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a b s t r a c t 

A novel coronavirus disease (COVID-19) appeared in Wuhan, China in December 2019 and spread around 

the world at a rapid pace, taking the form of pandemic. There was an urgent need to look for the remedy 

and control this deadly disease. A new strain of coronavirus called Severe acute respiratory syndrome 

coronavirus 2 (SARS-CoV-2) was considered to be responsible for COVID-19. Novel coronavirus (SARS- 

CoV-2) belongs to the family of coronaviruses crowned with homotrimeric class 1 fusion spike protein 

(or S protein) on their surfaces. COVID-19 attacks primarily at our throat and lungs epithelial cells. In 

COVID-19, a stronger adaptive immune response against SARS-CoV-2 can lead to longer recovery time 

and leads to several complications. 

In this paper, we propose a mathematical model for examining the consequence of adaptive immune re- 

sponses to the viral mutation to control disease transmission. We consider three populations, namely, the 

uninfected epithelial cells, infected cells, and the SARS-CoV-2 virus. We also take into account combina- 

tion drug therapy on the dynamics of COVID-19 and its effect. 

We present a fractional-order model representing COVID-19/SARS-CoV-2 infection of epithelial cells. The 

main aim of our study is to explore the effect of adaptive immune response using fractional order opera- 

tor to monitor the influence of memory on the cell-biological aspects. Also, we have studied the outcome 

of an antiviral drug on the system to obstruct the contact between epithelial cells and SARS-CoV-2 to 

restrict the COVID-19 disease. Numerical simulations have been done to illustrate our analytical findings. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

The year 2020 was devastating for mankind due to COVID-19. 

round 87 million people around the world were affected and 

.8 million people died during 2020 and its massacre is still per- 

isted. The epidemic of COVID-19 causes due to SARS-CoV-2 virus. 

t has been observed that most of the patient of COVID-19 shows 

ild symptoms and can recover with their own immunity. General 

ymptoms of COVID-19 infections are common fever, cough, odor- 

essness, and tastelessness. The patient suffering from comorbidity 

actor-like heart disease, liver, and kidney disease is more venera- 

le to the attack of COVID-19. If a COVID-19 patient suffers from 

neumonia, then an acute respiratory disease may cause his/her 

ultiple organ failure. 
∗ Corresponding author. 
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It has been observed that COVID-19 patient shows minor syn- 

romes and can get well with individual immunity. General syn- 

romes of COVID-19 infections are common fever, cough, odor- 

essness, and tastelessness. The patient suffering from comorbidity 

actor-like heart disease, liver, and kidney disease is more venera- 

le to the attack of COVID-19. If a COVID-19 patient suffers from 

neumonia, then an acute respiratory disease may cause his/her 

ultiple organ failure. 

For COVID-19 patients Real-time PT-PCR is an accurate diagnos- 

ic tool [1] . However, viral dynamics in the COVID-19 patients is yet 

o be explored fully. Zhou et al. [2] determined the viral load of 17

ymptomatic patients which enlightened the within-host dynamics 

f COVID-19 disease. It has been observed that COVID-19 replica- 

ion cycles are longer than normal/seasonal flu. It has 10 days ad- 

itional replication after the maturation period [2,3,4] . The effec- 

iveness of the lock-down and its importance to control the dam- 

ging effects of inadequate testing has also been studied through 

athematical modelling [5] . Pharmaceutical and non pharmaceu- 

https://doi.org/10.1016/j.chaos.2021.110952
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2021.110952&domain=pdf
mailto:anchaterji@gmail.com
https://doi.org/10.1016/j.chaos.2021.110952
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ical control has also been studied to control the COVID-19 cases 

6] . 

From the study of Zhou et al. [7] the principal infection site 

f the human host in COVID-19 is verified. Human epithelial cell 

onstitute main target area for SARS-CoV-2 infection. Angiotensin- 

onverting enzyme II (ACE2) receptor of epithelial cells plays an 

mportant role in cellular entry [7,8] . The concentration of ACE2 

eceptors is higher in the tongue than in buccal and gingival tis- 

ues. These findings lead to the fact that the mucosa of the mouth 

ould also be a potentially high-risk route of COVID-19 infection. 

Thus epithelial cells of the tongue are the main routes of en- 

ry for COVID-19. Zhou [7] also reported that SARS-CoV-2 spikes 

 bind with ACE2 receptor of epithelial cells with high affinity. 

here exist several mathematical models dealing with the dynam- 

cs of this disease. These models are usually governed by a system 

f ordinary differential equations and include three state variables 

t time t , target cell, infected cells, and free virus. However, such 

odels have been studied without the drug therapy except [9,10] . 

In this paper, we have proposed a fractional variant of the fol- 

owing mathematical model to investigate the SARS-CoV-2 viral 

ynamics in human hosts: 

dE s 

dt 
= � − βE s V − δs E s , 

dE i 
dt 

= βE s V − δi E i , 

dV 

dt 
= pV 

(
1 − V 

K 

)
− δv V, (1) 

ith initial values E s (0) , E i (0) , V (0) . 

We also introduce antiviral drug therapy in our proposed 

odel. To analyze the effect of antiviral therapy we consider the 

rug efficacy ε1 as the drug which blocks infection and ε2 which 

cts against the production of new virions. Thus, under the ther- 

py, the infection rate becomes (1 − ε1 ) β and the production rate 

f virions becomes (1 − ε2 ) p. Here 0 ≤ ε1 , ε2 ≤ 1 [11] . Also ε1 , ε2 =
 means the drug is 100% effective and ε1 , ε2 = 0 describes that 

here is no drug effect. 

Fractional calculus has played a pivotal role in the modeling 

f several real-life problems [12,13] . Fractional derivative opera- 

or plays a fundamental role in describing the memory effect of 

everal models associated with many biological systems. The frac- 

ional differential equation also helps to reduce the errors from the 

eglected parameters in the usual modeling of real-life problems. 

The tools of fractional calculus help the implementation of 

emory which is one of the hereditary characteristics in most of 

he cell biological systems. The cell biological structure like fractals 

s analyzed with the aid of the fractional-order derivative. Caputo 

nd Riemann–Liouville derivatives indicate the effect of memory 

etween an integer-order derivative and a power of time [12,14] . 

hus, a certain cytobiological system becomes more realistic by in- 

roducing memory effects in it. 

Nabi et al. [15] studied a compartmental mathematical model 

f COVID-19 pandemic and studied the effect of fraction parameter 

incorporating imperfect quarantine and disrespectful behaviour 

f citizens towards lockdown policies. In the article [16] , the au- 

hor formulated a compartmental mathematical model to gain a 

eeper understanding about the future dynamics of COVID-19 and 

ere the authors incorporated all possible non-pharmaceutical in- 

ervention strategies and studied the control strategies in presence 

f control. 

In this article, we use the fractional-order differential equations 

o explore the SARS-CoV-2 viral dynamics in the human hosts. Our 

ain aim is to study a mathematical model involving the mem- 

ry effect in a cell biological system of SARS- CoV-2 infection. 

e present some definitions of fractional calculus in Section 2 . In 

ection 3 , the existence of nonnegative is derived. In Section 4 the 
2 
roposed fractional-order model is analyzed to find the stability of 

he system. In Section 5 the effect of drugs is studied, while nu- 

erical simulations are carried out in Section 6 . The concluding 

emarks are discussed within the last section. 

. Definition of fractional calculus 

In this section, we recall some definitions of fractional calcu- 

us related to our study before presenting the epidemic model in 

erms of fractional derivatives [17,18] . 

efinition 1. The left and right sided Caputo fractional derivatives 

f order α (n − 1 ≤ α < n ) for a function f ∈ AC n [ a, b] can be de-

ned as: 

 

 

D 

α
t f (t) = 

1 

�(n − α) 

∫ t 

a 

f n (s ) 

(t − s ) α−s +1 
ds, 

 

 

D 

α
b f (t) = 

(−1) n 

�(n − α) 

∫ b 

t 

f n (s ) 

(t − s ) α−s +1 
ds. (2) 

Here α represents the order of the derivative with n − 1 < α < 

 , and � represents the gamma function. Here n is an integer and 

 > 0 , b > 0 are constants. 

Now we present fractional-order operators into the SARS-CoV-2 

nfection of (1) to obtain its fractional variant given by: 

 

αE s = � − βE s V − δs E s , 

D 

αE i = βE s V − δi E i , 

D 

αV = pV 

(
1 − V 

K 

)
− δv V. (3) 

Here E s (t) symbolizes the concentration of uninfected epithe- 

ial cells, E i (t) denotes the concentration of infected cells, V (t) 

he concentration of free SARS-CoV-2 virus at time t along with 

∈ (0 , 1) and D 

α is indicated as the Left-Caputo fractional deriva- 

ive. But we have restricted our study to the case: 0 . 5 < α ≤ 1 . It

s due to the fact that fractional derivatives cannot nearly define 

hen 0 < α ≤ 0 . 5 . 

In (3) , � is the birth rate of epithelial cells, δs is the death rate 

f uninfected epithelial cells, β is the rate of infection of epithelial 

ells. and δi is the death rate of infected epithelial cells. Viral repli- 

ation is modelled with a logistic function with maximum carrying 

apacity K and p is the replication rate. The virus removal rate is 

v . The initial conditions for infection by free virus are 

 s (0) = Ē s , E i (0) = Ē i , V (0) = V̄ . (4) 

here Ē s = 

�
δs 

. 

. Non-negative solution 

For any infectious disease, the infection rate and disease trans- 

ission the most important factors. It has been observed that in 

any epidemiological models the system attains its disease-free 

tate when the infected population disappears from the popula- 

ion. 

We now find the existence condition for the nonnegative solu- 

ion of the system (3) . 

Let R 3 + = { x ∈ R 3 | x ≥ 0 } and let x (t) = (E s (t ) , E i (t ) , V (t )) T . We

eed the following generalized mean value theorem [19] to prove 

he non- negativeness of the solution of the system (3) . 

emma 1 (Generalized Mean Value Theorem [19] ) . Suppose f (x ) ∈ 

[ a, b] and D 

α
a ∈ C(a, b] for 0 < α ≤ 1 , then 

f (x ) = f (a ) + 

1 

�(α) 
(D 

α
a f )(ξ )(x − a ) α, 

ith a ≤ ξ ≤ x, ∀ x ∈ (a, b] . 
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Table 1 

Biological variables and parameters for SARS-CoV-2 infection. 

Parameters Description Value (day −1 ) 

Dependent variables 

E s Uninfected epithelial cell population _ 

E i Infected epithelial cell _ 

V Initial density of SARS-CoV-2 RNA _ 

Parameters 

� Growth rate of epithelial cells 2900 

δs Natural death rate of epithelial cells 0.61 

β Rate of infection 0.000397 

δi Blanket death rate of epithelial cells 2 

p Replication rate of virus 2.1-8.7 

K Carrying capacity fitted 

δv Death rate of free virus 0.6-2.3 

�

w

ξ

ξ  

ξ ) 
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i

a 2 
orollary 1. If D 

α
a f (x ) ≥ 0 , ∀ x ∈ (a, b) , then f (x ) is nondecreasing

or each x ∈ [ a, b] . If D 

α
a f (x ) ≤ 0 , ∀ x ∈ (a, b) , then f (x ) is nonincreas-

ng for each x ∈ [ a, b] . 

heorem 1. For the system (3) , there exists a unique solution x (t) =
E s , E i , V ) 

T for t ≥ 0 and the solution will remain within the space R 3 + .
lso the epithelial cells are all bounded by E tot . 

roof. We have a unique solution on (0 , + ∞ ) of the system

3) (see Theorem 3.1 Remark 3.2 [21] ). Now we verify whether the 

on-negative orthant R 3 + is positively invariant region. From model 

3) we have 

 

αE s | E s =0 = � > 0 , 

D 

αE i | E i =0 = βE s V ≥ 0 , 

D 

αV | V =0 = 0 . (5) 

et E tot = E s + E i . From Eq. (3) , we have 

 

αE tot = � − δs E s − δi E i . 

Since death rate of infected epithelial cells is faster than the 

atural death rate of susceptible epithelial cells i.e. δi > δs , there- 

ore, at E tot = E max we have 

 

αE tot | E tot = E max 
= � − δs E s − δi E i < � − δs E max < 0 . 

ence, according to the corollary, the total epithelial cell popula- 

ion including susceptible and infected epithelial cells is bounded 

y E max . �

. Equilibrium point and stability analysis 

To find the equilibrium point, we assume that 

 

αE s = D 

αE i = D 

αV = 0 . (6) 

olving the system (6) , the uninfected equilibrium point E 0 and in- 

ected equilibrium point E ∗ are found to be 

i) E 0 (E 0 s , 0 , 0) , where E 0 s = 

�
δs 

, 

ii) E ∗(E ∗s , E ∗i , V 
∗) , 

here E ∗s = 

�
βV ∗+ δv 

, E ∗
i 

= 

βE ∗s V ∗
δv 

and V ∗ = K 

(
1 − δv 

p 

)
exist if p > δv .

The Jacobian matrix for the system (3) is 

 ( E ) = 

( −βV − δs 0 −βE s 
βV −δi βE s 
0 0 p 

(
1 − 2 V 

K 

)
− δv 

) 

. (7) 

At uninfected steady state E ∗, the Jacobian is 

(E 0 ) = 

⎛ 

⎝ 

−δs 0 −β �
δs 

0 −δi β �
δs 

0 0 p − δv 

⎞ 

⎠ . (8) 

For the Jacobian matrix at E 0 , the uninfected steady state is 

symptotically stable if every eigen values satisfy the conditions 

20,22] given below 

 arg (λ) | > 

απ

2 

. (9) 

he eigenvalues are determined by solving the characteristic equa- 

ion: det (J( ̄E ) − λI) = 0 . For E 0 the eigenvalues are λ1 = −δs , λ2 =
δi , λ3 = −(δv − p) . Here all roots are negative if p < δv . 

heorem 2. The uninfected state E 0 is locally asymptotically stable if 

p < δv . 

To study the local stability of the infected steady state E ∗ for 

p > δv we consider the linearized system of (3) at the infected 

tate E ∗. The Jacobian matrix at E ∗ is given by 

 ( E ∗) = 

( −βV 

∗ − δs 0 −βE ∗s 
βV 

∗ −δi βE ∗s 
0 0 p 

(
1 − 2 V ∗

K 

)
− δv 

) 

. (10) 
3 
The characteristic equation of the linearized system (10) is 

(λ) = λ3 + ξ1 λ
2 + ξ2 λ + ξ3 = 0 , (11) 

here 

1 = (δv + βV 

∗) + (δv + 

2 pV 

∗

K 

− p) + δi , 

2 = (δv + βV 

∗)(δv + 

2 pV 

∗

K 

− p) + δi (δv + βV 

∗ + δv + 

2 pV 

∗

K 

− p) ,

3 = (δv + βV 

∗)(δv + 

2 pV 

∗

K 

− p) δi . (12

Using the following proposition [23] we can analyse the stabil- 

ty at the infected equilibrium E ∗. 

roposition 1. If all eigenvalues λ of J(E ∗) satisfy | arg (λ) | > 

απ
2 ,

hen the infected steady state E ∗ is asymptotically stable. 

Let 

 (�) = −

1 ξ1 ξ2 ξ3 0 

0 1 ξ1 ξ2 ξ3 

3 2 ξ1 ξ2 0 0 

0 3 2 ξ1 ξ2 0 

0 0 3 2 ξ1 ξ2 

= 18 ξ1 ξ2 ξ3 + (ξ1 ξ2 ) 
2 − 4 ξ3 ξ

3 
1 − 4 ξ 3 

2 − 27 ξ 2 
3 . (13) 

nder the findings of [24] we have 

roposition 2. (i) If the discriminant of �(λ) , D (�) is positive, 

hen the infected steady state E ∗ is asymptotically stable iff Routh–

urwitz conditions are satisfied, i.e., ξ1 > 0 , ξ2 > 0 , ξ1 ξ2 − ξ3 > 0 if

 (�) > 0 . 

(ii) If D (�) < 0 , ξ1 ≥ 0 , ξ2 ≥ 0 , ξ3 > 0 , 0 . 5 < α < 2 / 3 , then the

nfected steady state E ∗ is asymptotically stable. 

(iii) If D (�) < 0 , ξ1 > 0 , ξ2 > 0 , ξ1 ξ2 = ξ3 , α ∈ (0 . 5 , 1) , then

he infected steady state E ∗ is asymptotically stable. 

(iv) If D (�) < 0 , ξ1 < 0 , ξ2 < 0 , α > 2 / 3 , then the infected

teady state E ∗ is unstable. 

We have D (�) = 1 . 2443 > 0 , ξ1 = 3 . 0654 , ξ2 = 1 . 6796 , ξ3 =
 . 2213 , and ξ1 ξ2 − ξ3 = 4 . 9272 > 0 for the parameter values taken

rom Table 1 . Thus the infected steady state E ∗ satisfies the con- 

ition of Proposition 2 (i) and hence the system is asymptotically 

table. Numerical simulation supports our analytical findings that 

he infected steady state E ∗ is asymptotically stable 

. Model of SARS-CoV-2 with drug 

To understand the various dynamics of antiviral drug therapy 

n the system (3) we incorporate two drug efficacy parameter ε1 

nd ε in blocking new infection and production of new virions. 
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Fig. 1. Best fits of model (3) to the viral load data in patients from Germany [25] . 
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hen the drug efficacy ε1 , ε2 = 1 , the drugs are 100% efficient. 

he fractional model with drug therapy can be formulated as 

 

αE s = � − (1 − ε1 ) βE s V − δs E s , 

D 

αE i = (1 − ε1 ) βE s V − δi E i , 

D 

αV = (1 − ε2 ) pV 

(
1 − V 

K 

)
− δv V, (14) 

here D 

α is the Caputo fractional derivative of order α, 0 < α ≤ 1 . 

heorem 3. The system (14) attains its uninfected equilibrim point 

¯
 

0 = ( ̄E 0 s , 0 , 0) (15) 

or all values in the system when R 0 < 1 and when R 0 > 1 , there exist

 unique infected equilibrium point 

¯
 

∗ = ( ̄E ∗s , Ē 
∗
i , V̄ 

∗) , (16) 

here 

Ē ∗s = 

�

(1 − ε1 ) βV̄ 

∗ + δv 
, 

Ē ∗i = 

(1 − ε1 ) βE ∗s V 

∗

δv 
, 

¯
 

∗ = K 

(
1 − δv 

(1 − ε2 ) p 

)
. (17) 

The stability analysis of the model (14) is similar to that of the 

odel (3) . Thus, we omit this part, but we present the following 

emarks. 

emark 1. 

i. The uninfected equilibrium E 0 is locally asymptotically stable if 

p < δv . 

ii. The infected equilibrium E ∗ is locally asymptotically stable if 

p > δ . 
v 

Fig. 2. Trajectories of 3 model variables without drug therapy with α

4 
. Numerical simulation 

In this section, the numerical solution is given to support the 

nalytical findings of the models (3) and (14) . The biological pa- 

ameters are described in Table 1 . To illustrate and verify the ef- 

ect of the fractional order parameter α on the model dynamics, 

e consider different values of α ∈ [0 . 5 , 1] . 

We have studied the SARS-CoV-2 viral load. Here the data are 

aken from Wolfel et al. [25] . The daily reported and measured vi- 

al load for patients was collected from a hospital in Munich, Ger- 

any. We considered one data set for this study. The dataset fitted 

n the solution curve of viral load ( V (t) ) is shown in Fig. 1 . The

xed parameter �, δs , δi , are taken from Table 1 . From the initial

ondition we have estimated the parameters β, r, K and δv . 

Here β, p show a significant positive correlation with K. The 

eplication rate of the virus will enhance infection process. Also 

mmune suppression rates are positively correlated with the high- 

st viral load and the death rate of infected cells and the death 

ate of the virus reflect a negative correlation with K. This reveals 

hat β and p play a crucial role in controlling the viral load (see 

ig. 1 ). 

In Figs. 2 and 3 , the numerical solution of the model (3) .

ig. 2 shows that the system converges to its uninfected state, E 0 

or different values of α when p < δν . The converges of the un- 

nfected equilibrium point E 0 is predicted in (2) . Fig. 3 shows the 

ynamics of SARS-CoV-2, when p > δv . Fig. 3 shows the faster con- 

ergence to its infected equilibrium point due to the smallest val- 

es of α. This figure also shows that the peak of the infection is 

educed in the fractional order case and the disease takes a long 

ime to be eradicated. 

To compare the effect of the effectiveness of the drugs in the 

ractional SARS-CoV-2 model with drug therapy (14) , we consider 

he different values of ε1 and ε2 for the different time schedules. 

e keep low efficacy of drug therapy for t ≤ 10 days with ε1 = 

2 = 0 . 02 and after 10 days we consider higher drug efficacy ( ε1 =
2 = 0 . 8 ). The comparison of drug efficacy is shown in Fig. 4 . We

an see that before 10 days the system converges to its infected 

tate Ē ∗ according to (16) . When we increase the drug efficacy after 

0 days the system converges to its uninfected state. This result is 

bvious because the infected cells E i (t) and virus V (t) decreases 

ith respect to time t when high drug efficacy is introduced. 
= 0 . 7 , 0 . 8 , 0 . 9 , 1 . 0 along the time t (days), p = 2 . 5 < δv = 2 . 6 . 
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Fig. 3. Trajectories of 3 model variables without drug therapy with α = 0 . 7 , 0 . 8 , 0 . 9 , 1 . 0 along the time t (days), p = 2 . 7 > δv = 2 . 6 . 

Fig. 4. Numerical solutions of fractional order SARS-CoV-2 model with the drug 

therapy. Comparison of the efficacy in different time intervals for ε1 = ε2 = 0 . 02 

(small) for t ≤ 10 days and ε1 = ε2 = 0 . 9 (high) for t > 10 days when R 0 > 1 keeping 

α = 1 and T = 20 days. 
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. Conclusion 

In this paper, we have proposed a fractional-order mathematical 

odel for SARS-CoV-2/COVID-19. The model consisting of ordinary 

ifferential equations can only describe an instantaneous process 

hat depends on the time scale under consideration. On the other 

and, the fractional-order model additionally addresses the prop- 

rty of memory and the range of memory parameter ( α) and de- 

cribe the memory effects in a cell biological structure. It is found 

hat the fractional-order system moves to its stable position faster 

han the corresponding integer-order model system. Here α plays 

 pivotal role to understand the memory effects within a cell bio- 

ogical system. It is also observed that with the lower value of α, 

he system converges to its stability more quickly. 

Under certain constraint, the fractional-order system (3) pos- 

esses uninfected equilibrium E 0 and infected equilibrium E ∗. We 

ave found sufficient circumstances for stability for the given pa- 

ameter set as in Table 1 (see Theorem 2 ). Numerical simula- 

ions confirm our analytical findings for the parameters taken from 

able 1 related to the analytical finding of the stability condition. 

lso, the model is successfully explored by varying the memory of 

ells. Furthermore, considering the drug efficacy in the model, we 

an see decrease in the infected cell population and viral load with 

igh drug efficacy in comparison to low drug efficacy. Hence, we 

an conclude that the fractional-order model is appropriate than 

ts associated integer-order model. 
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