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Abstract

Acute graft-versus-host disease (GVHD) is a frequent complication following hematopoietic cell
transplantation (HCT). Research on risk factors for acute GVHD has tended to ignore two
important clinical issues. First, post-transplant mortality is high. In our motivating data, 100-day
post-HCT mortality was 15.4%. Second, acute GVHD in its classic form is only diagnosed within
100 days of the transplant; beyond 100 days, a patient may be diagnosed with late onset acute or
chronic GVHD. Standard modeling of time-to-event outcomes, however, generally conceive of
patients being able to experience the event at any point on the time scale. In this paper, we propose
a novel multi-state model that simultaneously: (i) accounts for mortality through joint modeling of
acute GVHD and death, and (ii) explicitly acknowledges the finite time interval during which the
event of interest can take place. The observed data likelihood is derived, with estimation and
inference via maximum likelihood. Additionally, we provide methods for estimating the absolute
risk of acute GVHD and death simultaneously. The proposed framework is compared via
comprehensive simulations to a number of alternative approaches that each acknowledge some but
not all aspects of acute GVHD, and illustrated with an analysis of HCT data that motivated this
work.
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1 Introduction

Allogenic hematopoietic stem cell transplant (HCT) is the recommended treatment for many
hematologic diseases such as leukemia or bone marrow failure syndromes.! The procedure,

however, carries a high risk of graft-versus-host disease (GVHD), a debilitating syndrome in
which the donor cells attack those of the recipient.2 Current consensus diagnosis and staging
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criteria distinguish between acute GVHD and chronic GVHD on the basis of the clinical
signs and symptoms that manifest post-transplant.3 For the former, they further distinguished
between two sub-categories: c/assic acute GVHD, for which the clinical signs manifest
within 100 days of the transplant, and persistent, recurrent, or late-onset acute GVHD, for
which the signs manifest after 100 days.

For the most part, clinical studies of classic acute GVHD (henceforth ‘acute GVHD’) have
employed standard survival analysis techniques, such as the Kaplan—Meier estimator and/or
the Cox model, or logistic regression.*~” As applied to acute GVHD, however, these
techniques fail to accommodate two important clinical issues. First, patients who undergo
HCT are also at high risk for death in the short term. In our motivating data from the Center
for International Blood and Bone Marrow Transplant Research (CIBMTR), for example,
100-day mortality among 9651 patients who underwent HCT between 1999 and 2011 was
15.4%. In the presence of the competing risk of death, an analyst has several approaches at
her disposal to account for death. When the outcome is dichotomous, they may treat patients
who die as ‘non-events’; however, this does not properly account for censoring.8 One option
is to construct and model a composite endpoint of acute GVHD and death,? although doing
so changes the scientific question that is being addressed.1? A second option is to perform a
competing risks analysis,1! an approach adopted by a number of clinical papers.12-15 One
drawback of the competing risks framework, however, is that information on time from acute
GVHD to death is discarded; this loss of information may affect estimation and inference,
and also limits the scope of scientific inquiry.1® A third option is to perform the analysis
within the semi-competing risks framework.1” Briefly, semi-competing risks refer to the
setting where interest lies in a so-called non-terminal event (e.g. acute GVHD) the
occurrence of which is subject to a terminal event (e.g. death). Broadly, methods for the
analysis of semi-competing risks data can be classified into three groups: those based on
copulas,17-20 those grounded in causal inference,21:22 and those based on the illness-death
multi-state model.23-25

A second issue is that, in the absence of censoring and/or competing risks, standard survival
methods assume that all patients will eventually experience the event of interest. This,
however, is not the case for classic acute GVHD since diagnoses are, according to consensus
guidelines, restricted to the first 100 days post-transplant. Survival models that ignore this
defining feature therefore suffer from a form of mis-specification which may also lead to
erroneous conclusions. Towards accommodating the finite support of the non-terminal event,
it is first important to acknowledge that only a subset of patients are expected to be
diagnosed with acute GVHD. In a sense, as in cancer prognosis studies where there are often
long-term survivors, the population of patients who undergo HCT can be viewed as a
mixture of patients who are susceptible to acute GVHD and those who are not susceptible.

In the statistical literature, this phenomenon is often accounted for via a cure fraction model.
26-30

Towards acknowledging both the competing risk of death and the finite time interval for a
diagnosis of acute GVHD, we propose a novel multi-state model formulation for time-to-
event outcomes defined on a finite interval. The proposed model builds on work by Conlon
and colleagues3! and more recently by Beesley and colleagues32 in two important ways.
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First, the hazard function that dictates the rate at which patients experience the non-terminal
event is specified so as to explicitly respect the finite time interval over which events can
occur. Second, a subject-specific frailty term is introduced into the specification of each
hazard function in the model. In doing so, the proposed model is better equipped to handle
heterogeneity across and dependence within patients.33:34 While there has much research of
bone marrow transplantation through the use of semi-parametric multi-state models,23:35.36
this paper adds to this literature via a novel multi-state model, acknowledging the finite
interval over which acute GVHD is defined while simultaneously including a shared frailty
term. An appealing benefit of adopting a fully parametric model is that the joint density can
be determined on the full support of (71, 7), where 7; and 7, denote the time to
nonterminal and terminal events, respectively. Moreover, the joint density can be used to
calculate patient-specific absolute risk profiles for acute GVHD and death simultaneously.
Specifically, note that at any time #following transplantation, a patient could be classified as
being in one of four mutually exclusive joint states: (1) alive with a diagnosis of acute
GVHD; (2) dead, carrying a diagnosis of acute GVHD; (3) dead without acute GVHD; or
(4) alive without acute GVHD. The probability of each of the four categories (known as
transition probabilities in the multi-state model literature) can be estimated through
integration of the joint density.23:35

The remainder of this paper is structured as follows. In Section 2 we provide a brief
introduction to the CIBMTR data. Sections 3 and 4 present the proposed multi-state model
for survival analyses on a finite time interval and the framework for estimation/inference,
including derived likelihood, and joint risk prediction. Section 5 then provides a detailed
simulation study aimed at evaluating small-sample operating characteristics of the proposed
methods as well as investigating instances where existing methods perform either poorly or
well. In Section 6 we present an illustrative analysis of the CIBMTR data that motivated this
work. Finally, Section 7 concludes with a discussion and avenues for future work.

2 Acute GVHD following stem cell transplantation

The framework we propose is motivated by an on-going collaboration investigating risk
factors for grade 111 or IV acute GVHD among patients who undergo HCT using data
obtained from CIBMTR, a collaboration between the National Marrow Donor Program and
the Medical College of Wisconsin representing a worldwide network of transplant centers.
For the purpose of this paper, we restrict attention to 7/=9651 patients who underwent first
HCT between 1999 and 2011. For acute GVHD, while only minimal administrative
censoring was observed within the first 100 days post-transplant (0.2%), it is important to
acknowledge that: (1) classic acute GVHD is defined only on the interval from (0,100) days
following transplantation; and (2) only a fraction of patients who underwent HCT received a
diagnosis of acute GVHD and this occurred for most patients before 100 days post-
transplantation (third quartile=36 days). Specifically, at 100 days post-transplant, 1200
patients (12.4%) had been diagnosed with acute GVHD only, 502 patients (5.2%) had died
without acute GVHD, 983 patients (10.2%) had experienced both and 6966 (72.2%) had not
experienced either event. Table A.1 in the Supplementary Materials provides a summary of
the study sample at 365 days post-transplantation.
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3 Thefinite interval illness-death model

Let 73 and 7, denote the times to the non-terminal and terminal events, respectively.
Following the cure model literature, we assume that patients are in one of two latent states at
the time of transplantation, typically labeled ‘cured’ and ‘not cured’. For the study of acute
GVHD following HCT, we prefer to use ‘non-susceptible’ to describe patients who will
never receive a diagnosis of acute GVHD since HCT is performed to treat cancer (and not
cure acute GVHD). Following our desire to use the term ‘non-susceptible’, it is natural to
use ‘susceptible’ for the other group of patients. However, it is important to note that
‘susceptible’ patients will experience acute GVHD unless death or censoring occurs before
100 days. Based on this terminology, Figure 1 provides a schematic of the proposed finite
interval illness-death model as applied to the study of acute GVHD following HCT. In the
remainder of this section, we propose model specifications for the various components of the
model.

3.1 Latent susceptibility state

Following convention in the cure fraction literature, let L denote the latent state for a given
patient with L=1 corresponding to the state of ‘non-susceptible’ and L=0 to the state of
‘susceptible’. Note that although the state is latent in the sense that it is unobserved at time
of transplantation, during follow-up partial information on L may be observed; if a patient is
diagnosed with acute GVHD then it must be that they were ‘susceptible’ (i.e. that L=0).
Moreover, for patients who survive past z days without a diagnosis of acute GVHD, we
know that they are ‘not susceptible’. This hinges on the fact that patients who are susceptible
to acute GVHD are assumed to experience the event on (0, 7). Finally, let 7= AL = 1)
denote the probability of non-susceptibility to acute GVHD. We assume that rz is modeled as
a function of some vector of covariates, say Xg, via the generalized linear model

r=PL=1|X)= g_l(ﬁsxs) (1)

where g(-) is a user-specified link function and S;is a vector of unknown regression
coefficients.

3.2 Time-to-event among the non-susceptible patients

Immediately post-transplant, a patient with =1 is viewed as being ineligible to experience
the non-terminal event but is eligible to be observed to experience the terminal event. In
Figure 1 this is represented by the line that transitions between state 1 (*non-susceptible’)
and state 4 (‘death’). Following the multi-state modeling literature, the rate at which these
patients with L=1 transition between these states is taken to be dictated by the 1 — 4
transition-specific intensity or hazard function

Ma(tr| L=1)= lim P(T, € [12, th+A)| Ty > 1, L =1)/A, forty >0 @)
A—0
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3.3 Semi-competing risks among the susceptible patients

Without loss of generality, we assume that if a patient is in the ‘susceptible’ state (i.e. L=0),
in the absence of death or censoring, they will be observed to experience the non-terminal
event at some point in the interval (0, ) where £ < co. In Figure 1, this is represented by the
transition from state 2 (“susceptible’) to state 3 (‘acute GVHD”). From the figure we also see
that patients who experience a non-terminal event are assumed to eventually experience the
terminal event (i.e. transition from state 3 into state 4). Finally, even though a patient may be
in the ‘susceptible’ state immediately post-transplantation, they may nonetheless experience
the terminal event prior to experiencing the non-terminal event (i.e. transition from state 2
directly into state 4).

Let us reemphasize that a patient who makes it past time z without experiencing the non-
terminal event is necessarily ‘susceptible’ (see Section 3.1). Therefore, a patient who
transitions from state 2 (“susceptible’) to state 4 (‘death’) must have experienced the non-
terminal event before the terminal event. This implies that event time 7, forthe2 — 4
transition must be defined on (0, 7). Note that for a patient who experiences the terminal
event before time z, we cannot determine from the observed data whether the patient
transitions from 1 — 4 or 2 — 4, and so the likelihood contribution for such patients is
marginalized with respect to the latent non-susceptibility variable, L.

Again following the multi-state modeling literature, the rates at which patients transition
between these states (i.e. transitions 2 — 4, 2 — 3 and 3 — 4 in Figure 1) are defined by
the hazard functions

At | L=0)= lim P(Ty € [t;,t1 + A) | Ty > 1;,T, > t;, L =0)/A, for0
A—0

®
<n<rt
At | L=0)= lim P(T, € [1‘2, h+A)| Ty >20,Tr>t), L=0)/A, for0
A—0 O
<h<rt
Ag(ty | Ty =1, L=0)= lim P(Ty € [tr,tr+ A) | Ty =1, Ty > 1, L = 0)/A,
A—0 ®

forO<t; <1y

The hazard functions given by expressions (4) and (5) are often referred to as defining an
ilIness-death model. A crucial difference between this collection of hazard functions and
those that have been considered for the illness-death model to-date, however, is that A,3(4|L
= 0) and Ay4(5|L = 0) are only defined on the finite interval (0, z). For the 2 — 3 transition,
this is to accommodate the clinical characteristics of the non-terminal event. For the 2 — 4
transition, we note that patients who survived past = days without a diagnosis of acute
GVHD are necessarily non-susceptible; thus, deaths without acute GVHD among
susceptible patients must occur within z days of transplantation.
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3.4 Model specification

In practice, depending on the nature of the scientific question, analysts may adopt any of a
broad range of model specifications for the four transition-specific hazard functions given by
equations (2) to (5), including Cox-type multiplicative models,3’ additive models,38 and
accelerated failure time models.3° Although the framework we develop is not, in principle,
restricted to any given choice, for simplicity of exposition, we consider the first of these
options and model the four hazard functions as follows

Ma(tz | X14, L = 1) =7 - Ayg, o(t2)exp{ f14X14}, for 1 >0, (6)
A3(tr | X3, L =0) =y - A3 o(t1)exp{f23X23}, forO <t <7 )
doa(ty | Xog, L =0) =y - dpg,0(t2)exp{2aXo4}, forO<n <z ®)

Bty | Ty =11,X34, L = 0) =y - A34,0(t2 | T1 = t1)exp{f34X34}, forO <t <tp (9)

where X 4;and By;are vectors of covariates and log-hazard ratio regression parameters,
respectively, for the k— jtransition. In each of expressions (6) to (9), yis a common
subject-specific frailty, taken to arise from some population distribution with mean 1.0 and
variance 6. Similar to a random intercept in a generalized linear mixed model, 0 the frailties
serve to accommodate between-subject heterogeneity that is not accounted for by the
covariates included in the linear predictors and, thus, for any residual dependence between
71 and 7, not accounted for.

To complete the specification of the model, analysts will need to specify the form of the four
baseline hazard functions and, if included, some population distribution for the frailties. For
the latter, a common choice in the literature has been to adopt a Gamma distribution since it
leads to closed-form expressions for the (induced) marginal likelihood contributions. In
principle, however, any parametric distribution could be adopted, with the corresponding
marginal likelihood contributions calculated via some numerical integration technique.*!

Towards specification of the baseline hazard functions, an initial consideration is how to
structure Azq 0(%| 71 = 4) as a function of t1. While A34 (%] 71 = ) can, in principle, be any
function of £, two common specifications include the Markov model, for which it is taken
that A340(%| 71 = #1) = A34,0(%), and the semi-Markov model, for which Az4o(%| 71 = #) =
Aza,0( — 4) and focus shifts to the so-called sojourn time. Either way, analysts may choose
to specify the baseline hazard functions parametrically,3! semi-parametrically,2%42 or non-
parametrically.24 For the model we propose, if parametric baseline hazards are adopted, it is
important to note that for a given continuous 7'with support on R, probability density #2)
and cumulative distribution function A, the hazard function corresponding to the truncated
distribution on (0, 7) is given by A (8 = AHI{Rz) - A0)}.*3 For example, if 7~ Weibull(a,
x) with density {5 = axt®~1 exp{- 1} for ¢> 0, then the truncated hazard function on (0,
1) is 1D = axt® {1 — exp{-x(z - 19)}}.

Stat Methods Med Res. Author manuscript; available in PMC 2021 May 04.
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Alternatively, suppose we model the baseline hazards more flexibly using B-splines via
logA(9) = B(9, where B(J) is a polynomial B-spline function of degree o'with unique knots at
Iy< f < ... <Ix< g1 and defined for £ € [f, tx+1]- For continuous time-to-event outcomes
with support on R™, we let 5 = 0 and #x41 to be the largest follow-up time. For failure times
defined on the finite interval (0, 7), we let { = 0 and #x+1 = = Note that the B-spline function
B(1) is parametrically defined as a linear combination of B-spline basis functions Bp, 4§ of
degree d

K+d
B6)= ) npBp 4(0)
b=0

where 7, are parameters, known as control points, and the B-spline basis functions are
defined for ¢€ [1y, txs1]; see De Boor (1978)*4 for details.

The transition hazards (6) to (9) determine the joint distribution of 7; and 7,. We denote the
joint density on the observable region % = (0 < T1 < Tp) N (0 < Ty < 7), by gy(t1, 1), for & >
5. We use the convention introduced by Xu et al.24 by assigning the remaining probability
mass along the line 73 = , with density denoted gr, = -, 7,(2), representing subjects who

never experience the non-terminal event 7;. This implies that the probability mass for non-
susceptible patients (L=1) is distributed along the line 77 = z. We derive an expression for
the joint density in Section C of the Supplementary Materials.

3.5 Risk prediction

We focus on predictions of both events simultaneously at time 7; = 7, = £, where predictions
are generated at the time of transplantation. The end product is a patient-specific absolute
risk profile, consisting of probabilities corresponding to each of the following patient
scenarios at time £ (1) experienced both events; (2) experienced the non-terminal event but
not the terminal event; (3) experienced the terminal event without having experienced the
non-terminal event; or (4) experienced neither event.

Whereas the current multi-state model literature calculates the components of the risk profile
through the estimation of transition probabilities, our approach is to view each of the
components of the risk profile as probability mass over (71, 7») that can be quantified via
integration of the joint density. We show the equivalence between the two approaches in
Section D of the Supplementary Materials.

We define the four components of the absolute risk profile for both the non-terminal and
terminal events at time #following the initiating event (also known as transition
probabilities), conditional on y, as follows

P)(dy) = Aexperienced non-terminal event, but not the terminal event at time 4y) =
F2° fogutw. v | y)du do

Py (1) = Plexperienced both events by time 47) = /g /1w, v | y)dv du

Stat Methods Med Res. Author manuscript; available in PMC 2021 May 04.
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P)(8y) = Aexperienced terminal event without non-terminal event by time 4y) =

t
/()ng =1, T2(U | y)do

Pa)(4y) = Aneither events occur by time 4y) =

[ er) =« 7y | Ao+ [ [ (w0 ] y)dv du

A plot describing the bounds of integration is included in Figure 2. Note that the regions of
integration are disjoint and exhaustive so that p1)(47) + p2)(47) + Py y) + pa)(dy) =1.

The vector, p1)(47), Py (@), pa)(47), Pa4)(47), is conditional on the patient-specific
frailties and covariates, whereby we refer to as patient-specific risk profiles.

We also consider the marginal subject-specific risk profiles defined by

w0 = [ oe 10 1y

which averages the risk profiles, (01)(47), £2)(47), p3)(47), Pa(dy), over all values of y.

Note that our methods complement existing methodology in the semi-parametric multi-state
model literature for estimating absolute risk profiles of more than one outcome, 2342 where
estimation depends heavily on observed events. If, for a given time ¢ the number of observed
events is sparse, estimation of the transition probabilities in the semi-parametric setting fails
to be robust. Moreover, the transition probabilities cannot be estimated for times #beyond
the last observed event. By assuming a fully parametric baseline hazard functions, we are
able to integrate the joint density at any time #following the initiating event in order to
calculate the absolute risk profiles of interest.

4 Estimation and inference

4.1 The observed data likelihood

Suppose an i.i.d random sample of size nis collected from the population of interest, with
71;and T7,;the times to the non-terminal and terminal events for the th patient, respectively,
and X;a vector of patient-specific covariates that includes (at a minimum) Xg, X14, X3,
Xo4, and X3q4. Letting Cjdenote the (right) administrative censoring time for the th patient,
we assume that C;is independent of (77, 7, conditional on X Based on this notation, the
observed data for the /th patient is D;= { Yu, 6a, Y, 6p, X}, where Ya =min(Ty, Tp, Ci,
7) with censoring indicator 65 = K 7y <min(Tp, Cj, 1)}, and Yp = min(T7p, C) with
censoring indicator 6p = K 7Tp < Cj}. Note that if Y = z, then it is necessarily the case that
5,'1 =0.

Towards developing the form of the likelihood, Table 1 shows that a patient may experience
one of eight distinct post-transplant scenarios regarding their latent susceptibility status, and
acute GVHD and death outcomes. Table 1 also provides the observed status indicator data
that corresponds to each of the eight scenarios. From this one can see that when (64, 8p, Vi
< 7)=(0, 1, 1), that is that the patient was observed to die within z days of the transplant
without acute GVHD, one cannot distinguish between scenarios (iv) and (v) since there is

Stat Methods Med Res. Author manuscript; available in PMC 2021 May 04.



1duosnue Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Leeetal. Page 9

insufficient information to indicate the patient’s susceptibility status. Similarly, when (&5,
Sp, Vi < ©=(0, 0, 1), the one cannot distinguish between (vii) and (viii). Hence, the
likelihood contributions for patients with either of these observed status indicator
combinations must be marginalized with respect to the distribution of L. Given this,
adopting Weibull/truncated Weibull distributions for the baseline hazard functions for
models (6) to (9) and marginalizing with respect to the distribution of the subject-specific
frailties, the observed data likelihood for ¢ = (s, aia, x14, Bras @24, K24, Po4, A23, ¥23, o3,
azs, X34, k34, 6) i

Z@) = [] £1¥i. Y P2 % oYy, v) 10 %2
i=1

x f3(Yit, YiZ)(l —oonl(Yin =) fa¥i1, YiZ)(
X fs(Yi1, Yiz)(l =611 =) (Y1 =7)
X fe(Yits Yiz)(l = 6i1)(1 = 62)I(Yj1 < 7)

1-611)5p21(Yj1 < 7) (10)

where fi(Y;1,Yi2) = [ fi(Yi1, Yio | i) f(vi) 9y;, for k=1, ..., 6, and

LY L) =0 =) - 223(Yi1 1 vi) - S2(Yi1 1 v)A34(Yi2 | T1 = Yi1.73) - S3(Yi2 | T1 = Y1, 7))
LY lr) =0 =) 223(Yi1 1) - S2(Yi1 L vi) - S3(Yi2 | T = Yi1.7i)s

F3YiYi2 lvi) = mi - Aa(¥ia L vi) - S1(Yi2 | 74),

fa¥ir Y lv) =7 Aa¥ia L ri) - S1(¥i2 1 vi) + (L= m) - 14(Yi2 | vi) - So(Yin | i),

5(i1.Yio | vi) = 7 - S1(Yi2 | vi)-

fo¥it. Yoo lvi) = - S1(¥i2 | vi) + (L = m) - So(Yi2 | 73)

with S1(t | 7) = exp{= fo A1t | 1)du}, Syt | 7) = exp|= fo(A23(u | ) + Jpa(u | p)du}, and either
S3(ty | T1 =1,7) = exp[—/tt12/134(u | Ty =14, y)du] if a Markov model is adopted for A34(:) or

S3(ty | Ty =11.7) = exp[—féz T s | Ty = 11, y)du' if a semi-Markov model is adopted.
Detailed derivations of the components of Z(¢) are given in Appendix B of the
Supplementary Materials. Note: for the B-spline parameterization of the baseline hazard
functions, the a and x terms in the parameter vector (which correspond to Weibull
parameters), ¢, are replaced with the B-spline control points, 7 (see end of Section 3.4).

4.2 Estimation and inference

Towards performing estimation and inference, we use maximum likelihood.4° Let

U(p) = d/ dp(logZ(¢p)) denote the score function corresponding to expression (10). Using
standard arguments, under certain regularity conditions and a correctly specified model, the
maximum likelihood estimator of ¢, obtained as the solution to %(¢) = 0 and denoted &, is
consistent for the true ¢y as 7— oo. Furthermore, JE(q? - ¢0) —4 MVN(O0, ) as n— 0o,

where = = I(q,')o)_] is the inverse of the expected information matrix

Stat Methods Med Res. Author manuscript; available in PMC 2021 May 04.
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62
I(¢g)= — E —zlogL(qb)
o

‘¢=¢0

For inference, Var[¢] can be estimated via the inverse of the observed information matrix.

From a practical perspective, our experience in fitting the proposed model, as well as the
model proposed by Conlon and colleagues,3! suggests that careful consideration of the
numerical optimization algorithm used to obtain the global solution to %(¢) = 0 is required
together with careful choice of starting values. Our strategy was to use a quasi-Newton non-
linear numerical optimization algorithm,® as implemented in the optim() function in R.47
For both Weibull and truncated Weibull and B-spline parameterizations of the baseline
hazard functions, starting values for the algorithm were generated by first assigning each
subject in the sample a value for the latent non-susceptibility indicator as follows: subjects
who died or were censored after 100 days without acute GVHD were considered non-
susceptible (i.e. L;=1); subjects who had a diagnosis of acute GVHD (regardless of their
subsequent survival experience) were considered susceptible (i.e. £;=0); the remaining
subjects who died or were censored before 100 days (and for whom their susceptibility is
unclear), were randomly assigned a susceptibility status. A GLM was then fit with these
‘observed’ values of L to obtain starting values for the parameters in model (1). For the
proposed model with Weibull and truncated Weibull baseline hazards, to obtain starting
values for the components of model (6), a univariate Weibull model was fit to the observed
death times among those subjects with ‘observed’ £=1; to obtain starting values for the
components of models (7) to (9) as well as the frailty variance 6, an illness-death with frailty
was fit using the FreqID() function in the SemiCompRisks package for R.#8 For B-spline
parameterizations of the baseline hazard functions, we used the bSpline function in the
splines2 package*® to generate B-spline basis functions and obtained starting values for
hazard parameters as follows: fit univariate Cox models for each transition hazard model;
smoothed the estimated cumulative baseline hazard functions using linear interpolation;
obtained smoothed baseline hazards function via numerical differentiation followed by
loess; and found the control points that minimized the distance between the smoothed log-
hazard functions and B-spline functions by least squares. Finally, for the Weibull and
truncate Weibull parameterized baseline hazards, the starting values obtained in this way
were randomly perturbed via either an additive or multiplicative noise term, generated from
a Uniform(-0.1/, 0.1/) or Uniform(1 — 0.1/, 1 + 0.1/) distribution, for /=1, ... , Mwhere M
is the number of attempts used to identify the global solution. For the simulations and
analyses we present, we used M=5.

5 Simulation study

We conducted a series of simulation studies to investigate the finite-sample performance of
the framework proposed in Sections 3 and 4 relative to existing methods that could be
employed in the settings we consider but that fail to take into account the competing risks of
death and/or the finite nature of the support for the non-terminal event. Here we present an
overview of the simulation set-up and analyses conducted, together with select results.
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5.1 Datageneration under the baseline scenario

We used the CIBMTR data as a basis for the simulations. Specifically, the scale for 7; and
75 is taken to be ‘days’ (as in the CIBMTR data), with the values for the baseline hazard
parameters taken from an initial analysis of the CIBMTR data restricting to patients 50 years
or older whose initial malignancy had been diagnosed as being either intermediate or
advanced stage. The distribution of simulated event times for acute GVHD and death
roughly aligned with those seen in the dataset. The overarching approach taken to simulate
data from the model proposed in Section 3 was to define a ‘baseline’ scenario and then
perturb various aspects to investigate a range of data features. To that end, under the baseline
scenario we simulated 2000 datasets of size 7=5000 that consisted of a single binary
covariate X;from a Bernoulli distribution with mean 0.5 and a subject-specific frailty, ¥,
from a Gamma distribution with mean 1 and variance 6= exp(-1.71) = 0.18. For each
patient, the (latent) susceptibility indicator was generated via model (1) using a logit link
function and B;=(-0.41, 0.50); the induced marginal non-susceptibility rate was ~46%. For
patients with L;=1, 7,;was generated using the inverse cumulative distribution transform
method>? based on model (6) with a baseline hazard function taken to be that of a Weibull
distribution with a14 = 1.4 and x4 = 0.0002, and with B;4 = 0.25. For these patients the
‘observed’ 7;,;was set to the minimum of zand 75;.

For patients with L;=0, we first generated 7;;via model (7) with a baseline hazard function
taken to be that of a truncated Weibull distribution with =101, ay3 = 0.5, and x»3 = 0.1, and
with B,3 = 0.25. Similarly, we generated 75;via model (8) with a baseline hazard function
taken to be that of a truncated Weibull distribution with =101, ay4 = 1.4, and x»3 = 0.005,
and with B3 = 0.5. Given these generated 77;and 7y, if 71,2 75/, we redefine 7;;to be the
minimum of zand 7, If 71;< T, we redefine 75;to be the sum of 71;and time from a
diagnosis of acute GVHD to death generated using model (9), with a baseline hazard
function taken to be that of a Weibull distribution with as4 = 1.3, k34 = 0.002, and with B34
= 0.15. Note that among the ‘susceptibles’, the hazard functions corresponding to acute
GVHD and death are negatively correlated during the first month following HCT (where 1,3
is a decreasing function and A4 is increasing), which as one reviewer pointed out reflects
the potential immune response that may lead to an increased risk of acute GVHD and
decreased risk of death. Finally, we note that no administrative censoring was introduced
under the baseline scenario.

5.2 Additional data scenarios

Building on the baseline scenario, additional scenarios examined the impact of: (i) a smaller
sample size of 7=1000; (ii) administrative censoring of either event via C;simulated from an
Exponential distribution with mean 100; (iii) administrative censoring solely of the terminal
event at 365 days; (iv) increasing the non-susceptibility fraction from 46% to 76%; (V)
modification of ay3 and x»3 so that the hazard functions for the truncated and standard
Weibull distributions are comparable on the interval (0, z); and (vi) no frailty terms in the
model, which is equivalent to a shared gamma frailty with zero variance.
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5.3 Analyses

For each simulated dataset under each data scenario, we performed an analysis on the basis
of the proposed finite interval illness-death model, defined by expressions (1) and (6) to (9)
with Weibull baseline hazard functions specified in Section 3.4. In addition, we also
performed a series of analyses that might (reasonably) be conducted in practice, specifically
based on: (1) the proposed finite illness-death model without a shared frailty; (2) the model
presented in Conlon et al.3! (i.e. a cure fraction model combined with a standard illness-
death model) together with an added shared frailty; (3) the Conlon et al.3! model without a
shared frailty (i.e. as they formulated it); (4) a standard illness-death model with shared
frailty;2° (5) a standard cure fraction model for acute GVHD as a univariate outcome, with
death treated as a censoring mechanism:2” and (6) a non-parametric multi-state illness-death
model assuming separate baseline hazards for each transition. Note that the regression
estimate corresponding to incident acute GVHD in model (6) aligns with estimates from a
univariate Cox regression model for acute GVHD with death treated as an independent
censoring mechanism. For simplicity we adopted parametric specifications for the baseline
hazard functions in analyses (1) to (5) based on the Weibull distribution. Due to the fully
parametric baseline hazard, a zero-tail constraint was not used to maximize the likelihood of
the Conlon-type models (2) and (3). We also fit our proposed finite interval illness-death
model with frailty assuming B-spline parameterized baseline hazard functions specified in
Section 3.4 under data scenario (iii), administrative censoring of death at 365 days post-
transplantation, which mirrors the CIBMTR data in Section 2.

5.4 Results

Following the strategy described in Section 4.2 for choosing starting values, only three of the
2000 simulated datasets resulted in a failure of convergence for the proposed analysis. Table
2 therefore presents results across 1997 simulated datasets, specifically the means of the
empirical sampling distributions of parameter estimates from the various analyses described
in Section 5.3 under the baseline scenario, together with the ‘true’ values used in the data
generating mechanism. From the first two columns we see that the estimation procedure
described in Section 4.2 yields estimates that are essentially unbiased for the true values of
the parameters; that this holds for the simulations based on the scenario where 7=1000,
indicate good performance in smaller sample sizes (Table E.3 in the Supplementary
Materials). From the third column, we see that failing to include the subject-specific frailty
in the model leads to notable differences in estimation, particularly in the estimates of the
log-hazard ratios for the 1 — 4 transition (compare 0.20 to 0.25 for B4 ,) and the 2 — 4
transition (compare 0.41 to 0.50 for B4 »). From the fourth column, we see that failing to
acknowledge the finite nature of the interval for the non-terminal event results in 20% bias in
the estimate of the log-hazard ratios for the 2 — 3 transition (compare 0.25 to 0.30 for S>3 )
and underestimation of the log-frailty variance (compare —2.00 to —1.71 for log(6)). From
the final three columns, each of the analyses that ignores either the latent susceptibility
status and/or the illness-death formulation appears to yield estimates that are consistent for
very different numerical values. For example, while the true value for B3 4 is 0.25, the
empirical means for the corresponding parameter from analyses (4), (5) and (6) are —0.31,
0.38, and —0.26, respectively. While one might argue that these models are not attempting to
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estimate the same parameter, it is clear that the conclusions that one would draw based on
these analyses would be discrepant, including a negative association for analyses (4) and (6).

Tables E.1 and E.2 in the Supplementary Materials report on standard error estimation and
coverage of Wald-based 95% confidence intervals for the baseline scenario. With respect to
inference, the empirical standard errors (computed as the standard deviation of the 2000
point estimates) align well with the mean of the analytic standard error estimates based on
the inverse of the observed information matrix. Correspondingly, 95% confidence intervals
attain nominal coverage probabilities for all parameters, including for the log-frailty
variance. Furthermore, these results also hold under the data scenario where the sample size
is 7=1000. For the other analyses, results regarding inference were inconsistent, with some
exhibiting good performance for certain parameters and others not. In most instances when
coverage was less than the nominal 95%, it was due to a combination of bias in the point
estimates and incorrect estimation of standard errors.

The results from the additional simulation scenarios, described in Section 5.2, are included
in Appendix C of the Supplementary Materials and generally align with the findings from
the baseline scenario with respect to bias and coverage. However, when administrative
censoring is added, the standard errors of the parameter estimates are generally larger than
those corresponding to the baseline scenario for all analyses which is to be expected (Tables
E.7 and E.10 in the Supplementary Materials). Recall we fit the proposed model in Section 3
with B-spline baseline hazard functions for the case of administrative censoring of death at
365 days post-transplantation. From the third column of Table E.9, we see that there is
marginal bias in the estimates corresponding to the non-susceptibility fraction, the 1 —4 and
2 —4 transitions and the log-frailty parameter ranging from 2% to 8%. Note that when we
increased the sample size to 10,000, the bias became negligible (results not shown). It is
possible that a better choice of number of knots, knot placement, and B-spline polynomial
degree would improve results for a smaller sample size. Increasing the cure fraction from
~46% to ~76% redistributes the data from the 2 — 4, 2 — 3 and 3 — 4 transitions to the 1
— 4 transition, thereby decreasing the efficiency of the 2 — 4, 2 — 3 and 3 — 4 transitions
parameters while increasing the precision of 1 — 4 transition estimates (Table E.13 in the
Supplementary Materials). When ay3 and x»3 are chosen so that the hazard functions for the
truncated and standard Weibull distributions are comparable on (0, z), we would expect
Conlon? to perform comparably to the proposed model. However, we observe bias in the
log-odds ratio of non-susceptible fraction (compare —0.38 to -0.41 for Ss) and the log-
frailty variance (compare —1.90 to —1.71 for log(6)), with corresponding coverage
probabilities that are well below the nominal level (Tables E.15 and E.17 in the
Supplementary Materials). In the final data scenario, we examined the model without the
shared frailty. Under this scenario, the regression estimates from our proposed model and the
model proposed by Conlon et al. are comparable, as our proposed model differs only in the
specification of truncated Weibull baseline hazard functions forthe 2 —4and2 — 3
transitions. However, the models that do not take into account the susceptibility fraction,
namely the illness-death and multi-state illness-death (MSM) models, provide regression
estimates of the 2 — 3 transition that are in the opposite direction of the true effect (Table E.
18). In additional test simulations (not shown), decreasing the non-susceptibility fraction
toward O gives parameter estimates from the Cox-based multi-state model that move closer
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to the true parameters. Focusing on Table E.18, death times are generated through separate
data generating models, 114 and Ay4, with different baseline hazard functions and regression
coefficients. Although non-intuitive, the resulting regression model from fitting a Cox model
to such a mixture can lead to a regression coefficient for death that is not a weighted average
of the true B4 and Bo4. Thus, the difference in conclusions drawn by competing models in
the other scenarios is driven both by the specification of the shared frailty and cure fraction.

6 Analysis of the stem cell transplantation data

To illustrate the proposed model, we performed an analysis of the stem cell transplant data
presented in Section 2, with =101 days. We analyzed assuming both Weibull or truncated
Weibull baseline hazard functions, and B-spline parameterizations, separately, as specified in
Section 3.4. Note that for each B-spline baseline hazard representation, knot locations as
well as polynomial degree must be pre-specified. We fit five models with different
combinations of knot locations and degrees across all four baseline hazard functions and
selected the best model based on lowest AIC. For each of the model components (i.e.
expressions (1) and (6) and (9)), we included the following covariates: disease stage (early,
intermediate, advanced); HLA compatibility (identical sibling, 8/8, 7/8), and disease type
(AML, ALL, CML, MDS). For the generalized linear model for the latent susceptibility
state, we used a logit link so that the slope parameters are interpreted as log-odds ratios.

In addition, we fit four models that might be applied in practice: the Conlon et al.3! model,
with an added shared frailty (henceforth the Conlon? model); an illness-death model with
shared gamma frailty; a standard cure model for acute GVHD; and a non-parametric multi-
state illness-death model assuming separate baseline hazards for each transition, which
aligns with estimates from a standard Cox proportional hazards model for acute GVHD on
the 2 — 3 transition. Furthermore, death was treated as an independent censoring
mechanism for the standard cure fraction model.

We then use the estimated model parameters from the main model with Weibull or truncated
Weibull parameterized baseline hazard functions to generate predicted subject-specific risk
profiles presented in Section 3.5 at day #=5, 10, ... , 150 post-transplantation for our
proposed model and the model from Conlon et al. with an added shared frailty.3! To assess
the impact of the shared frailty on joint risk prediction, we also calculated predicted subject-
specific risk profiles at day 100 post-transplantation for the following values of the shared
frailty, »=0.5,0.6, ... , 1.5. We compared these estimated absolute risk profiles to the
estimated marginal subjected specific risk profile that averages over the distribution of the
shared frailty, defined in Section 3.5.

Select parameter estimates from the six analyses are given in Table 3 and Figures 3 to 5,
with additional results provided by Table F.1 and Figure F.1 in the Supplementary Materials
document.

6.1 Results from fitting proposed finite interval illness-death model

After fitting the proposed model in Section 3 with Weibull or truncated Weibull and B-spline
parameterized baseline hazards, we found that the conclusions drawn from both models are
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generally aligned, with a few exceptions (see Table 3 columns one through four). Note that
for the case of B-spline parameterized baseline hazard functions, based on our proposed
model selection process described in Section 6, the final model chosen placed one knot at
the median of the corresponding observed event times for each of the four transitions with
degree 3 polynomial B-splines. Both models supported deleterious associations between
disease stage and susceptibility status, risk of death following HCT among non-susceptibles
(1 — 4 transition) and death following acute GVHD (3 — 4 transition), and protective
associations between disease stage and risk of acute GVHD following HCT (2 — 3
transition), with stronger effects for higher stage. We found that HLA compatibility was
associated with non-susceptibility to acute GVHD and all transition hazards. Effect
estimates for disease type were greatest for latent non-susceptibility, transition from HCT to
death among both non-susceptibles and susceptibles (1 — 4 and 2 — 4 transitions) and
were closer to the null for transitions from HCT to acute GVHD and to death after acute
GVHD (2 — 3 and 3 — 4 transitions).

Regression estimates differed between the two models on the 2 — 4 transition with respect
to disease stage and disease type. The estimated effect of intermediate stage for the Weibull
parameterized model was close to the null with value —0.04 in contrast to the B-spline
parameterized model with value 0.35. The estimated effect of advanced stage was greater for
the B-spline model compared to the Weibull parameterized model (0.89 vs. 0.20), whereas
the estimated log-hazard ratio for disease type MDS in the Weibull and B-spline
parameterized models was in opposite directions, but close to the null. The estimated gamma
frailty variance parameter for the Weibull parameterized model was exp(—0.89) ~ 0.41 with
Wald-based 95% confidence interval (0.35, 0.48), much larger than the estimate for the B-
spline parameterized model, with value exp(-4.76) ~ 0.01 and 95% confidence interval (0,
0.34). Heterogeneity not accounted for by covariates was likely accounted for by the
additional flexibility of the B-spline parameterized baseline hazard functions over the
Weibull-based baseline hazards.

Impact of ignoring the finite interval

Focusing on the proposed finite-interval illness-death model and the Conlon? model, the
maximized log-likelihoods are —39, 542.03 and -39, 611.93, respectively. Given that these
models have the same number of parameters, this suggests that acknowledging the finite
interval over which patients who are susceptible (i.e. with £=0) may be diagnosed with acute
GVHD or experience a death event prior to such a diagnosis yields a much better fit of the
observed data. Note that we do not report/compare the maximized log-likelihoods for the
other analyses because they represent different data structures.

Interestingly, from the first, third and fifth columns of Table 3, labeled FI-ID, g, FI-ID’; ¢

and Conlon?, we find that the point and standard error estimates for most of the model
components are comparable between the finite-interval illness-death model and the Conlon?
model. The results for the HCT — Death transition (2 — 4 in Figure 1), however, are very
different, with the estimates from the Conlon? model being substantially larger. Thus, one
would conclude much stronger associations under the Conlon? model than under the
proposed model. Some insight into these differences may be obtained through inspection of
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the estimated baseline survivor functions. From Figure 3, in particular, we see that the
estimated baseline survivor functions for the HCT — acute GVHD transition for patients
with L=0are very similar during the first 100 days under the finite-interval illness-death
using Weibull parameterized baseline hazards and the Conlon? models. The corresponding
baseline survivor functions for the HCT — death transition for patients with L=0 are very
different, however, with median survival among the baseline patient group estimated to be
80 days and 200 days post-transplant.

of not distinguishing between susceptibles and non-susceptibles

From the seventh column of Table 3 (ID?), we find that ignoring the latent susceptibility
status and finite interval over which the diagnosis of acute GVHD is given has a dramatic
impact on point estimates, with results from the standard illness-death model pointing to
generally stronger associations for each of the HCT — acute GVHD, HCT — death and
acute GVHD — death transitions, as compared to estimates from our proposed model with

Weibull- and B-spline-based baseline hazard functions (FI-ID}, g, FI-ID’;¢). As an

example, under our proposed model we find that there is insufficient evidence of an
association between disease stage and the transition from HCT to acute GVHD (p-
value=0.32 from a likelihood ratio test with 2 degrees of freedom), whereas under the
standard illness-death model the association is signficant (p-value<0.001 from a likelihood
ratio test with two degrees freedom). We also find the estimated variance of the subject-
specific frailty, 8, under the standard illness-death model is 10.1 as compared to 0.41 under
the proposed finite-interval illness-death model with Weibull and truncated Weibull
parameterized baseline hazards. From the eleventh column, we also see that the conclusions
from fitting a multi-state illness-death model without parametric assumptions results in
discordant conclusions from our proposed model. Thus, accounting for the finite interval for
a diagnosis of acute GVHD through structural changes in the model (i.e. the use of a latent
non-susceptibility indicator and specification of the baseline hazards for the HCT — acute
GVHD and HCT — death transitions), helps account for a substantial amount of between-
subject heterogeneity in risk for the two outcomes.

of treating death as an independent censoring mechanism

From the ninth column of Table 3, we find that a standard cure fraction model for acute
GVHD vyields estimates for the non-susceptibility fraction that are comparable to the finite-
interval illness-death model. However, the conclusions drawn from the results of the HCT
— acute GVHD transition differ. Under the standard cure fraction model, there is evidence
of a relationship between disease type and the transition from HCT to acute GVHD (-
value=0.03), whereas this is not evident under the finite interval illness-death model (o
value=0.51).

6.5 Estimated absolute risk profiles

We plotted the estimated risk profiles at £=1, 2, ... , 150 for three patients (labeled A, B,
and C) for our proposed finite interval illness-death model, assuming Weibull or truncated
Weibull baseline hazard functions, in Figure 4. The plots of the estimated risk profiles over
time are stacked so that at any time #the vertical distance between the: x-axis and solid line
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is /1) (the probability of an acute GVHD diagnosis without death); solid and dashed line is
2) (the probability of dying carrying a diagnosis of acute GVHD by time #; dashed and
dotted line is #3) (the probability of death without acute GVHD); and dotted line and the
value 1 is g4 (the probability of being alive without acute GVHD). At any time ¢ Patient A
has the lowest risk of death, and Patient B has the highest risk of acute GVHD. Both Patients
B and C have a large risk of death; however, the rate of increase differs between the two
patients.

We present a graph of the estimated risk profile (conditional on the shared frailty term, »)
for our proposed of Patient C at £100 for »=0.5, 0.6, ..., 1.5 in Figure 5). The marginal
risk profile for Patient C at =100 is plotted on the same axes in gray. We see a dramatic
increase in the absolute risk of death for increasing values of the shared frailty term,
particularly for death without acute GVHD, thereby providing evidence that the shared
frailty term accounts for heterogeneity in the data set that is not accounted for by covariates.
The estimated marginal absolute risk profile is plotted in gray. We see that the marginal risk
profile components align with values of ) between 0.8 and 1.25.

Note that we also estimated joint risk assuming the model from Conlon et al.3! with an
added shared frailty. Although the estimated regression coefficients from the Conlon et al.
model differed from our proposed model for the HCT — Death transition (2 — 4 in Figure
1) as described in Section 6.2, the estimated absolute risk profiles based on the two models
were comparable for this example. This is likely due to the small fraction of individuals who
died without acute GVHD within 100 days (10.2%).

7 Discussion

In this paper, we have proposed a novel multi-state model that accounts for mortality
through joint modeling of acute GVHD and death, and explicitly acknowledges the finite
time scale in which acute GVHD occurs. Estimation was performed using maximum-
likelihood estimation by directly maximizing the derived log-likelihood function. This
complements the work of Conlon et al.3! and Beesley et al.32 who approached estimation in
their multi-state cure models from a Bayesian perspective and using maximum-likelihood
via the EM-algorithm, respectively. We conducted a simulation study based on the proposed
model, where we compared the estimates from fitting our proposed model to corresponding
estimates from: a finite interval multi-state cure model without frailty; the Conlon model
(with and without frailty); multi-state illness-death model; and a univariate cure model.
Although the interpretation of the regression coefficients of the competing models that we
considered may not be comparable, they are models that an analyst might choose to
implement in the setting of this problem. Our intention was to compare how the estimated
regression coefficients from these other models would compare to the true estimates under
our model. Our simulations show that the application of such models to this problem can
lead to erroneous conclusions, which likely stem from not accounting for the underlying
mixture distribution. This is further supported by our data example where wildly different
parameter estimates were observed across the different models considered. Additional
simulations we report also suggest that there are instances where results/conclusions will
align, suggesting that the finite interval illness-death model may serve as a complement to
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existing methods. Furthermore, although the ideas in this paper were initially motivated by
an on-going collaboration regarding acute GVHD, the central phenomenon that the event of
interest is only well defined on a finite interval arises in a broad range of applications.
Additional examples include acute respiratory distress syndrome which is characterized by
lung injury within one week of lung trauma®!; hospital quality of care metrics, including
readmission and mortality rates, that focus exclusively on finite post-discharge windows,
such as 30 and 90 days®2; and high school attrition, only well-defined during the four years
leading up to graduation.53 The methods we propose are therefore likely to be applicable in
a wide range of settings.

The model presented in Section 3.4 includes a common patient-specific frailty in each of
expressions (6) to (9), a specification that is consistent with prior work on illness-death
models for semi-competing risks data.1”24 During the review process, one reviewer pointed
out that a common patient-specific shared frailty for all transitions can be viewed as a
‘strong assumption.” While the overall nature of the dependence between 7; and 7, (which
is also driven by the interplay of the covariates and the baseline hazard functions) is
unconstrained, the formulation of a shared frailty only permits the consideration of positive
dependence between hazards. The inclusion of a shared frailty in our data analysis assumes
that an individual with a frailty greater than one has a higher risk of both developing acute
GVHD (via the hazard) and dying. To mitigate this, one could, in principle, attempt to relax
the assumption by permitting different (possibly correlated) frailties in each of the hazards
or through allowing a common frailty to impact the various hazard differently.34 Our
experience, however, has been that these models are difficult to identify with the observed
data. Moreover, our perspective is that we view the specification given by expressions (6) to
(9) as a means to acknowledge residual between-subject heterogeneity that is not accounted
for by the covariates that are specified in the linear predictors; in practice, depending on the
goals of the analysis, it is not clear that analysts will always specify the linear predictors in
such a way so that all heterogeneity is captured. With this in mind, while analysts may, of
course, choose not to include the frailty, we view their inclusion as a pragmatic strategy to
capturing at least some of the residual heterogeneity and, therefore, enhancing the fit of the
model to the data.

The definition of the 2—3 transition on (0, z) aligns with the clinical definition of acute
GVHD. That this necessitates the 2—4 transition to be restricted to the (0, 7), however, is
not immediately obvious. One approach that provides insight into this is through
consideration of the corresponding data generating mechanism. Specifically, at the outcome,
the latent susceptibility state is taken to be determined (in the HCT context) immediately
after transplantation. If a patient is not susceptible, then they will not experience acute
GVHD and time to death would be determined by A14(-). If a patient is susceptible, then it is
presumed that, in the absence of competing risks, the patient will experience the acute
GVHD event within (0, 7). This is analogous to what is assumed in standard cure fraction
models for patients who are “not cured’. To determine which of the two events occurs first,
one would generate 77 and 7, from Ay3(-) and Ayq4(:), respectively. If 7; < 75 (i.e. the patient
experienced acute GVHD), then their subsequent mortality experience would be generated
as a draw from Az4(-) for which there are no restrictions on the value of 7. If 7, < 7; then
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the patient dies before a diagnosis of acute GVHD; given that acute GVHD must be within
(0, 7), it follows that 7 arising from the 2—4 transition must be within (0, 7).

For the most part, we have focused on parametric specifications for the baseline hazard
functions. In the literature, a number of authors have proposed methods for non- or semi-
parametric specifications.242542 Note that a zero-tail constraint in the semi-parametric cure
model literature is often assumed for the purpose of identifiability since information beyond
the last observed failure is not observed. This forces the survivor function among the
uncured population to zero beyond the last observed failure time and considers censored
observations beyond the last observed failure time to be cured.2® Defining the hazard
function corresponding to time-to-acute GVHD (nonterminal event) using a truncated
distribution on (0, 7) is operationally similar to a zero-tail constraint. However, we are
imposing this constraint in a manner that explicitly acknowledges the underlying scientific
definition of acute GVHD, which is that acute GVHD can only be diagnosed within 100
days of transplantation. Note that fitting multi-state models, such as the illness-death model,
that are specified without a frailty is straightforward, and typically easy to implement.
However, when frailties are present, we have found from experience that nonparametric
estimation is challenging. While software to implement such frailty models for the latter
three references is available, our experience with these methods is that they can be unstable
and care is needed to ensure that the global maximum is obtained for the frequentist
penalized approach of Joly et al.#2 or that the Markov chains have converged for the
Bayesian approach of Lee et al.,25 especially in small-to-moderate sample sizes. In contrast,
the parametric models we propose are straightforward to fit via maximum likelihood, with
the caveat that starting values must be carefully chosen for the Weibull parameterization, as
described in Section 4.2. When more flexibility is added to the parameterization of the
baseline hazard functions via B-splines, the model fit depends on placement of the internal
knots and the B-spline degrees. Beyond this, an appealing benefit of adopting a fully
parametric model is that the joint density can be determined on the full support of (77, 75).
Paired with a decision rule, the set of joint absolute risks could be used to classify patients
into one of the four joint outcome categories. This is an avenue of research we are currently
pursuing.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Schematic of the proposed finite interval iliness-death model, applied to the setting of a
study of acute GVHD following hematopoietic stem cell transplantation.
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Diagram indicating the bounds of integration for calculating subject-specific risk profiles.
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Figure 3.
Estimated baseline survivor functions (conditional on »= 1) from the CIBMTR HCT data

for acute GVHD and death among patients who are susceptible to acute GVHD (i.e. with L=
0), based on the proposed finite-interval illness-death model with frailty (FI-ID?) and the
cure fraction illness-death model of Conlon et al.3! with an additional frailty (Conlon?).
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Figure 4.

Estimated absolute risk profiles calculated for the first 150 post-transplantation
corresponding to three patients (A, B, C) based on proposed finite-interval illness-death
model with frailty (FI-ID?), assuming »= 1.
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Left panel: Estimated absolute risk profiles (conditional on frailty, ) for Patient C at 100
days post-transplantation for varying values of the gamma frailty, y. Right panel: Estimated

marginal absolute risk profiles for Patient C at 100 days post-transplantation.
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Table 1.

Observed status indicators and likelihood contributions corresponding to eight possible post-transplant

scenarios regarding latent susceptibility, and acute GVHD and death outcomes.

Observed data

Likelihood

Trajectory

(i) Susceptible; observed acute GVHD & death

(i) Susceptible; observed acute GVHD & censored before death
(iii) Not susceptible; observed death > z days

(iv) Not susceptible; observed death < z days w/o acute GVHD

(v) Susceptible; observed death < z days w/o acute GVHD

(vi) Not susceptible; alive w/o acute GVHD & censored at = r days
(vii) Not susceptible; alive w/o acute GVHD & censored at < z days
(viii) Susceptible; alive w/o acute GVHD & censored at < z days

(6, 6, Ya < 7)
(1.1-)
(1,0,-)
(0,1,0)
0,1,1)
0,1,1)
(0,0,0)
(0,0,1)
(0,0,1)

contribution?
fi
5
f
f
f
£
%
f;

aSee Section 4.1 and the Supplementary Materials for the form of the contributions.
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Mean point estimates, based on 2000 simulated datasets generated under the ‘baseline’ scenario with /7= 5000,
for the proposed finite interval illness-death model with and without frailty (FI-ID?, FI-ID); the cure fraction
iliness-death model of Conlon et al.31 with and without a frailty (Conlon?, Conlon); the illness-death model
with frailty (ID?); the cure fraction model for 77; and a multi-state illness-death model (MSM), which aligns

with the results of a univariate Cox model for acute GVHD on the 2 — 3 transition.

Truth  FI-IDY FI-ID Conlon” Conlon D7 Cure MSM

Non-susceptible fraction

Bso -041  -041 -031  -055 -0.40 0.14

Bsx 0.50 0.50 0.51 0.53 0.54 0.51
Non-susceptible: 1 — 4

log(x1s) -852  -851 -7.06 -9.06 -7.41

log(as) 0.34 033 0.4 0.38 0.18

Prax 0.25 0.25 0.20 0.33 0.23
Susceptible: 2 — 4

10g(24) -530 -530 -517 -527 -509 -535

log(aza) 0.34 034 023 0.30 025  0.08

Boax 0.50 0.50 041 0.52 0.45 -0.08 0.08
Susceptible: 2 — 3

log(3) -216  -217 -231 -181 -1.77 -1.98

log(ays) -069 -069 -075 -0.63  -0.64 -1.10

Bz x 0.25 0.25 0.25 0.30 0.25 -031 038 -026
Susceptible: 3 — 4

10g(34) -621  -622 -566 —6.20 -566 -7.01

log(azs) 0.26 026 0.5 0.26 015 037

Baax 0.15 015 0.4 0.16 014 011 0.14
log-frailty variance

log(6) -171  -173 -2.00 -0.49

Note: See Section 5 for details.
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Estimates and standard errors for select parameters from analyses of the CIBMTR HCT data (r= 9,651)

Table 3.

Page 30

including: the proposed finite interval illness-death model with frailty, assuming Weibull (FI-1D?;,) and B-

spline (FI-ID’; ) baseline hazard functions described in Section 3.4; the cure fraction illness-death model of

Conlon et al.31 with an additional frailty (Conlon?); the illness-death model with frailty (ID?); the cure

fraction model for acute GVHD; and a multi-state illness-death model (MSM), which aligns with the results of

a univariate Cox model for acute GVHD on the transition from HCT to acute GVHD.

FI_ID{/VB FI—IDYBS Conlon?” IDY Cure MSM
Est SE Est SE Est SE Est SE Est SE Est SE

Non-susceptible fraction

Intercept 1.94 006 190 0.07 207 0.06 1.99 0.06

Intermediate stage -0.14 0.07 -0.18 0.07 -0.15 0.07 -0.08 0.07

Advanced stage -0.33 0.08 -0.54 0.08 -0.35 0.08 -0.25 0.07

HLA: 7/8 -0.75 008 -076 0.08 -0.77 0.09 -0.69 0.08

HLA: 8/8 -0.42 0.07 -043 0.06 -0.47 0.07 -0.40 0.06

Disease type: ALL -0.17 0.08 -0.19 0.07 -0.20 0.08 -0.06 0.07

Disease type: CML -044 008 -039 008 -049 0.08 -0.38 0.08

Disease type: MDS -0.25 0.10 -0.15 0.09 -0.29 0.10 -0.21 0.09
Non-susceptible: HCT — Death

Intermediate stage 0.30 0.06 025 0.06 027 0.06

Advanced stage 1.13 006 094 005 105 0.06

HLA: 7/8 0.32 007 026 0.06 031 0.07

HLA: 8/8 0.14 005 010 005 011 005

Disease type: ALL -0.08 0.06 -0.11 0.06 -0.09 0.06

Disease type: CML -0.53 0.09 -051 0.08 -0.52 0.08

Disease type: MDS -0.52 0.08 -0.44 0.07 -0.50 0.08
Susceptible: HCT — Death

Intermediate stage -0.04 020 035 017 068 036 043 0.13 0.30 0.05

Advanced stage 0.20 022 089 016 124 037 163 013 1.00 0.05

HLA: 7/8 0.68 021 046 017 129 050 155 0.15 0.34 0.05

HLA: 8/8 0.37 019 037 015 120 047 102 0.12 0.15 0.04

Disease type: ALL 0.64 020 054 014 137 043 049 014 0.00 0.05

Disease type: CML 0.07 023 002 019 109 048 0.08 0.16 -0.37 0.07

Disease type: MDS 0.11 027 -0.09 018 075 047 -0.04 0.17 -0.40 0.06
Susceptible: HCT — Acute GVHD

Intermediate stage -0.30 009 -0.27 0.07 -030 008 001 011 -021 007 005 0.06

Advanced stage -0.24 0.10 -0.31 0.08 -0.22 0.08 051 011 -0.10 0.06 021 0.06

HLA: 7/8 0.44 011 032 008 042 010 124 013 047 0.07 066 0.07

HLA: 8/8 0.44 009 027 006 037 008 087 010 037 006 040 0.06

Disease type: ALL 0.12 0.10 006 0.07 009 009 033 012 019 007 007 0.07

Disease type: CML 0.12 010 010 007 009 009 063 013 014 0.07 035 007
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FI_ID}I//VB FI—ID%S Conlon?” IDY Cure MSM
Est SE Est SE Est SE Est SE Est SE Est SE
Disease type: MDS 0.04 0.12 008 0.09 002 010 033 014 012 008 019 0.08
Susceptible: Acute GVHD — Death
Intermediate stage 0.15 009 013 008 015 0.09 033 0.13 0.13  0.08
Advanced stage 0.59 009 051 0.07 058 008 122 0.13 051 0.07
HLA: 7/8 0.29 010 026 009 029 009 08 014 025 0.09
HLA: 8/8 0.08 0.08 009 007 009 008 037 0.12 0.08 0.07
Disease type: ALL 0.01 0.10 001 008 001 009 012 0.14 0.01 0.08
Disease type: CML 0.15 010 012 009 015 010 042 0.14 0.13  0.09
Disease type: MDS 0.11 011 007 010 0.09 010 030 0.16 0.07 0.10
Log-frailty variance
log(6) -089 008 -476 1.8 -147 015 231 004
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