1 and last 30 random samples are generated from
a gamma distribution with shape parameter «, =5 and out-
of-control scale parameter 1.4 (i.e., the shift of s=1.4). The
data is reported in Table 9 alongside computed statistic X;
=X;". The control chart coefficients at m =5, a, =5, and
ARL, =500 are available in Table 8. The Shewhart type
gamma control chart is given in Figure 3, and MDS gamma
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FIGURE 4: Gamma control chart using MDS sampling for simulated data when m =5, a; = 5, and ARL,, = 500.
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FIGURE 5: Gamma control chart using GMDS sampling for simulated data when m =5, &, =5, and ARL, = 500.

control chart when m =5 and k=5 is provided in Figure 4.
The gamma control chart using GMDS sampling when m
=5 and k = 3 is depicted in Figure 5. According to the above
scheme for gamma control charts, we implement the MDS
chart as follows: if previous 5 (since m = 5) X} values are dis-
played between the inner control limits, then the process is
considered to be under control while for proposed gamma
control chart under GMDS, the process is said to be declared
as under control if no less than 3 out of 5 previous (since k = 3
and m = 5) X7 values are within the interior control limits.
From Figures 3 and 4, it is apparent that the gamma con-
trol charts based on Shewhart type and MDS scheme are
unable to notice the shift. On the other hand, in Figure 5, it
can be found that using gamma control charts under the
GMDS scheme detects out-of-control at sample numbers
34, 40, 41, 44, 45, 50, and 59. Present simulation examines

that the developed gamma control chart based on GMDS
sampling is more efficient than the gamma control charts as
compared to MDS and Shewhart type design.

4.2. Application of the Proposed Chart for COVID-19 Data. In
the present section, the developed gamma control chart using
GMDS sampling is applied to the monitoring of Coronavirus
(COVID-19) outbreak in China. The data set is borrowed
from Li et al. [38], and they discussed mortality caused by
COVID-19 based on collected data of 33 death cases in
Wuhan city of Hubei province during an early outbreak as
well as confirmed cases and death toll. They have studied
the COVID-19 outbreak in China by considering some spe-
cific regions as representative samples. The days from ICU
intake to death caused by COVID-19 data are presented in
Table 10 along with the transformation of the variable. To
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TaBLE 10: Death cause by COVID-19 in Wuhan city of Hubei province in China.
Subgroup no. Days from ICU intake to death (X) X* Subgroup no. Days from ICU intake to death (X) X*
1 4 1.5874 18 17 2.5713
2 6 1.8171 19 5 1.7100
3 5 1.7100 20 8 2.0000
4 7 1.9129 21 8 2.0000
5 5 1.7100 22 8 2.0000
6 4 1.5874 23 1 1.0000
7 2 1.2599 24 12 2.2894
8 6 1.8171 25 10 2.1544
9 10 2.1544 26 12 2.2894
10 1 1.0000 27 4 1.5874
11 1.9129 28 4 1.5874
12 2.0801 29 2 1.2599
13 22 2.8020 30 4 1.5874
14 11 2.2240 31 1 1.0000
15 1.8171 32 11 2.2240
16 2.0000 33 25 2.9240
17 14 2.4101
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. 25 4 3
0.08 £ °
0.06 | / g
= 5 154 .
g 0.04 - \ Tg 10 - g
S 002 - X £ 5
/M
0.00 T T T T 1 T T T T

5 10 15 20 25

Data

—— Gamma
—— Emp

0 5 10 15 20 25

Theoretical quantiles

FIGURE 6: The empirical and theoretical cdfs and Q-Q plots for the GD for the days from ICU intake to death.

fit the gamma distribution, the parameters are estimated
using the maximum likelihood approach, and the shape is
2.0026=2.0, and the scale parameter is 3.9185. The
Kolmogorov-Smirnov test is 0.1197, and p value is 0.7322.
Figure 6 displays the histogram and Q-Q plot to highlight
the goodness of fit of the gamma distribution. Hence, gamma
distribution furnishes a good fit for the days from ICU intake
to death caused by COVID-19 data.

The chart constants at the estimated shape parameter of 2
are obtained using a simulation procedure given in Section 2.
The control chart constants at «y =2 and m=4 are k, =
3.1035 and k, =1.4645 for a developed control chart, k,
=3.7525 and k, =2.1935 for MDS control chart, and L=
2.8828 for Shewhart type control chart. The chart limits
of the developed control chart, MDS, and Shewhart type
control charts for days from ICU intake to death data are
given in Figures 7-9. In Figures 7-9, the proposed control
charts for GMDS, MDS, and Shewhart type control charts

are displayed by plotting the control limits and chat
statisticsX*. Using days from ICU intake to death data,
the developed control chart can be exemplified as follows:
declare the process as in-control when 4 earlier values of
X fall in the inner control limits of the developed gamma
control chart using the MDS plan. While in the case of the
developed gamma control chart using GMDS scheme, the
process can be expected as in-control when at least 2 out
of 4 earlier values of X* fall in the inner control limits.

It is clearly noticeable from Figure 7 that all sample statis-
tics are inside the upper and lower control limits. Hence, it
shows that Shewhart-type gamma control chart fails to detect
a change in the process. On the other hand, if we consider
gamma control chart, using MDS design also failed to identify
changes in the process due to all sample statistics inside the
inner upper and inner lower control limits (see Figure 8),
whereas the gamma control chart based on GMDS design
experiences the out-of-control signals at sample numbers 10,
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FIGURE 7: Shewhart type gamma control chart for days from ICU intake to death data.
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13,23, 31, and 33, respectively (see Figure 9). Therefore, from
the methodology explained in Section 2, it reveals that the
developed gamma control chart based on GMDS design is
faster in detecting process variation as compared with the
existing control chart based MDS and Shewhart type. Hence,
from real application in the field of medical sciences, data for
days from ICU intake to death revels that the gamma control
chart based on GMDS remains superior methodology as com-
pared to the existing control charts considered in this study.

5. Conclusions

We developed the gamma control chart based on GMDS sam-
pling. The computational methodology is also discussed for
ARL and SDRL when the process is in-control and out-of-
control. The control chart parameters for the proposed con-
trol chart are obtained using in-control average run length
(ARL;) and out-of-control ARL (ARL,) of the proposed
gamma control chart using GMDS sampling. The perfor-
mance of the proposed control chart is investigated using sim-
ulation for the various shifts in the scale parameter. Tables of
chart parameters alongside out-of-control ARL (ARL,) for
various shift values for specified shape parameters are dis-
played. Furthermore, a comparative study is also carried out
with the developed gamma control chart based on GMDS
sampling over the existing MDS and Shewhart type gamma
control charts using the ARLs. The results display that the
developed gamma control chart based on GMDS sampling
shows reduced ARL, values as compared with the existing
two gamma control chart discussed in this article.

The implementation of the developed control chart is
demonstrated using simulation study as well as tangible data
from ICU intake to death cause by COVID-19 and it is
shown that designed gamma control chart using GMDS sam-
pling detected out-of-control samples whereas the MDS and
Shewhart type gamma control charts failed to detect the out-
of-control signal. Hence, we conclude that the gamma
control chart based on GMDS is a superior methodology as
compared to the existing control charts considered in this
study to detect a shift in the parameter. The developed con-
trol chart method in this paper can be used in different indus-
trial and medical situations specifically when the researcher
would like to discover a small and moderate shift in quality
characteristics. Future research maybe considered as control
charts for some nonnormal distributions and cost consider-
ation using GMDS sampling design.

Appendix

R Coding to Run the Algorithm
## compute mean and standard deviation
mts<-bA(1/3)*gamma(a+1/3)/gammaf(a)
vts<-bA(2/3)*gamma(a+2/3)/gamma(a)-mtsA2
sdts<-sqrt(vts)
## fixing the range of k1 and k2
ql<-5eq(2.61,6.96, by =0.0005)
q2<-seq(1.21,6.86, by =0.0005)
vv<-gamma(a+2/3)/gamma(a)-(gamma(a+1/3)
/gamma(a))A2

Computational and Mathematical Methods in Medicine

11 <-gamma(a+1/3)/gamma(a)-k1s#sqrt(vv)
l12<-gamma(a+1/3)/gamma(a)-k2 #sqrt(vv)
ul<-gamma(a+1/3)/gammal(a)+k1x*sqrt(vv)
u2<-gammal(a+1/3)/gamma(a)+k2#sqrt(vv)
lcl1<-max(0,bA(1/3) +111)
ucll<-bA(1/3)#ull
lcl2<-max(0,bA(1/3) x112)
ucl2<-bA(1/3) xul2
pa<-sum(dpois(0:(a-1),112/43))-sum(dpois(0:(a-1),ul2/3))
ps<-sum(dpois(0:(a-1),11143))-sum(dpois(0:(a-1),l12A3))
+sum(dpois(0:(a-1), ul2A3))
-sum(dpois(0:(a-1),ul1A3))
sl<-pbinom(m, m, pa, lower.tail = TRUE, log.p = FALSE)
-pbinom(k-1, m, pa, lower.tail = TRUE,
log.p = FALSE)
PinO<-pa+ps#*sl
ARL0=1.0/(1.0-Pin0)
if ((ARLO>=370) && (ARL0<=370.5))
choose those k1 and k2 values

then

Data Availability

The data is given in the paper.
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