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A differential equations 
model‑fitting analysis of COVID‑19 
epidemiological data to explain 
multi‑wave dynamics
Maria Jardim Beira  * & Pedro José Sebastião 

Compartmental epidemiological models are, by far, the most popular in the study of dynamics 
related with infectious diseases. It is, therefore, not surprising that they are frequently used to study 
the current COVID-19 pandemic. Taking advantage of the real-time availability of COVID-19 related 
data, we perform a compartmental model fitting analysis of the portuguese case, using an online 
open-access platform with the integrated capability of solving systems of differential equations. This 
analysis enabled the data-driven validation of the used model and was the basis for robust projections 
of different future scenarios, namely, increasing the detected infected population, reopening schools 
at different moments, allowing Easter celebrations to take place and population vaccination. The 
method presented in this work can easily be used to perform the non-trivial task of simultaneously 
fitting differential equation solutions to different epidemiological data sets, regardless of the model or 
country that might be considered in the analysis.

Back on January 2020, when the World Health Organization (WHO) first mentioned a cluster of pneumonia 
cases in Wuhan, no one expected that by the 11th of March, COVID-19 (COronaVIrus Disease-19) would have 
spread across the globe and would be declared a pandemic1. Infectious diseases have accompanied mankind 
since the beginning of its existence and are known to have profoundly influenced the fate of entire nations upon 
their evolution to local epidemics or to great pandemics2. COVID-19, caused by SARS-CoV-2 (Severe Acute 
Respiratory Syndrome CoronaVirus 2), is, however, the first pandemic to ever reach every country in the world 
within this era of global information. Furthermore, this happened despite what might be considered the largest 
lock-down in history.

The well-known works of W. O. Kermack and A. G. McKendrick3, published in 1927, on the compartmen-
tal SIR model, have paved the way for epidemiologists to mathematically describe the dynamics of infectious 
diseases and became increasingly popular among the scientific community, particularly for the analysis of the 
current pandemic4–12. These compartmental SIR-models are composed of systems of differential equations that, 
except for a few particular cases, have no analytical solutions13. Probably, this is the main reason why only a very 
limited number of scientific works actually provide the fit of the SIR-type model differential equations systems to 
the COVID-19 related data6, 7, 11 and why others prefer to fit the data using approximated analytical expressions, 
such as the logistic function14, 15.

The number of daily new cases, deceased and recovered related to COVID-19 is made available to the general 
public in close to real time16, 17, which makes it possible to test models by actually fitting the existing data. Here 
we propose a model based on the comprehensive PSEIRD(S) model by Beira et al.11 to fit the data sets related to 
the infected, deceased and hospitalized cases reported for Portugal, a country that had a severe post-Christmas 
outbreak. The PSEIRD(S) model was modified in order to account for vaccination and avoiding infectious 
pathways that required the use of parameters which could not be independently estimated, such as the fraction 
of infected individuals that, regardless of being detected, do not infect others. Still, it could be argued that this 
modified PSEIRD(S) model is overly complex for the description of the COVID-19 dynamics, but, as it will 
become evident in the following sections, it represents a balance between effective number of model parameters 
and an adequate description of this epidemic.

Fitting the solutions of differential equations is, undoubtedly, a non-trivial process and usually requires an 
extensive overhead work to implement dedicated software. In view of this fact, a specific ordinary differential 
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equation solver was developed to extend the capabilities of the online open-access platform fitteia.org, originally 
developed for general model fitting purposes18 . This platform was used to test the modified PSEIRD(S) model 
and may be used to test other models/assumptions. It is important to note that, as it was observed for the original 
PSEIRD(S) model when used to analyze the data for 11 countries, the method here presented will eventually 
work for any country and may be used for the validation of any model.

Methods
Model.  Figure 1 shows the outline of the compartmental model used in this work to explain the dynamics 
of COVID-19.

The model considers that, when the virus first reaches a country, the initial number of susceptible individuals 
is equal to the entire population of that country. As people become aware of the presence of the virus they tend 
to protect themselves and, as a consequence, become a part of the P compartment. The rate of this transition 
was considered to be proportional to the number of detected active infected and to a factor α that we decided to 
call protection factor. This flow happens as a consequence of individuals following sanitary and social distancing 
measures, either imposed by the government or self-imposed by each individual as a result of risk perception. 
It is generally accepted that the awareness state of the population will influence the dynamics of an infectious 
disease, as described in previous works8, 19. There may also be an involuntary flux from S to P corresponding to 
the part of the population that is physically or geographically isolated from the virus.

Multiple outbreaks can be explained by considering flows from P to S with rates kPS , specific for each out-
break. These flows are a consequence of governments and/or individuals relaxing some or all of the sanitary and 
social distancing measures.

From the susceptible compartment, individuals evolve, upon contacting with an infectious individual from 
compartment I, to an exposed state, E, where they are infected but not yet infectious. This transition happens 
at a rate k, which is the product of the number of daily contacts and the probability of a contact generating an 
infection. An exposed individual evolves to I with a characteristic time, τI , related with the incubation period of 
the virus. From I, a fraction d is detected and transitions into Id , with characteristic time τId , while the remain-
ing individuals recover and go into R, with characteristic recovery time τR . The differentiation between detected 
and undetected infectious individuals is crucial for the description of the COVID-19 dynamics, as undetected 
individuals largely promote the dissemiation of the disease20. In the PSEIRD(S) model, we assumed that detected 
individuals no longer propagate the disease. From compartment Id , a fraction l dies and becomes part of compart-
ment D, while the fraction (1− l) recovers, with characteristic time τR . Finally, vaccination and loss of immunity 

Figure 1.   Compartment diagram of the alternative SEIRD(s) model, modified in order to accommodate 
protected individuals, P, to discriminate between detected, Id , and non-detected, I, infectious cases, and to 
include the process of vaccination. The flows between compartments are normalized and mathematically related 
to the model parameters, which are listed and briefly described in the box on the right hand side.
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can also be accounted for by knowing the daily vaccinated, v, and applying the characteristic reinfection rate, 
kRP , in the transition from R to P.

The main difference between this modified PSEIRD(S) model and the original PSEIRD(S) model11 is the 
elimination of the infection pathway by which a fraction of the infectious individuals would not infect suscepti-
ble people. It was further assumed that the deceased came exclusively from the detected infected compartment, 
Id , as opposed to what was considered for the original PSEIRD(S) model. These modifications do not disregard 
the importance of human action in the dynamics of COVID-19, as testing (reflected in parameters d and τId ), 
risk-perception (reflected in α ) and sanitary/social distancing measures, as well as general protection (reflected 
in P) are still considered in the modified PSEIRD(S) model. The modified PSEIRD(S) model, additionally takes 
the vaccination process into consideration.

The mathematical description of the seven compartments composing this model requires the following set 
of differential equations:

In order to fit the data for the cumulative number of detected cases, NTd
 , only the flow that goes into Id (see Eq. 5) 

needs to be considered, which leads to Eq. (8)

The daily detected cases are obtained from the derivative of the total detected cases

Analogously, the daily deceased can be obtained from the derivative of the cumulative number of deaths, lead-
ing to Eq. (10).

One of the main concerns of public health authorities, is to avoid the collapse of hospital services in the event of 
a dramatic increase of COVID-19 patients. In view of this fact, it is also of interest to follow the time evolution of 
the number of COVID-19 related hospitalized cases and of the number of patients in intensive care units (ICU). 
Both these groups are a fraction of the infected detected population, present a specific rate of hospitalization 
and leave this state with a specific characteristic time. The differential equations that characterize the flow into 
and from these compartments can be written as

kh and kICU are parameters that include the percentage of active infected cases that evolve into hospitalized or 
ICU, respectively, and the rate at which these transitions happen. τRh and τRICU are the characteristic times required 
for a patient to move out of the hospitalized and ICU states, respectively.
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For simulation purposes, the rate of change in the total number of infections (detected and undetected) can 
be calculated by considering the positive flow into compartment I (see Eq. 4),

Data and model fitting.  In order to perform the present study, the data sets corresponding to daily 
infected, daily deceased, hospitalized and ICU patients in Portugal were obtained from the portuguese Directo-
rate-General of Health website21. The sets corresponding to the cumulative detected cases and cumulative deaths 
were also analyzed because, even though they are determined from the daily infected and daily deceased data 
sets, respectively, they present very different time derivatives (see Eqs. 8, 9 and Eqs. 7, 10). The simultaneous fit 
of instantaneous and cumulative data contributes, therefore, to the stabilization of the model fitting least squares 
minimization process, making it more likely to converge regardless of high frequency (daily) fluctuations.

The model fits were performed with an open-access user-friendly online platform fitteia® (fitteia.org) that uses 
the non-linear least-squares minimization method with a global minimum target, provided by the numerical 
routine MINUIT from the CERN library22.

As the compartmental models require the resolution of differential equations, the Runge-Kutta method inte-
grated in fitteia® was used in the minimization process. After setting the values for each population compartment 
and parameter at initial time, t0 , a Runge-Kutta iteration with a time resolution fixed to 0.01 days was applied. 
Next, the solutions for each equation were compared with the existing data in a loop until a global least-squares 
minimum in the model parameters space was obtained.

Fixed parameters and general assumptions.  In view of the fact that the available data sets are not 
enough to make an independent estimation of all model fitting parameters, assumptions had to be made for the 
parameters presented in Table 1.

Although the first COVID-19 cases in Portugal were detected on March 2, 2020 (day 62), those patients were 
known to have developed symptoms as early as February 2623. Therefore, t0 was set to 56, which is the day of year 
2020 corresponding to February 26.

To accommodate for the initial growth of COVID-19 detected cases, a value of I0 equal to one was insuf-
ficient. I0 was, therefore, set to three, the smallest value that could explain the observed data. This indicates that 
on February 26 there were three infectious individuals in Portugal. The need for more than one patient zero may 
be related to the initial dissemination of the disease across different regions of the Portuguese territory.

The initial value for the susceptible population, S0 was set to the total population of Portugal, as explained 
in “Model” section.

The characteristic evolution time from exposed to infectious, τI , was set to 3.5 days. The reason for this lies in 
the fact that individuals become infectious about two days before becoming symptomatic. Since the incubation 
period for this virus is 5 days in more than 90% of the cases and outliers usually fall over this 5 day period, 3.5 
seems to be a reasonable assumption24.

The detection ratio, d, and the characteristic detection time, τId are variables that are interconnected. It is 
possible to obtain the same result if both parameters are multiplied or divided by the same value. Here we con-
sidered a combination of d=0.25 (25% of cases are detected) and τId=6.25 to reflect the portuguese case. As it 
can be observed in Fig. 2, the post-Christmas outbreak was associated with a 10% increase in the percentage of 
positive PCR tests. As a consequence, we reduced the fraction of detection to 0.15 for the time range associated 
with increased positivity (between day 358 and 399).

The fraction of people that die was calculated by dividing the most recent total number of deaths by the sum 
of the total number of deaths and recovered.

Portugal was one of the countries that did not provide systematic data for the recovered. This compartment 
is the one that is most subject to reporting delays and, if the reporting delays are not systematic, the data present 
several discontinuities that are difficult to incorporate in the model. We chose to attribute 14 days to this char-
acteristic recovery time, based on what was observed for other countries11.

(13)
dNT

dt
=

1

τI
E.

Table 1.   Parameters that could not be independently estimated by model fitting the data sets corresponding to 
infected, dead and hospitalized. *Total Portuguese population, which was assumed constant.

Parameter Value

t0 day 56 - February 26

S0 10.2 million people*

I0 3

τI 3.5 days

d 0.25 (0.15 for t ∈ [358;399])

τId 6.25 days

l 0.02

τR 14 days
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Results
Model fits.  The results obtained from fitting the infectious, dead and hospitalized data until February 24 
2021 are presented in Fig. 3 and the optimized parameters are summarized in Table 2. Figure 3a shows the 
time evolution of the detected daily new cases, NId

 . The violet dashed lines show the moments when the rate 
kPS changed, while the dotted red line corresponds to the changing moment for the infection rate, k. In Fig. 3b 
are presented the cumulative number of detected infections, NTd

 . Figure 3c depicts the time evolution of the 
daily deceased and the violet dashed lines mark the moments when the characteristic death time, τD , changed. 
In Fig. 3d it is possible to observe the time evolution of the cumulative number of deaths. Figure 3e,f show the 
results obtained for the hospitalized and ICU patients, respectively. In these figures, the dashed violet lines mark 
the changing moments for the respective hospitalization rates, kh and kICU , while the red dotted lines shows the 
instant when the characteristic times, τRh and τRICU , were changed. For all plots, the horizontal axis presents the 
elapsed time from January 1, 2020.

As it can be observed in Fig. 3, the simultaneous fit of the modified PSEIRD(S) model to the NId
 , NTd

 , D , ND , 
Ih and IICU compartments provides very good results, whose representation was extended in order to obtain a 
projected scenario, assuming that none of the parameters changes. If confinement conditions are maintained, 
it is possible to observe that the number of detected daily infections decreases to zero by May 15 (day 500) .

As it can be observed, the modified PSEIRD(S) model explains complex disease dynamics, such as multiple 
outbreaks. These outbreaks are described as a flow of people from the P to the S compartment, whose magnitude 
increases for larger outbreaks, as seen from the different kPS values, presented in Table 2.

The change observed for the k value in the beginning of September 2020 (day 247), can be assigned to the 
establishment of strict measures related with extending the use of masks in outdoor public places, in order to 
prepare a secure reopening of services, such as schools.

For the hospitalized cases, it was not possible to make a fit considering a unique value of kh or kICU . The values 
were different for different outbreaks but can be estimated by the initial increase observed for the different waves 
of infection. The different values of kh and kICU are consistent with the fact that the rate at which patients are 
admitted to hospitals is largely dependent on the age stratification related with a specific outbreak (for example, 
an outbreak where the elderly are the most affected should be related with a larger value of kh and kICU ) and/or 
to the season at which it happens (winter season should increase the infected percentage and/or the rate at which 
patients are hospitalized). Regarding the characteristic recovery time from a hospitalization state, it was possible 
to make the fits assuming a single value for the different outbreaks except for the most recent one. This outbreak 
was the most severe in Portugal so far and lead many hospitals to exceed their capacity for receiving COVID-19 
patients. Under such conditions, it is impossible to provide patients with the highest health care service quality, 
which leads a larger number of hospitalized individuals to die.

The characteristic death time also presents different values for different outbreaks. Naturally, when the num-
ber of hospitalized increases to values close to the limits of the health care system (less than 2000 ICU beds in 
Portugal25), mortality tends to happen at a faster rate. At the beginning of the epidemic in Portugal the charac-
teristic death time may have had a smaller value because the knowledge of the virus and of effective therapeutics 
was probably insufficient at that time.

Remaining compartments and model simulations.  Starting from the assumptions presented in 
“Fixed parameters and general assumptions” section and the model fitting parameters presented in Table 2 it was 
possible to generate the time evolution of the compartments for which there is no available data. It is important 
to note that these time-series are a necessary step to solve and fit the solutions of the set of differentials equations 
(Eqs. 1–7), as it is not possible to determine one compartment without considering the remaining. The time 
evolution of the P, S, R, E, I and Id compartments, as well as NTd , is presented in Fig. 4.
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Figure 2.   Evolution of the percentage of positive test in Portugal.
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Figure 3.   Model fitting results obtained for the application of the modified PSEIRD(S) model to the different 
data sets, starting from the assumptions presented in Table 1. The details regarding the auxiliary lines are 
explained in the text.
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In Fig. 4a it is possible to see the time evolution of the P and S compartments. This figure puts into evidence 
the transitions between these two sates and the effective normalization of the flows. When the number of suscep-
tible increases, the number of protected has to decrease by the same amount. Figure 4b shows the total number 
of detected and undetected cases and recovered. As it can be seen, in view of the fact that a small percentage of 
individuals dies with COVID-19, the number of recovered tends to the total number of cases minus the total 
deceased. In Fig. 4c is depicted the time evolution of simulated compartments E, I and Id . Compartment E is 
directly related to compartment I, which directly relates to compartment Id . This figure evidences the different 
characteristic times to move out of these three states. Clearly, the number of exposed individuals decreases much 
more steeply than the number of infected non-isolated and infected detected. This fact is consistent with a much 
faster transition out of this compartment, with a characteristic time τI equal to 3.5 days.

Among all the compartments, the infected non-isolated, I (Fig. 4c), is crucial for the description of recurrent 
outbursts, as these individuals, unaware of their infectious state, silently spread the disease. In fact, the dramatic 
outcome caused by allowing people to move freely on Christmas can be explained by the following simple 
reasoning based on this compartment. According to the obtained results, on Christmas eve there were about 
58000 individuals in compartment I. Considering that all of these spent Christmas with four other relatives, that 
means at least 232000 non-isolated infected cases by new year’s eve. This value might even be underestimated, as 
it does not account for the subsequent gatherings that might have taken place during this season festivities (e.g. 
multiple meetings with parents and in-laws, parties for exchanging gifts, etc). In view of this, it becomes clear 
that the number of daily cases is not enough to characterize the state of the pandemic. A closer analysis of the 
curves presented in Figs. 3 and 4 shows that, although the detected daily new cases drops to zero by May 15 (day 
500), the number of infected non-isolated is around 20 on the same date. This number is more than sufficient to 
generate new outbreaks upon careless reopening.

The model fitting software - fitteia® - also provides a straightforward way of making simulations exploring 
the effects of varying any model parameter in anticipation of confinement/reopening policy changes. Therefore, 
simulations were made in order to understand how testing can be used to decrease the present confinement 
duration. For instance, the level of testing is here related with d and τId , so we have simulated different epidemic 
scenarios starting from March 1 (day 426). The results for these simulations are presented in Fig. 5 for NId

 and 
I. In Table 3 are presented the dates and NId

 values corresponding to different I-related milestones: 50/100k 
inhabitants and 1/100k inhabitants.

As it is economically unsustainable to maintain a state of “endless” confinement (e.g. until I goes to zero), it 
is important to evaluate the secure reopening of schools and of other services, especially in view of the dramatic 
decrease in detected infections and deaths that is currently being observed. As a reference we considered a value 
of 50/100k silent spreaders, as this was the value obtained for August 31 2020, prior to the first reopening of 
schools.

Looking at Fig. 5 and Table 3, it becomes clear that the larger the value of d, the sooner the 50/100k plateau 
is reached. However, upon tripling d, it is only possible to reach the 50/100k plateau 5 days sooner, which is a 
relatively small gain compared to the investment that would have to be made to target such a high detection 
fraction. Testing is, indeed, a crucial factor to reduce the propagation of the disease, however the characteristic 
time it takes for an infectious individual to receive a positive COVID-19 test result, τId , should also be taken 
into account. In fact, the best projected scenario corresponds to doubling the value of d while decreasing the 
characteristic detection time to two days. Although it is possible to analyze scenarios for arbitrary values of d 
and τId , in practical terms, maximizing d definitely has an economic cost and probably will also have a negative 
effect on τId for the same testing quality. Note that, as the target plateau gets lower (e.g. 1/100k), the gains that 
may happen as a result of changing d or τId become more significant.

In order to test the model sensitivity to the onset of possible reopening strategies, such as reopening schools or 
allowing Easter celebrations to take place, the P-S flow associated with the largest increase of cases while schools 
were functioning ( kPS=1.6) was applied either from March 1 or from April 1. Furthermore, schools reopening 

Table 2.   Model fitting optimized parameters. Some of the parameters fitted vary discretely with time. In that 
case, the value of the parameter is preceded by the day from which it applies and may be followed by the day 
from which it no longer applies.

Parameter Value

kPS (day−1)
 

α (day−1) 1.3× 10−3

k (day−1) 0.9
247

| 0.3

τD (day) 5.5
133

| 16
344

| 9.6
398

| 50

kh (day−1) 3.0× 10−2
97

| 8.5× 10−3
307

| 5.2× 10−3

kICU (day−1) 6.8× 10−3
97

| 9.9× 10−4
307

| 7.4× 10−4

τRh (day) 12.4
400

| 7.2

τRICU (day) 13.7
400

| 8.9
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Figure 4.   Time evolution of the total cases and of the modified PSEIRD(S) model compartments for which 
there is no available data or the data is not consistently reported: (a) P and S; (b) NTd and R; (c) E, I and Id - c). 
The plots were obtained taking into account the same assumptions for the fixed parameters presented in Table 2 
and the same optimized parameters presented in Table 2.
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Figure 5.   Evolution of the detected daily new cases (a) and infected non-isolated, responsible for spreading the 
disease (b). Effect of different values of d keeping τId equal to 6.25 days and effect of increasing d to 0.5 while 
decreasing τId to 2 days. The parameters were changed only after March 1.
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was paired with Easter celebrations by assuming the same P-S flow obtained for Christmas ( kPS=27.8). Two cases 
were considered for Easter: either the P-S leakage lasts for 25 days, as was observed for Christmas, or it lasts 50 
days. The results of these simulations for NId

 and I are presented in Fig. 6.
The model is clearly sensitive to the onset of school activities, especially when an Easter related leakage is 

considered. If schools are reopened in April, there is a smaller tendency for uncontrollable infections growth, 
as naturally expected. This fact, although intuitively trivial, is hardly ever expressed by actual numbers, which 
demonstrates the advantage of using a differential equations solver/fitter and compartmental models such as 
either the original or the modified PSEIRD(S) to project different scenarios.

It is important to stress that the magnitude of the leakage or its duration can have unpredictable values, 
depending on the efficacy of applied measures and on the extent of compliance. In case of doubling the time 
range within which the Easter leakage is active, the resulting epidemic wave reaches a much higher amplitude, 
as can be seen in Fig 6 (violet lines).

If we now go back to the simulation for the P compartment presented in Fig. 4a it is clear that, even taking 
the Christmas leakage into account, the amount of individuals that are still in this compartment is much larger 
than the number of people that were infected with COVID-19 in Portugal so far. This fact makes it possible to 
project future epidemic scenarios that are much worse than the one observed immediately after Christmas. The 
way to dramatically reduce this risk is to vaccinate as many individuals as possible to deplete the P compartment 
of people and reduce its capacity to feed the susceptible compartment.

In Fig. 7 we present a few projections to explore the effect of different vaccination rates starting from the 
worst scenarios presented in Fig. 6 (violet curves). Since vaccination related scenarios are being projected, we 
have also included the simulations of the P and R compartments, which are the ones directly affected by the 
vaccination flow. In the simulations presented in Fig. 7 it was assumed that vaccination started from March 1 
with different numbers of effective daily vaccinated. In view of the fact that some vaccines require two doses to 
fully immunize an individual, to achieve the effective daily vaccinated number considered for the simulations 
in Fig. 6, the number of vaccine doses administered per day has to be adapted according to the type of vaccine.

Table 3.   Summary of 2021 dates when the silent spreaders number decreases, either to 50 per 100k or to 1 per 
100k, and respective daily new cases obtained for the different scenarios projected in Fig. 5. The numbers in 
superscript correspond to the number of days elapsed from January 1, 2020.

Scenario based on d=0.25 
and τId=6.25

I = 50/100k I = 1/100k

 Date(day)  NId
/100k  Date(day)  NId

/100k

d, τId 16/Mar(441) 1.22 26/Apr(482) 0.027

2× d , τId 13/Mar(438) 0.99 16/Apr(472) 0.01

3× d , τId 11/Mar(436) 0.84 8/Apr(464) 0.007

2× d , 0.33× τId 5/Mar(430) 1.18 19/Mar(444) 0.019
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Figure 6.   Evolution of the detected daily new cases (a) and infected non-isolated, responsible for spreading the 
disease (b). Impact of reopening schools on March 1 (solid lines) or April 1 (dashed lines) and the impact of 
doing so together with allowing Easter celebrations to different extents.
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As it can be observed in Fig. 6, if the number of effective daily vaccinated is 30000 (60000 vaccine doses for 
two-dose vaccines), then it is possible to decrease the number of infectious cases to zero before the end of 2021. 
Note that, as it can be observed in Fig. 7c,d, as the number of daily vaccinated individuals increases, the number 
of individuals in the P compartment decreases, while the number of recovered increases.

It is also possible to account for vaccination related immunity loss. For example, assuming that immunity 
lasts five months, five months from March 1, the number of individuals that will have lost immunity is equal to 
the number of daily vaccinated. In Fig. 8, it is possible to see the simulations based again on the worst scenario 
presented in Fig. 6 and where the effects of different daily vaccinated, paired with a five months lasting immunity, 
are described.

As immunity loss is considered, the daily vaccinated needed to eliminate COVID-19 infectious cases by the 
end of 2021 increases from 30,000 to 38,000. In this case, by the end of 2021, the number of protected individuals 
does not decrease as much as when immunity loss was not considered (see Figs. 7c, 8c), as one may have expected.

Conclusion
In this work we have presented the analysis of the COVID-19 epidemic data for Portugal using the modified 
PSEIRD(S) model and an open-access online platform - fitteia® at fitteia.org - that, among other functionalities, 
enables the fitting of differential equation solutions to different sets of epidemiological data. The simultaneous 
analysis of the infected, deceased and hospitalized data sets, along with considering both daily and cumulative 
data, facilitated the process of finding the set of parameters corresponding to the global least-squares minimum. 
Furthermore, considering the data from the beginning of the epidemic in Portugal has put into evidence similari-
ties, differences and variability of model parameter for the successive outbursts.

The modified PSEIRD(S) model includes some aspects of social behavior and is, therefore, particularly inter-
esting for projecting different scenarios by changing parameters that can be translated into specific actions, such 
as increasing the fraction of detected cases, decreasing the characteristic detection time and analyzing different 
numbers of daily vaccinated individuals. The attempt to predict any future evolution of the pandemic is prone 
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Figure 7.   Evolution of the (a) detected daily new cases; (b) infected non-isolated, responsible for spreading the 
disease; (c) protected and (d) Recovered. Worst case presented in Fig. 6 and the effects of different vaccination 
strategies. Solid lines-schools reopen on March 1; Dashed lines-schools reopen on April 1.
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to failures, as human and social behavior are essentially unpredictable. The different scenarios presented in 
this work illustrate how the time series of the different population compartments will evolve assuming that the 
general response to reopening will follow the same trends observed so far. Naturally, much worse scenarios 
could be evaluated, but we expect that this work will contribute to put into evidence how to avoid past mistakes.

Regarding the model and the data analysis methods followed, we expect to have made clear that incorporating 
new compartments, parameters and assumptions (ex: different variants of the virus or age stratification) will be 
within reach with a relatively small effort, taking into account the technical possibilities the open-access platform 
at fitteia.org available for general use.

We trust that both the method and the analytical possibilities offered by fitteia® could provide a positive con-
tribution for the analysis of the current pandemic in other countries and of other epidemics. This tool provides 
a user-friendly way of fitting compartmental models to epidemiological data and, therefore, enables the user to 
make more robust projections starting from the description of past observations. In fact, if a model does not 
explain the details of the past, there is a good chance that it will not be appropriate to explore the near future.

Data availability
All data is available in the main text or is from public repositories. Fitteia templates will be available online at 
https://​github.​com/​fitte​ia/​COFIT.

Code availability
Relevant code and fitting results are available online at https://​github.​com/​fitte​ia/​COFIT.
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Figure 8.   Evolution of the detected daily new cases (a), infected non-isolated, responsible for spreading 
the disease (b), protected (c) and Recovered (d). Worst case presented in Fig. 6 and the effects of different 
vaccination strategies considering that vaccine related immunity lasts five months. Solid lines-schools reopen on 
March 1; Dashed lines-schools reopen on April 1.

https://github.com/fitteia/COFIT
https://github.com/fitteia/COFIT


12

Vol:.(1234567890)

Scientific Reports |        (2021) 11:16312  | https://doi.org/10.1038/s41598-021-95494-6

www.nature.com/scientificreports/

References
	 1.	 World health organization. https://​www.​who.​int/​emerg​encies/​disea​ses/​novel-​coron​avirus-​2019/​inter​active-​timel​ine#​!, 2020. 

Accessed (2021).
	 2.	 Froes, F. And now for something completely different: from 2019-ncov and covid-19 to 2020-nman. Pulmonology 26, 03. https://​

doi.​org/​10.​1016/j.​pulmoe.​2020.​02.​010 (2020).
	 3.	 Kermack, W. O., McKendrick, A. G. & Walker, G. T. A contribution to the mathematical theory of epidemics. Proc. R. Soc. Lond. 

Ser. A Contain. Pap. Math. Phys. Charact. 115(772), 700–721. https://​doi.​org/​10.​1098/​rspa.​1927.​0118 (1927).
	 4.	 Lipsitch, M. et al. Transmission dynamics and control of severe acute respiratory syndrome. Science 300(5627), 1966–1970. https://​

doi.​org/​10.​1126/​scien​ce.​10866​16 (2003).
	 5.	 May, R. M. et al. Epidemiology, transmission dynamics and control of sars: The 2002–2003 epidemic. Philos. Trans. R. Soc. Lond. 

Ser. B Biol. Sci. 359(1447), 1091–1105. https://​doi.​org/​10.​1098/​rstb.​2004.​1490 (2004).
	 6.	 Romano, S., Fierro, A. & Liccardo, A. Beyond the peak: A deterministic compartment model for exploring the covid-19 evolution 

in italy. PLoS ONE 15(11), 1–23. https://​doi.​org/​10.​1371/​journ​al.​pone.​02419​51 (2020).
	 7.	 López, L. & Rodó, X. The end of social confinement and covid-19 re-emergence risk. Nat. Hum. Behav. 4(7), 746–755. https://​doi.​

org/​10.​1038/​s41562-​020-​0908-8 (2020).
	 8.	 Teslya, A. et al. Impact of self-imposed prevention measures and short-term government-imposed social distancing on mitigat-

ing and delaying a covid-19 epidemic: A modelling study. PLoS Med. 17(7), 1–21. https://​doi.​org/​10.​1371/​journ​al.​pmed.​10031​66 
(2020).

	 9.	 Gomes, M. G. M., Corder, R. M., King, J. G., Langwig, K. E., Souto-Maior, C., Carneiro, J., Gonçalves, G., Penha-Gonçalves, C., 
Ferreira, M. U. & Aguas, R. Individual variation in susceptibility or exposure to sars-cov-2 lowers the herd immunity threshold. 
medRxiv (2020). https://​doi.​org/​10.​1101/​2020.​04.​27.​20081​893. https://​www.​medrx​iv.​org/​conte​nt/​early/​2020/​05/​21/​2020.​04.​27.​
20081​893.

	10.	 Pais, R. & Taveira, N. Predicting the evolution and control of the covid-19 pandemic in portugal [version 2; peer review: 2 
approved]. F1000Research, 9(283), (2020). https://​doi.​org/​10.​12688/​f1000​resea​rch.​23401.2.

	11.	 Beira, M. J., Kumar, A., Perfeito, L., Gonçalves-Sá, J. & Sebastião, P. J. A data-driven epidemiological model to explain the covid-19 
pandemic in multiple countries and help in choosing mitigation strategies. medRxiv, (2020). https://​doi.​org/​10.​1101/​2020.​08.​15.​
20175​588. https://​www.​medrx​iv.​org/​conte​nt/​early/​2020/​08/​17/​2020.​08.​15.​20175​588.

	12.	 Nadler, P., Wang, S., Arcucci, R., Yang, X. & Guo, Y. An epidemiological modelling approach for covid-19 via data assimilation. 
Eur. J. Epidemiol. 35(8), 749–761. https://​doi.​org/​10.​1007/​s10654-​020-​00676-7 (2020).

	13.	 Murray, J. D. Mathematical biology. I An introduction, of interdisciplinary applied mathematics 3rd edn, Vol. 17 (Springer, New 
York, 2002).

	14.	 Shen, C. Y. Logistic growth modelling of covid-19 proliferation in china and its international implications. Int. J. Infect. Dis. 96, 
582–589. https://​doi.​org/​10.​1016/j.​ijid.​2020.​04.​085 (2020).

	15.	 Buescu, J., Oliveira, H. & Pires, C. Covid-19 infection-to-death lag and lockdown-effect lag in italy and spain. Res. Square 04, 
https://​doi.​org/​10.​21203/​rs.3.​rs-​22130/​v1 (2020).

	16.	 Worldometers. https://​www.​world​omete​rs.​info/​coron​avirus/, 2020. Accessed (2021).
	17.	 Covid-19 data repository by the center for systems science and engineering (csse) at johns hopkins university. https://​github.​com/​

CSSEG​ISand​Data/​COVID-​19, 2020. Accessed (2021).
	18.	 Sebastião, P. J. The art of model fitting to experimental results. Eur. J. Phys. 35(1), 015017 (2014).
	19.	 Agaba, G., Kyrychko, Y. & Blyuss, K. Mathematical model for the impact of awareness on the dynamics of infectious diseases. 

Math. Biosci. 286, 22–30. https://​doi.​org/​10.​1016/j.​mbs.​2017.​01.​009 (2017).
	20.	 Li, R. et al. Substantial undocumented infection facilitates the rapid dissemination of novel coronavirus (sars-cov-2). Science 

368(6490), 489–493. https://​doi.​org/​10.​1126/​scien​ce.​abb32​21 (2020).
	21.	 Direção-geral da saúde. https://​covid​19.​min-​saude.​pt/​ponto-​de-​situa​cao-​atual-​em-​portu​gal/, 2020. Accessed (2021).
	22.	 James, F. Minuit function minimization and error analysis. MINUIT Function Minimization and Error Analysis. Reference Manual 

Version 94.1 (1994).
	23.	 Timeline for covid-19 evolution in portugal for the first six moths of the pandemic. https://​sicno​ticias.​pt/​espec​iais/​coron​avirus/​

2020-​09-​02-A-​pande​mia-​que-​mudou-​Portu​gal-​crono​logia-​dos-​ultim​os-​seis-​meses, 2020. Accessed (2021).
	24.	 Lauer, S. et al. The incubation period of coronavirus disease 2019 (covid-19) from publicly reported confirmed cases: Estimation 

and application. Ann. Intern. Med. 172, 03. https://​doi.​org/​10.​7326/​M20-​0504 (2020).
	25.	 Hospitalization capacity in portugal. https://​www.​sns.​gov.​pt/​notic​ias/​2020/​10/​23/​covid-​19-​capac​idade-​insta​lada/, 2020. Accessed 

(2021).

Acknowledgements
P.J.S. and M.J.B. would like to acknowledge the initial fruitful discussions with Anant Kumar, Joana Gonçalves-
Sá, Lília Perfeito and Luis Gonçalves.

Author contributions
Conceptualization: all authors; Methodology: all authors; Formal analysis and investigation: all authors; Writing-
original draft preparation: M.J.B.; Writing-review and editing: all authors; Fitting tools development: P.J.S.; 
Supervision: P.J.S. All authors read and approved the final manuscript.

Funding
This study was funded by FCT - Fundação para a Ciência e a Tecnologia. Author P.J.S received funding from 
project UID/CTM/04540/2019; author M.J.B received Ph.D. scholarship PD/BD/142858/2018.

Competing interests 
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to M.J.B.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note  Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

https://www.who.int/emergencies/diseases/novel-coronavirus-2019/interactive-timeline#!
https://doi.org/10.1016/j.pulmoe.2020.02.010
https://doi.org/10.1016/j.pulmoe.2020.02.010
https://doi.org/10.1098/rspa.1927.0118
https://doi.org/10.1126/science.1086616
https://doi.org/10.1126/science.1086616
https://doi.org/10.1098/rstb.2004.1490
https://doi.org/10.1371/journal.pone.0241951
https://doi.org/10.1038/s41562-020-0908-8
https://doi.org/10.1038/s41562-020-0908-8
https://doi.org/10.1371/journal.pmed.1003166
https://doi.org/10.1101/2020.04.27.20081893
https://www.medrxiv.org/content/early/2020/05/21/2020.04.27.20081893
https://www.medrxiv.org/content/early/2020/05/21/2020.04.27.20081893
https://doi.org/10.12688/f1000research.23401.2
https://doi.org/10.1101/2020.08.15.20175588
https://doi.org/10.1101/2020.08.15.20175588
https://www.medrxiv.org/content/early/2020/08/17/2020.08.15.20175588
https://doi.org/10.1007/s10654-020-00676-7
https://doi.org/10.1016/j.ijid.2020.04.085
https://doi.org/10.21203/rs.3.rs-22130/v1
https://www.worldometers.info/coronavirus/
https://github.com/CSSEGISandData/COVID-19
https://github.com/CSSEGISandData/COVID-19
https://doi.org/10.1016/j.mbs.2017.01.009
https://doi.org/10.1126/science.abb3221
https://covid19.min-saude.pt/ponto-de-situacao-atual-em-portugal/
https://sicnoticias.pt/especiais/coronavirus/2020-09-02-A-pandemia-que-mudou-Portugal-cronologia-dos-ultimos-seis-meses
https://sicnoticias.pt/especiais/coronavirus/2020-09-02-A-pandemia-que-mudou-Portugal-cronologia-dos-ultimos-seis-meses
https://doi.org/10.7326/M20-0504
https://www.sns.gov.pt/noticias/2020/10/23/covid-19-capacidade-instalada/
www.nature.com/reprints


13

Vol.:(0123456789)

Scientific Reports |        (2021) 11:16312  | https://doi.org/10.1038/s41598-021-95494-6

www.nature.com/scientificreports/

Open Access  This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the 
Creative Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. To view a copy of this licence, visit http://​creat​iveco​mmons.​org/​licen​ses/​by/4.​0/.

© The Author(s) 2021

http://creativecommons.org/licenses/by/4.0/

	A differential equations model-fitting analysis of COVID-19 epidemiological data to explain multi-wave dynamics
	Methods
	Model. 
	Data and model fitting. 
	Fixed parameters and general assumptions. 

	Results
	Model fits. 
	Remaining compartments and model simulations. 

	Conclusion
	References
	Acknowledgements


