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a b s t r a c t 

In this article we study a fractional-order mathematical model describing the spread of the new coro- 

navirus (COVID-19) under the Caputo-Fabrizio sense. Exploiting the approach of fixed point theory, we 

compute existence as well as uniqueness of the related solution. To investigate the exact solution of our 

model, we use the Laplace Adomian decomposition method (LADM) and obtain results in terms of infinite 

series. We then present numerical results to illuminate the efficacy of the new derivative. Compared to 

the classical order derivatives, our obtained results under the new notion show better results concerning 

the novel coronavirus model. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

In the last month of the year 2019, a severe outbreak of respira- 

ory disease originated in Wuhan City of Hubei province in China 

1] . The causative agent had been identified and isolated from a 

ingle patient at the start of January 2020, and the disease was 

alled COVID-19 i.e., the novel coronavirus. The initial source of 

he spreading of this virus was an animal. However, the ratio of 

eported cases rose due to the interaction between humans [2] . Re- 

ent studies show that the virus has almost reached every corner 

f the world. Up to December 7, 2020, about 66,243,918 individu- 

ls are reported infected with the disease and has caused 1,528,984 

eaths. The infection is contagious due to its rapid spread and has 

een declared a pandemic by the WHO. Symptoms of the virus in- 

lude fever, fatigue, cough and breathing difficulties, etc. The in- 

ection has attracted the attention of researchers due to its severe 

hreat to human life and novel characteristics. Infectious diseases 

pidemiology has a rich literature and a variety of mathematical 

odels have been developed to study various infectious diseases, 

ee e.g., [3–8] . 
∗ Corresponding author. 
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Several researchers investigated the current pandemic caused 

y coronavirus with different techniques of analysis [9–17] . Vari- 

ty of mathematical models exist in the literature regarding the 

urrent pandemic which give the future forecast of the disease. 

arious control strategies have been suggested by number of re- 

earchers [18–21] . Recently Khan et al. [22] used a mathematical 

odel for the description of the temporal transmission of the novel 

oronavirus and presented control strategies to eradicate the infec- 

ion. Their model is given below 

dS h (t) 

dt 
= �∗ − (β∗

1 I h (t) + d ∗ + β∗
2 W (t)) S h (t) , 

dI h (t) 

dt 
= (β∗

1 I h (t) + β∗
2 W (t)) S h (t) − (σ ∗ + d ∗1 + d ∗) I h (t) , 

dR h (t) 

dt 
= σ ∗I h (t) − d ∗R h (t) , 

dW (t) 

dt 
= α∗I h (t) − η∗W (t) . 

(1) 

In model (1) , the letters S h (t) , I h (t) and R h (t) are used to

espectively denote the susceptible, infected and recovered pop- 

lation, while W (t) symbolizes the reservoirs compartment. The 

arameter �∗ represents the newborn rate which is assumed 

o be susceptible. β∗
1 

and β∗
2 

represent the disease transmission 

ates from the infected individuals and reservoirs respectively to 

he susceptible population. The symbol d ∗ is used to denote the 

atural mortality rate while the death caused by the disease is 

https://doi.org/10.1016/j.chaos.2021.111121
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2021.111121&domain=pdf
mailto:rmatoog_777@yahoo.com
mailto:nalshehri@tu.edu.sa
https://doi.org/10.1016/j.chaos.2021.111121
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2

ymbolized by d ∗1 . Similarly the recovery rate is σ ∗ and removing 

ate of the virus is η∗, while the ratio contributed the virus into 

eafood market is denoted by α∗. 

First we show that solutions of the model (1) are bounded. As- 

ume N(t) represents the total population at time t . Taking the 

emporal derivative of N(t) and exploiting values from the given 

odel, we obtain 

dN(t) 

dt 
− dN ≤ �∗. 

olution of this equation under the initial conditions S h (0) ≥
 , I h (0) ≥ 0 , R h (0) ≥ 0 , W (0) ≥ 0 and N(0) = N 0 has the form 

(t) ≤ �∗

d ∗
+ (N 0 − �∗

d ∗
) e −d ∗t . 

his solution is bounded when t grows without bound. 

The possible uniform states (i.e., the disease free (DFE) and the 

ndemic) and the threshold quantity (basic reproductive number) 

long with detailed qualitative analysis have been addressed for 

he above model (1) as follows 

S h 0 , 0 , 0 , 0 , 0) , where 
�∗

d ∗
, 

R 0 = 

β1 �
∗

d ∗(σ ∗ + d ∗ + d ∗
1 
) 

+ 

α∗β∗
2 �

∗

η∗d ∗(σ ∗ + d ∗ + d ∗
1 
) 
, 

S ∗
h 

= 

η∗(σ ∗ + d ∗ + d ∗1 ) 
η∗β∗

1 
+ α∗β∗

2 

, 

I ∗
h 

= 

η∗d ∗(σ ∗ + d ∗ + d ∗1 )(R 0 − 1) 

σ ∗β∗
1 
η∗ + σ ∗β∗

2 
α∗ + d ∗β∗

1 
η∗ + d ∗β∗

2 
α∗ + d ∗

1 
β∗

1 
η∗ + d ∗

1 
β∗

2 
α∗ , 

R 

∗
h 

= 

σ ∗

d ∗
I ∗h , 

 

∗ = 

α∗η∗(σ ∗ + d ∗ + d ∗1 )(R 0 − 1) 

σ ∗β∗
1 
η∗ + σ ∗β∗

2 
α∗ + d ∗β∗

1 
η∗ + d ∗β∗

2 
α∗ + d ∗

1 
β∗

1 
η∗ + d ∗

1 
β∗

2 
α∗ . 

(2) 

Fractional calculus is the extension of integer order calcu- 

us.Lebniz drew the attention of the researchers towards fractional 

rder derivatives. Researchers did not frequently work in the field 

ue to the lack of solution for the fractional order differential 

quations. The field was focused on, once fractional order deriva- 

ives and integral were properly defined as the classic models did 

ot explain them properly besides giving errors in it. Fractional 

rder epidemic models explain the phenomenon in a better way 

hile taking even the missing aspects into account. Due to this, 

everal researchers feel attracted to the field and are contributing 

o epidemiology. However, finding a real life situation to be ex- 

lained by fractional order model is a daunting task. These mod- 

ls have greater autonomy than the classical ones. These models 

ave the capability to exploit the numerical method in order to 

ork out non integer order nonlinear systems. This situation have 

ncouraged several researchers to exploit fractional order system 

hile making some modifications in the integral order models 

Compared with fractional derivatives, the derivatives of integer 

rder do not, in general, investigate the dynamic more accurately. 

n literature, variety of notions of fractional derivative have been 

sed by number of mathematicians for the description of vari- 

us dynamical systems. Various valuable definitions have been pre- 

ented by Caputo, Hadamard, Riemann and Liouville etc. [23,24] . 

ifferent approaches, such as iterative and numerical methods, 

ave been used to investigate fractional mathematical models un- 

er the usual Caputo derivative sense, see, [25–27] . 

The aforesaid derivative contains a singular kernel which causes 

omplications in fractional order derivatives. Caputo and Fabrizio 

eported a novel idea about the fractional order derivative which 

s based upon non-singular kernel [25,28,29] . Some important re- 

ults have been listed based upon the Caputo-Fabrizio fractional 
2 
ntegral. These studies show that the above mentioned operator 

s in fact the functions’s fractional average with fractional integral 

n the sense of Riemann-Liouville. It has been reported that the 

bove mentioned derivative has significant applications in thermal 

nd material sciences [30–32] . LADM is a very useful technique 

sed for the analytical approximate solution of several non-linear 

roblems. This technique has been well exploited for the problems 

ased on the fractional as well as classic differential equations [33–

6] . Nevertheless, the above mentioned technique is barely used 

or fractional order differential equations having the non-singular 

ernel [37] . Fractional calculus is a developing area and has been 

idely used for the extension of classic epidemiological models. 

emarkable work in this regard includes the approach of [38–43] . 

n this article, we investigate a fractional version of the novel coro- 

avirus model (1) and use the notion of fractional Caputo-Fabrizio 

erivative [28] . 

Currently, idea of the fractional Caputo-Fabrizio derivative has 

een used by number of researchers to investigate variety of prob- 

ems in biological and physical sciences, see for instance, [44–49] . 

he idea of CF derivative has been repeatedly used to describe 

he dynamics of various communicable infections [50–53] . Stabil- 

ty, existence and uniqueness of various mathematical models have 

een investigated using the CF derivatives [54–56] . In many sit- 

ations, the fractional order models are more beneficial to de- 

cribe the dynamics of various real world problems in a better way. 

he reason is that fractional order derivatives have greater degree 

f freedom compared with classical integer order derivatives. The 

ew type non-singular derivatives of fractional order have been 

ound more suitable to study thermal problems instead of ordinary 

erivatives. 

Inspired from the above stated literature, we investigate the 

eries type solution of coronavirus mathematical model (1) via 

aputo-Fabrizio fractional derivative. We consider the (1) having 

ractional-order q describing the situation lies between two inte- 

er values. The result is achieved by having the whole density of 

very compartment converging quickly at low orders. We refer the 

eader, for further detail study of fractional calculus and applica- 

ions to study [57–64] . 

Fractional extension of the model (1) has the following form: 

CF D 

q 
t S h (t) = �∗q − (β∗q 

1 
I h (t) + β∗q 

2 
W (t) + d ∗q ) S (t) , 

CF D 

q 
t I h (t) = (β∗q 

1 
I h (t) + β∗q 

2 
W (t) + d ∗q ) S (t) 

−(σ ∗q + d ∗q + d ∗q 
1 

) I h (t) , 

F D 

q 
t R h (t) = σ ∗q I h (t) − d ∗q R h (t) , 

F D 

q 
t W (t) = α∗q I h (t) − η∗q W (t) . 

(3) 

e will investigate the model under the underlying initial condi- 

ions 

 0 = S (0) , I 0 = I (0) , R 0 = R (0) , W 0 = W (0) . 

Our current manuscript has the following organization. We 

riefly revise basic definitions and notions used in the article in 

ection 2 . Section 4 is devoted to study the existence as well as 

niqueness of the concerned solution with the aid of fixed point 

heory approach. In section (5) , using the Adomian decomposition 

echnique along with Laplace integral transform, we investigate an- 

lytical solution of the model under investigation. In section 6 , 

ith the help of available data, we perform numerical simulations 

or the support and verification of our analytical findings. 

. Preliminaries 

In the following we recall some useful results. 
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efinition 1. [29] Let g ∈ H 

1 [0 , T ] , T > 0 , q ∈ (0 , 1) , then the

aputo-Fabrizio fractional derivative can be defined as 

F D 

q 
t [ g(t)] = 

M (q ) 

1 − q 

∫ t 

0 

g ′ ( x ) exp 

[ 
− q 

t − ρ

1 − q 

] 
dx, (4) 

here M (q ) denotes the normalization function and M (0) = 

 (1) = 1 . When g ∈ H 

1 [0 , T ] then the CFFD can be recalled as 

F D 

q 
t [ g(t)] = 

M (q ) 

1 − q 

∫ t 

0 

(
g( t) − g(x ) 

)
exp 

[ 
− q 

t − x 

1 − q 

] 
dx, (5) 

efinition 2. [29] The Caputo-Fabrizio fractional integral with 

 (0 , 1) can be defined as for a function g

F I q t [ g(t)] = 

1 − q 

N ( q ) 
+ 

q 

N ( q ) 

∫ t 

0 

g( x ) dx, t ≥ 0 . (6) 

efinition 3. [37] The general relation for the Laplace transform of 

FFD can be defined as 

 [ CF D 

q 
t g(t)] = 

s L [ g(t)] − g(0) 

s + q (1 − s ) 
, s ≥ 0 . (7) 

. Non-negative Solution 

Suppose � = { (S h , I h , R h ) ∈ R 

+ 
3 

: S h + I h + R h ≤ �∗
d ∗ , W ∈ R 

+ :
 ≤ α∗

η∗ �∗
d ∗ } , we show that the closed set � is the region of the 

easibility of system (3) . 

emma 1. The closed set � is positively invariant with respect to 

ractional system (3) . 

roof. We add the first three equation of system (3) to obtain total 

opulation 

F D 

q 
t N h (t) = �∗q − d ∗q N h (t) , 

here N h (t) = S h (t) + I h (t) + R h (t) . By using the Laplace trans-

orm, we have 

 h (t) = N h (0) E q (−d ∗q t q ) + 

∫ t 

0 

�∗q x q −1 E q,q (−d ∗q x q ) dx. 

he term N h (0) , in above equation, is the size of initial human

opulation. After performing a simple algebra, one may write 

 h (t) = N h (0) E q (−d ∗q t q ) + 

∫ t 

0 

�∗q x q −1 
∞ ∑ 

j=0 

(−1) j d ∗q x jq 

	( jq + q ) 
dx, 

= 

�∗q 

d ∗q 
+ E q (−d ∗q t q ) 

(
N h (0) − �∗q 

d ∗q 

)
. 

hus if N h (0) ≤ �∗q 

d ∗q then for t > 0 , N h (t) ≤ �∗q 

d ∗q . Similarly, for W ,

e have 

F D 

q 
t W (t) = ℵ 

∗q I h (t) − η∗q W (t) , 

≤ ℵ 

∗q N h (t) − η∗q W (t) . 

ne then obtains 

 (t) ≤ α∗q �∗q 

d ∗q 

η∗q 
+ E q (−d ∗q t q ) 

(
W (0) − α∗q �∗q 

d ∗q 

η∗q 

)
. 

o if W (0) ≤ α∗q �∗q 

d ∗q 

η∗q , then W (t) ≤ α∗q �∗q 

d ∗q 

η∗q . Consequently, the closed 

et � is positively invariant with respect to fractional model 

3) . �

. Results regarding the existence and uniqueness for the 

odel 

It is important to know whether solution of a mathematical 

odel exists or not. This problem can be answered with the aid 

f fixed point theory approach. We find the concerned solution’s 
3 
niqueness and existence. This goal is obtained using the Banach 

xed point theorem. Applying Picard’s operator technique to the 

roposed model (3) , we determine the existence and uniqueness 

esults. Let us define 

CF D 

q 
t S h (t) = G 1 (t, S h (t)) = �∗q − (β∗q 

1 
I h (t) + β∗q 

2 
W (t) + d ∗q ) S (t) ,

CF D 

q 
t I h (t) = G 2 (t, I h (t)) = (β∗q 

1 
I h (t) + β∗q 

2 
W (t) + d ∗q ) S (t) 

−(σ ∗q + d ∗q + d ∗q 
1 

) I h (t) , 
F D 

q 
t R h (t) = G 3 (t, R h (t)) = σ ∗q I h (t) − d ∗q R h (t) , 

F D 

q 
t W (t) = G 4 (t, W (t)) = α∗q I h (t) − η∗q W (t) 

(8) 

e further set 

 j = sup 

C[ d,b j ] 

∥∥G 1 (t, S h (t) , I h (t) , R h (t) , W (t)) 
∥∥, for j = 1 , 2 , 3 , 4 , 

(9)

here 

[ d, b j ] = [ t − d, t + d] × [ u − c j , u + c j ] 

= D × D j , for j = 1 , 2 , 3 , 4 . (10) 

ext, using Banach fixed point theorem for showing the existence 

nd uniqueness of the solution, we define the norm on C[ d, b j ] for

j = 1 , 2 , 3 , 4 as 

 H ‖ ∞ 

= sup 

t ∈ [ t −d,t + b] 

| 
(t) | . (11) 

pplying CF I q to all of the equations in model (3) , in view of (8) ,

e obtain, 

S h (t) = S h (0) + 

CF I q 
[ 
G 1 (t, S h (t) , I h (t) , R h (t) , W (t)) 

] 
, 

I h (t) = I h (0) + 

CF I q 
[ 
G 2 (t, S h (t) , I h (t) , R h (t) , W (t)) 

] 
, 

 h (t) = R h (0) + 

CF I q 
[ 
G 3 (t, S h (t) , I h (t) , R h (t) , W (t)) 

] 
, 

W (t) = W (0) + 

CF I q 
[ 
G 4 (t, S h (t) , I h (t) , R h (t) , W (t)) 

] 
, 

(12) 

y evaluating the right hand side of (12) and writing it in the form 

iven below, we have 

(t) = Y 0 (t) + [�(t , Y(t )) − �0 (t)] 
1 − q 

N (q ) 

+ 

q 

N (q ) 

∫ t 

0 

�(x, Y(x )) dx, (13) 

here 

 

Y(t) = (S h (t) , I h (t) , R h (t ) , W (t )) T , 
Y 0 (t) = (S h (0) , I h (0) , R h (0) , W (0)) T , 
�(t, Y(t)) = (G j (t, S h (t) , I h (t) , R h (t) , W (t))) T , j = 1 , 2 , 3 , 4 . 

(14) 

et us define the Picard’s operator as 

 : C(V , V 1 , V 2 , V 3 , V 4 ) → C(V , V 1 , V 2 , V 3 , V 4 ) . (15) 

ith the help of (13) and (14) , the operator in (15) is defined as 

 Y(t) = Y 0 (t) + [�(t , Y(t )) − �0 (t)] 
1 − q 

N (q ) 

+ 

q 

N (q ) 

∫ t 

0 

�(x, Y(x )) dx. (16) 

ssuming that the model under investigation satisfies 

Y‖ ≤ max { d 1 , d 2 , d 3 , d 4 } , (17) 

ne may be able to write 
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‖  ≤ 1 − q 

N ( q ) 
sup 

t∈ D 
| �( t, Y( t)) | + 

q 

N ( q ) 
sup 

t∈ D 

∫ t 

0 

| �( x, Y( x )) | dx, 

 

up {| t| : t ∈ D } . (18) 

I

d

F

‖ (19) 

w

‖
t 

 

(�(x, Y 1 (x ))) − �(x, Y 2 (x )) dx 

∣∣∣, 
 − Y 2 (x ) | dx, with k < 1 , 

(20) 

S duce that the operator A is also a contraction. This implies the unique- 

n

5

lying Laplace transform on both side of model (3) and exploiting the 

n

 ) S h (t)] , 

 − (σ ∗q + d ∗q + d ∗q 
1 

) I h (t)] , 

L

(21) 

nder consideration in the series form as 

S  q (t) . (22) 

T ng the Adomian polynomials technique as 

I (23) 

w s 

Y

 A Y − Y 0 (t) ‖ = sup 

t∈ D 

∣∣∣�(t, Y(t)) 
1 − q 

N ( q ) 
+ 

q 

N ( q ) 

∫ t 

0 

�( x, Y( x )) dx 

∣∣∣,
≤ 1 + t 0 

N (q ) 
M , M = max {M j } for j = 1 , 2 , ..., 7 ,

< M d ≤ max { d 1 , d 2 , d 3 , d 4 , d 5 , d 6 , d 7 } = d , t 0 = s

n Eq. (18) we have defined d = 

1+ t 0 
N (q ) 

. It follows that 

 < 

d 

M 

. 

urthermore to evaluate the equality given by 

 A Y 1 − A Y 2 ‖ = sup 

t∈ D 
|Y 1 − Y 2 | , 

e make use of (13) and can write 

 A Y 1 − A Y 2 ‖ = sup 

t∈ D 

∣∣∣ 1 − q 

N (q ) 
(�(t, Y 1 (t))) − �(t, Y 2 (t)) + 

q 

N (q ) 

∫ 
0

≤ 1 − q 

N (q ) 
k sup 

t∈ D 
|Y 1 (t) − Y 2 (t) | + 

qk 

N (q ) 
sup 

t∈ D 

∫ t 

0 

|Y 1 (x )

≤
[ 

1 + t 0 
N (q ) 

] 
k ‖Y 1 − Y 2 ‖ , ≤ dk ‖Y 1 − Y 2 ‖ . 

ince � is a contraction, consequently dk < 1 and thus one may de

ess of solution of the system (12) . 

. Analytical solution of model (3) 

In the following, we compute series solution of our model. App

ormalization value onwards M (q ) = 1 , one may write 

L [ S h (t)] = 

S (0) 

s 
+ 

s + q (1 − s ) 

s 
L [�∗q − (β∗q 

1 
I h (t) + β∗q 

2 
W (t) + d ∗q

L [ I h (t)] = 

I h (0) 

s 
+ 

s + q (1 − s ) 

s 
L [(β∗q 

1 
I h (t) + β∗q 

2 
W (t) + d ∗q ) S h (t)

 [ R h (t)] = 

R h (0) 

s 
+ 

s + q (1 − s ) 

s 
L [ σ ∗q I h (t) − d ∗q R h (t)] , 

L [ W (t)] = 

W (0) 

s 
+ 

s + q (1 − s ) 

s 
L [ α∗q I h (t) − η∗q W (t)] . 

In the following, we find solutions for each class of the model u

 (t) = 

∞ ∑ 

q =0 

S q (t) , I (t) = 

∞ ∑ 

q =0 

I q (t) , R (t) = 

∞ ∑ 

q =0 

R q (t) , W (t) = 

∞ ∑ 

q =0 

W

he nonlinear terms I h (t) S (t) , W (t) S (t) can be decomposed by usi

 (t) S (t) = 

∞ ∑ 

q =0 

X q (I , S ) , W (t) S (t) = 

∞ ∑ 

q =0 

Y q (W , S ) , 

here the Adomian polynomial X q (I , S ) , Y q (W , S ) can be written a

X q (I , S ) = 

1 

q ! 

d q 

dλq 

[ 

q ∑ 

k =0 

λk I k (t) 

q ∑ 

k =0 

λk S k (t) 

] 

λ=0 

 q (W , S ) = 

1 

q ! 

d q 

dλq 

[ 

q ∑ 

k =0 

λk W k (t) 

q ∑ 

k =0 

λk S k (t) 

] 
λ=0 

4 
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U m 

q 
 

∞ ∑ 

q =0 

Y q (t) − d ∗q 
∞ ∑ 

q =0 

S q (t) 
] 
, 

 

(t) + d ∗q 
∞ ∑ 

q =0 

S q (t) − (σ ∗q + d ∗q + d ∗q 
1 

) 
∞ ∑ 

q =0 

I q (t) 
] 
, 

 

(t) 
] 
, 

L  q (t) 
] 
. 

(24) 

E

W 0 

s 
, 

) 
] 
, 

∗q + d ∗q + d ∗q 
1 

) I 0 (t) 
] 
, 

 

] 
, 

q + d ∗q + d ∗q 
1 

) I q (t) 
] 
, 

L

(25) 

N

 (t − 1)) , 

W

 + d ∗q s 11 

)

q + d ∗q 
1 

) i 11 

)

W

(26) 
sing of Eqs. (22) and (23) , the system (21) takes the following for

L 

[ ∑ ∞ 

q =0 S q (t) 
] 

= 

S (0) 

s 
+ 

s + q (1 − s ) 

s 
L 

[ 
�∗q − β∗q 

1 

∞ ∑ 

q =0 

X q (t) − β∗
2

L 

[ ∑ ∞ 

q =0 I q (t) 
] 

= 

I (0) 

s 
+ 

s + q (1 − s ) 

s 
L 

[ 
β∗q 

1 

∞ ∑ 

q =0 

X q (t) + β∗q 
2 

∞ ∑ 

q =0 

Y q

L 

[ ∑ ∞ 

q =0 R q (t) 
] 

= 

R (0) 

s 
+ 

s + q (1 − s ) 

s 
L 

[ 
σ ∗q 

∞ ∑ 

q =0 

I q (t) − d ∗q 
∞ ∑ 

q =0 

R q

 

[ ∑ ∞ 

q =0 W q (t) 
] 

= 

W (0) 

s 
+ 

s + q (1 − s ) 

s 
L 

[ 
α∗q 

∞ ∑ 

q =0 

I q (t) − η∗q 
∞ ∑ 

q =0 

W

quating like terms on both side of (24) , we can write 

L [ S 0 (t)] = 

S 0 
s 

, L [ I 0 (t)] = 

I 0 
s 

, L [ R 0 (t)] = 

R 0 

s 
, L [ W 0 (t)] = 

L [ S 1 (t)] = 

s + q (1 − s ) 

s 
L 

[ 
�∗q − β∗q 

1 
X 0 (t) − β∗q 

2 
Y 0 (t) − d ∗q S 0 (t

L [ I 1 (t)] = 

s + q (1 − s ) 

s 
L 

[ 
β∗q 

1 
X 0 (t) + β∗q 

2 
Y 0 (t) + d ∗q S 0 (t) − (σ

L [ R 1 (t)] = 

s + q (1 − s ) 

s 
L 

[ 
σ ∗q I 0 (t) − d ∗q R 0 (t) 

] 
, 

L [ W 1 (t)] = 

s + q (1 − s ) 

s 
L 

[ 
α∗q I 0 (t) − η∗q W 0 (t) 

] 
, 

. . . 

L [ S q +1 (t)] = 

s + q (1 − s ) 

s 
L 

[ 
�∗q − β∗q 

1 
X q (t) − β∗q 

2 
Y q (t) − d ∗q S q (t)

L [ I q +1 (t)] = 

s + q (1 − s ) 

s 
L 

[ 
β∗q 

1 
X q (t) + β∗q 

2 
Y q (t) + d ∗q S q (t) − (σ ∗

L [ R q +1 (t)] = 

s + q (1 − s ) 

s 
L 

[ 
σ ∗q I q (t) − d ∗q R q (t) 

] 
, 

 [ W q +1 (t)] = 

s + q (1 − s ) 

s 
L 

[ 
α∗q I q (t) − η∗q W q (t) 

] 
. 

ow, we compute the Laplace transform of (25) , and obtain 

S 0 = N 1 , I 0 = N 2 , R 0 = N 3 , W 0 = N 4 , 

S 1 = 

[ 
�∗q − β∗q 

1 
N 1 N 2 − β∗q 

2 
N 1 N 4 − d ∗q N 1 

] 
(1 + q (t − 1)) , 

I 1 = 

[ 
β∗q 

1 
N 1 N 2 + β∗q 

2 
N 1 N 4 + d ∗q N 1 − (σ ∗q + d ∗q + d ∗q 

1 
) N 2 

] 
(1 + q

R 1 = 

[ 
σ ∗q N 2 − d ∗q N 3 

] 
(1 + q (t − 1)) , 

 1 = 

[ 
α∗q N 2 − η∗q N 4 

] 
(1 + q (t − 1)) , 

S 2 = �∗q (1 + q (t − 1)) −
(
β∗q 

1 
(N 2 s 11 + N 1 i 11 ) + β∗q 

2 
(N 4 s 11 N 1 w 11 )

×
(

1 
2 

q 2 t 2 − 2 q 2 t + 2 qt + (q − 1) 2 
)
, 

I 2 = 

(
β∗q 

1 
(N 2 s 11 + N 1 i 11 ) + β∗q 

2 
(N 4 s 11 N 1 w 11 ) + d ∗q s 11 − (σ ∗q + d ∗

×
(

1 
2 

q 2 t 2 − 2 q 2 t + 2 qt + (q − 1) 2 
)
, 

R 2 = 

(
σ ∗q i 11 − d ∗q r 11 

)(
1 
2 

q 2 t 2 − 2 q 2 t + 2 qt + (q − 1) 2 
)
, 

 2 = 

(
α∗q i 11 − η∗q w 11 

)(
1 
2 

q 2 t 2 − 2 q 2 t + 2 qt + (q − 1) 2 
)
. 
5 
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Table 1 

Parametric values for our model 

(1) . 

Parameter Value 

�∗q 0 . 093907997 

β∗q 
1 

0.00005 

β∗q 
2 

0.0000000123 

d ∗q 0 . 009567816 

σ ∗q 0 . 09871 

d ∗q 
1 

0 . 00404720925 

α∗q 0 . 0398 

η∗q 0 . 01 

Fig. 1. Plot of the compartment S (t) in the model under investigation (3) at differ- 

ent arbitrary fractional orders. 

Table 2 

Parametric values for our model 

(1) . 

Parameter Value 

�∗q 0 . 93907997 

β∗q 
1 

0.0005 

β∗q 
2 

0 . 0 0 0 0123 

d ∗q 0 . 009567816 

σ ∗q 0 . 009871 

d ∗q 
1 

0 . 00404720925 

α∗q 0 . 398 

η∗q 0 . 01 

c

c

w

6

i

t

L

e

e

M

o

t

Fig. 2. Plot of the compartment I (t) in the model under investigation (3) at differ- 

ent arbitrary fractional orders. 

Fig. 3. Plot of the compartment R (t) in the model under investigation (3) at differ- 

ent arbitrary fractional orders. 

T

o
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t
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h

c

o

t

c

b

 

r

g

a

d

c

f

d

p

Following the same steps, further terms of the series solution 

an be determined. The unknown values in the above Eq. (26) are 

alculated as 

s 11 = �∗q − β∗q 
1 

N 1 N 2 − β∗q 
2 

N 1 N 4 − d ∗q N 1 , 

i 11 = β∗q 
1 

N 1 N 2 + β∗q 
2 

N 1 N 4 + d ∗q N 1 − (σ ∗q + d ∗q + d ∗q 
1 

) N 2 , 

r 11 = σ ∗q N 2 − d ∗q N 3 , 

 11 = α∗q N 2 − η∗q N 4 . 

(27) 

. Numerical Simulations and Discussion 

This particular part of our article is specified to execute numer- 

cal simulations to verify the analytical findings in the above sec- 

ions. First we present the semi-analytical solution by the aid of 

aplace Adomian decomposition method to the first three terms of 

ach compartment in (3) along with the data in Table 1 with differ- 

nt order derivatives. The results have been depicted in Figs. 1 –4 . 

oving on the same line we consider values form Table 2 and plot 

ur results in Figs. 5–8 . 

Fig. 1 shows the susceptible class and have been simulated for 

ime 0 − 500 , where one can observe rapid decrease in the class. 
6 
he solutions are convergent and become stable with the course 

f time for different arbitrary order of q . 

Similarly Fig. 2 shows the integral curves for the infected class. 

imilar to the susceptible class, one can observe rapid decrease in 

he infected class at different fractional orders. This class shows 

tability and convergence with the passage of time. 

Fig. 3 is the recovered class at various fractional order of q . In 

ontrast to the above two classes, this class shows rapid increase 

t the beginning showing that more people have been infected and 

ospitalized. Withe the passage of time this growth decreases indi- 

ating that following the precautionary measures a quick recovery 

ccurs and the compartment becomes stable. 

Fig. 4 is the reservoir class showing a small increase in the ini- 

ial stage and reach the peak point afterwards. Decrease in the 

lass can be observed after short interval of time and the solution 

ecomes stable later on. 

In Figs. 5 –8 all the four classes have been plotted for time t in

ange 0 − 500 , considering data of Table 2 . 

Fig. 5 is the susceptible class showing rapid decrease in the be- 

inning and then a gradually increase for short interval of time to 

ttain the convergence and stability with the passage of time for 

ifferent arbitrary order of q . 

Fig. 6 represents the infected class which shows a small in- 

rease up-to the peak value and then a rapid decrease at different 

ractional orders occurred, predicting the controlling of the pan- 

emic. This class also shows stability and convergence with the 

assage of time. 
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Fig. 4. Plot of the compartment W (t) in the model under investigation (3) at dif- 

ferent arbitrary fractional orders. 

Fig. 5. Plot of the compartment S (t) in the model under investigation (3) at differ- 

ent arbitrary fractional orders. 

Fig. 6. Plot of the compartment I (t) in the model under investigation (3) at differ- 

ent arbitrary fractional orders. 

t

c

i

p

p

c

Fig. 7. Plot of the compartment R (t) in the model under investigation (3) at differ- 

ent arbitrary fractional orders. 

Fig. 8. Plot of the compartment W (t) in the model under investigation (3) at dif- 

ferent arbitrary fractional orders. 

Fig. 9. Plot of compartments in our fractional Covid-19 model (3) for integer order 

of q = 1 for the first three terms of the iterative series. 

t  

c

c

7

c

e

Fig. 7 is the recovered class at various fractional order of q . Af- 

er some time the recovery cases reaches the peak and then be- 

omes stable. 

Fig. 8 is the reservoir class showing a very large increases in the 

nitial stages and reaching the peak point. This shows that more 

eople may be exposed to the disease in the coming days if strong 

recautionary measures are not adopted. After that, the reservoir 

lass decreases for short interval of time and then becomes stable. 
7 
Fig. 9 represents all the four compartments of model 3 at in- 

eger order q = 1 considering the data of Table 2 . It can be easily

oncluded that derivatives with fractional order provides better ac- 

uracy compared with the traditional derivatives of integer order. 

. Conclusions 

In this manuscript, we investigated a mathematical model for 

oronavirus COVID-19 under CF fractional order derivative. The 

quilibria and the basic reproductive number along with the qual- 
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tative analysis have been discussed for the proposed model. With 

he aid of fixed point theory approach, the existence as well as 

niqueness of the concerned solution have been investigated. By 

xploiting the Laplace Adomian decomposition technique, an ap- 

roximate solution the model under consideration has been inves- 

igated. We have performed numerical simulations for our model 

nd discussed briefly for various values of the fractional order 

erivatives. Our graphical representations reflect that the fractional 

rder derivative of CF type provide more realistic analysis than the 

lassical integer-order COVID-19 model. 

Optimal control strategies are helpful to the health department 

or the future prediction of an infectious disease. Optimal control 

an be used for our model under consideration. Work on this issue 

s under process and will be reported in a future publication. 
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