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Abstract

Consider a linear elliptic PDE defined over a stochastic stochastic geometry a function of N/
random variables. In many application, quantify the uncertainty propagated to a Quantity of
Interest (Qol) is an important problem. The random domain is split into large and small variations
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Convergence rates for the variance of the Qol are derived and compared to those obtained in
numerical experiments. Our approach significantly reduces the dimensionality of the stochastic
problem making it suitable for large dimensional problems. The computational cost of the
correction term increases at most quadratically with respect to the number of dimensions of the
small variations. Moreover, for the case that the small and large variations are independent the cost
increases linearly.

Keywords

Uncertainty Quantification; Stochastic Collocation; Perturbation; Stochastic PDEs; Finite
Elements; Complex Analysis; Smolyak Sparse Grids

Terms of use and reuse: academic research for non-commercial purposes, see here for full terms. http://www.springer.com/gb/open-
access/authors-rights/aam-terms-v1

jcandas@bu.edu.

Publisher's Disclaimer: This Author Accepted Manuscript is a PDF file of a an unedited peer-reviewed manuscript that has been
accepted for publication but has not been copyedited or corrected. The official version of record that is published in the journal is kept
up to date and so may therefore differ from this version.


http://www.springer.com/gb/open-access/authors-rights/aam-terms-v1
http://www.springer.com/gb/open-access/authors-rights/aam-terms-v1

1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Castrillon-Candas et al. Page 2

Introduction

The problem of design under the uncertainty of the underlying domain can be encountered
in many real life applications. For example, in semiconductor fabrication the underlying
geometry becomes increasingly uncertain as the physical scales are reduced [33]. This
uncertainty is propagated to an important Quantity of Interest (Qol), such as the capacitance
of the semiconductor circuit. If the variance of the capacitance is high this could lead to low
yields during the manufacturing process. Quantifying the uncertainty in a given Qol, such as
the capacitance, is of important so as to be able to maximize yields. This will have a direct
impact in reducing the costly and time-consuming design cycle. Other examples included
graphene nano-sheet fabrication [21]. In this paper we focus on the problem of how to
efficiently compute the statistics of the Qol given uncertainty in the underlying geometry.

Uncertainty Quantification (UQ) methods applied to Partial Differential Equations (PDES)
with random geometries can be mostly divided into collocation and perturbation approaches.
For large deviations of the geometry the collocation method [6,8,14,32] is well suited. In
addition, in [6,18] the authors derive error estimates of the solution with respect to the
number of stochastic variables in the geometry description. However, this approach is only
effective for medium size stochastic problems. In contrast, the perturbation approaches
introduced in [20,33,17,9,13,11,12] are very efficient for high dimension, but with small
perturbations of the domain. More recently, new approaches based on multi-level Monte
Carlo have been developed [28] that is well suited for low regularity of the solution.
Furthermore, the domain mapping approach has been extended to elliptic problems with
random domains in [19].

We develop a hybrid collocation-perturbation method that is well suited for a combination of
large and small variations. 7he main idea is to meld both approaches such that the accuracy
versus dimension of the problem is significantly accelerated.

We represent the domain in terms of a series of random variables and then remap the
corresponding PDE to a deterministic domain with random coefficients. The random
geometry is split into small and large deviations. A collocation sparse grid method is used to
approximate the contribution to the Qol from the first large deviations A/, terms of the
stochastic domain expansion. Conversely, the contribution of the small deviations (the tail)
are cheaply computed with a collocation and perturbation method. This contribution is
called the variance correction.

For the collocation method we apply an isotropic sparse grid. This is to simplify the
presentation in this work. However, we are free to use any collocation method such as
anisotropic sparse grids [26], quasi-optimal [25] or dimension adaptive [15,23,22] to
increase the efficiency of the collocation computation. The results in this paper show that the
variance correction significantly reduces the overall dimensionality of the stochastic problem
while the computational cost of the correction term increases at most quadratically with
respect to the number of dimensions of the small variations.

A rigorous convergence analysis of the statistics of the Qol in terms of the number of
collocation knots and the perturbation approximation of the tail is derived. Analytic
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estimates show that the error of the Qol for the hybrid collocation-perturbation method (or
the hybrid perturbation method for short) decays quadratically with respect to the of sum of
the coefficients of the expansion of the tail. This is in contrast to the linear decay of the error
estimates derived in [6] for the pure stochastic collocation approach. Furthermore, numerical
experiments show a faster convergence rate than the stochastic collocation approach.
Moreover, the variance correction is computed at a fraction of the cost of the low
dimensional large variations.

In Section 2 mathematical background material is introduced. In Section 3 the stochastic
domain problem is introduced. We assume that there exist a bijective map such that the
elliptic PDE with a stochastic domain is remapped to deterministic reference domain with a
random diffusion matrix. The random boundary is assumed to be parameterized by N
random variables. In section 4 the hybrid collocation-perturbation approach is derived. This
approach reduces to computing meanand variance correction terms that quantifies the
perturbation contribution from the tail of the random domain expansion. In Section 5 we
show that analytic extension in cNL exists for the variance correction term. In Section 6
mean and variance error estimates are derived in terms of the finite element, sparse grid and
perturbation approximations. In section 7 complexity and tolerance analysis is derived. In
section 8 we test our approach on numerical examples that are consistent with theoretically
derived convergence rates.

2 Background

In this section we introduce the general notation and mathematical background that will be
used in this paper. Let (2, &, P) be a complete probability space, where Qis the set of

outcomes, & is a sigma algebra of events and P is a probability measure. Define Lj(2),

g € N, as the following Banach spaces:

L@ = {v | [Q | v(@) |9 dP(w) < oo} and

Lﬁ:’f([)) ={v | P—esssup|v(@)]| < oo},
[OX=¥?]

where v : Q2 — R is a measurable random variable.

Consider the random variables Y3, ..., Yymeasurable in (2, &, P). Form the N valued
randomvector Y :=[Yq, ..., YAl Y Q—> L andletr==ryx--xI'yc R™. Without loss
of generality denote 7,:=[-1, 1] as the image of Y,for n=1, ..., Nand let &(I") be the
Borel o— algebra.

For all 4 € ®(I") consider the induced measure puy := PY™'(4)). Suppose that 4y is

absolutely continuous with respect to the Lebesgue measure defined on 77 From the Radon-
Nikodym theorem [4] we conclude that there exists a density function p(y) : I"— [0, +o0)
such that for any event A € %(I') we have that P(Y € A) := P(Y_I(A)) = [4p(y)dy. For any

measurable function Y € [L[%D(F)]N define the expected value as E[Y] = [ryp(y)dy. Finally,
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the following Banach spaces will be useful for the stochastic collocation sparse grid error
estimates. For g € N let

LY = [u | L o) 1 p(y)dy<oo]and

L°(D) =

v | py)dy = p—esssup | v(y) | < oo
yer

We discuss in the next section an approach of approximating a function with sufficient
regularity by multivariate polynomials and sparse grid interpolation.

2.1 Sparse Grids

Our goal is to find a compact an accurate approximation of a multivariate function 7 : 7 — v/
with sufficient regularity. It is assumed that 7 € ¢%(r; ) where

CO(F; V) :={v:I — Vis continuous on I" and maxy e rllomlly <}

and Vis a Banach space. Consider the univariate Lagrange interpolant along the 777
dimension of I

jg(i) :CO(Fn) - gjm(i) — 1y,

where 7= 1 denotes the level of approximation and (/) the number of collocation knots
used to build the interpolation at level 7such that 7(0) = 0, m(1) = 1 and m(/) < m(i + 1) for /

= 1. Furthermore let JZ‘(O) = 0. The space 2, — 1(I'y) is the set of polynomials of degree at
most m(J) — 1.

We can construct an interpolant by taking tensor products of Jﬁ,”(") along each dimension for

n=1, ..., N. However, the number of collocation knots explodes exponentially with respect
to the number of dimensions, thus limiting feasibility to small dimensions. Alternately,
consider the difference operator along the 77 dimension

A0 o gm(@) _ gm(i—1)

The sparse grid approximation of 7 € c(r") is defined as

~ N i) o~
m, g _ 2 : m(ip)

ienY g <w

where w= 0, w € N (N := N U {0}), is the approximation level, i = (i, ...,ix) € Nf, and

¢:NYN — Nis strictly increasing in each argument. The sparse grid can also we re-written as
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~ N N .
Swifl= X ) ® S(. withey =} (-pll
n=
ieNY g <w je (o1 @
gi+ph<w

From the previous expression, we see that the sparse grid approximation is obtained as a
linear combination of full tensor product interpolations. However, the constraint g(i) < win
(2) restricts the growth of tensor grids of high degree.

Consider the multi-indexed vector m(i) = (7%(#), ... , m(/y)) and the associated polynomial
polynomial set

A &) = {p e NN, gm™(p+ 1) <w).

Let P 4m.8,,)(I") be the multivariate polynomial space

N
I1 ». withp € A™8w)|.

P A™> 8y (I') = span "
n=1

It can shown that S 8[f] € P 4m. 8w)(I) (see e.g. [2]). One of the most popular choices for
mand g is given by the Smolyak (SM) formulas (see [29,3,2])

1, fori =1 N
and g)= Y (in= 1),

mi =1
2 +1, fori > 1 n=1

in conjunction with Clenshaw-Curtis (CC) abscissas interpolation points. This choice gives
rise to sequence of nested one dimensional interpolation formulas. The number of
interpolation knots of the Smolyak sparse grid grows significantly slower than Tensor
Product (TP) (see [2]) and Total Degree (TD) grids. Other popular choices include
Hyperbolic Cross (HC) sparse grids.

It can also be shown that the TD, SM and HC anisotropic sparse approximation formulas can
be readily constructed with improved convergence rates (see [26]). Moreover, in [10], the
authors show convergence of anisotropic sparse grid approximations with infinite
dimensions (N — 00). In [25] the authors show the construction of quasi-optimal grids have
been shown to have exponential convergence.

As pointed out in the introduction, we have the option of using any collocation method such
as anisotropic [26], quasi-optimal [25] or dimension adaptive [15,23,22] sparse grids to
increase the efficiency of the collocation computation. The important result in this paper is
that the overall dimensionality of the stochastic problem is significantly reduced with the
addition of the perturbation component.
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3 Problem setup and formulation

Let Z(w) c RY, d € N, be an open bounded domain with Lipschitz boundary d2(w) that is
shape dependent on the stochastic parameter w € Q2

Suppose there exist a reference domain U c R¢, which is open and bounded with Lipschitz
boundary JU. In addition assume that almost surely in Qthere exist a bijective map
F(®):U — 2(w). The map p+—> X, U — D(w), is written as

n—x=Fm, o),

where 7 are the coordinates for the reference domain {/and x are the coordinates for R .
See the cartoon example in Figure 1. Denote by J(w) as the Jacobian of A w) and suppose
that F satisfies the following assumption.

Assumption 1 Given a bifective map F(w) :U — D(w) there exist constants ¥ ,;, and'F
such that

0 < Fpin < 0min(J (@) and 6,qxJ(@)) € Fpgy < 0

almost everywhere in U and almost surely in Q. We have denoted by opmifI(w)) (and
ImaxI(w))) the minimum (respectively maximum) singular value of the Jacobian J(w). In
Figure 1 a cartoon example of the deformation of the reference domain U is shown.

By applying the chain rule on Sobolev spaces [1] for any v € HY(@(w)) we have that V,, =
J 7V (v- F),where J77:= (J71)7  i.e. the transpose of matrix J=1, and v FE H(L).
Therefore we can prove the following result.

Lemma 1 Under Assumptions 1 it is immediate to prove the following results.
i. LY (D (w)) and L2(V) are isomorphic almost surely.

ii. HY\(@(w)) and H(U) are isomorphic almost surely.

ProofFor /) and /i) see [6] or [18].

Let @ == Uy e 0 D(w) c RY, i.e. the region in RY defined by the union of all the perturbations
of the stochastic domain. Consider the functions a: ¢ — R, and f : ¢ — R that are defined
over the region of all the stochastic perturbations of the domain @(w) in R¢. Similarly, let
U = Uy e 0 02(w) C RY be region formed by the union of all the stochastic perturbations of

1/2

the boundary. For w € Qa.s. letg e H / “(2(w)) be defined as the trace of a deterministic

function v e H'(©).

Consider the following boundary value problem: Given f(x, w), a(x, ®) : D(w) — r? and
2%, @) : 09(w) — RY find u(x, w) : D(w) — R? such that almost surely
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-V - (ax,w) Vux,w)) = f(X,w), X € D(w) ®)
u=g onoY(w).

We now make the following assumption:
AssUMPLion 2 Lét ayqy = ss supx e o(w), w € Qa(X, ) and

Apin = essinf a(X, ).
X € D(w),w € 2

Assume that the constants apj, and amay satisty the following inequality: 0 < amjn < amax <
00,

Recall that &(w) is open and bounded with Lipschitz boundary 0%(w). By applying a change
of variables the weak form of (3) can be formulated on the reference domain (see [6] for
details) as:

Problem 1 Given that (f A)(7, w) € L2(V) find ii(n, ») € H(l)(U) s.t.
B(w;ii,v) = 1 (w;v), Yv € H)U) @)

almost surely, where I (w; v) = Jo(f e M, o) | JM,») | v— LM, ®),v), §:==go F, Vi=voF,

forany w; s € H(l)(U)

B(w; s, w) = L(fl ° F)(n,w)VsTC_l(n,w)Vw [Jm.@) |,

LOM, ), 0) = [] @ ), (VEm o) ¢ m,0) | In,0) | Vo,

C(n, w) = I w)I(w), and V(. w) | gy = (. w). This homogeneous boundary value
problem can be remapped t0 @ (w) as #(x, ) := (i F~Yx, ), thus we can rewrite
u(, ) = (i » F)(n, ). The solution u(x, w) € H'(@(w)) for the Dirichlet boundary value
problem is obtained as u(x, ») = #(x, @) + (V o F~(x, w).

The solution of (4) is numerically computed with a semi-discrete approximation. Suppose
that we have a set of regular triangulations 7, with maximum mesh spacing parameter />

0. Furthermore, let H,(U) Hé(U) be the space of continuous piecewise polynomial defined
on 7, with Ny cardinality. Let ii,: I' — Hp(U) be the semi-discrete approximation of the
solution of Problem (4) that satisfies the following problem: Find ii;, € Hy(U) such that

L[Vﬁh( -~ WI"G(y) Voydn = [](f o F)(-,y)op | J(y) | dn
— LV, Up)

®)
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for all v, € Hy(U) and for a.s. y € I. Note that G(y) := (2= Ay))II(y)II(y) 1I(y)"and
On(y) = Qi o F) = Q(up(y)).

3.1 Quantity of Interest

For many practical problems the Qol is not necessarily the solution of the elliptic PDE, but
instead a bounded linear functional Q : L3(U) — R of the solution. For example, this could be
the average of the solution on a specific region of the domain, i.e.

o) = /L; g(i(n, ) dn ©6)
with g € L2(U) over the region U c U. It is assumed that there exists &> 0 such that
dist(U, oU) > 6.

In the next section, the perturbation approximation is derived for Q(¢) and not directly from
the solution . It is thus necessary to introduce the influence function ¢ : H(I)(U) — R, which
can be easily computed by the following adjoint problem:

Problem 2 Find ¢ € H(l)(U) such that forall v € H(l)(U)

B(w; v, @) = O(v) @

a.s. in Q. After computing the influence function ¢, the Qol can be computed as
O(u) = B, @).

Remark 1 We can pick a particular operator 7 such that v = T(g) and vanishes in the region
defined by U. Thus we have that Q(v) = 0 and Qi + V) = O(@).

3.2 Domain parameterization

To simplify the analysis of the elliptic PDE with a random domain from equation (3) we
remapped the solution onto a fix deterministic reference domain. This approach has also
been applied in [6,14,18,17]. This approach is reminiscent of Karhunen-Loéve (KL)
expansions of random fields (see [18]).

Suppose that by, ... , bysare a collection of vector valued Sobolev functions where each of
the entries of b,:U — R? for n=1, ..., Nbelong in the space WA®(U)). We further make the

following assumptions.

Assumption 3 Assume that R n, w) has the finite noise model

N
Fmo)=n+ Y \Jipby(Yp(@).
n=1

Assumption 4
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LAl poll ooy =1 forn=1, ... N.
200>y == uy=0.
The stochastic domain perturbation is now split as

F(n, @) = F1(m, ) + Fs, @),

where we denote F; (7, w) as the large deviations and Fg(7, w) as the small deviations
modes with the following parameterization;

N Ns
FLM@) = Y UL DL iY@ & FsM @)= Y \Jus 4bs nMYp 4 Ny (@),

n=1 n=1

where N, + Ng= N. Furthermore, for n=1, ..., Ny let ;2= pp by A1) := b,(m), and for
n=1, ..., Nslet isp:= tpsn, and bg(m) :=bpep, (7).

Denotey, :=DA, ... v 'L = ]'[flsz 1wy and p(yp) : 't — R, as the joint probability

density of y,. Similarly denote ys:= [y, +1, --. , ¥al, I's = [In= Ny + 1 ' and
p(ys) : I's — R, as the joint probability density of y s From the stochastic model the
Jacobian J is written as

N
Jno) =T+ Y \JuB,mY,() ®)

n=1

where for n=1, ... N, B,(n) is the Jacobian of b ().

4 Perturbation approach

In this section a perturbation method is presented to approximate Q(y) with respect to the
domain perturbation. In Section 4.1, the perturbation approach is applied with respect to the
tail field F¢(m, w). A stochastic collocation approach is then used to approximate the
contribution with respect to ~; (7, w). We follow a similar approach as in [20] by using
shape calculus. To this end we introduce the following definition.

Definition 1 Let y be a regular function of the parametersy e W c R™, the Gateaux

derivative (shape derivative) evaluated at y on the space of perturbations W c R” is defined
as

< Dyy(y).6y> = lim w Véy e W .

s—ot

Similarly, the second order derivative D§ (shape Hessian) as a bilinear form on Wis defined
as
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Dyw(y + s6y2) — Dyw(y)
N

Dw(y)6y1.y) = lim < .6y1 > . Véyp.0y1 €W

s—0F

Suppose that Qs a regular function with respect to the parameters y, then for all y = yg + &y
€ Wthe following expansion holds:

0(y) = 0y0) + < DyO(0). 3y > + 3 DFOLY +05y)(6y. 5y) ©

for some 6 € (0, 1). Thus we have a procedure to approximate the Qol Q(y) with respect to
the first order term and bound the error with the second order term. To explicitly formulate
the first and second order terms we make the following assumption:

Assumption 5 Forall v, w € Hé(U), let &(y; v, w) == Vol G(y) Vw, where G(y) = (a° F(n,
Iy~ T()II(y)I, we have that for ally € W

i wemer'onV

ii. Forn=1, ..., N there exists a uniformly bounded constant €«(y) > 0 on W s.t.

) 1 1
Ldyn?(y, v,w) < CeWlvll Hyw)llwll Ho) -

iii.  Furthermore, for ally € W we assume that V.(f F)(y), Vyi(y) € [L'U)1".

Remark 2 Although we have that (i) and (ii) are assumptions for now, under Assumptions 1 -
4, a(n, w) € wl*®%), and Lemma 9 in Section 6 it can be shown that Assumption 5(i) and
(ii) are true forally € I

Definition 2 For all v, w € H)(U), andy € W let

< DyB(y; v,w), 8y > = lim %[B(y + s6y; v, w) — B(y;v,w)] Véy € I'.
s—ot

Remark 3Under Assumption 5 for any v, w € H{(U) we have that for ally € W

N
. . T
< DyB(y; v, w), 6y > :/V G(y;v,w) - 8y = f(VU 0y, G(y) Vw)éy,
y v Y ngl U n n

where G(y) := (a° A(n, y)I 1(y)I~7(y)lI(y)l. Furthermore, under Assumption 5 we have
that

< Dy(f = F)(-.y).6y > =£]Vy(f°F)(uy)'5)’-
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We can introduce as well the derivative for any function (v- F)(n, y) € L2(U) with respect to
y: For all y € Wwe have that

Dy(we FYm.y)Gy): = lim L[we FYn.y + s6y) — (0= FYn.Y)].

S—>0+

Lemma 2 Suppose that Assumptions 1 to 5 are satisfied. Then for anyy, 8y € W and for all
v e HA\U) we have that

N
B(y; Dy(@  F)(n,y)(6y),0) = Y. 5yn( [] —(V(EoF)(-,y))TdynG(y)Vv

+ 0y, (Fo ). ) 1 I [0+ (e F)(-.)dy, 1T [ v
~(V)T 0,60 Vo - (9, VIx) G Vo).

Proof
B(y; Dy(ii = F)(-,y)@y),v) = lim %/(V(E o F)(-,y+soy)]
s—ot v
—V@ . H(-,»HGW Vo
= lim 1/@ o F)(-,y+ s5y) L G(y) Vo
+5JU
s—0
— V(@ o F)(-,y+s6y) G(y + séy) Vo
+ lim %f V@ o F)(-.y+589) Gy + s8y)Vo— V(@ » F)(-,y) G(y) Vv
s— 0T v
N
=- Y / (V@ » F)- .y dy, Gy)dy, Vo
n=1vU
+ lim %(IN(y + sdy; v) — lN(y; U))
s—0
then

N
B(y; Dy(@ = F)(-,y)(éy),0) = > A —V@o P)(-,y)" 0y, Gy, Vo
n=1

+[]0yn(f°F)(wY)5Yn|J(y)|v+[](f°F)(wY)t3ynIJ(y)|5J’nU

- lim % / (Vi + 5oy G(y + s6y) Vo — (V) Gy) Vo)
s — O+ v
The result follows. O

Lemma 3 Suppose that Assumptions 1 to 5 are satisfied. Then for anyy, 8y € W and for all
v e HA\U) we have that

N

B Dyoen = 3 [ w0l o, 600 V0.
n=1
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ProofWe follow the same procedure as in Lemma 2. O

A consequence of Lemma 2 and Lemma 3 is that Dy( » F)( -, y)(8y) and D ¢(y)(8y) belong
in H(l)(U) foranyy € Wand 8y € W.

Lemma 4 Under the same assumptions as Lemma 3 we have that

Q(y+s5y) oWy _ Zay / (-(v@e F)(-.y)" 0,6 Vo(y)

s — O+ n=1
+ 0y, (f F)(-,y) [ J¥) | o(y) — (Vay,,ﬁ(y))TG(y)Wp(y)
—(VIY) 0y, G Voy) + (f = F)(-,¥)0y, | J®) | 9¥)).

(10)

where the influence function ¢(y) satisfies equation (7).
Proof

O +séy) - 1)

N

lim
s—ot

. 1.~
= lim [/ (V@ F)(-,y+ sﬁy))TG(y + 538y) Vo(y + sdy)
s — O+

~ (V@ P TGy Voly)

=Y om [J (V@ ()" 9y, 60)Vo(y)

n=1

+ U(VDy('7  F)(-.y) (69)Gy) Vo(y)

+(V@ o F)(-.y) G(y) V Dyo(y)(8y) .

From Lemma 2 with v= ¢(y) and Lemma 3 with v = (@ - F)(-,y) we obtain the result. O

Lemma 5 Suppose that Assumptions 1 to 5 are satisfied. Then for anyy, &y € W and for all
vE Hé(U) we have that

N

DjOBy. oy = - Y, léynéym( [] (V@ o F)-. ) (9y,,, 0y, &) Vo)
nm=

+(Vdy, 0y, TN G Vay) + (V dy, 5T 0y, G Vo(y)

+(Vdy, 9N 0y, GO Vay) + (Vi) 0y, 9y, 63 Vo(y)

=0y, 0y, (f » O)C.9) [ I®) | o(y) = 9y, (f « F)(-.y)ay, | I¥) | o(y)

— Oyl o Py, 130 9@ = (f « P10y, 0y 1J®) | o))
N

- > 6yn( 1] (VDy(@ o F)(-.y) (Gy)(dy, G V()

n=1
+ (V@ ° F)(- aY))T(aynG(y))VDy(p(y)(ﬁy)+ (V0yn\7(y))TG(y)VDny(y)(5y)

+(VOWNT 0y, GV Dygp)(@Y) = 9y, (f = F)(+.y) | J¥) | Dyg(y)(@y)
= (f < F)(-,)0y, 1 J®) | Dypy)(6()).
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ProofLet E(y, 8y) := limg _, o+ w (see Lemma 4). Taking the first variation of

equation of A(y) we have that

N
lim EQ 50 5SY) = By 09 Y 8y, lim %[/ (—(W(y + 5oy’
s—0F n=1 5ot v
0y, Gy + s6Y) Vo(y + s6y) + 9y, (f o F)(-,y + 58y) | J(y + s8y) | p(y + 55¥)
— (V 0y, 00y + 569) Gy + 58) Voply + 55)
— (VO(y + s6y)T 9y, G(y + 55Y) Vaply + 56Y)
+ (f o F)(-,y +56y)9y, | Iy + 56y) | o(y + s6y)

- L (V@ > BT 0,60 VoW + 0y, (f = HIC-.Y IO | 0(y)

~(V,, i) 6w Vo)
= (VI 0y, 6@ VoW +(f « F)(-.ay, 1J®) o).

Following the same approach as in Lemma 3) and 4) we obtain the result. O

4.1 Hybrid collocation-perturbation approach

We now consider a linear approximation of the Qol Q(y) with respecttoy € I Forany y =
Yo+ &Y, Yo € I,y € T, the linear approximation has the form

0(yp) + < DyO(y(). 8y >

where 8y =y - yg € I Recall that /"= I'; x I'sand make the following definitions and
assumptions

i y=lyLyd, & =8y 8ysl and yo = [y ¥5 -
iil.  yktakes valueson 7 and 8y, :=0 € I7.
iii. y§:=0e rgand 8ys=ygstakes valueson s

We can now construct a linear approximation of the Qol with respect to the allowable
perturbation set 7 Consider the following linear approximation of Q(y,, Y

0L ys) = 0L, ¥3) + OV L. Y5 65, (1)

and from Lemma 4 we have that

Ng
é(yL,yg, dys) = < DyQ(yL,yg),éyg > = Z syip [] an(n,yL,y(‘)q)dn,
n=1

where
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ayM.YL.Y0) = — (V@ e FYyL.¥0)! 0ySGYL.¥3) VolyL)
+0yS(fe F)(n,yL,yg) | J(yL,yg) | (P(YL,Y()S)
~ (VoSO L.y G L.¥0) VolyL.v3)
—(VV(yL, yg ))Tay,f G(yL, yg YWVolyr, y(‘)9 )

+(f o -YYLY0)0yS 1 IG LY | 0L ¥0)-

This linear approximation only shows the explicit dependence on the variable y g without the
decay of the coefficients u3 for n=1, ..., Ns. However, to obtain directly capture the effect

of the coefficients let 5, = ul /2y, for n=1, ..., Nand 55, = u}/ %sy,. It is not hard to see
that < DyO(yL.¥3), 6yg > can be reformulated with respect to the variables  := [71, ..., 7 y]
and 6y := [6¥1, ...,y N1 by applying Lemma 4 as

Ng
< DyOYL. YD) 0¥ > = D \Jus.ud¥i [] &M yL.yo) dn (12
n=1

where

@Y L.¥0) = — (V@ o Yy L.¥3) 055Gy L.¥0) VoyL.¥3)
+05S(f e X.YL.YO) IO L. ¥0) | 9L YD)
~ (VoS Ly G LY Vo L. ¥D)
~ (VO Ly 05SGU L. ¥ Ve L. ¥)

+(f e OLYLY) 055 | 3y L.ye) | oy L.v5)

This will allow an explicit dependence of the mean and variance error in terms of the
coefficients ys, 71=1, ..., Ns, as show in in Section 6.

The mean of O(y;,ys) can be obtained as

EIQ( L.y = E[Q( L. Y] + EIOW L. ¥5. 6y5)]

From Fubini’s theorem we have
E[Q(yL.¥3)] = [F LQ(yL, 0)pr(yp)dyy . (13)

and from equation (12)

Ng
[E[Q(YL, ybgs 5YS)] = Z RY, /"S, n[_,L [_ | l]y;lg}/n(yL, 0)p(yL’ y;?) dyLdy}?, (14)

n=1
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where y,(yr,0) = fya,(m,yr,0)dn, p(y,) is the marginal distribution of p(y) with respect to
the variables y, and similarly for p(yz,yS) (n = 1, ..., Ng). The term E[Q(y 1. 5. 8y s)] is

referred as the mean correction. The variance of O(y;.y ) can be computed as

var{O(y £, y.§)1 = EIO(y 1, ¥.5)°1 — E[O(y ., y$)*] = var[Q(y ., y)I
+EIQ(y L. ve, Y51 + 2EIO(Y L YO L. Y- 3y.5)]
%
—E[O(yL.¥5, 0y )1 — 2E[O(y L. YOIEIO(Y L. 5 6y.5)] -
)

The term (1) is referred as the variance correction of var[Q(yy, yg)]. From Fubini’s theorem

and equation (12) we have that

Ns Ng

EIO(L.¥5.8ys) 1= Y. . [,L [ o f[ _1’1]\/ﬂs,k\/ﬂs,nyzfy,§ )

k=1n=1
VY L YY1, YOO 1, Yoo vi3) dy dyidys,

and E[Q(y 1. ¥3)O(y 1. ¥5. ys)] is equal to

Ng
D f f O L 07y L Oy p(y L, ¥) dy LAY - (16)
KeaJILJi-11]

Note that the mean E[Q(y;., yg)] and variance var[Q(y, yg)] depend only on the large
variation variables y, . If the region of analyticity of the Qol with respect to the stochastic
variables y, is sufficiently large, it is reasonable to approximate QO(yy, yg) with a Smolyak
sparse grid $7; 6[0(y ., yf)g)], with respect to the variable y, (see [6] for details). Thus in
equations (13) - (16) O(yy., y@g) is replaced with the the sparse grid approximation

S™80y.yg and for n=1, ..., Ns y,{yy, 0) is replaced with S &[y,(yL, 0)].

Remark 4 For the special case that for n=1, ..., Nand m=1, ... , N
E[Y (@)Y (@] = 8[n — m], p(Y) = ply)p(ys), forall y, € I'; and ys € I's(i.e. independence

assumption of the joint probability distribution p(y,, ys)), the mean and variance corrections
are simplified. Applying Fubini’s theorem and from equation 13 the mean of O(y;.ys) now

becomes
~ _ S = Ky _ S
E[O(Y L.yl =EIQ(y L. ¥))l + EIO(Y L. ¥p,0y.9] = E[Q(Y L. ¥()]

=0
= ﬁLQ(YLv Opr(yr)dyr,
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i.e. there is no contribution from the small variations. Applying a similar argument we have
that

var{O(y £, y.5)] = EIO(y ., y.5)°1 — E[O(y . y$)I* = var[Q(y ., y)I
+EIO(Y L, ¥ 8y.5)7] + 2EIQ( L. Y OV L, Y- 65.5)]

=0
—E[O(yL, Y5, 0y )1 — 2E[Q(y L, YOIEIO(Y L. ¥ 8Y.5)]

=0 =0
Ngs

= var[Q(y L. yo)l + > oy L“n(X’YL’yg)dx fU (YL Y dy.
n=1

Variance correction

Notice that for this case the variance correction consists of Nsterms, thus the computational
cost will depend linearly with respect to N

5 Analytic correction

In this section we show that the mean and variance corrections are analytic in a well defined

region in cNL with respect to the variables y; € 7. The size of the region of analyticity will
directly correlated with the convergence rate of a Smolyak sparse grid. To this end, let us
establish the following definition: For any 0 < g < &, for some constant 5 > 0, define the

following region in ¢,

Op Ny = zecz=y+w ye[-1.1]",

(17)
> sup IBi)lloy | wi| < B}
nevu

I=1

Observe that the size of the region &g y, is mostly controlled by the decay of the
coefficients yand the size of IIB(n)llo. Thus the faster the coefficient y, decays the larger the
region &g p; will be.

Furthermore, rewrite J(7, y;) as J(y;) = I+R(y,), with R(y;) = Z,]lvil B, (M)y,. We now
state the first analyticity theorem for the solution (@ - F)(y) with respect to the random
variablesy; € I7;.

To simplify the analyticity proof the following assumptions are made.

Assumption 6
i (a° A)(n, w) is only a function of n € U and independent of w € (.

ii. (v~ FY(m, w) is only a function of n € U and independent of w € Q.

ili. 7.2 — R can be analytically extended in C°. Furthermore assume that the
analytic extension Re(f> F)(n, z), Im(f> F)(n, 2) € L2(V).
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V. There exists0 < 8 <1 such that £~ | 1Blloyun < 1 -8, forall n€ U.

Remark 5 Note that Assumption 6 (i) is not necessarily hard and Theorem 1, 2 and the error
analysis in Section 6 can be easily adapted for a less restrictive hypothesis (See Assumptions
7 and Lemma 2 in [7]). None-the-less, this assumption is still practical for layered materials
such as semi-conductor design. For such problems (v - F)(n, ) can be non-constant along the
non-stochastic directions.

Remark 6 Under Assumption 6 (iv) we have that Re det(J(z)) > Flaforallze€ Ny where

a=2- exp(éd_ﬁﬂ) > 0. This implies the real part of Redet(J(z)) for all z € &g, Will never

have a sign change.

The following theorem, can be proven with a slight modification of Theorem 7 in [7] to take
into account Assumption 6 (ii) and the mapping model of equation (8)

Theorem 1 Let0 < 5 < 1 then the solution (i - F)m,yr): 't — H(l)(U) of Problem 1 can be
extended holomorphically on 8g p, if

= log2-7y) [ =2
ﬂ<mm{5m, 146 /2—1],

252057

wherey : .
594 02-5)07

Remark 7By following a similar argument, the influence function ¢(y) can be extended
holomorphically in &gy, if

= log(2—7y) ~2
ﬂ<mtn‘5m,\/1+§ /2—1].

Remark 8 To prove the following theorem will be using the following matrix calculus
identity [5]: Suppose that the matrix A € R™" is a function of a the real variable a then
oA~ ! —10A

da =-A da

AL

We are now ready to show that the linear approximation O(y;,ys) can be analytically
extended on &gy, . Note that it is sufficient to show that /;;&@,(n.yL,0) can be analytically

extended on &g v -

Theorem 2 Let0< 6 < 1, ifp < min{g%, 1+ 5% /2 — 1} then there exists an

extension of [ @,m,yr.0), forn=1, ..., Ns, which is holomorphic in &gy, .

Proof Consider the extension of y; — z,, where z; € cNL. First, we have that
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[] (V@i o F)Y1.Ys) 055Gy 1.¥s) VO L.Ys) (18)

for n=1, ..., Nscan be extended on &g ;. Note the for the sake of reducing notation
clutter we dropped the dependence of the variable 7 € Uand it is understood from context
unless clarification is needed.

We now show that each entry of the matrix d5:°G(z L. ys) is holomorphic on &gy, forally €

Is. First, we have that

0SGaL.ys) = (055« FaL.ys)C ' aLys) | JaLys) |
+(@ > PeLys)(C erys)oys 13er.ys) |
+1IeLys) | opSc e ys)-

From Assumption 6 (a° F)(-, z;) and 055 (a = F)(-,z[,ys) = 0 are holomorphic on &gy, for

all ys € I's. From Remark 8 we have that

S

05SC e ys) = - lapys) 055CELy9)C L ys).

Since p < & the series

(o]
Vlapye = +Rapyo) =1+ Y R@y, ys)k
k=1

is convergent for all z_ € @gand for all ys € I's. It follows that each entry of 0Hz,, y)~1and
therefore C(z;, y)~1 is holomorphic for all z; € B v, and for all ys € I's. We have that
13(z,, yg)l and o5¥ C(z1, y.s) are functions of a finite polynomial therefore they are

holomorphic forall z, € &, andys€ I's.
From Jacobi’s formula we have that for all z; € &g, ys€ I'sand /=1, ..., Ns

053 1 Jzr,ys) | = tr(AdjJ(zL,y5) 053 I 2L, Ys)
= 1JaL.ys) | rdL.ys) By ).

It follows that for all z, € &g v, and ys € I'swe have that 955G(z, y ) are holomorphic for

n=1,...N,.

We shall now prove the main result. First, extend y, along the 77 dimension as y, — z,
zpeCandletz, =[zy,....2y— 1. Zn + 1, .- 2N - From Theorem 1 we have that (i - F)(z.ys)

and ¢(z,, ys) are holomorphic for z, € Ggp, and ys € Isif
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o~ log-p) [, =2
ﬂ<mm{5m, 1+67/2-1}.

Thus from Theorem 1.9.1 in [16] the series

o0 [So]
@ F)zp.ys)= Y, Uy yS)zhand p(zr.ys) = D @1 yS)Zh.
=0

are absolutely convergent in H(l)(U) forall z € C, where u(Z,,,y5), 1(Zp.ys) € Hé(U) for /=
0, ..., oo, Furthermore,

IV@ e PeLyli2ay < Y IVaEnys)iZw) |z I

=0

< 5

Mg 118

17 1En. YU (W) | 20
0

~

i.e. V(@ o F)(z[,ys) is holomorphic on BN, along the " dimension. A similar argument is

made for Vg(z,, Ys).

Since the matrix 952 G(z L, ys) is holomorphic for all z; € g 5, and ys € I'sthen we can

rewrite the (7, j) entry as Y5°— og} /(7. y.5)z& Where g (7, y5) € L®(U). For each /, j= 1,

..., dconsider the map

T, j= [] 05 G@L, Y, )OxH (2L, YS) O ;#(2L, Y S)

m . .
= Y Frite / 8/ @n.Y.5) 0x, 1 ¥ $)0x 5 .Y 5)
kI p=0 U

For/j=1,...,dforallz, € Ggp, andys€ I's

0 . .
1T 1< Yz FtI*P / | 8721 Y5) 01, ¥.5) 0 0 V) |
ki p=0 U
(From Cauchy Schwartz it follows that)
[ . .
< Y Az P Gy ol L)l 0x, TG I L)
k1p=0
19x;0p(En-y )N L2

k+l+p”g;'{,

< Yzl Y, YOI LW 1En. ¥yl (W)

k,l,p=0
lepEn YOI HYW) < -

Thus equation (18) can be analytically extended on &g y, along the " dimensions for all y g
€ I's. Equation (18) can now be analytically extended on the entire domain &gy, . Repeat
the analytic extension of (18) for n=1, ..., N;. Hartog’s Theorem implies that (18) is
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continuous in &gy, . Osgood’s Lemma them implies that (18) is holomorphic on &g, .
Following a similar argument as for (18) we can analytically extended the rest of the terms
of a(y, ys)on Bgp, forn=1, ..., Ns. O

6 Error analysis

In this section we analyze the perturbation error between the exact Qol Q(y,, ys) and the
sparse grid hybrid perturbation approximation $8[0,(y1.y.s)]. With a slight abuse of

notation by $™ &[0 (y . ys)] We mean the two sparse grids approximations:

Ng
St IORY LY = S IOy L O+ Y. Jus, wyis Sy &l L T, hM, YL, O],
n=1
where a, (-, y;, 0), forn=1, ..., N and Qxy,, ys) are the finite element approximations

of a,(-,y, 0) and Q(y,, yg) respectively. It is easy to show that
var(Q(y ., y.5)) — var(S7s $[0x(y L. y.5))) is equal to

EIQ* (YL ¥5) = Ste 10nv L.y$)I'] - E1QW L.yS)I = EIS(E S10nv L. y$)I*D.-
()] un

(1) Applying Jensen’s inequality we have that

| EIQ* () =~ S 10aPT | < 10W) + Sii 10hWll (10 = Ol .21y
+10(y) - éh(Y)llL;(r) +1104(y) — Sg’g[éh()’)]]”L%(F)) (19)

(1) Similarly, we have that

| ELQW L. y$)I” — ELS1y SO L.y | <1100 + St S0nWl L)
llow) - S *CnyIllL Y
<o) + Sy 0Ly WIe® = OWI Ly +10®) = Crli Ly
+10(y) = 815 50RWI Ly

Applying Jensen inequality

| ELQ(YL, y9)I* — E[STEE10n(y L.y | < I1O() + S géh(Y)llL,%(f)

N N ¢ . A (20)
e = Ol L2 + 123 = Ol L) + 1CA(Y) = Sw th(Y)“L%(F))~

Combining equations (19) and (20) we have that
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| var(Q(y) — var(S 7 S10pMD | < CPIQW) = OWI L)

Perturbation
+CpFENQY) = OhIILY(r) + CPSGICKY) = Sty SIORWII LI (D) -
Finite Element Sparse Grid

Similarly we have that the mean error satisfies the following bound:

|EIQ(L.¥s) = S {IOAY L.y | <10 = OWll L)

" Perturbation (I)

+10®) = CpI Ly + 10h() = Sy S1OA®N L1 -
Finite Element (II) Sparse Grid (IIT)

Remark 9 For the case that probability distributions p(y,) and p(y ) are independent then the
mean correction is exactly zero, thus the mean error would be bounded by the following
terms

|EIQG L ys)] — ELSy 810y DI < CrlOyLys) — Q6 I L2(r)

Truncation
+CrEICWL) ~ OrY DI L)1) + CSGIOAY L) = Sig BICRy DI L ()
: Finite Element : : Sparse Grid :

for some positive constants Cr, Ceeand Csg. We refer the reader to Section 5 in [6] for the
definition of the constants and the bounds of these errors.

6.1 Perturbation error

In this section we analyze perturbation approximation error
10(YL.¥s) — QL. Y L2(r) = IR T L. Y I L2 (21)

where the remainder is equal to

o 12 - s o
AL, 6YS) = 5Dy O L + 05y $)(0Y 5. 6Y S)

for some 6 € (0, 1). Since the perturbation approach involves two derivatives, to obtain a
bounded error estimate the following assumptions are made:

Assumption 7 Assume that f € H 2(?). Furthermore, assume that F :U — 2(w) IS also 2-
smooth almost surely.

From this assumption the following lemma can be proven.

Lemma 6
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HX(D(w)) and H(U) are isomorphic almost surely.

Proof See Theorem 3.35in [1]. O

Page 22

Remark 10 Note that the previous Sobolev norm equivalence will depend on the parameter
w € Q. The constant depends on the transformation ~and the determinant of the Jacobian

[J1. See the proof of Theorem 3.35 in [1] for more details.

To estimate the perturbation error the next step is to bound bound the remainder. To this end

the following series of lemmas are useful.

Lemma? Foralln=1, ..., Nsand forally € I

sup amax(()ny_l(Y)) < sup |Bg, n('l)||2[F;zi2n-
xeU xeU

Proof From Remark 8 we have that

0551 Yy = - oF Ly (053N )

and thus

o'max( ainSaF(Y)> < omax(Bs, n('l))[F;lizn .

From Assumption 1 the result follows. [0

Lemma8 Forally € I

sup | 055 IO S sup FhaxFmilBs, nli2d
xeU xeU

Proof Using Jacobi’s formula we have that forally € I
oFS LI | = tr(AdjA ) 35S I(y)

d
= 13y Y 400 B, 400
i=1

O

Lemma9 Foralln, m=1, ..., Nsand forally € I
.| -3
s;puomax(ayf oSy w) < s> 2B, W2 IBs, (2.

X

ProofFrom Remark 8 we have that
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058 o553\ = 17 | (o5 SIOP ™ 0055 I)
- 058 0553 + (055 oF P (0553w
-1
I

Taking the triangular and multiplicative inequality, and following the same approach as
Lemma 7 we obtain the desired result. O

Lemma 10 Forn, m=1, ..., Nsforally € I

sup | 955055 1 IWI < sup dd+ DFhaxFmialIBs, sI2IBs, iz
xeU xeU

ProofUsing Jacobi’s formula we have

IS oS 1IW | = ayS(1IW | r(Jy)" B, )
= 055 1 I | r3y) " 'Bg, 40
+ 130 | 1r(55I® ™ Bis, ()

= 130 |1 rJ® ™ B, m)ir~"Bg, )
— 130 1 r3® ™ B, I~ B ).

The result follows. O

Lemma 11 Forall v, w e Hé(U) andy € I" we have that

| L @< P,y 0OV 055Gy Ve | < ol gl@)lel Hw)amax
B, Fmin Fmax-BS, n) -

where G(y) = Jy)~ '3y | oF(y) | forall y € I"and

-3
B(d, Fmins Fmax-BS, n) = SUPU(d + 2)[anax[Fmin”BS, Ml
X e

ProofFirst we expand the partial derivative of G(y) with respect to if :
o05SGy) = oySI T~y 1 0F ) | +3 TpoySoF iy 13y |
Yn Yn Yn
+I Tl ymoyS 13w 1.
From Lemmas 7, 8 and the triangular inequality we have that
= d =3
sup Famax(ay;fG(y)) <@+ 2)FipaxFminlBs, sz

xeU,ye

Adv Comput Math. Author manuscript; available in PMC 2022 June 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Castrill6on-Candas et al. Page 24

O

Lemma 12 For all v, w € H\(U) andy € I we have that

‘ A @ F)C,yp (V) 055 055 Gy) Vo

Is less or equal to

ol 0 lol Uy amax2(@ + DFmaxFminBs, sI21B.s, mmll2.

ProofFrom Remark 8 we have that

053 05SG(y) = o5S o5SI Ty Ly | 0F(y) |

+oyST T oS or iy 1 3y |
+ o551 T oS 1) |

+oyST Ty oySor iy 1 3y |
+3 T yogSogSi'w 1 oF ) |
+3 Ty oySi~ woyS 1) |

+ o555 TportyogS 1) |
+I  wopSy lwoyS | oFw) |

m
+I T woySoyS 1w 1 -

From Lemmas 7 - 10, and the triangular inequality we have that forally € I”

1055 955G Wl < sup (7+3d + b i F 1 B II2lIBs, (il
X €

O

The next step is to bound || V Dy o(@  F)M,y £, 0)(8y9)ll 12wy @nd ||V Dy ¢@(y £, 0)(8y 9l L%()-

Lemma 13 Forally, € I'; and 8ys€ I" we have that:
(@)

Ng
- ) 2= 1VHS,n
I'VDy g = F)(-,yL. 0@yl L*U) € S E—"
aminFminFmax
supU((u(a « F)CYL- O L) + 191 U)maxd + DFaxEminlBs, a2
X €

1 —
+ CATF (POl ) () + ACPUF o For & T V) £ 12 B s, 1) -

where C is a uniformly bounded constant.
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(b)

IV Dy g0y L, 06y 9l LA(U)

N
supy € UZ, 2 1S, all oW L. Ol g v)amax(d + DB, ull2
< .

= d+3)—(d+2
amm[Fg,,,-n )[Fmgzx )

Proof (a) Forany v € H(l)(U) and for all y, € ;. and 8ys€ I"from Lemma 2

aminFbinFmaxll VDFEC- .y 1. 06y L2l Vol 120
Ng
< Elﬁif [] — V@ F)(-.yr.0)] 955Gy L0 Vo
n=

+(FS(f o F)CLyL 1 IYL0) | v+ (f e F)(-,yL, 095 | JyL,0) | v
- v 55640V .

With the choice of v = Dy (it e F)(+,yL,0)(ys) and from Lemma 11

1

IV Dy (@ e F)(-.y L. 0OGY S L2U) < (
d —_
“min[Fmin[sz%x” VU||L2(U)
Ns
2 o []—(V(EoFx-,yL,O))Tany(yL,O)vU
n=1

+ 053 e H)CLYLO) 1 IGLO) [ 0+ (f o F)(-.yL. 0057 | JyL.0) | v
- (v oS6rL0vo|).

Now,

‘[]aif(f"F)(‘sYLaO)|J(YLa0)|U
d
< FaxCPOI Vol L2anl Y. 0F, 05, Fill L2w)
k=1

< [Fi’nax[] | 053(f e F)(-,yL. 00 |

< FhaxCpO)| Vol L2y byl L@yl V £ - U L)
(Applying Lemma 1 ii), where C > Ois a constant. )

< A2CFax CPO Vol L2l I i) () -

Finally, from Lemma 8 the result follows.

(b) Apply Lemma 3 with v = Dy ¢ (y L, 0)(8ys) and Lemma 11. O

Lemma 14 Forally € I"andn, m=1, ..., N we have that

1
1055 (f « F)C- VI LW < d23Fmiall Al 1L () -
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1055 0Fm(/ » P VI L2W) < Fmiall A1 () -

Proof (a) Follow the proof in Lemma 13. (b) By applying the chain rule for

Sobolev spaces and Lemma 6 we obtain that forally € I~

d d
1075 05/ = Y- DIL2an =1 Y Z OF; 0 1 Oy FioyS Fjll 12w
i=1j=
2 d 2 d 2
<d’| Y Z O 0F <cd Z OF;0F;f <Cd’|flH2w)-
i=1j=1 L=U) i=1j=1 2(w)

for some constant C> 0. This completes the proof. O

From Lemmas 4 - 5 and 7 - 14 we have that for all y, € 7 and for all ys€ I's

Ng

2 ~S ~S
| DF OMGys.6ys) | < D7 1655 | 16Fm|  swp  Gum
nym=1 yel,xeU

where
Gp, m(C,Cp(U), amax min> Fmax: [me d, ||U||[L°°(U)]d ||V||H U)> ||f||H2(?)

@~ OYyL.OIH ©) e L Ol L U), IBS, ull2, IBs, mll2. 5, 1 - S, N g)

is a bounded constant that depends on the indicated parameters. We have now proven the
following result.

Theorem 3 Leét (i - F)(yy.,0) be the solution to the bilinear Problem 1 that satisfies
Assumptions 1-7 then forally; € I'; andys€ I's

Ng
G L-¥s) = 0y L.y L) < 5 Z \/ﬂS,n 15, mGn,m < 6( Z Jus. 0%

n =

where G := %maxn, mSUPy e e UGnm

6.2 Finite element error

The finite element convergence rate for the solution (z - F) and influence function ¢ are

directly dependent on the regularity of these functions, the polynomial order H,(U) c Hé(U)

of the finite element space and the mesh size /). By applying the triangular inequality
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104 L. ¥.5) = Oy L-¥ I LL(r) < 10 L.0) = Oy L Ol Ly )

Ng
+ngl./ﬂs,nllljﬁn(x,ybo)—Ei,h(x,yL,O)llL,%(rL)-

Following a duality argument we obtain

10 L. 0) = OhY L. O LY () < amaxFmaxFminCr (DDF (K

for some constant r & N, Cry (1) = S, CU, tly 1, O)ply)dy and D () := S, CU; gy,
0) Ay .

The constant ris function of i) the regularity properties of the influence function and the
solution (& - F)(:, y,, 0) ii) the polynomial degree of the finite element basis.

It follows that

Ns
10y L,0) = Oy, Ol 2y < Soh™ + Y. Sufuis.n @)

n=1
where Sy :=a e F 2 C D and
0 'max» " max" min T[(") I [(")

Sn(amax, [Fmaxa IFmin, d, ”ﬁ”[Loo(U)]d» CrL(r)s DrL(r)s ”f”Lz(g)
VL Ol g W) IBs, nll2)

are bounded constants for n=1, ..., Ns.

6.3 Sparse grid error

For the sake of simplicity only convergence rates for the isotropic Smolyak sparse grid are
shown. This analysis can be extended to the anisotropic case without much difficulty.

A 85 d =2
10h(YL.¥S) = S 80n(y L.yl L2(1) < @maxFimaxFminlleoll L2(rp; HYW))

Ng
+ X Jusllenll L3(rp)-

n=1

where eq = ap(-,yr,0) — Sy Eip(-,yr,0)] and

eni= [ @y p(-. ,0>—S’”’g[/fi (+.¥L.0)]
n ‘/Un,h YL w Un,h YL

forn=1, ..., Ns and
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LZ(FL; V):={v:I't, XU — V is strongly measurable, / ||U||?/p(y) dy < o0} .
r

for any Banach space V/defined on U.

It can be shown that ||e0||L3(,—L;H(1)(U)) (and ||en||L%(,—L) forn=1, ..., Ns) have a algebraic or

sub-exponential convergence rate as a function of the number of collocation knots 7 (see
[26,27]). necessary condition is that the semi-discrete solution & p(z) = ap(-,yr.0) and
U p@ = [gag a(-,yr.0), 71=1, ..., Nsadmit an analytic extension in the same region

Bp,n, - This is a reasonable assumption to make.

. . . Nr, N
Consider the polyellipse in &5, .. oy, =1,/ = €46, CC L where

NL
nq e n
%n’ 6, =2 € C;0,, > 050, 2 k5 2 0; Re(z) = 3 cos(0) ,
e’n_ e n
Im(z) = 5——sin(9).0 € [0,27)},
and let
Zp=izp €Cyy=y+wy,ye[- L1, |w,| <14:= 5

for n=1, ..., N. For the sparse grid error estimates to be valid the solution (- ,yy,0) and
Ju@n n(-.yL,0), 1=1, ..., Ns, have to admit an extension on the polyellipse &, N
The coefficients oy, for n=1, ..., Ncontrol the overall decay & of the sparse grid error

estimate. Since we restrict our attention to isotropic sparse grids the decay will be dictated
by the smallest o, i.e. 6 = min, = 1. N, O

The next step is to find a suitable embedding of &5 N in g ;. Thus we need to pick

the largest o, 7=1, ..., N such that &, . C ©p, - This is achieved by forming the

,,,,, ON
set 2= 23 x - x Xy, and letting o1 = 0 = -+ = oy, = 6 = log( T%,L +1+7y,)>08s

shown in Figure 2.

We now have almost everything we need to state the sparse grid error estimates. However, in
[27] to simplify the estimate it is assumed that if v € O H(l)(U)) then the term M(V) (see

page 2322) is equal to one. We reintroduce the term M(v) and note that it can be bounded by
maxze e p, ||v(z)||H(1)(U) and update the sparse grids error estimate. To this end let

—~ Ny, ~ ~
M := max{max, = max, ¢ @NL,ﬂ”u”v h(Z)”H(l)(U): maxy ON;.p [ Up, pn(@) |}
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Remark 11 In [6] Corollary 8 a bound for ||(@ - F)( - ,z)||H(1)(U), Z € Gp ;, can be obtained by
applying the Poincaré inequality. Following a similar argument a bound for ||¢( - ,z)||H(1)(U)
for all z € &y, . Thus bounds for [ji,, h(z)||H(1)(U) for n=0, ..., Nyand forall z € &g,

can be obtained.

Modifying Theorem 3.11 in [27] it can be shown that given a sufficiently large n (w>
N, /log 2) a Smolyak sparse grid with a nested Clenshaw Curtis abscissas we obtain the
following estimate

—~ * NL(T N
lleoll L3(ry.; Hiw) < Q0,6%(0), N, M)n#3(e:6"-NL) CXP(—zl/—NL’?IQ( L)) (23)

and

— * Njo N
llenll L2(rp) < Qo 8*(6), N, Mn3(0:6"-NL) GXP(—ZU—NLW”Z( L)) (24)

forn=1, ..., Ns, where 6 =6 /2, 6*(c) := (elog (2) — 1) / C(0),

C1(6,5%(6), M) max({1,Ci(c,5" (o), M NL

@(0,5%(0), N1, M) = — P
exp(cé (0)Ch(6)) |1-Cj(6,6"(0), M) |

65*(0’)52(6)
1+1log(2Nyp)’

4
20—’

po(Np) = ——2D ____ and ys(6,5(0), Ny) =

NI+ 0g@ND) Furthermore, C(o) =

~ _ 1 ,L %, . elog(2)—1
Crlo)=1+ 710g2 7 6 (o) = 762(0’) s

AMC(6)a(s, o)

Ci(0.8. M) = === =

and

_ 1 1 1 Es
a(,0) = exp(50| O‘l()gz o + Tog (2)\/% + 2(1 + 710g @) 20_)”.

7 Complexity analysis
We now perform an accuracy vs the total work analysis. The objective is to derived total
work Was a function of a tolerance 7OL > 0, such that
| varlQ(y ., y$)] — var[S7g *[On(yL ys)I | < TOL and
| E[O(y1.¥s)] — E[ST 8[0n(yL.ys)]1 | < TOL. We restrict our attention to the isotropic sparse
grid with Clenshaw-Curtis abscissas. For each realization of the semi-discrete approximation
up, it is assumed that it requires 6(N7) work to compute, where Aj is the cardinality of the
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finite element space H,(U) H(l)(U), and the constant g is a function of the regularity of vy
and the efficiency of the solver. The cost for solving the approximation of the influence
function ¢, € Hj(U) is also assumed to be 6(N}). Thus for any y, € 77, the cost for

computing @x(Yy, 0) := By, 0; u(yy, 0),¢4(Y., 0)) is bounded by O(Npd* + N). Similarly,
for any y, € I'; the cost for evaluating f;@, n(-.yr.0) is O(Npd* + N.
Remark 12 To compute the expectation integrals for the mean and variance correction a

Gauss quadrature scheme can be used coupled with an auxiliary probability distribution p(y)
such that

() = I~ 1plymandp / p < C < 0.
for some C> 0 (See [6] for details). However, for the sake of simplifying the analysis it is
assumed that quadrature is exact and of cost o(1).

Let (N, m, g, w, B ;) be the number of the sparse grid knots for constructing
Sw El@n, (- yr. 01 and nA N, m, g, w, g p,) for constructing 75 8[@,, n( - .y, 0)], for n=

1, ..., Ns The cost for computing E[S" 8 [Qn(y . O)]] iS O((Npd” + Niyno) and the cost for

computing Z,J,Vfl ys,n[E[y;,ch’L"}’ 8 Jyan(-,yr. 011 is bounded by @((Nhal2 + NZ)NSn), where

ni= max Ty -
n=0,...,Ng

The total cost for computing the mean correction is bounded by

Wheta(TOL) = O((N, h(TOL)d2 + NZ(TOL))N s(TOL(TOL)). (25)

Following a similar argument the cost for computing the variance correction is bounded by

W% (TOL) = @((N,,(TOL)d2 + N%(TOL))N%(TOL)W(TOL)) . (26)

We now obtain the estimates for AVy(7TOL), Ng TOL) and n( TOL) for the Perturbation, Finite
Element and Sparse Grids respectively:

a. Perturbation: From the perturbation estimate derived in Section 6.1 we seek
10 L.ys) — O L.yl L) < % with respect to the decay of the coefficients
us,m 1=1, ... Ns. First, make the assumption that By = Z,j,vfp/us,n < CDNZI
for some uniformly bounded Cp> 0 and /> 0. It follows that

5 TOL .
104 L. ys) = QL. ¥yl k) < 56, If
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B3G < CHNT 26 < %.
Finally, we have that
-1/@
Ng(TOL) > LLZ
3CpChHG
b. Finite Element: From Section 6.2 if
TOL
Soh™" + BrToh' < 5 e
Tp:= maxn 5 Su then 10(y1.0) — Op(y 1. Ol L2 HYW)) < 3C -+ Solving the

quadratic inequality we obtain that

BrTg
ST

h(TOL) <

BrTo\2  4roL
480 12SoCpFE

1/2]1/r

Assuming that A, grows as 6(h~%) then

—d
BTy 1/2=d/r

)

Ny(TOL) > D3

BrTo\2  4roL
4Sg 12SoCFE

for some constant Dz > 0.

c. Sparse Grid: We seek [|Qp(yL.0) — St th(YL’O)”LP(F) < 3c ThIS is

TOL

satisfied if ”eO”LZ(FL HO(U)) < and

d -2
6amaxFmaxFminCPSG

llenll 2 <£
nllLy(I'p) S 6BTCpSG

forn=1, ..., Ns. Now, following a similar approach as in [27] let
TOL -
5" = (elog(2) — 1) / C(0). Thus [|Qp(y) — Sy th(y)IIL,,(r) < 3Cpsc if
1 +1log2Ny)
60max”:glax":r_ni2nCPSGCSﬂ:NL exp(a(f)) c

m(ToL) = TOL
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C1(6,5%, M)

——, and
| 1-Cylo, 5% M) |

for a sufficiently large NV;, where Cf :=
F := max{1,Cy(c, 5%, M)}. Similarly, for a sufficiently large A/, we have that

N 1+10g(2N})
6BrCpsGCFF " L exp(o(B) -
TOL

m(TOL) > C

forn=1, ..., Ns

Combining (a), (b) and (c) into equations (25) and (26) we obtain the total work
W (TOL) and Wil ,(TOL) as a function of a given user error tolerance 7OL.

8 Numerical results

In this section the hybrid collocation-perturbation method is tested on an elliptic PDE with a
stochastic deformation of the unit square domain i.e. U= (0, 1) x (0, 1). The deformation
map F :U — P(w) is given by

F(m,m, ) = (1, (m2 — 0.5)(e(n1, @) + 0.5)if mp > 0.5
F(n,m, ) = (n1,m) if0<m<05.

According to this map only the upper half of the square is deformed but the lower half is left
unchanged. The cartoon example of the deformation on the unit square Uis shown in Figure
3.

The Dirichlet boundary conditions are set according to the following rule:

d(n1) upper border

u(ng, m, ) | 9P(w) = 0 otherwise

where 9(n) = exp(_—lz). Note that the boundary condition on the upper border does

1—-4@m —0.5)
not change even after the stochastic perturbation.

For the stochastic model &(7;, W) we use a variant of the Karhunen Loéve expansion of an
exponential oscillating kernel that are encountered in optical problems [24]. This model is
given by

1/2 N
ep(w,ny) =1+ CYl(w)(@) +ed, i2M¢n(ﬂl)Yn(w);

N,
es(w,n) = czn f 1V Hn T NLop()Y p(w)

1/2
with deca = M, eN, ke R and
Y \Jtn el
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_[n7n] nzn| .
sin 2Lp — cos m + cosh(ny) + sinh(ny)

on(ny) = .

It is assumed that {Yn},],\’= | are independent uniform distributed in (—+/3, v/3), thus E[Y,,] = 0,
E[Y, Y] = 6[n—m] for n, m=1 ... Nwhere &[] is the Kronecker delta function.

It can be shown that for 7> 1 we have that

0 0

Bn= et~ 0.5) 0 ontny) O

Thus for all 1 € N we have that supxcU omad B{m1)) < C for some constant C. Thus for k=1
we obtain linear decay on the gradient of the deformation. In Figure 4 (a) a mesh example of
the reference domain is shown with Dirichlet boundary conditions. In Figure 4 (b) and (c)
two realizations 2(w) of the reference domain U from the deformation model Amy, 7, w)
are shown also. These realizations correspond to the 15 dimensional example (N = 15) with
k=3,c=1/15and L=1/2.

The Qol is defined on the bottom half of the reference domain (U), which is not deformed,
as

o) = [0,1) fo.1 )2y PmPCO. .0 .

In addition, we have the following:
i ax)=1forall xe U, L=1/2, Lp=1, N=15.
ii. The domain is discretized with a 2049 x 2049 triangular or 4097 x 4097 mesh.

i gro,, E0R), and IS | s, Bl fy @y, a1 are computed with the Clenshaw-Curtis
isotropic sparse grid from the Sparse Grids Matlab Kit[31,2].

iv. The reference solutions var[ @ Uen] and E[Qp(uy. )] for N =15 dimensions are

computed with a dimension adaptive sparse grid from the Sparse Grid Toolbox
V/5.1[15,23,22]). The choice of abscissas is set to Chebyshev-Gauss-Lobatto.

V. The Qol is normalized by dividing by Q(0) i.e. the Qol of solution & on the
reference domain U

vi. The reference computed mean value is 1.054 and variance is 0.1122 (0.3349 std)
for ¢=1/15 and cubic decay (k= 3). This shows a significant aleatory
deformation of the solution with respect to the random domain 2(w).

Remark 13 The correction variance term is computed on the fixed reference domain Uas
described by Problem 1 instead of the perturbed domain. The pure collocation approach
(without the variance correction) and reference solution are also computed on U. Numerical
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experiments confirm that computing the pure collocation approach on U, as described by
Problem 1, or the perturbed domain Z(w) lead to the same answer up to the finite element
error. This is consistent with the theory.

For the first numerical example we assume that we have cubic decay of the deformation i.e.
the gradient terms \//Tnsupx c ullBy(x)|| decay as 773, The domain is formed from a 2049 x

2049 triangular mesh. The reference domain is computed with 30,000 knots (dimension
adaptive sparse grid). In Figure 5(a) we show the results for the hybrid collocation-
perturbation method for ¢ = 1/15, k= 3 (cubic decay), N, = 2, 3, 4 dimensions and compare
them to the reference solution. For the collocation method the level of accuracy is set up to
w=5. For the variance correction we increase the level until w= 3 is reached since the there
is no benefit to increasing w further as the sparse grid error is smaller than the perturbation
error. The observed computational cost for computing the variance correction is about 10%
of the collocation method.

In Figure 5(b) we compare the results between the pure collocation [6] and hybrid
collocation-perturbation method. Notice the hybrid collocation-perturbation shows a marked
improvement in accuracy over the pure collocation approach.

In Figure 6 the variance error decay plots for A= 3 (cubic decay) with (a) c=1/15and (b) ¢
= 1/120 are shown for the collocation (dashed line) and hybrid methods (solid line). The
reference solutions are computed with a dimension adaptive sparse grid with 20,000 knots
for (a) and (b). The mesh size is set to 4097 x 4097 for (a) and 2049 x 2049 for (b). The
collocation and hybrid estimates are computed with an isotropic sparse grid with Clenshaw-
Curtis abscissas.

It is observed that the error for the hybrid collocation-perturbation method decays faster
compared to the pure collocation method. Moreover, as the dimensions are increased the
accuracy gain of the perturbation method accelerates significantly (c.f. Figure 6(a). The

accuracy improves from around LS to about %. Note that the computational cost for both
Ny NL

the hybrid and collocation methods are relatively equal. This method shows a significant

reduction in computational cost for the same accuracy, making it suitable for large

dimensional problems.

In Figure 6 (b) the perturbation of geometry is significantly reduced (¢ = 1/120). Due to the
small perturbation, the perturbation approximation is significantly higher and the error of the
variance decreases substantially for Ai;= 2. This is expected since perturbation methods
work well under small variations of the geometry. Notice that for Ng= 2, 3, ... accuracy of
the hybrid method appears not to improve, however the limiting factor at this point is due to
the finite element error.

9 Conclusions

In this paper we propose a new hybrid collocation perturbation scheme to computing the
statistics of the Qol with respect to random domain deformations that are split into large and
small deviations. The large deviations are approximated with a stochastic collocation
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scheme. In contrast, the small deviations components of the Qol are approximated with a
perturbation approach. A rigorous convergence analysis of the hybrid approach is developed.

It is shown that for a linear elliptic partial differential equation with a random domain the
variance correction term can be analytically extended to a well defined region &gy,

embedded in cVL with respect to the random variables. This analysis leads to a provable sub
exponential convergence rate of the Qol computed with an isotropic Clenshaw-Curtis sparse
grid. The size of the region &gy, and therefore the rate of convergence of an isotropic
sparse grid is a function of the gradient decay of the random deformation.

Error estimates and numerical experiments show that the error decays the square of the
polynomial order with respect to the number of dimensions. This shows a marked reduction
in effective dimensionality of the problem. Moreover, in practice, the variance correction
term can be computed at a fraction of the cost of the low dimensional large variation
component.

The hybrid approach is essentially a dimensionality reduction technique. We demonstrate
both theoretically and numerically that the variance error with respect to the collocation
dimensions N, decays quadratically faster than the pure stochastic collocation approach.
Thus, the hybrid method is compatible with other stochastic collocations approaches such as
anisotropic sparse grids [26]. This makes this method well suited for a large number of
stochastic variables.
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F(w)

Fig. 1.
Example of reference domain deformation through the bijective map A w) for some

realization w € Q. The image is created Tikz code [30].
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Fig. 2.
Embedding of &, 5, in 2,C &gy, .
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n2 U

F(m,n2)

ﬁ

Fig. 3.
Stochastic deformation of unit square {/according to the rule given by F:U — @(w). The

region U is not deformed and given by (0, 1) x (0, 0.5).
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Reference Realization

alar = (1)
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alarr =0
(a) (b)
Realization
1.4
12
1
(c)
Fig. 4.

Random deformation of a reference square domain U. (a) U reference domain with Dirichlet
boundary conditions. (b) Realization of the deformed reference square U. (c) Second
realization of the deformed reference square U.
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Fig. 5.

H3brid Collocation-Perturbation results with k= 3 (cubic decay) and ¢ = 1/15. (a) Variance
error for the hybrid collocation-perturbation method as a function of the number of
collocation samples with a isotropic sparse grid and Clenshaw Curtis abscissas. The
maximum level is set to w= 3. (b) Comparison between the pure collocation (Col) and the
hybrid collocation-perturbation (Pert) approaches. As we observe the error decays
significantly with the addition of the variance correction. However, the graphs saturate once
the perturbation/truncation error is reached. Note that the number of knots of the sparse grid
are computed up to w= 5 for the pure collocation method. For the variance correction the
sparse grid level is set to w= 3 since at this point the error is smaller than the perturbation
error and there is no benefit to increasing w. The sparse grid knots needed for the variance
correction are almost negligible compared to the pure collocation.
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Fig. 6.

Variance error comparison of truncation and hybrid collocation-perturbation method as a
function of the number of dimensions and different decay rates. (a) Variance error for the
pure collocation (dashed line) and hybrid collocation-perturbation (solid line) methods for ¢
=1/15 and k= 3. (b) Variance error ratio between the collocation and hybrid methods for ¢ =
1/120 (i.e. small perturbation) and &= 3. Note that the finite element error is reached at Ng=
2, saturates the overall accuracy.
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