S

ELS

Since January 2020 Elsevier has created a COVID-19 resource centre with
free information in English and Mandarin on the novel coronavirus COVID-
19. The COVID-19 resource centre is hosted on Elsevier Connect, the

company's public news and information website.

Elsevier hereby grants permission to make all its COVID-19-related
research that is available on the COVID-19 resource centre - including this
research content - immediately available in PubMed Central and other
publicly funded repositories, such as the WHO COVID database with rights
for unrestricted research re-use and analyses in any form or by any means
with acknowledgement of the original source. These permissions are
granted for free by Elsevier for as long as the COVID-19 resource centre

remains active.



Journal of Mathematical Economics 93 (2021) 102473

Contents lists available at ScienceDirect

Journal of Mathematical Economics

journal homepage: www.elsevier.com/locate/jmateco

Epidemics and macroeconomic outcomes: Social distancing intensity N
and duration™ e

Davide La Torre ?, Danilo Liuzzi >, Simone Marsiglio ¢

2 SKEMA Business School, Université Cote d’Azur, Sophia Antipolis, France
b University of Milan, Department of Economics, Management and Quantitative Methods, Milan, Italy
¢ University of Pisa, Department of Economics and Management, Pisa, Italy

ARTICLE INFO ABSTRACT

Article history:
Available online 18 January 2021
Manuscript handled by Editor Raouf Boucekkine

We analyze the determination of the optimal intensity and duration of social distancing policy aiming
to control the spread of an infectious disease in a simple macroeconomic-epidemiological model.
In our setting the social planner wishes to minimize the social costs associated with the levels of
disease prevalence and output lost due to social distancing, both during and at the end of epidemic
management program. Indeed, by limiting individuals’ ability to freely move or interact with others
(since requiring to wear face mask or to maintain physical distance from others, or even forcing some
businesses to remain closed), social distancing has on the one hand the effect to reduce the disease
incidence and on the other hand to reduce the economy’s productive capacity. We analyze both the
early and the advanced epidemic stage intervention strategies highlighting their implications for short
and long run health and macroeconomic outcomes. We show that both the intensity and the duration
of the optimal social distancing policy may largely vary according to the epidemiological characteristics
of specific diseases, and that the balancing of the health benefits and economic costs associated with
social distancing may require to accept the disease to reach an endemic state. Focusing in particular
on COVID-19 we present a calibration based on Italian data showing how the optimal social distancing

Keywords:

Infectious diseases
Macroeconomic outcomes
Public policy

Social distancing

policy may vary if implemented at national or at regional level.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Communicable diseases have historically played (and still do
today) a major role in shaping economic development in both
industrialized and developing countries, by determining till today
30% of deaths and accounting for 45% of the related years of
life lost worldwide (Lopez et al., 2006; WHO, 2009). A variety
of channels through which this may occur, including education
attainment, labor force participation, life expectancy, income
and civil conflict, have been identified and extensively docu-
mented in literature (Acemoglu and Johnson, 2007; Bleakley,
2007; Adda, 2016; Cervellati et al., 2017; Klasing and Milionis,
2020). In the simplest and most intuitive way, communicable
diseases are a major source of morbidity and mortality every-
where in the world, and thus they affect labor market outcomes
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along with saving and investment incentives yielding detrimental
consequences on macroeconomic performance (Boucekkine et al.,
2009; Chakraborty et al., 2010). As health services are to a large
extent publicly provided in most countries, the severity of such
effects is amplified by the need to finance public health policies
diverting resources from productive activities (Velenyi and Smitz,
2014; La Torre et al., 2020). The relevance of these findings and
arguments has over the last two decades given birth to a growing
economic epidemiology literature to accompany the mathemat-
ical epidemiology literature in analyzing the implications and
dynamics of communicable diseases. While mathematical epi-
demiology aims to characterize the epidemic dynamics according
to the biological features of specific diseases (Hethcote, 2000,
2008), economic epidemiology tries to understand the mecha-
nisms through which health policy, in the form of preventive
and treatment measures, may be used to contrast the spread
of communicable diseases (Philipson, 2000; Gersovitz and Ham-
mer, 2003). Most of the economic epidemiology papers rely on
a microeconomic perspective focusing on a partial equilibrium
analysis to examine the behavioral response of individual ratio-
nal agents to the disease prevalence and to the health policy
measures (Anderson et al., 2010; Gersovitz and Hammer, 2004;
Goldman and Lightwood, 2002), and only few works have tried to
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assess their macroeconomic implications (Goenka and Liu, 2012,
2020; Goenka et al.,, 2014; La Torre et al.,, 2020). Goenka and
Liu (2012, 2020) and Goenka et al. (2014) discuss the long run
effects of epidemics on economic growth, both in neoclassical and
endogenous growth setups, showing that the health-income rela-
tionship may be a source of nontrivial macroeconomic dynamics,
leading eventually to chaos. La Torre et al. (2020) focus on the
short run effects of epidemics on income levels analyzing the
feedback effects between the disease spread and the availability
of resources to fight it, assessing whether preventive or treat-
ment policy measures may be most effective. All these works,
both those adopting a microeconomic and a macroeconomic
perspective, share the same analytical framework to characterize
the epidemic dynamics by relying on the susceptible-infected-
susceptible (SIS) model, which is one of the simplest and most
general mathematical epidemiology setups. In this paper we
contribute to this literature adopting the same SIS framework
to analyze the relation between epidemics and macroeconomic
outcomes in light of the recent coronavirus pandemic experience.
Indeed, since upon recovery from COVID-19 individuals return
susceptible to a new infection (WHO, 2020b), the SIS model can
be applied also to characterize the dynamics of the coronavirus
epidemic.

The recent COVID-19 epidemic has spurred a large and shared
interest in understanding the mutual relations between commu-
nicable diseases, macroeconomic outcomes and health-economic
policy. COVID-19 is a highly contagious virus-induced communi-
cable disease, transmitted via droplets and contaminated objects
during close unprotected contact between an infector and in-
fectee (WHO, 2020a). The virus is currently spreading fast from
human-to-human as transmission simply occurs when healthy
individuals meet respiratory droplets from coughs or sneezes of
an infected person. Transmission is also possible via contami-
nated objects or materials which act as a carrier of the virus,
such as cloths, utensils, and furniture (Rothan and Byrareddy,
2020). The outbreak of the disease has origin in China in late
2019 and has reached a pandemic status in only a few months,
resulting thus far (at the time of writing, in early July 2020)
in over 9.3 million confirmed cases and over 480,000 deaths
globally (Dong et al., 2020). The implemented policy responses to
reduce the spread of the disease have been countless (i.e., more
than 13,000 in more than 195 countries), including traditional
preventive and treatment measures but also social distancing
(Cheng et al., 2020). Social distancing refers to all those ar-
rangements which aim at reducing the rate of transmission of
a disease by limiting the exposure of single individuals to pos-
sible sources of infection. Social distancing is thus one of the
most effective non-pharmaceutical disease control actions that
can reduce the spread of a highly contagious disease (Maharaj
and Kleczkowski, 2012). Different forms of social distancing have
been introduced and promoted in most countries, ranging from
quarantine to voluntary isolations, from restrictions on individual
mobility to lockdowns, from the requirement to wear face masks
to that of maintaining a certain physical distance from others.
By imposing stringent restrictions on individual behavior that
have forced firms to decrease the utilization of the workforce
and by requiring individuals to limit their interactions with one
another on the workplace, they have also generated devastating
economic effects including a large number of job losses and a
large drop in GDP. The effects have been particularly severe in
those sectors in which social interactions are essential (such as
tourism and education) or intensive-contacts are required (such
as hospitality and manufacturing), and it has also affected the
industries linked to them. According to their dependence on these
sectors, some economies have been more exposed than others,
and the forecasts for the drop in level of economic activities in
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2020 in European countries range from about 10% (Greece, Italy,
and Spain) to about 5% (Poland and Luxemburg) on a yearly basis
(European Commission, 2020). Understanding thus the health
and economic consequences of specific disease control policies,
and in particular those of social distancing, is essential in order
to minimize their social cost and support policymakers in the
difficult task of effectively managing the pandemic.

Over the last few months several works have tried to analyze
the macroeconomic implications of COVID-19 and the policy
measures implemented to control its spread (Acemoglu et al,
2020; Alvarez et al.,, 2020; Atkeson, 2020; Eichenbaum et al.,
2020; Ng, 2020). Atkeson (2020) analyzes a purely dynamic
epidemiological setup in which the disease is described by a
susceptible-infected-recovered (SIR) model, which is based on
the assumption that recovery from the disease confers permanent
immunity; through a comparative dynamic exercise he shows
how different mitigation efforts affect the epidemic dynamics
by reducing the disease transmission rate. Building on Atkeson'’s
epidemiological setup (2020), Alvarez et al. (2020) analyze the
links between economy and epidemics in a setting where the
lockdown policy determines how much output agents can pro-
duce; by focusing on a social planner’s framework they determine
the optimal duration and intensity of the lockdown showing in
their baseline scenario that it may need to be initially severe
and implemented shortly after the outbreak. Acemoglu et al.
(2020) rely on a similar centralized economic setup enriching
the epidemiological framework to consider a multi-group SIR
model to distinguish the disease impact among young, middle-
aged and old individuals, showing that intuitively increasing the
severity and the duration of the lockdown for the old may allow
to relax it for younger agents. Eichenbaum et al. (2020) analyze
the competitive equilibrium in a decentralized economy focusing
on individuals’ behavioral response to the disease, showing that
their decision to reduce consumption and work lowers the health
costs of the epidemic but increases the economic ones, giving rise
to an important trade off between health and macroeconomic
outcomes. Ng (2020) focuses on a multi-group SIR framework
to distinguish between different severity levels of the disease in
a competitive framework, analyzing the effects of different in-
tensity of lockdown policies through comparative dynamics. Bosi
et al. (2020) analyze a centralized setup in which the social plan-
ner seeks to maximize social welfare, which is defined according
to different criteria; different from other papers, they describe the
epidemic setting as in a SIS model and characterize the optimal
policy analytically, showing that the intensity of the lockdown
crucially depends on individuals’ degree of altruism. Our paper
contributes to this literature by taking a slightly different point
of view and integrating some of the approaches presented thus
far.

Despite most of the works are based on a SIR setup, since
as to date there is no evidence that “people who have recovered
from COVID-19 and have antibodies are protected from a second
infection” (WHO, 2020b), it seems more reasonable to rely on
a SIS framework in which after recovery people return to be
susceptible and thus can get infected again, as in Bosi et al. (2020).
This has also the advantage to allow for a direct comparison of our
paper with the macroeconomic epidemiology literature (Goenka
and Liu, 2012, 2020; Goenka et al., 2014; La Torre et al., 2020).
Different from Bosi et al. (2020), since the epidemic management
is a short run problem we abstract from saving and capital accu-
mulation, considering a simple framework in which the disease
prevalence determines the income level and disposable income
is entirely consumed, as in Eichenbaum et al. (2020). Different
from both Bosi et al. (2020) and Eichenbaum et al. (2020) in which
the time horizon in infinite, we consider a finite time horizon to
investigate the intensity and the duration of the optimal policy,
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along the lines of Acemoglu et al. (2020) and Alvarez et al. (2020).
Similar to them we focus on a centralized problem since in the
real world the response to the disease has been mainly driven
by public regulations and governmental measures rather than by
behavioral changes. Different from them in our setup the social
planner does not choose only the degree of social distancing but
also that of therapeutic treatment: treatment is publicly provided
and is financed through income taxation, thus the spread of
the disease by lowering income reduces also the availability of
resources to fund treatment measures, as in La Torre et al. (2020).
In our setting the social planner aims to minimize the social
costs associated with the disease prevalence and the strength
of the policy tools employed to manage the epidemic, similar
to Alvarez et al. (2020). However, different from them, rather
than relying only on numerical simulations we aim to determine
analytically the duration and the intensity of the optimal policies
as in Bosi et al. (2020). Different from all extant works in which
the epidemic is implicitly assumed to be in an advanced stage,
we analyze both the early epidemic and non-early epidemic in-
tervention strategies highlighting their implications for short and
long run health and macroeconomic outcomes. Indeed, several
papers in mathematical epidemiology show that in early stages
of an epidemic outbreak the evolution of the disease preva-
lence can be described through sub-exponential or exponential
growth dynamics giving rise to a setup substantially different
from those considered in traditional mathematical epidemiology
models (Chowell et al., 2016).

Specifically, in our framework the social planner determines
the optimal intensity and duration of social distancing by balanc-
ing its beneficial effects on health outcomes and its detrimental
macroeconomic consequences. Indeed, by limiting individuals’
ability to freely interact with others social distancing allows to
reduce the disease incidence but it also leads to a reduction
in the economy’s productive capacity. Therefore, the planner
wishes to minimize the social costs associated with the levels
of disease prevalence and output lost due to the social distanc-
ing policy. Our setup is not strictly tailored to investigate the
consequences of COVID-19 but it is applicable in more general
terms, allowing us to consider the macroeconomic implications
of a variety of communicable diseases. We show that in the
early stages of an epidemic outbreak the disease dynamics can
be proxied by a linear differential equation and thus it is possible
to explicitly determine both the optimal intensity and duration
of social distancing. In later stages such an approximation is not
applicable and the nonlinearity of the epidemiological dynamics
precludes us from the possibility to derive analytical solutions.
Through numerical simulations we illustrate how the optimal
social distancing may largely vary according to the epidemiolog-
ical features of specific diseases. For example, in the case of the
seasonal flu the social distancing policy needs to be stricter and to
last for longer than in the case of the common cold, because of its
higher infectivity rate. We also show that our model is applicable
to COVID-19 (even if by abstracting from the disease-induced
mortality our results need to be taken with some grain of salt)
by presenting a calibration based on Italian data, distinguishing
between national- and regional-level policy in which an early
stage and an advanced stage epidemic model applies respectively,
illustrating thus how the early stage epidemic setup may be a
useful approximation in concrete real world circumstances.

The rest of the paper proceeds as follows. Section 2 presents
our macroeconomic-epidemiological framework in which the so-
cial planner seeks to determine the optimal intensity and dura-
tion of the mitigation policy (i.e., social distancing) to minimize
the social costs of the epidemic management program. Section 3
focuses on the early epidemic case in which the number of
infectives is still very low and thus the number of susceptibles can
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be approximated with the entire population. Section 4 discusses
the advanced epidemic case, in which the number of infectives
is already non-negligible with respect to the population size. In
both cases we focus on the determination of the optimal intensity
and duration of social distancing showing its implications on
macroeconomic and health outcomes, and illustrating how social
distancing might need to be implemented to control the diffusion
of widespread diseases such as the seasonal flu and the common
cold. Section 5 presents a calibration of our early and advanced
epidemic setups to the Italian COVID-19 experience, showing
how social distancing should be differently applied at national
and regional level. Section 6 as usual concludes and presents
directions for future research. Technicalities are postponed to
Appendices A and B.

2. The model

We now present our macroeconomic-epidemiological setup in
which the disease prevalence drives output production and social
distancing and treatment policy are used to manage the epi-
demic. The epidemiological side is described by a policy-extended
SIS model while in the macroeconomic one social distancing
affects output and income taxation determines the availability
of resources to finance therapeutic treatment. This gives rise to
feedback effects between health and macroeconomic outcomes.

2.1. The epidemiological setup

Before introducing our macroeconomic-epidemiological setup,
we briefly review the basic SIS model, having its origin in the
seminal work by Kermack and McKendrick (1927). The SIS model
is one of the simplest and most discussed frameworks in mathe-
matical epidemiology, widely applicable to a range of diseases not
conferring permanent immunity, such as the seasonal flu, some
sexually transmitted diseases and some vector-borne diseases
(Hethcote, 2008). According to its simplest formulation abstract-
ing from vital dynamics, the population which is assumed to
be constant and normalized to unity without loss of generality,
N = 1, is composed by healthy individuals who are susceptible
to the disease, s;, and the infectives who have already contracted
the disease and can transmit it by getting in contact with suscep-
tibles, i;. Thus, at any moment in time we have that 1 = s; + i,
and the interactions between susceptibles and infectives deter-
mines the evolution of the two subpopulation groups. Infectives
spontaneously recover at the rate § > 0, and susceptibles become
infective by interacting with infectives which occurs at the rate
o > 0, measuring the number of social contacts required to give
rise to a new infection (i.e., the product between the number of
contacts between infectives and susceptibles per unit of time and
the probability that one contact leads to disease transmission).
This implies that the dynamics of susceptibles and infectives can
be described through a dynamic system as follows:

é[ = 81{ — aS[l} (])
iy = asei; — 8ip. (2)

Since the population is normalized to one the equations above
describe the evolution of the shares of susceptibles and infectives.
By recalling that s, = 1 — i;, the evolution and equilibria of the
above system can be characterized by focusing simply on one of
the two equations, say that for infectives which can be rewritten
as follows:

i = (1 — i)i; — 8i; (3)

It is straightforward to verify that there exists two equilibria:
ip = 0and i, = "a;‘s The former represents the disease-free
equilibrium in which the share of infectives is null, while the
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latter the endemic equilibrium in which the share of infective is
strictly positive. Note that while the disease-free equilibrium ex-
ists for all parameter values, the endemic equilibrium exists only
if « > 8. Moreover, by analyzing the (local) stability properties
of the equilibria, it is possible to show that %li[:h: a — § and
%l,—rzizz —(a — 8), suggesting thus that when only the disease-
free equilibrium exists (i.e, « < §) this will be asymptot-
ically stable, while when also the endemic equilibrium exists
(i.e., @ > 8) this will be asymptotically stable while the disease-
free equilibrium will become unstable; thus « = §, represents a
bifurcation point at which the number of equilibria along with
their stability properties change. This suggests that the long run
epidemic outcome entirely depends on the relative size of the
speed of recovery and the speed at transmission: intuitively,
whenever the speed of recovery exceeds (falls short of) the speed
at transmission, § > § (8 < «), in the long run the disease will
be completely eradicated (will persist becoming endemic in the
population).

This outcome can be equivalently seen in terms of the so-
called “basic reproduction number”, Rgo. This parameter plays a
crucial role in mathematical epidemiology, as it measures the
average number of secondary infections produced by a typical
infectious individual introduced into a completely susceptible
population (Hethcote, 2000, 2008). In our SIS framework it is
possible to show that the basic reproduction number is given by
the following expression:

o

Ro= %, (4)
thus the long run outcome completely depends on whether this
takes a value larger or smaller than unity. Indeed, when Ry <
1 (Rp = 1) in the long run the disease will be completely
eradicated (will persist) and thus the share of infectives will be
zero (positive); this happens whenever the speed of recovery is
faster (slower) than the speed of transmission. In the case of an
epidemic outbreak in which Ry > 1, mitigating policies which
affect the speed of recovery or the speed of transmission (or
both) can be used to lower the basic reproduction number and
bring it below unity to achieve the long run eradication goal. A
more detailed review of the SIS model and the role of mitigating
(preventive and therapeutic) policies can be found in La Torre
et al. (2020).

2.2. The macroeconomic—epidemiological setup

After having recalled the basic SIS model, we now extend it
to account for the role of social distancing and treatment poli-
cies and to analyze its relation with macroeconomic outcomes.
Specifically, we consider a short and endogenous time horizon
framework in which the social planner decides the policy mea-
sures to reduce the spread of a communicable disease, along with
the duration of the implemented policies, in order to minimize
the social cost associated with the epidemic management pro-
gram. We consider therapeutic treatment, 0 < v; < 1 which
increases the speed of recovery of the infectives and social dis-
tancing which limits the social contacts by a percentage 0 < u;
< 1 reducing thus disease transmission. The short time horizon
suggests that saving and capital accumulation are irrelevant, thus
we simply assume that individuals entirely consume their dis-
posable income as follows: ¢, = (1 — 1)y;, where c¢; denotes
consumption, y; income and 0 < 7 < 1 the tax rate. Output
is produced through a linear production function by the num-
ber of susceptibles as follows: ¢ = s, = 1 — i, but since
only a certain share of the social contacts, 1 — u,, is allowed
to regularly occur output net of social distancing is given by:
¥e = (1 — u¢)q,. The tax revenue, 7y, is entirely used to finance

Journal of Mathematical Economics 93 (2021) 102473

treatment by maintaining a balanced budget at any moment in
time: v, = ty,, meaning that health policy is completely publicly
provided. The disease dynamics is described by a SIS equation
as follows: iy = a(1 — Bu:)(1 — ir)ir — §(1 + wv;)i; where the
transmission rate depends on the amount of social interactions
between individuals (either on the workplace or for daily life
activities). Treatment reduces the disease prevalence by increas-
ing the speed of recovery from the disease by a factor v > 0,
while social distancing lowers disease incidence by reducing the
number of possible contacts between susceptibles and infectives
by an amount 8 > 0. The social cost is the weighted sum of two
terms: the discounted sum (p > 0 is the discount rate) of the
instantaneous losses associated with the epidemic management
program during its duration and the discounted final damage
associated with the remaining prevalence level of the disease. The
instantaneous loss function is assumed to depend on the spread
of the disease and the output lost due to social distancing, and to
take a quadratic non-separable form (La Torre et al., 2017, 2020)

as follows: £(i;, ucq;) = M, penalizing deviations from the
disease-free status and from the no-production-loss scenario. The
final damage function is assumed to depend only on the share
of infectives remaining at the end of the epidemic management
program and to take a linear form as follows: dr = ir. The relative
weight of the final damage in terms of the instantaneous losses is
given by % > 0, which measures the concerns for long run health
outcomes and depends on the degree of health concern, ¢ > 0,
and the final time period, T. This means that, independently of
the degree of health concern, the weight attached to long run
health outcomes critically depends on today’s distance from the
long run date: if T = 0 the short and long runs coincide and
thus an infinitely large weight is attached to the final damage,
if T — oo the long run is infinitely far away and thus the weight
attached to the final damage is null; for positive but finite values
of T a positive and finite value is attached to the final damage
giving rise to a clear trade off between the discounted sum of
the instantaneous losses (which are minimized with T — 0)
and the discounted final damage (which is minimized with T —
oo) ensuring thus that optimality will require that the epidemic
mitigation policies will be used for a positive and finite amount
of time. The social planner problem reads as follows:

T (:2 2 P \2
14+ us(1—1
minc:/ {f[ Fud = i)l e*”dt+?'Te*"T (5)
ug 0

2 T

s.t.ip = (1 — Bu)(1 —i)ip — 8[1 4+ wt(1 —u)(1 —i)li;  (6)
0<ipu =<1 (7)
0 <ig < 1given (8)
T > 0 free 9)

Note the role of the degree of health concern in determining the
relation between health and macroeconomic outcomes. If this is
null the planner will not be much willing to reduce economic
activity to lower disease incidence and thus prevalence in the
short run as well as in the long run. If this is particularly high
the planner will be very well willing to incur short run economic

1 Note that we have assumed that both treatment and social distancing affect
linearly the epidemic dynamics, while we could also assume the effect to be
nonlinear. Indeed, some economic epidemiology works conjecture that health
policy is subject to decreasing returns and thus their effect on disease prevalence
is less than linear (Gersovitz and Hammer, 2004). Such alternative formulation
would yield an analytically untractable model making it thus impossible to
derive closed-form solutions. Despite the lack of analytical tractability, it is
reasonable to believe that the presence of nonlinear effects would give rise
to results qualitatively similar to ours, apart from the fact that the lower
effectiveness of health policy would lead from a quantitative point of view to
smaller reductions in the share of infectives, which would thus result to be
higher than in our setup at any moment in time.
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losses (i.e., to increase the severity of social distancing) in order
to slow down the epidemic dynamics and achieve at the end of
the planning horizon a lower level of disease prevalence. Under-
standing thus how the intensity and the duration of the optimal
policy depend on the degree of health concern may provide us
with important information regarding the consequences of real
world policymakers’ preferences on health and macroeconomic
outcomes.

Before proceeding into the determination of the optimal policy
it may be useful to comment on some features and implications
of our modeling approach. (i) Consistent with the economic
epidemiology literature, our setup allows to consider two differ-
ent forms of health policy measures, prevention and treatment,
where the former acts on incidence and the latter on preva-
lence. While therapeutic treatment is defined similar to extant
literature (Gersovitz and Hammer, 2004; La Torre et al., 2020),
prevention is determined by social distancing as in the recent
COVID-19 experience (Acemoglu et al., 2020; Alvarez et al., 2020).
Different from other preventive measures, such as vaccines or
prophylactic interventions, which act only on the health status by
lowering the disease transmission rate, social distancing has also
important economic implications by reducing production. (ii) The
interpretation of our setup in terms of COVID-19 requires care-
ful considerations of its underlying assumptions. By abstracting
from vital dynamics, we cannot account for the disease-induced
mortality which represents an important element of the recent
coronavirus epidemic experience since about half a million of
deaths worldwide are attributable (either directly, through its re-
lated pneumonia complications, or indirectly, through the stress
caused on healthcare facilities) to the disease. Therefore, we
may expect the optimal policy in our setup to be substantially
less strict than in other frameworks in which mortality effects
have been explicitly taken into account (Acemoglu et al., 2020;
Alvarez et al., 2020). Moreover, consistent with previous stud-
ies, given the large degree of uncertainty on parameter values
which our calibrated optimal policies depend on, our conclusions
can only be considered as a stylized benchmark for real world
policymaking (Acemoglu et al., 2020; Manski and Molinari, 2020).

3. Early epidemic growth: Outbreak of the disease

The outbreak of a new epidemic does not generally translate in
an immediate response from policymakers and thus the disease
spreads freely among the population. Several studies in math-
ematical epidemiology document that in the early phase of an
epidemic the number of infectives tends to grow at a constant (or
even decreasing) rate, and thus the evolution of the disease can
be described through an exponential growth (or sub-exponential
growth) dynamics (Chowell et al., 2016; Ma, 2020). This argument
is independent of the specific epidemiological framework used to
characterize the disease spread and it is equally applicable to SIS,
SIR or more sophisticated epidemiological models. In fact, for any
of the above mentioned epidemic models, given iy, the evolution
of the epidemics is driven by a differential equation taking the
form:

i = fic, 5¢), (10)

where f(-, -) is a continuous and differentiable function. Similar to
the SIS model seen in the previous section, the disease-free equi-
librium is characterized by the pair (0, 1) such that the absence of
infectives results in no spread of the disease. If we take the first-
order expansion of the right-hand side of the above equation, we
get:

of of

ir = f(ie, 5¢) ~ f(0, 1) + —-(0, 1)(ir — 0) + ——(0, 1)(sc — 1) (11)
di; dS¢
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which, using the fact that f(0, 1) = 0 along with s, — 1 = —i,,

implies that:

. a a a a

i~ Lo ni- Lo i = | Lon- Lo v a2
alt Bst alt 85[

This clearly explains why, in an early epidemic stage, the epi-
demic growth can be modeled via an exponential equation.

By using such a linear approximation and the assumption
that in an early epidemic stage the share of infectives in the
population is negligibly small, we can approximate the share of
susceptibles with the entire population, thatiss; = 1—i; >~ 1. In
such a setup our optimization problems (5)-(9) can be rewritten
as follows:

minC=/T{M}e‘”dt+¢'T6pT (13)

ug 0 2 T

s.t. iy = a1 — Bup)iy — 8[1 + ot(1 — ue)liy (14)
0 <ipu <1 (15)
0 <ip < 1given (16)
T > 0 free (17)

Before proceeding with the determination of the optimal in-
tensity and duration of the epidemic management policies, note
that the evolution of the infectives in (14) is now given by the
following differential equation: i; = (¢ — § — dw7)i; — (¢ —
dwt)uci;, where 6 = o — § — Sdwt represents the net in-
fectives growth rate (i.e.,, the infectivity rate, «, adjusted for
recovery, 8, and the treatment-augmented recovery, dwt) and
u = af — Swrt the effectiveness of the social distancing policy
(i.e., the social-distancing-reduced infectivity rate, o, net of
the treatment-augmented recovery). Intuitively, given 6 and pu,
the disease eradication goal will be eventually achieved only if
the social distancing policy is stringent enough to reverse the
growth trend of the infectives share. However, eradication does
not necessarily need to be the most desirable outcome, since the
economic costs of social distancing might lead the planner to
prefer an endemic state by accepting a certain level of disease
prevalence.

For the time being, let us suppose that T is fixed (but un-
known) and later we will determine a value of T that minimizes
the social cost functional in (13). Our analytical results, made pos-
sible by the quasi quadratic-linear structure of our problem, are
summarized in Theorem 1 and Proposition 1. Theorem 1 states
necessary optimality conditions for the existence of a optimal
solution for the problem above. Proposition 1 instead determines
some sufficient parameter conditions ensuring that the feasible
solution is optimal, by exploiting the fact that the optimal control
and the state and costate equations are bounded, meaning that
the derived system of forward-backward differential equations
has a Lipschitz structure (Jung et al., 2002; La Torre et al., 2020).

Theorem 1. Suppose that T > 0 is fixed and define ¢ =

VIp — 201% + 4u?. If the pair (i, u;), 0 < i; < 1and0 < u, < 1,1is
the optimal control problem given by (13)-(15) solves the following
system of forward-backward differential equations:

__ phce’
ue = B4
Ae = —ie(1+ Uf)efp[ — (0 — pu)he
e = (6 — pueie (18)
)"T = ?e_pT

0 <ip < 1 given

where A; is the costate variable. The closed-form expressions of i,
and u, are given by:

i, = Ciel20Ht 4 el/2 (0=t (19)
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where

C = io (0 — Y —20) 20T 4 210 (21)
YT (o= ¢ —260) el 2G0T 4 26T 20 — ¢ — p)
eI (29— — p)ig — 22

(p— v —20)el/2(=T 4 12(0+0T (20 — 4 — p)

C, = (22)

Proposition 1. Assume T > u¢ and v > p. If either the following
conditions:
ioTe!/2o—vT

1 ¢ > D (¥ — p +26)

2¢< io\//TeII/;(‘”‘/’)T [(0729+2u+$(e‘/’771)+2¢]
or the following ones:

3. p>20

44> iorel/;;p—w [WHQ—WZ)%U%WT)]

5.9 < 2Ty — p+26)

are satisfied, then the solution (i, u;) given by (19) and (20), re-
spectively, satisfies the inequalities 0 < iy < 1,0 < u; < 1 and it
is optimal for the control problem given by (13)-(15). Furthermore,
ir <0 foranyt [0, T].

Theorem 1 determines explicitly the optimal time evolution
of the control, u;, and state, i;, variables which, given the quasi
quadratic-linear structure of the problem, are given by exponen-
tial functions. Proposition 1 identifies two alternative parameter
configurations ensuring that such a solution is well defined, by
determining a range of values for degree of health concern ¢ and
for the rate of time preference p. A simple inspection of the op-
timality conditions in (36) jointly with the inequality constraints
on i, and u, ensured by Proposition 1 allows to show that the
following condition (which we will assume to hold true in what
follows) needs to be satisfied:

T > ug, (23)

which suggests that the social distancing duration needs to be
large enough and that such a duration increases with the effec-
tiveness of the social distancing policy x and the degree of health
concern ¢. Under the parameter restrictions in Proposition 1, it
directly follows that the share of infectives monotonically de-
creases over time. Intuitively, since in our SIS framework both
the incubation and latent periods are null, the social distancing
policy is optimal if reducing the disease incidence enough to bring
the number of new infectives below the number of recovered
ones such that disease prevalence will decrease during the entire
duration of the epidemic management program. This also implies
that during the whole planning horizon the share of infectives
will always be lower than its initial value and thus the share
of susceptibles can continue to be approximated with the entire
population, suggesting that our linearization approach is appli-
cable for the entire life of the social distancing policy. Even if
the optimal share of infectives decreases over time, it is bounded
from below at a null level thus it does never reach zero sug-
gesting that it will never be optimal to achieve complete disease
eradication. The next proposition summarizes such a result.

Proposition 2. Let (i, us), with0 < iy < 1and 0 < u; < 1, given
by (19) and (20), be the optimal solution to the control problem
given by (13)-(15). Then the disease eradication is not optimal for
any T > 0.
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Thus far, in our analysis we have assumed that T is fixed (and
thus our above conclusions apply independently of its specific
value) while this needs to be endogenously derived as part of the
optimization problem. Indeed, the optimal duration of the social
distancing policy, other than satisfying the constraint T > T, >
@ (Tmin could even be larger than u¢ due to the presence of
the other constraints implied by Proposition 1), is determined by
minimizing the social cost functional, thus the determination of
the optimal T reduces to solving the following static problem:

mTin c(T) (24)
s.t. T € [Tmin, 00), (25)

The above problem may be characterized by either an interior
or a corner solution according to the model’s parametrization. In
particular, the expression of C(T) is known and provided by the
following expression:

é 1. 1 T2
o(T)= ¢ PTir + e {0 —20)(e™""iF —ig)

+y [T =1)+CG(1-eT)]}. (26)

2we1 rSh (_2w1) , while C; and C, (which
2y cosh( yT)+2(p—26)sinh(1 yT)
are functions of T as well) are given in (21) and (22), respectively.
Clearly, an interior solution of the above minimization problem
can be determined by setting the derivative of C(T) with respect
to T to zero, however, this expression is particularly cumbersome
and it is not possible to determine it explicitly. The only conclu-
sion that we can derive without a closed-form expression for the
optimal T is that this necessarily increases with the effectiveness
of the social distancing policy and the degree of health concern,
since these parameters determine a lower bound for the above
optimization problem. Moreover, note that also all the analytical
expressions for the optimal intensity of social distancing and the
optimal share of infectives, given in Theorem 1, are particularly
cumbersome due to the presence of several parameters and thus
it is not possible a priori to perform any sort of comparative stat-
ics or dynamics exercise. We will thus proceed by illustrating how
the dynamics of the share of infectives and the social distancing
intensity, along with the optimal social distancing duration, may
change under different model’s parametrizations.

Fig. 1 shows the determination of the optimal social distancing
duration, T, by displaying the behavior of the cost functional C
(left panels), the dynamics of the share of infectives, i; (middle
panels), and that of the social distancing intensity, u, (right pan-
els), under two different disease configurations representing the
cases of two widespread diseases, namely the seasonal flu (top
panels) and the common cold (bottom panels). The value of the
basic reproduction number and the time of recovery for each of
these diseases are well known, and this information allows us to
determine the relevant epidemiological parameters. Specifically,
the recovery rate can be computed as the inverse of the average
number of days to recover from the disease and, given the basic
reproduction number and the recovery rate, the infectivity rate
can be computed from (4) as: @« = §Rg. Estimates on seasonal flu
suggest that Rg = 1.5 and people recover in about seven days
which implies that § = 0.14 and thus « = 0.21; estimates on
the common cold instead show that Rg = 2.0 and in this case
people recover in about ten days which implies that § = 0.1
and thus @ = 0.2 (Bailey, 1975; Coburn et al., 2009). In order to
understand the effects of different epidemiological parameters on
social distancing policy, we set the initial share of infectives to 5%
of the susceptible population for both the diseases. We therefore
set the epidemiological parameters as follows: Ry = 1.5, ¢ =
0.21, § = 0.14, iy = 0.05 in the seasonal flu case and Rg = 2.0,

where iy =



D. La Torre, D. Liuzzi and S. Marsiglio

Cost Function C(T)

Journal of Mathematical Economics 93 (2021) 102473

Optimal Social Distancing u(t)

Optimal Share of Infectives i(t)

0.06 0.05 .
0.055 0.049 0.32 SN
n b
0.05 i 0.048 03 LY
Y s g
0.045 fi* 0.047 N 0.28 ~ T
N ~ .
N 0.26 ~o i
0.04 0.046 N S i
N 0.24 S .
0.035 0.045 M Ny
0.22 M T
0.03 0.044 N B S
SN 0.2 \\ T
0.025 0.043 N N .
RN 0.18 g S
0.042 5y N .
0.02 NS 016 S e
0015 e s S 0.041 . 0.14 N
o — T 0.04 Sy, N
0 5 10 15 0 1 2 3 5 6 7 0 1 2 3 4 5 6 7

Cost Function C(T')

0.05

0.048 N

0.046

0.045

0.016 e

0015 “~

0.014 N
<

0.013 D .,

0.012 ¥ >

~ ~.
0.011 ~ s,
~ S
~ N
~ .

N, 0.01 N

X 2
~ <
0.009 N L
~ N
N ~
~ 8
X .

. 0.008

0.007
0

Fig. 1. Time evolution of the cost functional (left), share of infectives (center) and social distancing policy (right) in the case of the seasonal flu (top) and common
cold (bottom) in an early epidemic stage setting. Optimal duration of social distancing: T = {5.83, 6.85, 7.83} in the case of the seasonal flu and T = {5.51,6.39, 7.21}

in the case of the common cold, with ¢ = {0.8, 1, 1.2} respectively.

a = 02,8 =0.1,ip = 0.05 in the common cold case. For both
cases, the economic parameter values are set according to the
macroeconomics literature as follows: p = 0.04/365 (in order to
transform the annual rate of time preference in a daily measure),
t =0.3,8 =0.6and ¢ = {0.8, 1, 1.2}, while we set w = 2.13
for the seasonal flu and @ = 3.94 for the common cold. In
such a parametrization 8 reflects the consumption share of GDP
(as consumption needs exist also under social distancing, which
thus can only lower the transmission rate by the amount that
social contacts do not entail consumption activities), ¢ is varied
across three different values to understand the implications of
the degree of health concerns on the optimal policy, while w,
quantifying the effectiveness of treatment measures which may
differ from one disease to the next, is calibrated to ensure that
the parameter restrictions in Proposition 1 are verified. Note
that in our two different parametrizations the only source of
difference is the epidemiological parameters and the effective-
ness of disease-specific treatment measures in order to focus
on the implications of different disease characteristics on social
distancing. In particular, the common cold is characterized by a
higher basic reproduction number and a higher effectiveness of
treatment, along with a lower degree of infectivity and a lower
recovery rate than the seasonal flu.

The figure shows that behavior of the optimal social distancing
policy (which in this setting can be interpreted as the require-
ment to wear face masks or maintain physical distance from
others) is similar for both the seasonal flu and the common cold,
starting high and then decreasing over time. In particular, we
can observe that both the intensity and the duration of social
distancing are higher in the flu case and this leads the share
of infectives to decrease by a larger amount in the case of the
flu. Consistently with what discussed in our theoretical analysis,
for both diseases the optimal policy does not lead to disease
eradication, but rather to the convergence to an endemic state
in which the share of infectives reaches a value of about 0.041 in
the case of the flu or 0.0445 in the case of the cold, associated

with a reduction in disease prevalence ranging from about 18
to 10 percent with respect to its initial level. In both cases the
effects of the degree of health concern are intuitive: the higher
the parameter the higher the intensity and the duration of social
distancing, and thus the lower the level of disease prevalence at
any moment in time.

4. Non-early epidemic growth: Spread of the disease

Apart from the early stage of an epidemic outbreak in which
the disease dynamics is characterized by exponential growth, in
later phases the evolution of the disease can be described by
a fully-fledged epidemiological model. In our setup this implies
that the spread of the disease follows a nonlinear SIS equation as
discussed in the economic epidemiology literature. Therefore, in
this context our optimization problem reads as follows:

min C = /T {i?[l (1= ir)] } e Ptdt + ?e“’Tir (27)
ur 0 2 T

st = a(1— Bu )1 —ip)ic — 8[1 + wr(1 —u ) (1 —ip)li;  (28)

0<ipu <1 (29)

0 <ip < 1given (30)

T > 0 free (31)

As in the previous section, we first consider the case in which
T is fixed (but unknown) and later we will determine a value of
T that minimizes the social cost functional. Our analytical results
are summarized in Theorem 2 and Proposition 3. By applying the
same arguments as in the previous section, Theorem 2 states a
necessary optimality condition for the existence of an optimal
solution to models (27)-(31). Proposition 3 states some suffi-
cient conditions ensuring that the feasible solution is effectively
optimal.

Theorem 2. Suppose that T > 0 is fixed. Then, the optimal solutions
(i, ur), 0 < iy < 1 and 0 < u; < 1, of the optimal control problem
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Fig. 2. Time evolution of the cost functional (left), share of infectives (center) and social distancing policy (right) in the case of the seasonal flu (top) and common cold
(bottom) in an advanced epidemic stage setting. Optimal duration of social distancing: T = {6.90, 7.95, 8.85} in the case of the seasonal flu and T = {6.40, 7.40, 8.25}

in the case of the common cold, with ¢ = {0.8, 1, 1.2} respectively.

given by (27)-(29) solve the following system of forward-backward
differential equations:

i = (o — St — pue)(1 — ipie — Si;

he = —Aelo — Swt)(1 — 2ip) — ire™Pt + SA¢

_ aepet
U = i (32)

Ar = ?e*’”

0 < ip < 1 given,

where A, is the costate variable.

Proposition 3. Assume T > u¢ and let (i;, u;) be the solution of
the system (32). Then (i, u,) satisfies the inequalities 0 < iy < 1
and u; > 0 for any t € [0, T]. Furthermore, if u; < 1 for any
t € [0, T], then the pair (i, u;) is optimal for the control problem
given by (27)-(29). Finally, if either u; > “‘Mﬂ orig>1— -3
then i’t < 0.

a—dwt

Theorem 2 shows that the control and state variables are de-
termined as the solution of a simultaneous system of differential
equations, which, different from what seen in the previous sec-
tion, by being highly nonlinear cannot be solved explicitly. Exactly
as in the previous section, a simple analysis of the optimality
conditions in (32) allows to show that the following condition
needs to be satisfied:

T = po, (33)

which requires the social distancing duration to be large enough.
Despite the absence of a closed-form expression for the optimal
solution, Proposition 3 states that, even without imposing any
additional parameter restriction, the optimal share of infectives
lies in the unit interval and the optimal social distancing intensity
is nonnegative,> meaning that results similar to those earlier

2 Given the absence of an analytical expression for u;, we cannot establish
that the optimal social distancing intensity is effectively lower than unity. In our

discussed in the previous section apply. In particular, the fact that
the share of infectives needs to be strictly positive implies that
also in a non-early epidemic stage complete disease eradication
is not optimal, and thus conclusions similar to those outlined
in Proposition 2 hold true. However, the lack of a closed-form
solution for the above problem precludes us from the possibility
to explicitly derive some analytical result not only about the
intensity of the social distancing policy but also about its dy-
namics. In particular, we cannot state a priori whether the share
of infectives will monotonically fall as in the previous section,
and we can only determine some quite stringent conditions (de-
pending on the value of either the intensity of social distancing
or the share of infectives itself) under which this may be the
case. Moreover, thus far we have not said anything about the
optimal determination of T yet, but exactly as in the previous
section this needs to be chosen by minimizing the social cost
functional in (27). In order to shed some light on this, we will
proceed by exemplifying the behavior of the optimal solution
along with the determination of the optimal T under different
model’s parametrizations, by applying the numerical algorithm
briefly described in Appendix B.

Fig. 2 shows the determination of the optimal social distancing
duration, T, by displaying the behavior of the cost functional C
(left panels), the dynamics of the share of infectives, i; (mid-
dle panels), and that of the social distancing intensity, u; (right
panels), under two different disease configurations representing
the cases of the seasonal flu (top panels) and the common cold
(bottom panels). The economic and epidemiological parameters
are set exactly as in the previous section, and we can observe that
from a qualitative point of view the results are identical to those
presented earlier. For both diseases the optimal social distancing
policy starts high and then decreases over time, and both its in-
tensity and duration are higher in the case of the seasonal flu and

numerical analysis we will check that this further condition is verified ex-post

in order to ensure that the optimal solution is effectively feasible.
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Fig. 3. Daily evolution of the disease prevalence (left) and GDP (right) in Italy in the January-June 2020 period.

Source: WHO and Now-Casting.com.

this leads the share of infectives to decrease by a larger amount
in the flu case. Also in an advanced epidemic stage framework,
for both diseases the optimal policy implies convergence to an
endemic state, in which the share of infectives reaches a value of
about 0.039 in the case of the flu or 0.043 in the case of the cold,
associated with a reduction in disease prevalence ranging from
about 22 to 14 percent with respect to its initial level. Intuitively,
even if the qualitative effects are similar, from a quantitative
point of view in an advanced epidemic stage social distancing is
stricter and lasts for longer than in the early epidemic stage, and
thus the final level of prevalence results to be lower in the case
of both diseases. The effects of the degree of health concern are
exactly the same as in the previous section.

5. A COVID-19 application: the Italian case

Even if our model is not specifically designed to capture the
peculiarities of COVID-19, we now show that our general frame-
work can be applied (with the limitations following to the lack of
disease-induced mortality) also to determine the optimal social
distancing policy in the case of this emerging disease. Italy has
been strongly affected by the COVID-19 outbreak and it has
registered thus far the highest number of deaths and the second
highest number of reported cases among European continental
countries (Dong et al,, 2020). The first reported case has been
filed in late January and by the end of February more than 1000
other cases have been reported. In early March the Italian govern-
ment has introduced its first social distancing policies imposing
the lockdown of a number of non-essential businesses and the
wearing of face mask to reduce the number of contacts between
individuals and the probability that each single contact may lead
to disease transmission, respectively. Similar and more stringent
policies and regulations have been introduced between March
and April, leading on the one hand to a substantial reduction in
the epidemic growth and on the other hand to a dramatic drop
in economic activity. In order to get a sense of these effects, in
Fig. 3 we illustrate the daily evolution of the disease incidence
(left panel) and quarter-to-quarter GDP growth (right panel) since
late January to late June 2020. This clearly shows that while it
took about one month for the effects of social distancing to be
visible on the disease incidence, those on GDP growth became
evident in just a matter of days. GDP growth has fallen rapidly
since late March while incidence has slowed down significantly
only since early May.

In order to determine the optimal balancing between its health
benefits and economic costs in the case of COVID-19, we now
determine the optimal intensity and duration of social distancing
(which can be interpreted not only in terms of the requirement to
wear face mask or to maintain physical distance from others, but
also as the introduction of a lockdown measure) by calibrating

our theoretical framework to Italian data. By following the same
procedure discussed earlier, we use estimates of the basic repro-
duction number and the recovery rate to infer the infectivity rate.
[talian estimates show that Ry = 2.79 and that recovery takes
about three weeks (Remuzzi and Remuzzi, 2020), thus we set § =
0.0476 from which it follows that @ = 0.1328. The instantaneous
rate of time preference is set at p = 0.04/365 (Barro and Sala-
i Martin, 2004) and the tax rate at r = 0.3 (Di Nicola et al,,
2017), the effectiveness of treatment measures is calibrated as
w = 8.23 in order to ensure that the optimization problem is
well defined (i.e., the constraints 0 < i; < 1and 0 < u; < 1
are met), the degree of health concerns and the effectiveness of
social distancing have been normalized to unity, 8 = 1and ¢ = 1
for simplicity, while iy is varied between different levels to show
the implications of different initial conditions on the optimal
policy. As today, the number of COVID-19 cases at national level
(about 300,000) is completely negligible (i.e., considering that
Italy is populated by 60,461,826 people, it amounts to a share of
infectives of 0.0049) thus we can apply our early epidemic stage
model to characterize the national dynamics. However, the same
is not true at regional level where we can see that in specific
regions at the epicenter of the outbreak the number of cases
has been substantially large, thus we can apply our advanced
epidemic stage model to characterize the regional dynamics.

In the first phase of the Italian coronavirus epidemic at na-
tional level the disease has evolved according to an exponential
pattern (Remuzzi and Remuzzi, 2020), consistent with the as-
sumption underlying our early epidemic growth setup. By consid-
ering different initial share of infectives (i = {0.02, 0.03, 0.04}),
we account for the large uncertainty (due to existence of asymp-
tomatic individuals that have never been tested) regarding the
exact number of infectives present today in the Italian economy
(Lazzerini and Putoto, 2020). Fig. 4 shows the determination of
the optimal social distancing duration, T (left panel), the dy-
namics of the share of infectives, i; (middle panel), and that
of the social distancing intensity, u, (right panel) in the case
of COVID-19 at Italian national level. We can observe that the
social distancing policy needs to be applied for about 9-16 days
according to the initial share of infectives, and in particular the
higher the initial share of infectives the lower the duration and
the intensity of the social distancing policy. This counterintuitive
result is driven by the fact that the higher the initial infectives
share the higher the social cost associated with inaction, and
some policy intervention increases this social cost further; there-
fore, with a higher initial share of infectives it is optimal to
implement a softer and shorter-living policy. Independently, of
the initial infectives share the social distancing policy starts high
to then gradually decrease, generating a smooth reduction in the
level of disease prevalence to reach a final value ranging from
0.01 to 0.03: the optimal policy requires COVID-19 to become
endemic in the Italian population.
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Fig. 4. Time evolution of the cost functional (left), share of infectives (center) and social distancing policy (right) in the case of COVID-19 at Italian national level.
Optimal duration of social distancing: T = 16.09 if ip = 0.02, T = 11.12 if iy = 0.03, and T = 8.81 if iy = 0.04.

At a regional level, the outbreak has hit particularly strong
certain local areas, such as the Bergamo region where some
studies estimate that more than 40% of the local population has
contracted the virus (Buonanno et al., 2020), thus in such a setting
our advanced epidemic growth setup seems more appropriate.
According to these rough estimates and in order to account for
some uncertainty along the lines of our earlier approach for
the national level, we assume different initial share of infectives
(ip = {0.2, 0.3, 0.4}). Fig. 5 shows the outcome of our numerical
analysis for the case of COVID-19 at regional level in Bergamo.
The social distancing policy needs to be applied for about 2-
4 days according to the initial share of infectives with a mild
intensity, decreasing from about 0.06-0.07 to 0.005. Such a mild
policy is however enough to reverse the disease growth pattern,
leading thus the share of infectives to reach a final value ranging
from about 0.2 to 0.35. Also at a regional level the optimal policy
requires COVID-19 to become endemic in the population, and the
effects of the initial share of infectives on both the intensity and
duration of social distancing are similar to those earlier discussed
at national level.

Both in the national- and regional-level calibrations, our op-
timal policy turns out to be substantially different from those
derived in other papers analyzing the optimal intensity and dura-
tion of social distancing policies aiming to manage the COVID-19
epidemic, and such differences are reflected also in the evolution
of the infectives (Acemoglu et al.,, 2020; Alvarez et al., 2020).
Indeed, while our social distancing policy is characterized by a
monotonically decreasing intensity and a short duration ranging
from 2 to 16 days leading to a monotonically decreasing share of
infectives, the optimal policies both in Acemoglu et al. (2020) and
Alvarez et al. (2020) are characterized by bell-shaped intensities
and long durations ranging from 100 to 400 days in their baseline
scenarios, which in turn yields a non-monotonic dynamic in the
spread of the disease. Such neat dissimilarities are the result
of the differences in the economy under consideration in the
calibration exercise (Italy vs US), in the analytical frameworks (SIS
vs SIR contexts) and in the assumptions underlying the disease
characteristics (absence vs presence of disease-induced deaths).
Moreover, the types of social distancing policy under considera-
tion are quite different as well. Indeed, we focus on a policy that
only reduces the number of contacts between infectives and sus-
ceptibles and thus disease incidence along with its implications
on treatment through the economic-epidemiological feedback
effects. Alvarez et al. (2020) instead analyze the implications of a
lockdown policy which resembles more a quarantine than a true
lockdown since a certain share of both infectives and susceptibles
is isolated from the rest of the population, while Acemoglu et al.
(2020) investigate the mutual links between lockdown measures
and other forms of policy interventions such as vaccination. Given
such discrepancies between our approach and that employed in

10

other related papers, it is difficult to perform a true comparative
analysis but nevertheless the difference in the optimal duration of
the social distancing policies is striking, and we believe that the
short social distancing duration underlying our analysis appears
to be consistent with real-world experiences.

By comparing our optimal policy associated with the examples
discussed in Sections 3 and 4 with that derived from the COVID-
19 case at Italian national level (since the initial share of infectives
are comparable in these cases), even if the economic parameters
are different and thus such a comparison may be misleading, we
can observe that social distancing is characterized by a larger
variability in the evolution of its intensity and a longer duration
in the case of COVID-19 than in the seasonal flu and common cold
cases. Even without considering its eventual effects on mortality,
the epidemiological peculiarities of COVID-19 (a high basic repro-
duction number and a low recovery rate) require social distancing
measures to be applied for longer periods than in the case of more
common diseases.

5.1. Social distancing vs treatment

In order to better understand the working mechanisms under-
lying our epidemic management program, which is characterized
by a simultaneous application of social distancing and treatment
measures, we now compare the effectiveness of social distancing
and treatment in isolation. In particular, we focus on the Bergamo
area which is probably the most interesting case to understand
the validity of the different health policy measures, and we rely
on the same parametrization earlier employed in which the initial
share of infectives is assumed to be equal to 0.2. The effectiveness
of social distancing and treatment is captured by the parameters
B and w respectively, thus by setting one of these parameters to
zero we can analyze how our model would perform in the ab-
sence of one of the two policy measures. Therefore, we compare
the results we have obtained earlier in which social distancing
and treatment are applied simultaneously (i.e., 8 > 0 and w >
0), with those derived in a setting in which either only social
distancing (w = 0) or only treatment (8 = 0) is implemented.

Fig. 6 shows the outcome of our analysis distinguishing be-
tween situations in which 8 > 0 and w > 0 (solid curve), w = 0
(dashed curve), and g = 0 (dashed and dotted curve). With both
treatment and social distancing (8 > 0 and w > 0) the optimal
social distancing policy is characterized by a mild intensity, which
however is enough to reduce the disease prevalence over time. In
the absence of social distancing (8 = 0, which leads to u; = 0, for
all t € [0, T]), health policy is entirely driven by treatment which
is enough per se to lead to a monotonic reduction in the disease
prevalence, even if the share of infectives results to be higher than
in the previous case with the additional help of social distancing.
In the absence of treatment (w = 0), the optimal social distancing
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Fig. 5. Time evolution of the cost functional (left), share of infectives (center) and social distancing policy (right) in the case of COVID-19 in the Bergamo area.
Optimal duration of social distancing: T = 3.60 if ip = 0.2, T = 2.85 if ip = 0.3, and T = 2.50 if iy = 0.4.
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Fig. 6. Time evolution of the cost functional (left), share of infectives (center) and social distancing policy (right) in the case of COVID-19 in the Bergamo area.
Optimal duration of social distancing: T = 3.00 in the w = 0 case, T = 3.55 in the 8 = 0 case, and T = 3.60 in the w # 0 and B # 0 case. .

policy is characterized by a very high intensity but nevertheless
it is not enough to reverse the growth pattern in the disease
dynamics and thus the share of infectives monotonically increases
over time. The optimal duration of the epidemic management
program is similar in the three cases, thus we can focus our
comparison on the differences in the social distancing intensity
and in the share of infectives.

The comparison among these three cases under investigation
allows us to stress the importance of treatment: social distancing
alone is not enough to reduce the disease prevalence over time
while treatment alone can be. This result may be explained by
the specific epidemiological features of COVID-19. Since such a
disease is characterized by a high basic reproduction number
and a low recovery rate, the key element to successfully reduce
its spread consists of increasing the speed of recovery which
is exactly the role of treatment. Since social distancing acts by
reducing the number of contagious contacts and thus does not
affect the speed of recovery it plays only a secondary role in
this context, but nevertheless this does not mean that social
distancing is not important. Indeed, by computing the social costs
associated with the three scenarios analyzed, which turn out to
be equaltoCc =0.1123inthe 8 > 0and w > 0,C = 0.1390 in the
o = 0 case, and ¢ = 0.1625 in the 8 = 0 case, we can conclude
that social distancing plays an important role in reducing the
social costs of the epidemic management program. The scenario
with no social distancing is clearly the least desirable from the
social cost perspective while that with no treatment outperforms
the previous one but it is less desirable than the scenario in which
both treatment and social distancing are simultaneously applied.
By reducing disease incidence, social distancing permits to lower
the epidemic growth pattern allowing treatment to speed up the
recovery of a lower number of infective individuals, reaching thus
the lowest social costs among the three scenarios.
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6. Conclusion

The recent COVID-19 epidemic experience has spurred a grow-
ing interest in understanding the mutual relation between
macroeconomic and epidemiological outcomes, along with the
role of health-economic policy in affecting such a relation. Differ-
ent from previous epidemics, policymakers have tried to control
the spread of the disease through social distancing policies, im-
plemented by imposing the requirement to wear face masks or
to maintain a certain physical distance from others, by forcing
individuals to quarantine and voluntary isolations, or by intro-
ducing restrictions on individual mobility along with (complete
or partial) lockdowns. Due to the widespread use of social dis-
tancing policies, which have never been implemented on such a
large scale before, it is essential to understand their implications
on both health and economic outcomes. This paper wishes to
contribute to this goal by developing a macroeconomic-
epidemiological model in which the social planner aims to min-
imize the social costs of an epidemic management program by
considering that social distancing on the one hand lowers the dis-
ease incidence by reducing social contacts and on the other hand
it reduces output by hindering economic production activities.

Our framework is general enough to allow for the determina-
tion of the optimal intensity and the duration of social distancing
in the cases of a number of diseases, some very common (such as
the seasonal flu and common cold) and others emerging (such
as COVID-19), identifying how the optimal policy may change
in early or advanced epidemic stages. We show that both the
optimal intensity and duration of social distancing may largely
vary according to the epidemiological characteristics of specific
diseases, and that the balancing between health benefits and
the economic costs associated with social distancing requires
to accept that the disease will reach an endemic state in the
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population, as confirmed in all our model’s parametrizations aim-
ing to capture the peculiarities of the seasonal flu, the common
cold and COVID-19. In our analysis we have focused on a SIS
framework in which individuals never acquire immunity from the
disease, but we could alternatively consider a SIR framework to
allow for the possibility that infectives gain permanent immunity
upon recovery. Apart from making the structure of the model a
bit more complicated, since this requires to consider the joint
evolution of three different population subgroups (i.e., infective,
susceptible and recovered individuals), this will not modify our
main conclusions from a qualitative point of view. From a quanti-
tative perspective, the main difference would rest in the duration
of the optimal social distancing policy, which will tend to be
shorter in a SIR than in a SIS setting. Indeed, since in a SIR
context comparable to our SIS model (that is, abstracting from
vital dynamics) the share of susceptibles monotonically decreases
over time as individuals gain immunity, the need to prevent new
infections naturally falls as time goes by and this translates into
a shorter duration of the epidemic management program.

To the best of our knowledge no other paper has tried to
analyze the implications of social distancing in a way compa-
rable to ours. Several papers analyze the determination of the
optimal lockdown intensity and duration in the case of COVID-
19 by numerical simulations, and only few works investigate
the issue analytically by treating the lockdown policy as a mere
parameter. Our attempt to determine analytically the optimal
social distancing intensity and duration, not only focusing on the
case of COVID-19 but on communicable disease in general, is to
some extent unique. In order to develop an analytically tractable
framework, we have had to introduce a number of simplifying
assumptions which however limit the ability of our model to
capture specific issues brought to light by the recent COVID-19
experience. In particular, by abstracting from vital dynamics and
disease-induced mortality, our model cannot properly quantify
the true social costs associated with the coronavirus outbreak,
and thus it should come to no surprise that in our setup the
optimal policy requires social distancing to be mild and short-
lived. Moreover, by assuming that treatment is entirely funded
through income taxation via balanced-budget considerations our
model cannot capture the long run consequences on the public
finance sustainability of the growing need to issue public debt
to fund the high coronavirus treatment expenses. Extending the
analysis to address these further issues is left for future research.
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Appendix A. Technical appendix

A.1. Proof of Theorem 1

The Hamiltonian H(i;, u¢, A¢), associated with the optimal con-
trol problems (13)-(15) reads as:

2(1+u?
H = %e_pt + A.t (9 — /Lu[) it

where 0 = o« — § — dwt, u = af — Sdwrt, and A, is the costate
variable. The optimality conditions can be stated as follows:

oo ) ot
wie "t = pdiy — U = ’”f—f

—he = 1 (14 u2)e ™" + (6 — puhe — A
= —i(1+ u%)e_pt — (0 — pue)h

ir = (0 — pue i

)‘-T = %e_pT

ig given

(34)
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Note that in order to derive the expression of u; we suppose that
ir # 0. The degenerate case in which iy = 0 implies that any u,
can be chosen. By plugging the expression of u; into the equation
of A, we get:

. aePt\ 2 APt
M:_,{H(u X )}e_,ﬂ_[e_ﬂ(u e )}k
1t It

which, after simplifications, leads to the following expression:

)."t = —ifeipt - 9)\;
By plugging the expression of u; into the equation of i we obtain:
it = Qlt — /,LZ)\.[E/)[

By differentiating the expression of i, with respect to time, we
get:

iy = 0i, — 12 (hee” + pef'a)
and plugging the expression of i, yields:

ir = O — pPl(—ire ™" — Orc)e’ + peliic]
= Oi; — i + (=0 + p)ic — i)
= pip + [1* — 0(=0 + p)lit,

that leads to:
iy — ple + (—p® + 62 —0p)i; =0

The characteristic polynomial is given by the following expres-
sion:

o — pa+(—pt—602+6p)=0

whose solutions are given by:

p+ 7+ 4 +40° — 40p
2

p —/p? +4u? + 462 — 46p
oy =
2 P )
which implies that the solution of the above second-order differ-

ential equation is the following:

o] =

. (ot
ir =Cie 2 +(Ce

o=y
2

where 2 = (p — 20)? + 442, In order to determine the values
of the two unknown constants C; and C,, note that whent = 0
we have i;—o = ig which implies that C; + C, = iy. To get another
equation, let us plug the expression of i; into the following:

e~rt . . et
)\.[ - 72 (l[ _91[) - _7H’2 [C]

+C2(p —21//)te<p—2¢)r

(o + V)t (otyx

=~ ‘e 2

2

4 (Cle(ﬁzw)[ +Cze<p—2w)t>]

which by plugging t = T and using the terminal condition for At
yields:

—pT _ -
e QMEM +C2MEL T
_MZ 2 2

B 0 (Cle(ﬂ+2‘ll)T + Cze(p72W)T) ] - ?e—p’l"
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that is:
— _ 2
¢, ((pJ;W) _9) L L <(p . V) _9> S _ l; ¢

By using C; = iy — Gy, we finally get the following expressions of
G and G

~ io (p — Y —20) e!/2(-V)T 4 26
T (p— ¢ —20)el2e=0T 4 e 20tNT (20 — 4 — p)’
. 2u%p
el/2(p+¥)T 26 — ¢ — p)ig — LT
(p— ¥ —20)el2Ze=0T 1 e 20+IT 20 — ¢ — p)

Note that, after plugging in the expressions of C; and G, the
equation of i; takes the form:

G

G=ip—C =

ip = 20V (i) — Qe + G = 2V igeV! + G(1 — e¥)]

— el20-wt |:i0e‘/”

20T 20 — y — p)ig — 2% :
(1-e")
(p— ¥ —20)el20—0T 4 eI Z0+IT 20 — ¢ — p)

The optimal level of the control variable is instead determined by
the optimality condition:

M}\.tept
U = —/—
It
vt _ut
1| Ce2(20—v¢ —p)+Ge 2(20+¢ —p)
vt Ut
ZM C]ET + Cze_T

A.2. Proof of Proposition 1

First of all, note that simple considerations about the ex-
pression of u; in (34) and the constraints on i, and u; imply
that:

urire™T ¢ _

)\‘27:78/)7-
T 1 T

o _urr 1

T U iz

from which it follows that T > u¢. Let us now suppose that
conditions (1)-(2) are satisfied.

1. We first prove that C; < 0. The sign of C; depends on
the sign of its numerator, as its denominator is always
negative. By simple calculations we get the following chain
of equivalent inequalities:

2 2
io(p— —26)el/2(=VT 4 MT(p >0

2 2
o (p— ¥ —20) 20T 5 210

T
-2 %9
o(p—v¥ —20)
which implies the conclusion. Elementary considerations
about the sign of all involved parameters imply that i; < 0
for all t € [0, T]. This also implies that it < 1.
2. We now prove that iy > 0. In order to determine the sign
of i, let us proceed by noticing that:

CieV2HE L 0,1 26=0 — el /209t [Elewr n 1]
2

Tel/2(=¥)T _

and, due to the negativity of C;, to demonstrate the pos-
itivity of i, for any t € [0, T], it is enough to prove
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that:

C
VT 4150
G

The following result provides a sufficient condition for this
purpose. The following inequality:

C
—le'/’T—l—l >0
G

can be written in equivalent form as follows:
. _ 2
i (p — —26) "2~V 4 20
2226 1 1264007 (20 — Y — p) i

which is equivalent to

eV > -1

2
io (p — W —26) /AT 4 —2’; P vt
2u*¢
T
By simple calculations and rearranging the terms we get:

<ig(p+y —20)e 2T 4

2
—opigel et _ 2PHT ity
T
and then the thesis follows. Same calculations show that
A > O0forallt €[0,T].
3. It remains to prove that u; < 1. This is equivalent to prove
that:

Cle%(ZB — ¥ —p)+ Cze’%(ze +v —p)
I 7t <21
Cie2 +CGe 2
that is:
vt _ut
Cie2 (20 — ¢ — p)+GCe” 2 (20 + ¥ — p)
< 2pL I:C]e% + Czei%il
C Ci vt
V20— — )+ (20 +Y —p) <2u| —e7 +1
Cz C2
C
C—;e‘“(w—w—p—zm<(2u—29—w+p)
and finally;
Ci ye_ 20—20—VY +p
G 20—y —p—2u

and the negativity of C; implies that this inequality has to
be satisfied at t = T, leading to the following expression:

C
Je‘“—i—l > 2
G

where
— i >0
20-p—2u—y
Easy calculations similar to those done in the previous
point allow to conclude that u; < 1 for any t € [0, T].

Now let us suppose that conditions (3)-(5) are satisfied in-
stead. Note that condition (3) implies that £ > 1.

1. We first prove that C; > 0. The calculations on its sign are
similar to those presented above and thus we omit them.
The positivity of C; trivially implies that iy > 0 and A; > 0
forallt € [0, T].

2. To prove that i; < 0 is equivalent to show that:

c,” J; V12t | ¢, P - V20 < g
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which is equivalent to require that;

C —

7161//[ < W 1Y

G Y+

which, by elementary algebra, equivalent to;

—2bu?
2 + 00 v = p)

and then the thesis follows. This also implies that i < 1.
3. The proof that u; < 1 is very similar to the previous one
and we omit it.

— 44y fige! 2otV 5

A.3. Proof of Proposition 2

Since i, satisfies the following differential equation: i, = (6 —
Ju i, it follows that:

i, = ioefgé—ﬂutdt

which, thanks to the fact that iy > 0, also implies that it >
0. Note that the result that eradication is never optimal in our
setting is due to the fact that the time horizon is finite, but in
a different infinite-horizon context the results may be different.
Indeed, since the closed-form solution of iy is provided by the
following expression:

2igyre? — 420 sinh(1y/T)
T =
"7 2y cosh(3yT) + 2(p — 26)sinh(1yT)

it is easy to verify that limr_, ; it = 0, thanks to the condition
v > p.

A.4. Proof of Theorem 2

The Hamiltonian H(i;, u;, A¢), associated with the optimal con-
trol problem (27)-(29) reads as:

2 201 _ i \2
lt[1+ut2(l lt) ]eiﬂt‘f')\‘t [(a(l—lt)—S)lt
— (Olﬂ — (Sa)f)uti[(l — it) — 8&)1’1}(1 — it)]
B+ —iP]
= ———e€

5 + Ac [(@ = ST )(1 —ip)ie

=iy — (aB — ST ucie(1 —ir)] (35)
and the optimality conditions can be stated as follows:
i = (o — St — pue)(1 — ip)ip — 8i;
he = =l — Swt)(1 — 2i) — ire™Pt + 84,
_ Aepelt
e = 50-m (36)
}"T = %e_pT
ip given

A.5. Proof of Proposition 3

Let us first note that since ur = ﬂff; we get the following

condition:

ure PTir(1 —i
)LT — T T( T) — fe,pr (37)

" T

which implies that:

urip(1 —1i 1
¢ _urd-ir) 1 (38)
T u jZ

from which it follows that T > ¢pu.
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In order to prove that iy > 0 let us notice that since i; solves
the following differential equation:

__OH
I
then the following result follows:

i = (o — St — pue)(1 — iy )i — 8i¢

i = ioefé(o(—ﬁwr—uus)(l—is)—éds

which implies that iy > 0. The same argument applies to the

equation of A, after having replaced A, with i; = u’\t”l*fpif) which
implies that A, > O for all t € [0, T]. Then u; > 0 for a&lt € [0, T].

To prove that iy < 1, let us suppose that i; is tending to 1 from
below. Then there exists some t* such that i+ < 1 and it is
sufficiently near to 1 such that the following inequality is also
satisfied:

— > — 8 — U
1_lt*

Then iy is given by:
i = (a0 — 8T — ptte)(1 — ipx) — 8)ipr < O

which implies that i, cannot growth beyond i+ and this implies
the thesis.

In order to demonstrate that, under the conditions stated in
the proposition, i; < 0 it is enough to prove that:

i = (@ — St — pu)(1 — ip)ig — 8i < O
Because i; > 0, this implies:

(¢ — St — pue)(1—1i;) < 6

o — 8wt — pulp <

1—i
If o — Swt — pue <0, that is:
o — Swt
U > ——
"

then the above inequality is satisfied for any i;. Otherwise, using
the fact that u; > 0, a sufficient condition that implies the above
inequality is that o — Swt < 1% which is equivalent to:

. 8
o —Swt

and this implies the thesis. Moreover, note that because 6
o — 8 —dwt > 0, then @« — Swt > 0, which implies that

Appendix B. Numerical approach and algorithm

The first order optimality conditions for problems (27)-(29)
give rise to a system of forward-backward ordinary differential
equations in the state and costate variables, with the addition of
an algebraic equation describing the maximum principle given by
the third equation in (32). Specifically, the state variable has an
initial condition while the costate variable has a final condition,
and one of most widely used algorithm to deal with this forward-
backward setting is the so-called sweep algorithm. A detailed
presentation and implementation of the sweep algorithm for
solving forward-backward optimal control problems over a finite
time horizon has been presented in McAsey et al. (2012). By
building on their approach, we implement the forward-backward
sweep method for our system of first order optimality conditions
as follows:

1. Focusing of the first equation of (32), we start by adopting
an initial guess A° = 29
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Fig. 7. Comparison between the analytical (top panels) and the numerical (bottom

2. Iteration for j > 0: by employing the spectral method, we

solve:

dil;rl _ +14:+1 J+1 24J ,pt
S = (e —swr)(1 = — o™ — e

with the initial condition:

=i

We reverse the second equation of (32) in time, via the
change of variable t = T — t, turning the problem into
a forward problem, with initial conditions given by the
fourth equation in (32). Notably the initial condition in the
time-reversed equation depends on T. Then, we solve:

! ji+1 j+1 +1 +1
th = - @ = Sor)(1 =28 — e 4 82LF

with initial condition in f given by:

A = ?e_’”

Finally we check for convergence by computing the differ-
ence between the values of i; and A; in two subsequent
iterations (i.e. j + 1 and j). If the L?>-norm of the differ-
ence is negligibly small, we display the current function as
solution, otherwise we continue iterating.

3. Once we get a satisfactory numerical approximation of i,
and A; and hence of u;, we evaluate the cost function (27)
for different values of T. We then select the cost-function
minimizing value of T, as shown in our figures.

Fig. 7 validates our numerical algorithm in the early epidemic
case by comparing the optimal share of infectives (left panels)
and social distancing intensity (right panels) derived from the
closed-form expressions given by Theorem 1 (top panels) and
from our numerical approach (bottom panels). The employed
parameter values are exactly the same and related to our seasonal
flu calibration case with ¢ = 1, ensuring thus that the parameter
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panels) solutions in the early epidemic setting in the case of the seasonal flu.

conditions in Proposition 1 are met. We can observe that the two
solutions are almost identical, confirming thus that our numerical
approach works well by replicating precisely the analytical solu-
tion outlined in Theorem 1. Therefore, we can claim that even
in the absence of closed-form solutions, as in the case of the
advanced epidemic setting, our numerical approach may provide
us with reliable results, and it can thus be used as a benchmark to
analyze the implications of different parameters on the optimal
intensity and duration of the social distancing policy.
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