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Abstract

In this article we analyze the linear parabolic partial differential equation with a stochastic domain
deformation. In particular, we concentrate on the problem of numerically approximating the
statistical moments of a given Quantity of Interest (Qol). The geometry is assumed to be random.
The parabolic problem is remapped to a fixed deterministic domain with random coefficients and
shown to admit an extension on a well defined region embedded in the complex hyperplane. The
stochastic moments of the Qol are computed by employing a collocation method in conjunction
with an isotropic Smolyak sparse grid. Theoretical sub-exponential convergence rates as a function
to the number of collocation interpolation knots are derived. Numerical experiments are performed
and they confirm the theoretical error estimates.
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1. Introduction

Mathematical modeling forms an essential part for understanding many engineering and
scientific applications with physical domains. These models have been widely used to
predict the Qol of any particular problem when the underlying physical phenomenon is well
understood. However, in many cases the practicing engineer or scientist does not have direct
access to the underlying geometry and uncertainty is introduced. Quantifying the effects of
the stochastic domain on the Qol will be critical.

In this paper a numerical method to efficiently solve parabolic PDEs with respect to
stochastic geometrical deformations is developed. Application examples include subsurface
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aquifers with geometric variability diffusion problems [13], acoustic energy propagation
with geometric uncertainty [27], chemical diffusion with uncertain geometries [26], among
others.

Several methods have been developed to quantify uncertainty of elliptic PDEs with
stochastic domains. The perturbation approaches [21, 46, 18] are accurate for small
stochastic domain deformations. In contrast, the collocation approaches in [9, 14, 45] allow
the computation of the statistics of the quantity of interest for larger domain deviations, but
lack a full error analysis. In [8], the authors present a collocation approach for elliptic PDEs
based on Smolyak grids with a detailed analyticity and convergence analysis. Similar results
where also developed in [20, 22]..

For stationary Stokes and Navier-Stokes Equations for viscous incompressible flow in [10],
a regularity analysis of the solution is studied with respect to the deformation of the domain.
This approach is similar to the mapping technique proposed in this paper i.e. the stochastic
domain is assumed to be transformed from a fixed reference domain. The authors establish
shape holomorphy with respect to the transformations of the shape of the domain.

In [25] the authors perform a shape holomorphy analysis for time-harmonic, electromagnetic
fields arising from scattering by perfect conductor and dielectric bounded obstacles. This
approach falls under the class of asymptotic methods for arbitrarily close random
perturbations of the geometry. However, the authors show dimension-independent
convergence rates for shape Taylor expansions of linear and higher order moments.

A fictitious domain approach combined with Wiener expansions was developed in [7],
where the elliptic PDE is solved in a fixed domain. In [38, 37] the authors introduce a level
set approach to the stochastic domain problem. In [40] a multi-level Monte Carlo has been
developed. This approach is well suited for low regularity of the solution with respect to the
domain deformations. Related work on Bayesian inference for diffusion problems and
electrical impedance tomography on stochastic domains is considered in [16, 23].

The work developed in this paper is a extension of the analysis and error estimates derived in
[8] to the parabolic PDE setting with Neumann and Dirichlet boundary conditions.
Moreover, the stochastic domain deformation representation is extended to a larger class of
geometrical perturbations. This class of perturbations was originally introduced in [20, 18].

The stochastic domain is assumed to be parameterized by a R™ valued random vector.
Complex analytic regularity of the solution with respect to the random vector is shown. A
detailed mathematical convergence analysis of the collocation approach based on isotropic
Smolyak grids is presented. The error estimates are shown to decay sub-exponentially as a
function of the number of interpolation nodes of the sparse grid. This approach can be
extended to anisotropic sparse grids [35].

In Section 2 the problem formulation is discussed. The stochastic domain parabolic PDE
problem is remapped onto a deterministic domain with a matrix valued random coefficients.
In Section 3 the solution of the parabolic PDE is shown that an analytic extension exists in

region in CV. In Section 4 isotropic sparse grids and the stochastic collocation method are
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described. In Section 5 an error analysis of the Qol as a function of the number of sparse
grid knots and a truncation approximation Ns;< N of the random vector are derived. In
section 6 numerical examples confirm the theoretical sub-exponential convergence rates of
the sparse grids, and the truncation approximation.

Problem setting

Let 2(w) ¢ R¥ be an open bounded domain that is dependent upon a random parameter

o € Q, where (Q, #,P) is a complete probability space, Q is the set of outcomes, & is the o~
algebra of events and P is a probability measure. The corresponding 0%(w) is assumed to be
Lipschitz.

Suppose that the boundary 02 (w) is split into two disjoints sections 0% p(w) and 0D y(w).

Consider the following boundary value problem such that the following equations hold
almost surely:

ou(-,t,w)— V -(a(-,@)Vu(-,t,w)) = f(-,t,w) in D(w)x(0,T)
u(-,t,w)=0 on 0D p(w)x(0,T)
a(-,@)Vu(-,t,) - n(-,0) =gn(-,® on 0D (@)X (0,T) @
u(-,0,w)=ug(-) on D(w)x {t=0}

where 7> 0. Let : = U, ¢ 0P(w), then the functions a: ¢ - R, f: & x (0,T) — R, and
up: € — R are defined over the region of all the stochastic perturbations of the domain 2 (w)
in RY. Similarly, let 0%: = U, ¢ o 02(w) c RY, then the boundary conditions gy: 0% — R

are defined over all the stochastic perturbations of the boundary 02 (w).

Before the weak formulation is posed, some notation and definitions are established. If
q €N, let L%(Q) be defined as follows

LHQ): = and

vI/Iu(w)quP(w) < o0
Q

L%O(Q): = luI[P’ —ess suplu(w) | < o
w € Q

5

where v:Q — R is strongly measurable. For RM valued vector functions v: D — RM,

DcRy: = [v1,csop]s 1 € g < o0, let

M M q
[Lq(D)] c = V|/ Z lv,(x)l dx < oot and
pn= 1
M
[LOO(D)] =1vl ess sup lop(x) | <oof.
xeDn=1,....M

In addition, defined the following space
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Problem 1.

V(2 (): = {u e H(@@)) | v=0on agzD(a;)},

and denote by V*(2(w)) the dual space of V(2 (w)).

Suppose that T: =T x - x 'y ¢ RN, where forall n=1,..., N T, c R is a compact
connected domain or unbounded. Let %(T") be the Borel o—algebra with respect to I and
suppose that Y: = [Y},...,Yx]:Q —T'is aR" valued random vector measurable in (Q, #, P).

Consider the induced measure py on (I, B(I)). Let uy: = P(Y“(A)) forall 4 € ®().
Suppose that the uy is absolutely continuous with respect to the Lebesgue measure defined
on T, then from the Radon-Nikodym theorem [5] for any event A € %(I') there exists a
density function p(y):T" — [0, + o0) Such that P(Y € A): = [P’(Y_I(A)) = [,p(y)dy. In addition,
the expected value is defined as E[Q]: = /-yp(y)dy for any measurable function

QeLhm]”.

For ¢ € N define the following spaces
Lg(F): = [v(y):F — R is strongly measurable | Lv(y)qp(y)dy < oo] and

B

L;o(l“): = [U(y):F — R is strongly measurable |p(y)dy — ess suplo(y) | < o
yer

We now pose the weak formulation of equation (1) (See Chapter 7 in [11] and Chapter 7 in
[30]):

Given that f(x,1,0) € L*(0,T; LA@(@)), gn(x, @) € L(02 (@) anduy € LX) find
u(x,t,w) € LX0,T; V(D(w))), du € LX0, T; V¥(D(w))), with Neumann boundary conditions on
09 N(a)) S.t

/ ouv + a(x,w)Vu - Vodx = l(w;v), in D(w) X (0,T)
D(w)

u(x,0, w) = ugy on D(w) x {t =0},

Yo € V(D(w)) almost surely, and

l(w;v): = IE:Z(w)f(X’ t,w)v dx + A@N(w)gN(x’ w)v dS(x).

Through out the paper, we restrict our attention to linear parabolic PDE with Neumann
boundary conditions. Recall that the Neumann boundary condition gn(x, ) € L*(0D(w)) fs
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defined overo%. Problem 1 has a unique solution If the following assumption is satisfied
(See Chapter 7 of [11], Chapter 7 of [30], and Chapter 4 of [32] in Volume 11):

Assumption 1.

Remark 1.

Leétay;,: = ess infy ¢ ga(x,®) and apm,x: = ess supx e @, and assume that0 < ai, < apax < .

In Problem 1 vanishing Dirichlet boundary conditions are assumed to simplify the
presentation. We can also consider nonzero Dirichlet boundary condition e.g.

u(-,t,0) = gp(-,t,w) on 0D p(w) X (0, T). If the boundary condition is time independent, i.e.
u(-,t,w) = gp(-,w), then setu( - ,t,w) =u(-,t,w)— y(-,w), Where y € Hl(EZ(a))) agrees with
gp 0N o(w). It follows the solution u( - ,t, w) satisfies the following weak form on @ (w):

’/Q\Z(w)atﬁ(-,t,w)vdx+lg‘z(w)a(gco)Vﬁ(-,t,a)y Vo dx

:_éz(w)f(”t’w)”dx"'[@(w)“("W)Vl(uco%Vudx

Hence we translate the nontrivial Dirichlet boundary condition into the standard Dirichlet
bounaary condition with an alternative inhomogeneous term. The analyticity analysis in
Section 3 can be easily extended by following similar assumptions and arguments for y( -, o)
as shown in [8]. However, it may also require a compatibility condition between gp and gy
on oP(w).

On the other hand, if gp Is a function of t, and agrees with some H Y @(w)) - function
7(-.t,0) 0N 0D(w) for each t, then the setup i( - ,t,w) = u( - ,t,w) — x( - ,t,w) Will result in an
extra time dependent term in the weak sense.

,/é(a)) opu( - ,t,w)v dx + é(w)a( ,o)Vu(-,t,w)- Vo dx

:éz(w)d,)((~,t,w)v dx+/9‘z(w)f(~,t,w)v dx+‘/9‘z(w)a(~,a))V;((v,t,a))-Vvdx

In this case, the analytic extension for the term o, y( - ,t, w) becomes time dependent and the
analysis is significantly more complicated.

2.1. Reformulation on a reference domain

To simplify the analysis of Problem 1 we remap the solution u € Hl(D(cu)) onto a non-
stochastic fixed domain. This approach has been applied in [14, 8, 20, 22, 18] and we can
then take advantage of the extensive theoretical and practical work of PDEs with stochastic
diffusion coefficients.

The idea now is to remap the domain 2(w) onto a reference domain almost surely with
respect to Q. Suppose there exist a reference domain U ¢ R with Lipschitz boundary oU
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and a bijection F(w):U — @(w) that maps Z(w) into U almost surely with respect to Q. The
mapg — x, U — D(w), is written as

p=x=F(f, ),

where Sare the coordinates for the reference domain U. See the cartoon example in Figure
1.

Assumption 2.

Denote by dF (8, w) the Freéhet derivative (Jacobian) of the bijective map F(f, »):U — D(w).
Furthermore, et c,,;,(0F(B, w)) and o, (0 F(B, w))) be respectively the minimum and

maximum singular value of 0 F(p, ). Suppose there exist constants0 < F i, < Fpax <
such thatF,,;,, < omin(0F (B, @) and 6,,,x(0F(B, ®)) < Fux a6 In U anda.s. inQ.

Remark 2.

The previous assumption implies that the Jacobian|0F (5, )| € L®(U) almost surely.

From the Sobolev chain rule (see Theorem 3.35 in [1] or page 291 in [11]) it follows that for
any v € H'(2(w))

Vawv = 0F 'V (ve F), ®

where Vg refers to the gradient on the domain Z(w), V is the gradient on the reference

domain U, and (v+ F) € H\(U). Let

V.= {v e H(U):v=0on 0UD},

where dU is the boundary of U, oU c aU is the range of £~1 with respect to the boundary
D p(w), 0U N € oU is the range of F1 with respect to the boundary 2 y(w) and
oUpu oU N = oU. Furthermore, denote by V* the dual space of V.

We can now show that:

Lemma 1.

Under Assumptions 2 the following pairs of spaces are isomorphic
i LA@) = LAU).
i.  H'(@Ww)=HWU).
i 120,73 L@ () = L0, T3 LAW)).
V. 10,1 H' @(0)) = L(0,T: H' (U)).

V. LY (0D(w)) = L3(3U).
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Vi L20.T:VH@(w) = LX0.T; V).

vii.  H'2(09(w) = H'2(0U).

Proor.
/)—1v) From the Sobolev chain rule it is not hard to prove. These results can be found
in either [8], or similarly in [9].
V) Suppose we have a disjoint finite covering T of the boundary JU such that for each
r € T there exists a Lipschitz bijective mapping &,: B! — = (c.f. trace theorem proof,
p. 258 in [11] for details and [39]), where BY: = {x € B, | x; = 0} and B, c R? is a ball
of radius r. In the following proof the Lipschitz mappings &, = € 7, are assumed to be

differentiable. From the Radamacher Theorem [12] every Lipschitz function is
differentiable almost everywhere. Therefore without loss of generality we can replace
the Lipschitz mappings &, € &, with an equivalent differentiable version except for

sets of measure zero. For simplicity we shall perform the following analysis with
I<j<d

respect to a single open set zand mapping &,: BY — z. Let J,: = {axi@j}] <i<d—1

then for any v € L2(0U)

1
f v?dS = L o(ve )y 2ax . @)
T r

Now, K, = F(r,w) covers a portion of the boundary of 02 (w), then

1

2 5

ﬁ( vzdS:AQ(voFofr) 0. Jp.d2.dx,
T r

where Jp. . = 0F(-,w)J,. Itis not hard to show that for any vector s € R? = !, where
Isl? =1,
Umin(«?F (- aF(. ,w))vm,-n(JZJT) <sTIToF( )T OF(- )8

< omax( OFC ) OF (-, )omax(ITJz).

The result follows.

vi) Suppose that & € V(Z(w))*, then || & lly(g(w)) * 1S equal to

sup [E()] = sup 1E(ve F)l.
v € V(P(w))) veFEV
oy @) s1 ClloeFlly < llvllv@w) =1

The positive constant C> 0 is due to the fact that H'(@(w)) = H'(U). Let
iw = C(ve F), then
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Problem 2.

ISV @) € _sup A 1
wev T HE@D) =CT | € lyw, VT > 0.
lwlly <1
The converse is similarly proven.

vil) The result follows by using 77), the Trace Theorem and inverse Trace Theorem
(Theorems 2.21 and 2.22 in [44]).

Note that analogous lemmas are proved in [8, 20].

From this point on the terms a.s. and a.e. will be dropped unless emphasis or disambiguation

is needed. For any v, s € H'(U)

B(w;s,v): = [](ao P Bo)VsTaF 1 p,0)0F T (,0) Vol 0F (B, w)1dp.

With a change of variables the boundary value problem is remapped.

Given that (f - F)(p,1,®) € L*(0,T; L*(V)),gn: = g = F, and gy € L*(aUy) find

0.1, ) € L0, T; V), du € LX0,T; V*), with Neumann boundary condition on dU s.t.

[] V1 OF(B, )| d,d(, 1, 0)dp + B(w: i, 0) = [ (@;0),  in Ux(0,T)
u(p,0,w) = (ug o F)(P,w) on U X {t=0}

Vv € V almost surely, where

T(w:0): = [] (f » F)(B.0)| OF(B)lv df

+ ¥ fpen e Poenaloe)

T€T
1
WL aF(pe &) OF(Bo £y, 0)I12dx),

where Ty: H?(oU) — H'(U) is a linear bounded operator such that vz € H'/%(o0),
Tyg € H(U) satisfies (Tyg)lgu = &. The weak solution u € Hl(gz(a))) is obtained as

u(x, @) = (12 oF~ 1)(x, w).

Now we have to be a little careful. The existence theorems from [11], Chapter 7, do not
apply directly to Problem 2 due to the 10 F(8, w)| o, term. Although the existence proof in

[11] can be modified to incorporate this extended term, we direct our attention to Theorem
10.9 in [6] from J. Lions [32].
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Theorem 1.

Let H (with norm || - ||g) and W (with norm || - |) be Hilbert spaces with the associated

dual spaces AH* and W™ respectively. It is assumed that W c H with dense and continuous
injection so that

W CHCW*,

For a.e. t € [0, T] suppose the bilinear form A[z; ¢, v]: W x W — R satisfies the following
properties:

i. For every ¢, v € W the function ¢ — A[t; ¢, v] is measurable,

ii. Forall ,v e WliA[t;w,v]l <M || { Iy |l v |y fora.e.tr€[0,T]
iii.  Forallve wAlrvvlzalvlfy —Cllvl% forae. teo,T].

where a > 0, Mand Care constants.

(J. Lions) Given a bounded linear functional & € L*0,T;W+) anduy € H, there exists a

unique function i satisfying i € L>©0,T; W) n C([0,T); H), d,ii € L0, T; W*)

{0z, vy + Alt;u,v] = (Z, v)

forae te€(0,T), Vv e W, andi(0) = u.

Proor.—See Chapter 4 of Volume II of [32].

We can now use Theorem 1 to show that there exists a unique solution to Problems 1 and 2.
Let W = V(@(w)) and H = LA(@(w)) then from Theorem 1 there exists a unique solution

u € L%0,T; V(2(w)) for Problem 1 such that d,u € L*(0, T; V*(2(w))). From Lemma 1 there
is an isomorphic map between z and . Since there is a unique solution for Problem 1, we
conclude there exists a solution i € L%(0, T; V) for Problem 2 such that 9,2 € L*(0,T; V'*).

The last step is to confirm that it is unique solution. This is done by checking i = 0 is the
solution whenever the inhomogeneous term vanishes and the boundary conditions are trivial.

2.2. Stochastic domain deformation map

The next step is to build a parameterization of the map F(8, ») from a set of random
variables Y1, ..., Y 5 with probability density function p(y). One objective is to build a
parameterization such that a large class of stochastic domain deformations are represented.
Following the same approach as in [18, 20], without loss of generality we assume that the
map F(p, ») has the finite noise model

N
F(B,0): =B+ Y, \Jtpbn(BY p().

n=1

Comput Math Appl. Author manuscript; available in PMC 2022 July 01.
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From the Doob-Dynkin Lemma the solution & to Problem 2 will be a function of the random
variables Yy, ..., Y n.

This is a very general representation of the stochastic domain deformation. For example,
such representation may be achieved by a truncation of a Karhunen-Loéve (KL) expansion

of vector random fields [20]. In general, the KL eigenfunctions b;(p) € [LZ(U)]d, which

presents a problem, as the KL expansion of the random domain may lead to large spikes and
thus most likely Problem 2 will be ill-posed. However, under stricter regularity assumptions
of the covariance function the eigenfunctions will have higher regularity (see [15] for
details). We thus make the following assumption:

Assumption 3.—Forn=1,...N:
i. 1,00 d
b, € [W’ (U)] .
i, bW
iii. 0 >y = - = un > 0. decreasing.

The Jacobian o F can be similarly written as

N
0F(f.w) =1+ Z HnObp(B)Y (@) . ©)

n=1

3. Analyticity of the boundary value problem

Remark 3.

In this section we show that the solution to Problem 2 can be analytically extended on a
region @ in ¢ with respect to stochastic variable y € I. The larger the complex analytic
domain @ is the higher the regularity of the solution with respect to I. This provides us a

path to estimate the convergence rates of the stochastic moments by using a sparse grid
approximation. In particular, the larger the size of the region @, the faster the convergence

rate of the sparse grid approximation will be.

7o simplify the analysis assume thatT is bounded in RN . Without loss of generality it can
also be assumed thatT = [ — 1, 11, However, T can be extended to the non-bounded case b Y
following the approach described in [2].

We formulate the region ©,4 by making the following assumption:

Assumption 4.

1. There exists0 < § < 1 such that Y N_ | Junob,(By, < 16 forall p e U.

For any 0 < g < é define the region ©pC ¢ (as shown in Figure 2 (a)):

Comput Math Appl. Author manuscript; available in PMC 2022 July 01.
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N
Op =izeCViz=y+vyel-1.11", ) supUllabnllzJu_nlvnlsﬂ : ®)
S

n=1%

Now, we can extend the mapping o F(8,y) = I + R(B,y), With R(8,y): = 2,1,\’: 1\ Hn 0D (B, tO
c™ by simply replacing y with z ©;. Itis clear due to linearity that the entries of the maps

Fand dFare holomorphic in V. Moreover, denote by ¥ = F(©p) the image of F:05 — .

Sinceye[-1, 11N then the matrix inverse of dF(y) can be written as
oF Ny)= U+ Ry) ' =1+ I (- Ry)k. Furthermore, since g < 5 then the

holomorphic expansion of 0F_1(y) can be written as the series

o0
oF \@=u+Ray =1+ Y (- R@).
K=1

The sum is pointwise convergent vz € ©,. We conclude that for all z € ©4 the entries of the

matrix 0F(z)~ ! are analytic.

Up to this point we have assumed that only the geometry is stochastic but have made no
assumptions on further randomness in the forcing function, the boundary conditions or the
initial condition in Problems 1 and 2. These terms can also be extended with respect to other
stochastic spaces.

Assumption 5.

a. Suppose that the Nr valued random vectort: = [ fls N f]T takes values on
Ty: =T x - x T, with the probability density p(f):T g — [0, + o). The
domainsTy, ....,T N¢ can be assumed to be closed intervals in R. Now; assume that
the random vectort is independent ofy and write the forcing function

[ D(w)xI't— R as

Ny
[t =Y eplts fu)en(),

n=1

where forn =1, ..., Ng, cy(t,f) € L;';?(Ff)Vt eR™, and &, 2(w) — R. Since &, is
defined on 2(w) we can remap f: D(w) x T'y — R with pullback onto the reference

domain as

N
(fePBLY. D= enlts fr)Ene F)BY).

n=1

Comput Math Appl. Author manuscript; available in PMC 2022 July 01.
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We shall now make analytic extension assumptions of the coefficients c,(t, f) and
&, forn=1,..., Ny. The coefficients c,( - ,£):T'y — R are defined over the domain

I'y. Since the solution i from Problem 2 is dependent on the coefficient c,(t, f)
certain analyticity assumptions have to be made. In particular, suppose there
exists an analytic extension of ¢,( - ,f) onto the set F cM . whereT y ¢ C M

(See Figure 2 for a graphical representation). The size of the region & will
directly depend on the coefficients c,( - ,£) on a case by case basis. Furthermore,

forn =1, ..., Ng the following assumptions are made.
. (&0 F)(B,y) can be analytically extended on
©p.Re(&,  F)@) € L(U),Im(&, » F)(2) € L*(U)Vz € O

* Red, (& o F)(2),Im 0, (&, F)(2) € L*U) where 9z, refers to the the
Wirtinger derivative along the nth dimension.

b. The initial condition (uy - F)(B,y) has an analytic extension on ©g. Moreover, it is

assumed that Re(ug » F)(p, z), Im(ug » F)(p,2) € L*(U) for allz € ©.

Assumption 6.

Remark 4.

We make the following assumptions on the Neumann boundary conditions: It is also
assumed that (gn - F)(,y) can be analytically extended on ©g, and that

Re(gy » F)(@) € LX(0U), Im(gy « F)(2) € L*(0U)Vz € ©y. Furthermore, assume that

1
det(JZdF(ﬁ, 2T OF(p,2)] T)f is analytic for all z in some region& c ™ forallt € T.

Since dF (B, z) fs analytic everywhere then s(g, z): = dez(J T oFp, 2" 0F(p.0)I,) is analytic in

cN. Thus s(p, z)% is analytic ifRes(B,z) > 0. The region € c cN can be synthesized by
placing the restriction onRes(p,z) > 0. This can be achieved by placing restrictions on
o0F(p,z) forallz € C. This is, however, a little involved and is left for a future publication.
Thus, to simplify the rest of the discussion in this paper we assume that there exists a
constant p such that p < j < & and C = ®; c ©j.

To show that an analytic extension of the solution to Problem 2 exists certain assumptions on
the diffusion coefficient ax) are made. This assumption is left quite general and should be
checked on a case by case basis.

Assumption 7.

Suppose that the diffusion coefficient a(x): ¢ — R is a deterministic map defined over the
domaing: = U, ¢ o D(w). Furthermore, assume there exists an analytic extension of a(x)

such that ifxe¥ then

i amaxc = Rea(x) > ayinc,
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ii. Mm a(x)| < apin,

where ¢ = 1/tan(cy) and =/8 > ¢; > 0.

LetG(z): = (ae F)(B, 2)0F Y@)aF T oF@) forallz e ©;, we can now conclude that G(z)
is analytic for all z € ©.

The following lemma shows under what conditions the matrix Re G(z) is positive definite
and provides uniform bounds for the minimum eigenvalue of Re G(z). This lemma is key to
showing that there exists an analytic extension of & (g, y) on ©4. Note that this is an extension

of Lemma5in [8].

Lemma 2.
Whenever
| Slogre [T
0 < f < min d+Togr,’ 146 /2—1’,
25d+c(2—5)d . oy .
wherey,: = S then for all z. € @ Re G(z) is positive definite. Furthermore, we
5 +c2-6)

have the following uniform bounds:

& min(ReG@ ") > (5, 5,4, 1, amin amax) > 0 Where

_e-9"%e-up!

(”r2nax02 + ”l%u‘n)l/z \

—sin(2¢1)2B2 + (B — 3)),

cos(2c1)5(5 -2p)

«527(5 B.d,c1, amax; amin):

and a(p): =2 — exp(—éd_—ﬂﬁ),

b. Amax(ReG(Z)_l) < R(S, p.d, Cl’amin) < oo Where
R(3.p.d.c1.amin)s = (amind) ™5 ap)™ 202+ p -5+ -5+ /3)2) .
C. cmax(ImG(z)_l) < Z(8.p.d, ¢1. apin) < 0 Where

L(5.5.d.c1. amin): = (amind) 16 ‘ap)” 2P+ (8- 5)

+H@=&+p°+ ).

Proor.—(a) From the proof in Lemma 5 in [8] and Assumption 4 we have that if g < 5/2
then
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Amin(Re 0F (@) 0F () > 6(5 - 2p) > 0. @

Furthermore, for all z € ©,

max m,-(lm aF(z)TaF(z))l <202+ (B - 6)), ®
i=1,...,d
thus
ReGa! = re| @RD = i;z[(z» (ER(@) — fz(z» (keor or
la(z)! 1E(z)!

+ilm aF(z)TaF(z)))
(e 10a(2) ,~1052)
= L@ 1E@)

(ReaF(z)TaF(z) +ilm aF(z)TaF(z))

where with a slight abuse of notation &(z): = &gr(z) + i&f(z) = 1&@)1'%® = |1 + R(z)l and

a(z): = Ia(z)lew"(z) =ag(z) +iaj(z) = Re(ae F)(f,z) + i Im(a > F)(f,z).

It is simple to check that Red F(z)! 9 F(z) and Im dF(z)’ 0F(z) are Hermitian. Let
wRr@): =Rea='@)¢ (2) and y;(z): = Im a= @) !(2). For the next step the dual Lidskii

inequality is applied. Suppose that %, & € ¢4 are Hermitian, then
Inin(F + L) Z dpin(F) + Apin(L). Assuming that wg(z) > 0 it follows from the dual Lidskii

inequality that
Ami,,(ReG(z)_l) > Jnin(wr@(RedF (@) 0F @) — wi(z) Im 0F(z)" 0F(2))
> /lmin(y/R(z)ReaF(z)TaF(z)) + Ami,,(—tp[(z) Im aF(z)TaF(z))
> YR@) Amin(ReOF (@) 0F (2)) + Awin(—w1(2) Im 0F(2)" 0F(2)) ()
> YR@) Anin(Re0F(2)" 0F (2))
—Iq/[(z)lk ma d|,1k(1m z)F(z)T()F(z))I.

5 enesy

The next step is to place sufficient conditions on &(z), a(z) and daF@)! aF(z) such that
Inin(ReG(z)” ') > 0 in Equation (9).

1. First we determine for what range of values of Sthe following inequality is
satisfied:

Er(z) > clép(z)l (10)
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for all z € ®4. From Lemma 4 in [8] /ii) we have that if « =2 - expgd_ﬁﬂ > 0 then

Rel dF(y)l = 5% and IIm| AF(y) || < (2 - Sd)(l — a). Thus we need to solve for 8

such

ER@) > 6% > c(2 - Sd)(l —a) > cép(@)

_ 257+ 2 - S)d

Sloy
g““,whereyc:_%i =
3+ e2-9)

for all z € ®. This is achieved if g < T+Toar,

1. From Assumption 7 it follows that ag(z) > claj(2)! if z € ©;.
M. From inequalities (7) and (8) it follows that if g <41 + 5212 — 1 then

/lm,-n(ReaF(z)TaF(z))> max dmk(lm aF(z)TaF(z))l.

= .

From 1) - I1) it follows that yg(z) > ly(z)! since the angle of w(z) is less than /4 for all

z € ©p. However, an explicit expression can be derived:

yR®@) = ly(z) = Iu/(z)l(cos(ﬁw(z)) - sin(GW(z))),

where ly(z)| = and 6y, (z) = — O4(2) — Oe(z)- We observe from Assumption 7 that

1
la(z)|1&(z)!

Im(a(z)) _ 1Im(a(z))l
Re(a(z)) = Re(a(z))

tanby(z) =

_ —Im(a(z)) _Im(a(z))
@n(—~0a(z)) = Re(a(z)) ~ Re(a(@)

It follows that 16,(,) < % Apply the same argument to g, We have 10g)| < % It follow that

V1
Oy = — a<z>—9¢“(z>€(—z’ 7)- (11)

Since cos(9) > sin(8), VO € (—%, %) we obtain

vR(@) — ly [(2)] > 0.

In particular, substituting equations (7) and (8) in equation (9) we obtain that for all z € ©4
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imin(ReG@) ™! 5 ;
min|ReG@) ™ ") > (8. . d. c1. amin. amax) > 0.

Since /lm,-,,(ReG(z)_l) is uniformly bounded by below it follows from From London’s Lemma

[33] that for all z € ®ReG(z) is positive definite.
(b) From the proof in Lemma 5 in [8] and Assumption 4 we have that

imar(ReOF(@) OF @) < 2 =5+ ). (12)

From Assumption 7 we have that la(z)1 ™" < (apnc)” " for all z ©p. From Lemma 4 in [8]

@)™ <5 %ap) forall ze ®5. We then have that

W@ < (@mine)” '8 )" (13)

Applying the Lidskii inequality (if A, B e ¢?*“ are Hermitian then

Amax(A + B) € Anax(A) + Anax(B)) and substituting equations (7), (8), (12) and (13)

,lmax(ReG(z)_l) < WR®@) Amax(Re aF(z)TaF(z)) +ly I(z)|mgx|/1,-(1maF(z)T OF @)
1

/lmax(Re aF(z)TaF(z)) + maxiu,-(lm aF(z)TaF(z))|
<

by (z) !
< R(8,8.d,c1, amip) < 0.

(c) Similarly to (b), as shown in [8], it can be shown that
Omax(Im OF (@) 0F(2)) < 282+ (f - 8)). (14)
and

Omax(ReIF@ IF@) < (2= 8) + p) + 2. (15)

From equations (13), (14) and (15) it follows that

omax(lm G(z)_l) < Iu/R(z)Iamax<Im aF(z)TaF(z))
+I1//[(z)lomax(Re aF(z)TaF(z))

< Z(6.p.d.c1. amip) < oo.

Lemma 3.

Forallz € ©p and p € U whenever
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Theorem 2.

0< f < min

- lo; -
6i \/1+52/2—1]

d +logy.’

Then imin(ReG(z)) > €(8, . d. 1, amax. amin) > 0, Where (5, p. d. ci. amqx. amin) 1S equal to

=

Proor.—The proof essentially follows Lemma 6 in [8]. The main result of this section can
now be proven.

-1

2
R(S. p.d. cy. a,,,,-,,)_l .

L(S, p.d,cq, amin)
W(& B.d, c1, amin amax)

Let0 < 5 < 1 thena(p,y.£,1) can be analytically extended on Opx F If

. lo -
ﬁi \/1+52/2—1].

p < min d +logy.’

Proor.—Suppose that V is a vector valued Hilbert space equipped with the inner product
d

(7,v)y, where v: = [8182]T and y: = [y172]" , such that for all 91,8, 71,72 €V

(rsv): = (r1,91) +(Vr1, VI + (r2.92) + (V2. V).

Consider the extension of (y,f) — (z,q) on ©3x F. Let &(y, f,1): = u(y,f,r) and consider the
extension ® = dg + id; 0N Oy x F, where ®g: =Re ® and @: = Im ®. Let ¢ = [0, @],
then the extension of ® on ®4 x F is posed in the weak form as: Find

¢ e LX0,T;V), 9,¢ € L*(0,T; V¥) such that

/ 0,.Tc@ v+ vilG@ ' vvdp = f f(z,q.0) - vdp+ > [ og-vdx
U U

teT By (16)
in Ux(0,7T)
{=20o on U x {t =0}
forall ve v, wherev: = [81,&2]T,
R
6@ GR( -G1(2) fean (f R) @ N (0)
Z). = z,q,7). = gz). = D= B
Gr(z) GR(@) 1 gk 0
o =[O g L[] [
z): = z): = z): = R
c1(2) R ar) T
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GRr(@): =Re{G@)}, G1(z): =Im{G(z)}, cr(z): =Re{l 0F(2)|}, cf(z): = Im{I10F(z)!},
fR: =Re{(f* F)q,z,0)0F()}, f;: =Im {(f F)q,z, 1) 0F(z)l}, u(l){ = Re(u o F)(z),

uy =1Im (ue F)(2), dr(@): =Re{V - G@)V7}, dj(2): =Im |V - G@)V },
1

(8N © F)B o & 2)det(JL OF (B0 7)! OF (o &, 7)J)2 | and

gﬁ,:Re

1
gk = Im{(an e F)(Bo &, z)det( OF(fo&,, z) OF(Bo&,, z)JT) The system of equations (16)

has a unique solution if Gg is uniformly positive definite (1,,;,(Gr(z)) > 0) since this implies
that 4,,,;,(G(z)) > 0 uniformly. From Lemma 2 this condition is satisfied if z € ®4. Moreover,
@(z, q, 1) coincides with @(y, f, r) whenever z € T and q € I’y thus making it a valid extension
of ®(y,f,7) on @y x .

The analytic regularity of the solution ®(z, q,r) with respect to variables in z is now analyzed.
However, it is not necessary to perform the analysis with respect to all the variables z jointly.
It is sufficient to show that ®(z, q, ) is analytic with respect to each variable z,,n =1, ..., N,

separately. As shown at the end of the proof it can be concluded that ®(z, q, ¢) is analytic in
@ﬂ X F

First, we concentrate on the z, variable of the vector z. Let s = Rez, and w=Im 2z,

Analogous to [8], we would like to take derivatives on (16) with respect to wand s, but we
cannot do this directly since we do not know whether ¢ is differentiable in wor s. Due to
Lemma 8, d,,¢ and 9,¢ do exist on @4 x . Furthermore, we also conclude from Lemma 8

that:

a 9,0 € LX0,T;V), 0;0,,¢ € L%(0,T; V*) uniquely satisfies

/ 0,0,.TC@ v+ Vo, 'Ga) Vvdp = f (-0 0pC@v -

an
VT 0,6@ Vv + otz a0 v)dp+ Y f 0,8 - v dx’

teT
in Ux (0, 7) forall v €V and

0wé =0ywéy (onUx{r=0}).
b. 4, € L%0,T:V), 0,0,¢ € L*0,T; V¥) uniquely satisfies

fa,ag C@'v+ VoG vvdp = / 0, a,C@) v -

(18)
velo,G@) Vv + 0,8z, q.1) - v)dﬁ+dd(z) v ) f g - vdx’
teT

in Ux (0, 7) forall v €V and
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d5¢ = dgly (on Ux{t=0}).

In the following argument we show that @ is analytic with respect to z, for all z € @4 x & by
using the Cauchy-Riemann equations. Consider the two functions P(z): = o,®g(z) — 9,,®1(z)

and Q(z): = 9,,®r(z) + 0,®[(z),P: = [P(2), 0@)]". First, let us write out explicitly equation
(18) for the first term:

0,05¢TC(2)"v = (9,0, e — 0, 0;@c1)9) + (0, 0sPrey — 0,0, @ cr)d,.  (19)

Second, for equation (17) exchange 9; with 8,, and 9, with —8; (Note, that this is valid since

equations (16) and (17) are satisfied for all v € V), then the first term can written explicitly
as

(070w PRreRr — 0,0, @1cr)92 — (0; 0y Prer — 0; 0, Prcr) Yy - (20)

Adding Equations (19) and (20) we obtain

oPTc@lv.

Following for the rest of the terms we obtain the following weak problem: Find
P e LX0,T;V), with 9,P € L%(0,T; V*), s..

L oPTc@lv+ velc! vvdp

=[]_

T

d5eR(@) — dypep(z)  dscp(@) + dypeR(@)
—(0g¢y(z) + 9yeR(2)) dscR(z) — Oyyey(2z)
0sGR@) — 0yG(2) 053G [(2) + 0y GR(2)
—(05G[(2) + 0,yGR@)) 0sGR() — 0,,G[(2)

T

t \4

\

+[05 FR@ Q1) — 0y f1(2, 4, 1) 05 12,4, D) + 00 FR@ 4, D]

dg

T
+ Y [0]058R® - dweh@oseh@ + opeR@| - vax
TET Br

in Ux (0, 7) forallveEVand

P=0 (on oUpx(0,T) and U x { = 0})

Since (f = F)(q,z1) is holomorphic in ®4 x # and ((z) and G(z) are holomorphic in ® 5 then
from the Cauchy Riemann equations we have that
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[] oPTc@Tv+ veT @ vvap =o.

Observe that zero solved the above equation above, and hence due to uniqueness we have
that @(z) = Az) = 0 and therefore ®(z, q, 4 is holomorphic in ©4 along the " dimension.

From Hartogs’ Theorem (Chapl, p32, [31]) and Osgood’s Lemma (Chap 1, p 2, [19]) &(z,
g, 9 is holomorphic in ® g whenever q € .

Since f(z, q, 1) is holomorphic in 04 x F then &(z, q, 9 is also holomorphic in % whenever
z € ©p. Applying Hartogs” Theorem and Osgood’s Lemma it follows that ®(z, g, 9 is
holomorphic in ©4x F.

4. Stochastic polynomial approximation

Consider the problem of approximating a function v:T" — W on the domain I". Our goal is to
seek an accurate approximation of vin a suitably defined finite dimensional space. To this
end the following spaces are defined:

We first define the space of tensor product polynomials 22,(T") c L,%(I“), where p = (py, ...pN)

controls the degree along each dimension. Let &, (I'y): = span(y',m =0,..., pp),n=1,..., N,

and form the space Pp(1) = ®p'— 1 Py, (T)-

Suppose that /?, k € %, is a series of Lagrange polynomials that form a basis for Pp(@). An
approximation of v, know as the Tensor Product (TP) representation, can be constructed as

Nyy= ¥ vk
keX

where yy are evaluation points from an appropriate set of abscissas. However, this is a poor
choice for approximating v as the dimensionality of the index set % is H,],V: 1(p, +1). Thus

the computational burden quickly becomes prohibitive as the number of dimensions NV
increases. This motivates us to choose a reduced polynomial basis while retaining good
accuracy.

Consider the univariate Lagrange interpolant along the 77 dimension of I':

D ) = Py — 1T

In the above equation 7= 0 is the level of approximation and m(i) € Ny is the number of
evaluation points at level i € Ny where m(0) =0, m(1) =1 and m() < m(/+ 1) if /= 1. Note
that by convention #_; = @.
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An interpolant can now be constructed by taking tensor products of .7”7®) along each

dimension 7. However, the dimensionality of &, increases as H,,N= 1(p, + 1) with M. Thus

even for a moderate size of dimensions the computational cost of the Lagrange
approximation becomes intractable. In contrast, given sufficient regularity of v with respect
to the stochastic variables defined on T, the application of Smolyak sparse grids is better
suited [42, 4, 3, 36]).

Consider the difference operator along the 77 dimension of T

AZ"(i)i =jz1(i)_jy(i—1).

We can now construct a sparse grid from a tensor product of the difference operators along
every dimension. Denote w € Ny, w > 0, as the approximation level. Leti = (i1,...,in) € Ni\’
be a multi-index and given the user defined function g:N% — N, which is considered to be

strictly increasing along each argument. Note that the function g imposes a restriction along
each dimension such that a small subset of the polynomial tensor is selected. More precisely,
the sparse grid approximation of vis constructed as

N .
sme= Y 8 a0y

ie N g <w

The sparse grid with respect to formulas (m, g) and level wcan also be written as

N i .
S vl = Y 8 ). wit e = (- il
n=1 je{0,1}N

ie N o) <w
gi+jph<w

Let m(i) = (m(i). ....m(in)) € N2Y vector and the define the following index set with respect
to (m, g, W) as

A 8(w) = {p enN, gm~lp+1)< w}.

The indices in A™ &(w) form the set of allowable polynomial moments P 5. g, (I") restricted
by (m, g, w). Specifically this polynomial set is defined as

N
PA™ 8()D): = span! [] vi" with p € A™ 8w}
n=1

We have different choices for mand g. One of the objectives is to achieve good accuracy
while restricting the growth of dimensionality of the space 5. 8,,(I). The well known

Smolyak sparse grid [36] can be constructed with the following formulas:
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1, fori=1 N
and g() = Z (ip,=1).

mi =1 1
2 +1, fori>1 n=1

For this choice the index set A™¢(w): = {p € N™: X, 7(p,) < w} where

0,p=0
Lp=1
loga(p), p > 2

fp) =

This selection is known as the Smolyak sparse grid. Other choices include the Total Degree
(TD) and Hyperbolic Cross (HC), which are described in [8]. See Figure 4 for a graphical
representation of the index sets A, o(w) for N=2.

The Smolyak sparse grid combined with Clenshaw-Curtis abscissas form a sequence of
nested one dimensional interpolation formulas and a sparse grid with a highly reduced
number of nodes compared to the corresponding tensor grid. For any choice of m(/) > 1 the
Clenshaw-Curtis abscissas, which are formed from the extrema of Chebyshev polynomials,
are given by

We finally remark that not all of the stochastic dimensions have to be treated equally. In
particular, some dimensions will have more of a contribution to the sparse grid
approximation that others. By adapting the restriction function gto the input random
variables y, for n = 1, ..., N a more accurate anisotropic sparse grid can be obtained [41, 35].
For the sake of simplicity in the rest of this paper we restrict ourselves to isotropic sparse
grids. However, an extension to the anisotropic setting is not difficult.

5. Error analysis

In this section we analyze the error contributions of the sparse grid approximation to the
mean and variance estimates of the Qol. In addition, an error analysis is also performed with
respect to a truncation of the stochastic model to the first Ns dimensions. Note that the error
contributions from the finite element and implicit solvers are neglected since there are many
methods that can be used to solve the parabolic equation (e.g. [30]) and the analysis can be
easily adapted. First, we establish some notation and assumptions:

i Split the Jacobian matrix:

N N

OF(f,0) =T+ Y \Juob(PY @)+ D Juob(pY ). (21)
I=1 1

=N+

andletlg: =[ -1, I]NS,FK: =1-1,11V Vs, then the domain T = | P
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il.  Assume that 0: L*(U) — R is a bounded linear functional on £2({) with norm
.

iii.  Referto Q(yy) as Q(y) restricted to the stochastic domain I'gand similarly for

G(yy). Itis clear also that Q(ys V) = QY) and G(ys, Y« = G(y) forally € T'sx
INoyYsETgandy, €T,

iv. Suppose that the Ay < A4 valued random vector g = [fl, ...,ng] matches with f
from the first to A entry and takes values onI'y: = [y %X ng. The truncated
forcing function can now be written as

N
g
(feF)XBgy.0= 3 cult, fa)En F)B.Y).

n=1
It is not difficult to show that the variance error (lvar[Q(ys. yi.. f.1)] — var[ Sy 8[O(ys. 8. 1)]])
and mean error (IE[Q(ys. Y. f.1)] — E[S7 ¢[O(ys. .1)]]!) are less or equal to (see [8])

CrRIQYs: Yo £:1) = Oys £ L2(r x Tp)

Truncation (I)
+CFTRIOYS.£:1) = Oy & )l L2 x T'p)

© Forcing function Truncation (II)

|0(ys-8.1) = 15 ¥[0(ys 2 O (g x ).

Sparse Grid (III)

+CsG

where Crr, Cr71rand Csg are positive constants and ¢ € (0, T). We now derive error
estimates for the truncation (1) and sparse grid (1) errors.

5.1. Truncation error (l)

We study the effect of truncating the stochastic Jacobian matrix to the first A/; stochastic
dimensions. Consider the bounded linear functional Q: L%U) — R, then

10(ys: Y- £.1) = O(yso £ < 1 O |l i (Y, Yoo £ 1) — (s £ ’)”LZ(U) .

It follows that for € (0, T)

loWs. yie £.1) = Q(ys: £ DI L5 x T
< IOl la(ys ye £.0) - d(ys . t)IIL,%(r xTf: L2(U))A

The objective now is to control the error term ||i(y, £, 1) — i(ys, £, 7)]| L,%(r X Tg; LZ(U)). But first

we establish some notation. If Wis a Banach space defined on Uthen let define the
following spaces
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Awwy: =

v:I'— W is continuous on I"and max || v(y) [}y < o
yeT

and

L%(F; W) = lu:F — W is strongly measurable and A‘ | v ||%V p(y) dy < o0

With a slight abuse of notation let {(y,, £, 1): = u(y,,f,¢) forall 1 € (0, T),y; ey and £ € T}

From Theorem 2 it follows that
Ciie co(r x T L20, T; V)) c L%(F x Tg; L20,T; V)) .

We can now bound the error due to the truncation of the stochastic variables. However, due
to the heavy density of the notation, we first prove several lemmas that will be useful to the
truncation analysis.

Lemma 4.—Let

N N
By: = sup Z \/;7[” oby|| and CT: = Z \/;7[
pelUi=N;+1 i=Ng+1
then
a. supg e U,y e TIF(y) — F(ys)l < C.
—1-2
b supy e rll0FW)I = 10F(yy)l| < Fia Frnind Br -
C. SUpgpe U,y rllGy) - G(ys)ll < amaxBTH([FmaXv Frmin» é, d) for some positive
constant H(Fpqx. Fin. 6. d).
d. Forallte T
sup [I JZ@F(ﬁ ° &, Y)TaF(ﬂ o &r.y) ;! - IJZaF(ﬂ ° &, YS)T
x € B,(.),y el

OF(BoErys)lz Il <32@=D wp |1 Tox) 1% ar2d s By,
X' € By

where

ando e R4
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Page 25

Proor.: (a) - (c) Follow the same arguments as in Theorem 10 in [8]. (d) To prove this last

inequality, we use Theorem 2.12 in [24] (A, E € C?* ¥ then
ldet(A + E) — det(A)| <d || E || max{ | All, | A+E| }¢~ 1). Forany r e 7 let

A: =L 0F(Bo e, ys) OF(Bo & ys)I. and E: = JL&J,, where

£ = (Bo b OF(Be Eryi) OF(Boryi) + OF(BoEr.y)! OF(Bor.y,)
+OF(pe0.y9) OF(Pe £ yy))

then

Hen =7 sq] = €530 < we i [5.35] <329 D535 el Doy

The result follows.

Lemma5.—Let

1peU

xup) = 0 ow.’

then
a. /Ul((f ° F)(y’ f! t) - (f ° F‘)(yS7 f’ I))laF(y) | e(y’ f’ t)

< [FijnaXIIXUIILZ(U) sup || fllwl-o@xo1) sup lley.f,0lly Cr
fely 1€(0,T)

b.  Jul(f e Pt 0)(10F W1 = 10F(ys)e(y. £, 1)

<FooIFpndBr sup  llew.E0 0y sup Il (fo P)XyED 120
te0,7T) te0,T)
felgyel

Proor.

a. Jol(f e BYY.£.0) = (f o F)(ys. £ 0))0F(Y) | e(y. £, 1)

< [F;inax||)(U||L2(U) sup || fllwl®@xo,1) suwp lle.f.0lly  sup IF(y)— F(yy)l.
felf te0,T) yel,peU

The result follows from Lemma 4 (a).

b Julf e F)(ysE0(0F@)! = 10F(ys)e(y.£.0)

< sup ey £0lly  sup [ (fe Py ED 2wy sup  [[0F(WI = 19F(yy)| -
,T) te (0,7) yel,peU

te(©
felfyel

The result follows from Lemma 4 (b).
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Lemma 6.—Let

1
.- . d—1)/2(yTy \\~!
Sg: =supy e B?,re 7,y els(B&)(x).y)2l,Cq: = (mfx’ e 39,1-69‘71(11111 ) (JrJr)) , and

C1 (V) the trace constant defined in [11] then

1
)y ﬁgo | (gN = F)(B.Y) = (&N ° F)(B.¥5))s(B. y)2)e(y, f,0) | dx’
reg’r

<CrWCgSg  sup  le.£.0 ly |en|w! ®(0% 5)CT
te (0,T)

Proor.: From Lemma 4 (a) it follows that

1
2 ﬁ,o [ (s = F)(B,y) — (N = F)(B.¥5))s(B, y)Z]E(y, f.0)|dx’

tegdr

<Sg ), ﬁgol((gjw F)(B.y) — (N ° F)(B.¥5))e(y. £, Dldx’

tegyr
Z /l;ole(y, £, t)Idx’].
teT’r

<S7|enlw ! ®(a% N)CT

By using the trace theorem [11] we have that || e(y.f.?) || 12(ov) < Cr(U) | e(y.f.1) |l where
C7(U). From equation (4), Jensen’s inequality and the fact that all - € g are disjoint then

1
Cg‘l Z /‘;'(‘)Ie(y,f,t)ldx’s Z /‘;9Ie(y,f,t) JZJTI2dx’=

teT teT
< lle@.£.0 1112(0u) < CTW) || ey.£.0) Iy -

e(y.£.0 I Lot

1\-1
Lemma 7.—Let Dg: = (infxf el regyerls(Be gf)(x/),y)zl) then

1 1
> f (e = F)(B. ys)(s(ﬁ, Y2 —s(B, ys)Z]e(y, f, ldx’

TEJ 0
)

_ _ -2
<3MA=Dae2d Slepwicg g sup e £ lly |aN]| Lo (0w p) BT swp 1361
te0,7) X € B,Q

Proor.: Following the same arguments as in the proof of Lemma 6
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1 1
> ﬁgol(gN ° F)(B, ys)(S(ﬁ, Y2 -8, ys)Z)e(y, f, )ldx’
teTy "

1 1

< sup [ JTOF(pe &) OF(Pe £ry)Iel2 =L 0F(Pe £0.¥) OF(o&r.y)rl2 |
TEJ

IENIIL® (0% n) D ﬁole(y,f,z)ldx'
tegJr
1
T 1
SCrW)Cg  sup |le(y.£,0 lly ||eN||L®(0% 5) sup_ |l Worpec.y or(pec.yIn2
t€ (0,T) teT

1
—0LoF(peerys) OF(BeEry T2 | .

From the mean value theorem

1 1

sup 13T 0F(Becry) 0F(Becry)In2 WL OF(Botrys) OF(Po&ry)Ioi2 |
TeT

<Dy sup_ 3T oF(pocry) T 0F (8o ry)det = 1L 0F(Bo&ry )T OF (B o Ervys)el].
T

The result follows from Lemma 4 (d).
Theorem 3.—Suppose that ¢ e (T L0, T; ) satisfies
fIaF(ys)Iualgdﬁ + B(ys; 6. v) = I(ys:f,0) VoEV (22)
U

for allt € Ty, where ¢(y,,£,0) = uy. Lete(y.f,1): = u(y,f,1) — S(ys. £, 1) then for
0<t<T,teTy, it follows that

2
| eCy.£.0) |l Lg(r X T'g: Lz(U)) < C1BT+CCT,

whereCy,C, € RT.

Proor.: Consider the solution to equation (22)

ce co(rs xTg; L20, T; V)) c L%(]“S x s L20, T; V))

where the matrix of coefficients G(y) depends only on the variables Y7, ..., Y v . Following

an argument similar to Strang’s Lemma it follows that
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16(ys) = 2wl < KT (v5: E(vs) = ) = T (3: E(3) = y)

+ [ oo -awormi - 10rrac.
v 3

" f (E(ys) — AWIIFDI(0a) — 0E(¥,)
U

+ | B(y; u(y), ¢(ys) — a(y)) — B(ys: a(y), S(ys) — u(y))) | )s

where K: = a,;iln[F,}fIn[F%mx(Cp(U)z) and CAU) is the Poincaré constant. Recall that

e(y): = i(y) — ¢(ys) and note that

1 112
[] e(y)| 0F(y)12 o; e(y)lt)F(y)E”Lz(Uy

1
10F(y) 12 e(y)] = 301

We conclude that

2
o Il OF®)le(v.£.0) ]2y <2(B1 +B2 +B3)

forall t€ (0; 7), fETsand y €T, where
a.  Bp= | B:ay),e) - Bysay),ew)) | -
b. By: = Jyle(I0F(y)| = 10F(yy))9,S(ys)l,
C. Bz =Il(y;e(y)—I(ys:e)h

From Gronwall’s inequality we have that for € (0, 7),y €T, and f € T'¢

2 2
Finin |1 e 8.0 172y < 1 1OF@e.£.0 1725,

2
S HTOFWley.£.0) 1,24 + 2(By + By + B3)T

and thus

2 1 2
I e.£.0) 172, < [Fd—( I10FMey £,0) 2, +2(B1 + B +BA)T).  (aa)

min

We will now obtain bounds for [E[ | ToF(y)le(y,£,0) ||iz [B1], E[B2], and E[B3].

w | E

I ([E[laF(y)l | ey, f,0) ||iz(U) ]) The first term in equation (24) is bounded as

I ToF(y)le(y,£,0) | 2@y = [10F¥) ! ((up F)(ys) — (uo > FYW)|| L2w)

d 25
< 2P|l 2o |20l 2wy sup  F(ys) — F)I. (25)
yel,peU
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forall fET¢and y € T'. From equation (25) and Lemma 4 ()

2
E| Il 10FMley.£.0) 72y | < Whax|uollw > @)Ul LAUCT -

Il.  (E[B;]) For the second term we have that
B = sup |B(y;u(y.f,0),e(y.f.0) - B(ys;i(y.f. 1), e(y. £, 1)l
1€ (0,T)

Page 29

< sup la. g0 lly (a0 lly +1E0sE0ly)  sup rIIG(y)—G(ys)ll-

te 0, 7) pel,ye

From Lemma 4 (c)

sup IG(¥) = G(ys)Il < amax BTH([Fmax’ Fmins 4, d)
pel,yerl

and thus we have

E[B1] < amaxBTH([Fmax’ Fnin: , d)

~ 2 A 2
sup 2E max{ Il Gy £,0) Iy . |la(ys. £, ’)”V”
t e 0,7)

I11.  (E[By]). The third term is bounded as

By < [] le(y. £ (1 0F )| = 10F(y5)) 9 (v, )

<2 FndBr sup N80 Iy [0 E(vs £ 0 L2y -
1e©,T)

>

By using the Schwartz inequality E[B,] is less or equal to

1/

172
1 — ~ 2 2 ~
2o Find By sup (E[ 1100017 ) (E[Ilatg(ys,f,z) :
te(0,7)

2
|L2(U)])

IV.  (E[Bs]). The last term

Bs: = 1 (y; ey, £,1) = [ (v e(y. £, D)l

is more complex and it can be bounded by
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I[]((fo F)y,£,010F(y)| — (f o F)(ys. £, 1)l0F(ys))e(y. £, 1)l
+I Z ﬁ;o
regJr
1

2
<Y ﬁgo|((gN°F)(/3,y)—(gN°F)(ﬁ,ys))S(ﬂ,y)) e(y. £.1) |
r

T€T

1 1
(gN° F)(B.Y)s(B.¥)2 — (gn ° F)(B.¥5)s(B. ys)z)e(y, f, ndx'l

1 1

+i(gn ° F)(B, ys)(s(ﬂ, ¥)2 = 5(8,¥5)2 |e(y. £, nldx’

+A|((f° F)y.£.0) = (f » F)(ys, £, 0))I0F(y) le(y. £, D)l

+I(f o F)(ys. £, )10 F(y)| — 10F(ys))e(y. £, )l

forall t€ (0, 7),f€Tfandy €. From Lemma 5 (b) and Lemma 7 we have that

E

1 1
)y fBol(gN - F)(p. ys)(sw, V7 - s(p. ys)zJe<y,f, Didx’
terT’r

+[]I(fo F)(ys. £, 1)10F(y)l —10F(yg))e(y. £, t)I]

<Pl Fn2dBr s E[llew.E0ly ] sup I (Fo XWED IL2W)
te (0,T) te (0,T)

felgyerl

+320 = Dage2d = 1or)Ca Dy Il ety.£.0) Iy [1N1|L®(0% n)BT  sup )

x' € By

2
|~

< BTTC([Fmax» Fmin. d.CT(U),Cg, DT, |EN||L®(0G N)-

)
sup ()]

E[lley.£.0lly ] sup 1 (fe P)y.L0 I12U) -
r€J,X €By 1€0,7)

felgyel

From Lemma 5 (a) and Lemma 6

1
2
)y ﬁg(r) | (e = F)(B.Y) — (g ° F)(B.¥5))s(B. y)) e(y,f,0) | dx’

teT

+[]|((f° F)(y.£.0) = (f e F)(ys. £ 1)1 0F(y) le(y. £, I)l}

E

< CTC(d, Fnax T, O, ST |20 || L2 |eN W (06 )

sup |l fllwl®Gx©,1)| sup E[llewf0lly]
ferly 0,7)

te(

Note that Crefers to some generic non-negative constant with the respective
dependen cies.

V. Combining the bounds for ([E[laF(y)l | e(y,£,0) ||2Lz(U) ]) E[B,], E[B;], E[B3] and

inserting them in equation (24) we obtain that
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2 <
Il e(y.£.0 1l L,%(r X T; Lz(U)) < CyBT+CCr.

The constant C; > 0 depends on the coefficients
Fonaxs Emin: d» C7(U), Cqr, Do, apmax. T 6 and

i. leN||L® (0% n)- SuPr e (0, T)EL Il 4. £, ) lly ], sup; e 0, DELNEWs £ D)lv ],

. sup; e (0, T)E[ 1 9:&(ys: £. DIl L2

te (0, T)

- T / 2
1l supTeT,x’EB;QJT(X) ’Supfel“fye

LG Py L0 2w -
Similarly, C, > 0 depends on the coefficients 7, @, F,,4x Frin CT(U), Cor, S

I lxullL2wy lgnllw ®a y) supr e g | £ Il x 0, 1)) )»
[[uof|w!- (%),

ii. sup; ((),T)[E[ | ey.£,0) Ily ].

Remark 5.—Note that for Theorem 3 to be valid, a bound to the termsE[ || e(y.t,0) ||y | and
E[ll 0:&(ys.£. )| L2(wr)| i5 needed. Clearly,

E[ Il e(y.£.0) Il ] < 2max{E[[|&(ys. £, O)lly ] E[ 1| aCy. £.0) 1y 1} -

By modifying the energy estimates in Chapter 7 [11] to take into account the domain
mapping on the reference domain U the termsE[ || e(y.f,1) |ly | andE[|| 0;&(ys. £. 1)l 2] can

be bounded.

5.2. Forcing function truncation error (ll)

Since Qs a bounded linear functional the error due to (I1) is controlled by
| iy £.0) — i(ys. 1) |l ng(r X T; Lz(U)). Recall that i(y,.f, 1) € L%(0, T; V) satisfies the

following equation
/I&F(ys)lua,ﬁdﬂ + B(yg;u,v) = I(ysf,v) VoeV (26)
U

for all f € Iy and y, € Iy, where iy, £, 0) = up. It is clear then that i(y. g,1) € L0, T; V)

satisfies
flaF(ys)Iva,ﬁdﬁ + B(ys;u,v) = lA(ys; gv)VvevV @7
U
forall g € I'y and y € I'y, where i(y;, g, 0) = up.

Theorem 4.—Lete(y,,t,1): = u(ysf.1) — i(ys. g 1).t € (0,T),
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1 —d
0<e<ay)FmdFa, Cpu)a

and

1 d -2 -2
I(d, amins Fmins Fmax. CpU),€): = a4 |2~ aminFmint maxCpU)

then

le(ys. £.1)]| L%(F X T U) < 112,57 (d. amin: Fmin: Fmax- CpU), €)T/2

Ny 172 Ny 172
2
2% E[ed fa)] 2 NG Pey)l2e . o
n=~Ng+l1 n=Ng+1 prS

Proor.: Subtract (27) from (26)

Page 32

[r 10 F(y,)lvd,edp + By e,v) = [J (feF)(-.yuH) = (fe F)(-.y.8)) (28

Ve V. Recall that

2
a|aF(yS)I§”L2(U)~

1
[]elaF(ys)lz o =5

1
10F(y,)l za) =1y,

Let v = & and substitute in (28), then

112
1. 1 o
501 elaF(ys)|2HL2(U)+ B(yg:,é)

2
- []«fom«,ys,f>—<foF)(-,ys,g>>a.

Applying the Poincaré and Cauchy’s inequalities we obtain

d
Fimin ~ 02 d 2 21512
) o lle ||L2(U) + aminFminFmaxCp@) ~ el

< 1 . ..2 ¢ 2
\E”e”LZ(U) +€” (f°F)("ysv )_(f"F)("YS’g) ||L2(U)'

From Gronwall’s inequality it follows that
[E[ e ”iz(U) ] < Tel(d’ amin> Emin» Fmax. CpU), €)T

2
E[I1(fo D). ¥5: 1) = (/e P ¥s5.2) 1 2y |-
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We have that

I (/o F)(-.ysB) = (f = F)(-.¥s59) I L2W)

Ny
< X eltDEne F)B.ys)
n= Ng+ 1 L2(U)
Nf
<Y lalt Sl Gne BB LA W)
n= Ng +1
NE 1/2 N¢ 1/2
5 2
< z (s fn) Z (GG = F)(B. YS)||L2(U)
n= Ng +1 n= Ng +1
thus
2
[E[ ” (f°F)( : ’yS’f)_(f"F)(' ’yS’g)) ”LZ(U)]
Np N¢ ’
< Z [E[f%(t’ fn)] Z [l(€n = F)(B. yS)”LZ(l" :U).
n=Ng+1 n=Ng+1 P s

5.3. Sparse grid error (l11)

In this section convergence rates for the isotropic Smolyak sparse grid with Clenshaw Curtis
abscissas are derived. The convergence rates can be extended to a larger class of abscissas
and anisotropic sparse grids following the same approach.

Given the bounded linear functional ©: L%(U) — R it follows that

10(ys.8.1) - Sy 8[0(ys. 2.0 < 1l Q Il [[a(ys. &.1) - Sy S[ays.g. 01l L2

forall € (0,T),y; € Ty and g € Ty. The sparse grid operator §7; € is defined on the domain
'y x I'g. The next step it to bound the term

liys. &.1) = Sty #liatys. & DM L0y x rg; U) -
fort € (0,T). The error term || e ||L2(ps X Tg:U) where
e =ii(ys 2. T) - Sy 8lays 2. 7)),

is directly affected by (i) the number of interpolation knots 7, (ii) the sparse grid formulas
(m()), g(i)), (iii) the level of approximation w of the sparse grid and from (iv) the size of an

embedded polyellipse in©sx F c cNs* Ng Recall that from Theorem 2 the solution

u(ys. g 1) admits an analytic extension in @gx # c cNsTNeforall 1 € 0, 1)
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Consider the Bernstein ellipses

%n 4 ¢~ %n

o) cos(0),

1,0, = |2 € CiRe(z) =~

_e_

n
5 sin(0),0 € [0,2n),6 < oy |,

Im(z) = &

where o,>0and n = 1,...Ny+ N,. From each of these ellipses form the polyellipse

N+ N,
o’ gz

g01’~~~aUNS+Ng: =iz

n, o, SUCh that Eg

o
0Ny + N C ©px F. From Theorem 2

the solution u(y,, g, T) admits an extension O x .

For given Clenshaw-Curtis or Gaussian abscissas, the isotropic (or anisotropic) Smolyak
sparse grid error decays algebraically or sub-exponentially as function of the number of
interpolation nodes 7 and the level of approximation w (see [35, 36]). In the rest of the
discussion we concentrate on isotropic sparse grids.

Since for a isotropic sparse grids all the dimensions are considered of equally, the overall
convergence rate will be controlled by the smallest width & of the polyellipse, i.e.

6= min op.-
n=1..Ng+Ng

Then the goal is to choose the largest 6 such that &, ., is embedded in ©3x . To

Ng+ Ng

thusend, forn=1,..., Ny, let

ﬂ..4
[

Sy={z€Cz=y+v,ye[- L1yl <7y =

and

55 zlog( (1f5)2+1+1_ﬂ5)>0_

We can now construct a the set =: = H,,Ni 1 Z, that is embedded in @p. By setting

o] =0y = =o0on, =0opWeconclude that &, . ., CZcOp(seeFigure 4).

Ng

The second step is to form a polyellipse such that £, ... c &. This, of course, depends

"ONg
on the size of the region &. For simplicity we assume that
ONg+1= ONg+2= " = ONy 4 Ng = 6., for some constant 6, > 0. The constant &, is chosen

such that & & . Finally, the polyellipse &5, .. oy + Ng is embedded in
N

ONg+ 150N+ Ng ©

©p x F by setting 6 = min{cp, og}.
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We now establish some notation before providing the final result. Suppose

or = 612,y (N): and (N): = —%2@ ___ ang Jet

o
~ T+1og2N)’ T N(1 +1log(2N))

L 1 1 1 |z
a(6,0): = exp(&a{ a]og2(2) + Tog2)2o + 2(1 + Tog2) 25)])-

Furthermore, define the following constants:

1
c - 1 TNT2 sy —
C2(0): = 1+ 10g2(20') ,0%(0): =

e10§(2) -1 Ci(0,6): = w

Ca(0) eéo
66*C 2(0) 2

;43((7, 5%, ) = HTg(ZN)’ C(oy): = m, and

Lo {1,015 Ci(o,5%)
3(0', %, N) = exp(o‘ﬁ*éz(d)) 11— C](O', 5*)|s

Ng+N
: ;2 £ then From Theorem 3.11 [36],

Suppose that we use a nested CC sparse grid. If w > o

the following sub-exponential estimate holds:

e i3y xrgv) < L(o.5% Ny + Neptal0 N+ Nelexp

(29)
(N + ]1V g)o y2(Ns+Ng)
—2(Ng+ Ng)
otherwise the following algebraic estimate holds:
C](O', 5*(0’)) N Ng —
” € ”L%(FS X I“g; V) < mmax{ 1, CI(O', 5*(0’))} st gn M . (30)

Remark 6.—Note that for the convergence rate given by equation (29) there is an implicit
assumption that the constant M(u(z;, q.1)): = max; e @ s.q € #llize a.Dlly, fort € (0,7), is

equal to one. This assumption was introduced in [36] to simplify the overall presentation of
the convergence results. This constant fort € (0, T) can be easily reintroduced inequations
(29) and (30). However, it will not change the overall convergence rate.

6. Numerical results

In this section numerical examples are executed that elucidate the truncation and Smolyak
sparse grid convergence rates for parabolic PDEs. Define the reference domain to be the unit
square U:= (0, 1) x (0, 1) and is stochastically reshaped according to the following rule:
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F(n1,m) = (1, (m = 0.5)(1 + ce(w,m)) + 0.5) if m>0.5
F(n1,m) = (n1,m) if 0<m<05

where ¢> 0. This deformation rule only stretches (or compresses) the upper half of the
domain and fixes the button half. For the top part of the square, the Dirichlet boundary

condition is set to zero. The rest of the border is set to Neumann boundary conditions with

% =1 (See Figure 5 (a)). Furthermore, the diffusion coefficient is set as a(x) = 1,x € Z(w),

and the forcing function 7= 0. The stochastic model e(w, ;) is defined as
N
es(w.m): = Y1(w)(@] + D 2 oA @n(n)Y pl(@);

N
eF(@.m): = Y in = Ny + 1y n@n(n)Y n(@),

where {Y,,},],V= 1 are independent uniform distributed in ( —/3,+/3). Note that through a
rescaling of the random variables Y{(w), ..., Y y(w) the random vector

Y(w): = [Y(w),...,Y n(w)] can take values on I'. Thus the analyticity theorems and
convergence rates derived in this article are valid.

To make comparison between the theoretical decay rates and the numerical results the
gradient terms ,/4,sup, e yl| B,(x)|| are set to decay linearly as »~=*, where k=1 or k= 1/2,

1/2
thus forn=1,..., N let \[2,: = (ﬁ+)n e N, and

1. (ln/ZJmﬂ o
n~ Lsin| T if n is even
L 14
en(m): = o (2l
n~ ‘cos if nis odd
Lp

With this choice supy ¢ gomax(Ba(x)), for n =1,..., N, is bounded by a constant, which
depends on A, and gradient of the deformation map decays linearly.

The Qol is defined on the non-stochastic part of the domain 2 (w) as

O(i(w,T)): = ﬁ)’l) 0.1 /2)(47('11)<ﬂ(2'12)"('11»WZ’CO»T)dﬂld’TZs

where ¢(x): = exp( -1 2). The chosen Qol @ can, for example, represent the weighed

1—4(x—0.5)
total chemical concentration in the region defined by (0, 1) x (0, 1/2) given uncertainty in
the region. Other useful applications include sub-surface aquifers with soil variability, heat
transfer, etc.
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To solve the parabolic PDE a finite element semi-discrete approximation is used for the
spatial domain. For the time evolution an implicit second order trapezoidal method with a
step size of tyand final time 7.

For each realization of the domain &(w) the mesh is perturbed by the deformation map F. In
Figure 5 the original reference domain (a) is shown. An example realization of the deformed
domain from the stochastic model and the contours of the solution for the final time 7=1

are shown in Figure 5 (a) & (b). Notice the significant deformation of the stochastic domain.

Remark 7.—For N= 15 dimensions, k=1 and k= 1/2 the mean E[Q(u(y))] and variance
var[Q(u(y))] are computed with a dimensional adaptive sparse grid method collocation with
~ 10,000 collocation points and a Chebyshev abscissa [17]. For the linear decay, k=1, the
computed normalized mean value is 0.9846 and variance is 0.0342 (0.1849 std). This
indicates that the variance is non-trivial and shows significant variation of the Qol with
respect to the domain perturbation.

6.1. Sparse Grid convergence numerical experiment

In this section numerically analyze the convergence rate of the Smolyak sparse grid error
without without the truncation error. The purpose is to validate the regularity of the solution
with respect the stochastic parameters.

For =3, 4, 5 dimensions, the mean E[Q] and variance var[ {] calculated with an isotropic
Smolyak sparse grid (Clenshaw-Curtis abscissas) using the software package Sparse Grid
Matlab Kit[3]. In addition, for comparison, E[Q] and var[ ¢] are also calculated for V=3, 4,
5 using a dimension adaptive sparse grid algorithm from the (Sparse Grid Toolbox V5.1 [17,
29, 28]). The abscissas are set to Chebyshev-Gauss-Lobatto.

In addition the following parameters and experimental conditions are set to:

i Let a(p) = 1 for all g € U and set the stochastic model parameters to L = 19/50,
Lp=1, c=1/2.175, N= 15,

ii. The reference domain is discretized with a triangular mesh. The number of
vertices are set in a 513 x 513 grid pattern. Recall that for the computation of the
stochastic solution the fixed reference domain numerical method is used with the
stochastic matrix G(y). Thus it is not necessary to re-mesh the domain for each
perturbation.

iii.  The step size is set to #y:= 1/1000 and final time 7:= 1.
iv. The Qol O) is normalized by Q(U) with respect the reference domain.

In Figure 6, for Ng= 2, 3, 4, the normalized mean and variance errors are shown. Each black
marker corresponds to a sparse grid level up to w= 4. For (a) we observe a faster than
polynomial convergence rate. Theoretically, the predicted convergence rate should approach
sub-exponential. This is not quite clear from the graph as a higher level (w= 5) is needed to
confirm the results. However, this places the simulation beyond the computational

Comput Math Appl. Author manuscript; available in PMC 2022 July 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Castrillon-Candéas and Xu

Page 38

capabilities of the available hardware. In contrast, for (b), the variance error convergence
rate is clearly sub-exponential, as the theory predicts.

Remark 8.—/n this work for simplicity we only demonstrate the application of isotropic
sparse grids to the stochastic domain problem. However, a significant improvement in error
rates can be achieved by using an anisotropic sparse grid. By adapting the number of knots
across each dimension to the decay rate of 1, n =0,1,..., N a higher convergence rate can
be achieved. In particular, If the decay rate of A, is relative fast it will be not necessary to
represent all the dimensions of T to high accuracy.

6.2. Truncation experiment

The truncation error as a function of A is analyzed and compared with respect to Q(u(y)) for
N =15 dimensions, k=1 and k= 1/2. The coefficient cis changed to 1/4.35. In Figure 7 the
truncation error is plotted for the mean and variance as a function of A The decay is set to
linear (k= 1).

From these plots observe that the convergence rates are close to quadratic, which is at least
one order of magnitude higher than the predicted theoretical truncation error rate. In
addition, in Figure 8 the mean and variance error are shown for k= 1/2. As observed, the
decay rate appears at least linear, which is at least twice the decay rate of the theoretical
convergence rate. The numerical results shows that in practice a higher convergence rate is
achieved than what the theory predicts.

Forcing function truncation experiment

For the last numerical experiment the decay of the forcing function truncation error (I1) is
tested with respect to the number of dimensions Ajy. The mean and variance errors of (Xg,
y ) with respect to (X(f, y,) are compared, where

Nf Ng

f(X, f,ys t) = Z Cn(t’ fn)gn(xa ys), &f(X, gYs t) = Z Cn(t, fn)fn(x, YS)’

n=1 n=1

X € D(w) and Nf > Ny The maps &, 2(w) — 1, n=1,..., N, are defined as

En(x1,x2): = exp

o (o2

wrmj(wrmj
exp| A

where o= 0.001. The coefficients a,, b, € R are given such that &, are centered in a 4 by 4

15 73], (517197
412’1274 718242478

agx (i~ 1)+ j: = alil, bgx( — 1y 4 j: = b[jl. Furthermore,

grid. Let a: =[ ] thenfori=1,...,4and j=1,...,4 let

i For n = 1,..., Ny, f,are independent and uniformly distributed in ( - /3,+/3), and

cnlt, fn) = fﬁ/n (linear decay of the coefficients).
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ii. The stochastic PDE is solved on the domain @(w) with a 513 x 513 triangular
mesh.

. M=12, Ns=2, Ng=2, ..., 7and c¢= 1/4.35.

iv. E[O(ys. )] and var[O(y;, £)] are computed with a dimensional adaptive sparse grid

with ~ 15,000 collocation points and a Chebyshev abscissa [17].

V. For Ny =2,...,TE[O(y,, g)] and var[O(y,, g)] are calculated with the Sparse Grid
Matlab Kit[3]. An isotropic Smolyak sparse grid with Clenshaw-Curtis abscissas

is chosen.
By setting the coefficients to ¢, (¢, f,,) = f2/n we have a non-linear mapping from the forcing

function to the solution. From Theorem 4 the errors IE[Q(ii(ys. f))] — E[S7 [Q(i(ys. g))]]l and

WVar[Q(a(ys. 1))] - Var[ Sy 8[0(a(ys. 2))]] decay as
Nt 172

[E[c,%(t, fn)]
n= Ng+ 1

In Figure 9 the error of the mean and variance are plotted as a function of the number of
dimensions Ay. The error decay appears to be faster than the theoretically derived rate of ~
1/ Ny.

g

7. Conclusions

A detailed mathematical convergence analysis is performed in this article for a Smolyak
sparse grid stochastic collocation method for the numerical solution of parabolic PDEs with
stochastic domains. The following contributions are achieved in this work:

. An analysis of the regularity of the solution of the parabolic PDE with respect to
the random variables Yy, ..., Yy shows that an analytic extension onto a well

defined region @y x % c ¢V * M exists.

. Error estimates in the energy norm for the solution and the Qol are derived for
sparse grids with Clenshaw Curtis abscissas. The derived subexponential
convergence rate of the sparse grid is consistent with numerical experiments.

. A truncation error with respect to the number of random variables is derived.
Numerical experiments show a faster convergence rate.

From the numerical experiments and theoretical convergence rates of an isotropic Smolyak
sparse grid is efficient for medium size stochastic domain problems. Due to the curse of
dimensionality, as shown from the derived theoretical convergence rates, it is impractical for
larger dimensional problems. However, the approach described in this paper can be easily
broaden to the anisotropic setting [41, 35]. Moreover, new approaches, such as quasi-optimal
sparse grids [34], are shown to have exponential convergence.
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In the proof of Theorem 2, we take derivatives with respect to wand srespectively on (16)
and pass derivatives through integration and exchange with other derivatives. In order to do
this, we need the ¢ to be differentiable with respect to wand s. In the following lemma, we

show that under the same assumption as in Theorem 2, if ¢ € L20,T; V), ¢ € L2(0, T; V*)
solves (16), then there exist a couple of functions ¢ € L0, T;V), 019 € LZ(O, T;V+*) and

@ € L*0,T;V), 0,9 € L*0,T; V*) (which solves equations (32) and (33) below respectively)
such that within the region ©3 x #

awC=¢sasC: P .

For Lemma 8 to be valid extra conditions ont,g, G, C have to be placed beyond analyticity
in®gx F that follows from Assumptions 5, 6, 7. Now; extend f.g.G.C fromz e © toall
ze N by lettingf, g, G, C approach to zero ifanyRe z, Im z; — co,i = 1, ...,n. Note that

this extension beyond © g does not have to be analytic, thus we are free to choose such an
extension. Thus assumption does not affect the uniqueness of analytic extension within the
bounded domain ©z x F.

Let,C,v,G,t, g w,s be defined the same as in Theorem 2. LetC, G, f, g satisfy the
assumption in Remark 9. Suppose ¢ € L*(0,T;V), 0, € LZ(O, T; V#) is the unique solution of

f olTc@ v+ vilG@ ' vvdp = / f(z,q.0) - vdp + > / g vdx’
U U B,

Ttegvor
. (31)
in UXx(0,T)
¢=2o onU x {t = 0}

forallv €V and ¢ € LX0,T;V), 9, € L*(0,T; V*) is the unique solution of
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/ 0,0"C@) v+ Ve G vvdp = / (-0 0C@v -
U U

~ (32)
veT0,G@) Vv + d,fzq,1) - v)dﬁ + ) L 00wg - vdx’

tegJor

inUx (0, 7) forallv €V and

¢ = dylo on Ux{r=0}.

Furthermore, if o € L*0,T; V), o, € L*(0,T; V*) is the unique solution of

/ 0,0TC@) v+ VolG@) Vvdp = / (-o"o,Cc@v -
v ) v (33)
vl o,G@) Vv + o0,f(z.q.1) - v)dﬁ +0,d@) v+ Y AO 0,8 - vdx'

Te€T

inUx% (0, 7) forallv €V and

@ = 05¢p on Ux {t=0}.

Then we conclude that within the region © s x &, ¢ Is differentiable in w; s in the sense that

0wl =¢, 05 =9.

Proor.

The main strategy of this proof is the application of the Fundamental Theorem of Calculus
(FTC) and the Dominated Convergence Theorem (DCT). The existence and uniqueness of
the solutions of (31) and (33) are given by Theorem 1 in Section 2, since G(z) is uniformly
positive definite then (31) - (33) have a unique solution whenever z € ;.

We prove 9,,¢ = ¢ first. Note that in equations (31) - (33), the gradient v is in G direction.
Note also that due to Remark 4, we know that ® s is a bounded set. So for any point
(21, ..., bzp — 1w+ is): = (2, w + is) € Op, We integrate (32) in Re z,, direction from —co to u,

we have

w
/ (f o:p(z', w', s)TC(z’, w', s)TV + 0,7 0,,C(z, w, S)TV dﬂ)dw’
—o\JU

o0

w
+ / / (Vo w,9) 6@, w,5)" Vv+ V¢ 0,6, w',52)" Vv)dpdu'
—oc0JU

=Lf(z,q,t)-vdﬂ+ D Aog-vdﬁ

tegJr

(34)
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Now, compare (34) with (31) and conclude that
f 0,cTC2 w,s) v+ VG2, w,s) Vv dp
U
w
= / /(6,(1)(1/,w’,s)TC(z’,w’,s)TV+ d,CTawC(z’,w’,s)TV)dﬂdw’
—eJY (35)
+ / /(ng(z’,w’,s)TG(z/,w’,s)TVV+ VCwaG(z’,w’,sz)TVV
—oc0JU
)dﬂdw’
One choice of ¢ such that (35) is satisfied is
w
{(z',w,s) = / Pz, w', s)dw' . (36)

To check this, we observe that by plugging in the expression (36) and using the First FTC on

the first term in the left side can be written as

w T
f at(/ oz, w', S)dW')C(Z’, w,s) vdp
U —

w w T
= f 6w(/ 0,(/ ¢(z/,w”,s)dw”)C(z’,w, s) vdﬂ)l dw' .
— 0 U —00 w=uw

Now, by applying the Second FTC and the DCT to exchange the integral limits with the
derivatives drand d,, we have that

w w T
/ 0w(/ B,(/ o(z',w’, s)dw”)C(z’, w,s)’ v dﬁ)l dw’
—o0 U —00 w=uw'

w
- ./U./ (a"ﬁ(zl’ w, S)TC(Z', w', S)Tv + BzCTawC(z’, w, S)Tv)dw’dﬂ,
— o0

which is exactly the same as the first term in right side of equation (35). This is also true for

the second term on both sides, respectively.

Note that by Remark 9, /i, o,(/“, é(z', w', s)dw’)C(z’, w. s)" vap does vanish when w — — oo

and hence the FTC gives us the desired result.

We now show that this choice is unique. Notice that any choice

w
¢z w,s) = / ¢z, w', s)dw’' + K,
— 00

for K € R satisfies equation (35). Thus we must show that the only choice is K= 0. This
follows by the uniqueness of equation (35) by using the standard argument.
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Taking derivatives with respect to won both sides of (36), we conclude that within ©3 x #
that

aw§=¢~

By the same argument, we conclude also that 9, = ¢ in ©px F.
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U

Figure 1:
Bijection map graphic example of the reference domain {/and the domain %(w) with respect

to the realization w € Q. The drawing is rendered from a TikZ modification of the code
provided in [43].
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(@) (b)

Figure 2:
Graphical representation of the sets I" and I's. (a) ©4 c ¢ is the extension of the set T’ as a

function of the parameter 8. (b) Extension of I'¢ into the region & c cM.
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Figure 3:
Index sets for Smolyak (SM) sparse grid for V=2 and w= 3. The Hyperbolic Cross (HC)

index set is also shown for V=2 and w= 9, see [8] for details.
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Figure 4:
Embedding of the polyellipse &5, .. oy : = Hivi 18,5, 1N C ©p. Each ellipse &, ,, is
N

embedded in 3, c©zforn=1,...,Ny.
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Reference Realization
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Figure 5:
Random shape deformation of the reference U. (a) Reference square domain with Dirichlet

and Neumann boundary conditions. (b) Realization according the deformation rule. (c)
Contours of the solution of the parabolic PDE for 7= 1 on the stochastic deformed domain
realization.
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2 Mean Error 5
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Figure 6:
Isotropic Smolyak sparse grid stochastic collocation convergence rates for V=2, 3, 4 with k&

=1 (linear decay). (a) Mean error: Notice that the convergence rate is faster than
polynomial. (b) Variance error: From the graph the convergence rate appears to be
subexponential.
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Figure 7:
Truncation error results with linear decay stochastic model i.e. k= 1. (a) From the mean

error graph, the truncation error decays quadratically. This is twice the theoretical truncation
convergence rate. (b) The variance error also show at least a quadratic convergence rate.
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Figure 8:
Truncation Error with sqrt decay &= 1/2 of stochastic model coefficients. (a) Mean error. (b)

Variance error. In both cases, the mean and variance decay linearly, which at twice the
theoretical convergence rate. This result is consistent with the linear decay & = 1 truncation
error experiment.
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Mean Truncation Error
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Figure 9:
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Variance Truncation Error

100

Ng

(b)

Forcing function truncation error vs the number of dimensions Ag. The decay of the
coefficients cr(t, f,), forn =1, ..., Ny are set to 1/n. The decay of the (a) Mean truncation

error and the (b) Variance truncation error appears to be faster than linear, which is at least

twice the forcing function theoretically predicted rate.
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