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a b s t r a c t 

We introduce a compartmental model SEIAHRV (Susceptible, Exposed, Infected, Asymptomatic, Hospital- 

ized, Recovered, Vaccinated) with age structure for the spread of the SARAS-CoV virus. In order to model 

current different vaccines we use compartments for individuals vaccinated with one and two doses with- 

out vaccine failure and a compartment for vaccinated individual with vaccine failure. The model allows 

to consider any number of different vaccines with different efficacies and delays between doses. Con- 

tacts among age groups are modeled by a contact matrix and the contagion matrix is obtained from a 

probability of contagion p c per contact. The model uses known epidemiological parameters and the time 

dependent probability p c is obtained by fitting the model output to the series of deaths in each locality, 

and reflects non-pharmaceutical interventions. As a benchmark the output of the model is compared to 

two good quality serological surveys, and applied to study the evolution of the COVID-19 pandemic in 

the main Brazilian cities with a total population of more than one million. We also discuss with some 

detail the case of the city of Manaus which raised special attention due to a previous report of We also 

estimate the attack rate, the total proportion of cases (symptomatic and asymptomatic) with respect to 

the total population, for all Brazilian states since the beginning of the COVID-19 pandemic. We argue that 

the model present here is relevant to assessing present policies not only in Brazil but also in any place 

where good serological surveys are not available. 

© 2021 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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. Introduction 

The present COVID-19 pandemic initiated in the end of 2019 in 

he city of Wuhan in China, and was first reported to the World 

ealth Organization in January 2020 as an outbreak of pneumonia 

f undetermined origin. The etiologic agent was identified as the 

ew coronavirus SARS-CoV-2 [1] . The resulting disease caused until 

he present day more than four million deaths in the whole world, 

ith a reported number of 190 million cases [2] . Waves of the 
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andemic occurred at different moments of time and in all coun- 

ries, prompting mitigation measures, that were widely adopted, 

uch as social distancing and mask wearing [3] . During the year 

f 2020 a few vaccines were developed and approved, with only a 

mall number of countries having vaccinated a significant part of 

he population [4] . Since then an ongoing effort was taken to gain 

nowledge has been accumulated on how the virus act and how it 

preads, with mathematical modeling one of the tools deployed to 

redict possible future outcomes [5] . 

The mathematical modeling of infections diseases has a long 

radition starting from the seminal work by Kermack and McK- 

ndrick that introduced a SIR (Susceptible, Infectious,Recovered) 

odel to estimate for the epidemic outbreak threshold [6] . Dif- 
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Fig. 1. Transfer diagram for the SEIAHRV epidemiological model. 
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erent approaches were developed afterwards to study many dis- 

ases, emphasizing different aspects of the epidemic evolution [7–

] . Since the beginning of the COVID-19 pandemic a substantial 

umber of works were devoted at its modeling, ranging from SIR 

nd SEIR mean-field models and variants [10] to agent-based mod- 

ls [11] and meta-population based models [12] (for reviews of dif- 

erent forecasting models used for COVID-19 see [13] and [14] ). The 

ain limitation relies in model calibration due to the lack of reli- 

ble data resulting from the emergency situation caused by a pan- 

emic [15] , mainly during its initial period, that must be used with 

are [16] . Despite that, models have a been valuable planning tool 

n predicting possible future scenarios [5] . 

We present here a SEIARHV (Susceptiblem Exposed, Infected 

ymptomatic, Asymptomatic, Recovered, Hospitalized, Vaccinated) 

odel, with age structure, that uses known epidemiological pa- 

ameters to model the evolution of the COVID-19 pandemic by fit- 

ing the time dependent transmission rate using real data available 

rom official sources. We implement the model for the main Brazil- 

an cities (municipalities) and all its 27 states. 

Since the beginning of 2021 Brazil has received great attention 

ue to a strong second wave, resulting in overcrowded hospitals, a 

ack of basic medical supplies for a proper treatment in ICUs, and 

ven people dying asphyxiated with lack of oxygen, as occurred in 

he city of Manaus [17] . The lack of a centralized coordinated ef- 

ort to mitigate the pandemic allowed for a rapid circulation of the 

irus in a country with the sixth largest population in the world, 

esulting in one more hotbed for variants. After more than a year 

f pandemic some variants of concern have emerged. The variants 

f concern currently are [18] : α (B.1.1.7 from the United Kingdom), 

(B.1.351 from South Africa), γ (P1 from Brazil), ε (B.1.427-9 from 

he US), and more recently the δ variant, from India, which in now 

revalent in India, the UK and other localities. Those variants are 

ore transmissible by a factor from 1.5 to 2.5 than the original 

train, and possibly able to reinfect individuals with a former in- 

ection by the original variant [19] . This makes the analysis and 

redictions of possible outcomes even more difficult, as base epi- 

emiological parameters change over time. 

The official figures for the total number of cases, and also for 

he number of deaths although to a lesser extent, are underesti- 

ated all over the world [20,21] , and also in Brazil [22] due to a

ery small number of tests per million inhabitants ( 253 131 ), at the 

20-th position among all countries [23] . Due to the large propor- 

ion of non-identified cases we fir our model using the time series 

or deaths in each locality, as it is more reliable and representative 

f the situation of the pandemic at each moment of time. On the 

ther hand, a realistic estimate of the number of people already in- 

ected by the virus is of great relevance for implementing and eval- 

ating mitigation policies, such as determining the degree of so- 

ial distancing and which sectors to close or reopen, as well as for 

redicting possible outcomes of the pandemic in each locality. For 

hat purpose serological surveys for detecting SARS-CoV-2 antibod- 

es were implemented in many countries worldwide [24] . Among 

ood quality surveys there are two in Brazil: an estimate of the 

ttack rate (proportion of total real number of symptomatic and 

symptomatic cases in the population) in the state of Rio Grande 

o Sul, based on a serological survey in ten municipalities [25] , and 

he SoroEpi MSP in the city (municipality) of São Paulo [26] . The 

ormer covered a time span from April, 1 to May, 11 2020, while 

he survey in São Paulo reported five surveys from April 2020 to 

anuary 2021. We use these two surveys as benchmarks for our 

odel. 

The paper is structured as follows: The model, all the required 

arameters, and how it fitted from data, are presented in Section 2 . 

ection 3 contains the benchmark analysis with the serological sur- 

eys and the results for the attack rate (proportion of already in- 

ected individuals) for all the Brazilian states and cities with a pop- 
2 
lation of over a million inhabitants. We discuss with a greater 

ength the city of Manaus where the pandemic was particularly in- 

ense, ans present some prognostics for the evolution of the pan- 

emic with the arrival of the δ variant. We close the paper with 

ome discussion and concluding remarks in Section 4 . 

. Model 

The SEIAHRV model (Susceptible, Exposed, Infected, Asymp- 

omatic, Hospitalized Recovered and Vaccinated), is an extension 

f the model used in [27] , with compartments for individuals vac- 

inated with one and two doses, V (1 ,k ) and V (2 ,k ) for different vac- 

ines, each with a known efficacy with one and two doses, respec- 

ively, and a time delay between the two, each vaccine type denote 

y the superscript, without primary vaccination failure. A compart- 

ent U 

(k ) is also introduced for individuals with primary vaccina- 

ion failure U . The model assumes homogeneous mixing and M age 

roups with different number of contacts between each group. The 

ariables are given as proportion with respect to the total popu- 

ation at the initial time. The decomposition of the compartments 

nto age groups enables to incorporate the estimated contact struc- 

ure in a given population, represented here by a contact matrix 

 i, j with the average number of contacts per day of a single in- 

ividual of age group j with any individual of age group i . Up to 

he authors knowledge there is no estimation for the contact ma- 

rix in Brazil, so we use the results by Mossong et al. [28] for eight

uropean countries, taking the average of the contact matrix for 

ll countries, and adapting the result to the age distribution for 

ach cities and state considered here. This is a reasonable assump- 

ion due to cultural similarities between Europe and Brazil. The age 

roups represented in the model are: 0 to 9, 10 to 19, 20 to 29, 30

o 39, 40 to 49, 50 to 59, 60 to 69, 70 to 79 and 80 years of age and

ore. The contact matrix obtained in this way for Brasília (capital 

f Brazil) is shown in Fig. 3 . 

Required epidemiological parameters are given in the literature 

n Refs. [29–34] and shown in Tables 1 and 2 . The transfer diagram

or the model is shown in Figs. 1 and 2 , and the corresponding

on-linear differential equations with time-delay are given by: 

dS i 
dt 

= −
[ 

λi + μ′ + ν1 + 

1 

p v 

K ∑ 

k =1 

d (i,k ) 
1 

] 

S i + κ ′ δi, 1 + νi −1 S i −1 , 

dE i 
dt 

= λi S i + λi 

K ∑ 

k =1 

U 

(k ) 
i 

−
[ 

σ + μ′ + νi + 

1 

p v 

K ∑ 

k =1 

d (i,k ) 
1 

e (k ) 
1 

] 

R i + νi −1 E i −1 , 

dI i 
dt 

= (1 − χ) σE i −
[
γ + μ′ + νi 

]
I i + νi −1 I i −1 − (1 − χ) ζi σE i (t − τ1 ) , 

dA i 

dt 
= χσE i −

[ 

γ + μ′ + νi + 

1 

p v 

K ∑ 

k =1 

d (i,k ) 
1 

e (k ) 
1 

] 

A i + νi −1 A i −1 , 
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Table 1 

Epidemiological parameters required by the SEIAHRV model. 

Parameter Definition Value [Ref] 

ψ Recovery rate from hospitalization 1 / 17 . 5 days −1 [29,30] 

σ Inverse of incubation time 1 / 5 . 0 days −1 [31] 

γ Recovery rate for non hospitalized individuals 1 / 3 . 69 days −1 [32] 

θi Fatality rate among hospitalized individuals L (0) 
i 

/ζi 

(see Table 2 ) 

τ1 Median time from first symptoms 3.3 days [31] 

to hospitalization 

τ2 Average time from first symptoms to death 16.8 days [29] 

χ Proportion of asymptomatic cases 17 . 9% [33] 

ξ Contagiousness of asymptomatic with respect 55% [32] 

to symptomatic individuals 

κ Average birth rate in Brazil 1 . 416% [34] 

μ Average natural mortality rate in Brazil 0 . 608% [34] 

Table 2 

Infection fatality ratio (IFR) L (0) 
i 

and hospitalization probability ζi for each age group 

as obtained by Linton et al. [31] . 

Age group L (0) 
i 

ζi 

0 – 9 0 . 0% 0 . 00161% 

10 – 19 0 . 2% 0 . 408% 

20 – 29 0 . 2% 1 . 04% 

30 – 39 0 . 2% 3 . 43% 

40 – 49 0 . 4% 4 . 35% 

50 – 59 1 . 3% 8 . 16% 

60 – 69 3 . 6% 11 . 8% 

70 – 79 8 . 0% 16 . 6% 

≥ 80 14 . 8% 18 . 4% 

Fig. 2. Transfer diagram for the vaccination component of the model in Fig. 1 . Dot- 

ted lines indicate a flow between different compartments due to vaccination, ac- 

cording to the effectiveness of each vaccine type, with one and two doses. 
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dH i 

dt 
= −

[
ψ + μ′ + νi 

]
H i 

+(1 − χ) ζi σE i (t − τ1 ) − (1 − χ) θi ζi σE i (t − τ2 ) + νi −1 H i −1 , 

dR i 
dt 

= γ I i + γ A i + ψH i −
[ 

μ′ + νi + 

1 

p v 

K ∑ 

k =1 

d (i,k ) 
1 

e (k ) 
1 

] 

R i + νi −1 R i −1 , 

dV (1 ,k ) 
i 

dt 
= −

[
μ′ + νi 

]
V (1 ,k ) 

i 
+ νi −1 V 

(1 ,k ) 
i −1 

+ e (k ) 
1 

d (i,k ) 
1 

− e (k ) 
1 

d (i,k ) 
2 

, 

dV (2 ,k ) 
i 

dt 
= −

[
μ′ + νi 

]
V (2 ,k ) 

i 
+ νi −1 V 

(2 ,k ) 
i −1 

+ e (k ) 
2 

d (i,k ) 
2 

, 

dU 

(k ) 
i 

dt 
= −

[
λi + μ′ + νi 

]
U 

(k ) 
i 

+ νi −1 U 

(k ) 
i −1 

+ 

(1 − e (k ) 
1 

) d (i,k ) 
1 

S i 

p v 
− (e (k ) 

2 
− e (k ) 

1 
) d (i,k ) 

2 
, 

p v = S i + E i + A i + R i , (1)
3 
here all variables are calculated at time t except where explic- 

tly indicated. The time delay is due to the average time between 

rst symptom and hospitalization and first symptom and death. In 

q. (1) d (i,k ) 
1 

and d (i,k ) 
2 

are the number of individual vaccinated per 

nit of time for the first and second dose, respectively, for the age 

roup i and vaccine type k , e (k ) 
1 

and e (k ) 
2 

the efficacy of vaccine of

ype k with one and two doses, respectively, k = 1 , . . . , K , with K 

he number of different vaccines. In order to consider the time for 

 dose to reach full efficacy we assume a linear growth of the pro- 

ection and suppose the vaccine is given at half this time interval. 

e also define μ′ ≡ μN/N 0 and κ ′ = κN/N 0 , with N 0 , N, κ and μ
he initial population, current population, birth and natural mor- 

ality rates, respectively, with the mortality rate distributed homo- 

eneously through all age groups. The aging rate from the i -th to 

he (i + 1) -th age group is denoted by νi and given by the inverse

f the time span of the i -th age group, with ν0 = 0 . The force of

nfection is given by 

i = 

M ∑ 

j=1 

βi, j 

I j + ξA j 

n i 

, (2) 

ith 

i, j = p c C i, j , (3) 

s the infection rate matrix, with n i the proportion of the popula- 

ion in age group i and ξ the infectiousness of an asymptomatic 

ndividual with respect to a symptomatic one, p c the contagion 

robability per single contact, assumed to be age independent. 

The knowledge of the Infection Fatality Ratio(IFR) L (0) 
i 

accord- 

ng to age-group is central in our approach. We use the values ob- 

ained by Linton et al. (see Table 2 ) from a statistical analysis of 

ata from and outside Wuhan,China up to January, 31 2020 [31] . 

t is important to notice that this analysis does not consider the 

roportion of asymptomatic cases and therefore the fatality is rel- 

tive only to the symptomatic cases, as implemented in our model. 

n estimate of χ = 17 . 9% for the proportion of true asymptomatic 

ases was obtained from the follow up of cases on the Diamond 

rincess cruise ship, as reported in [33] . The passengers were kept 

uarantined on board of the ship, which allowed a fully controlled 

roups, which resulted in a more realistic estimate for χ . 

As discussed in the introduction, the time series of total deaths 

eported in each locality is a more reliable data than the number 

f cases [20–22] , and therefore is better suited for determining the 

time dependent) probability of contagion p c . Different functional 

orms are possible, and we use here a piece-wise function, with 

onstant values in 14 days intervals and varying among different 

ntervals. These values are determined by minimizing the square 
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Fig. 3. Estimated contact matrix for Brasília (see supplementary material) with the average number of contacts of an individual of a given age group (column) with any 

individual of age group j (row). 
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J

rror function: 

 = 

√ 

1 

N data 

N data ∑ 

i =1 

[
D 

(m ) 
i 

− D 

(r) 
i 

]2 
, (4) 

here N data is the number of data points to fit, D 

(r) 
i 

and D 

(m ) 
i 

are

he real and model values for the cumulative number of deaths, 

espectively. The fitted parameters are the values of p c in each in- 

erval and the number of infectious individuals in the older age 

roup at the initial time (which age group represents the seed be- 

omes irrelevant after a few generations). The minimization pro- 

ess is performed using a simplex algorithm with adaptative pa- 

ameters [35] . The time varying contagion probability is a result of 

hanges in behavior, social distancing, and other mitigation poli- 

ies. 

All COVID-19 data for each municipality in Brazil is publicly 

vailable at the Brazilian Health Ministry COVID-19 website [36] . 

stimates of population by age-group for 2020 are available at 

he Brazilian Institute for Geography and Statistics [37] and from 

ATASUS system of the Ministry of Health [34] . Detailed data on 

ach vaccine shot applied in Basil is publicly available on the at 

razilian Health Ministry [38] . All the data considered here span 

he period from February, 26 2020 (first case in Brazil) up to July, 

8 2021. 

The fatality ratio in ICUs varied according to the region in 

razil, from 49% to 79% in the southeast and north regions, respec- 

ively [39] . The IFR values for each age group are then corrected 

ccordingly, with the IFR in the Southeast region, the one with the 

est health infrastructure, used as reference and changing the val- 

es for other regions accordingly to the proportion of increase re- 

orted in [39] . 

Fig. 4 shows the resulting fit for the four more populous Brazil- 

an cities. Although the series for total deaths was used in the fit- 

ing, We display the results in the form deaths per week to facil- 

tate the visualization of the quality of the fit. Once the model is 

tted to the data, the attack rate is computed from the cumulative 

umber of individual entering the exposed compartment E i since 

he beginning of the pandemic. 

For a comparison purpose, we also estimate the total number 

f cases from the average IFR obtained as: 

 a v g = 

1 

N tot 

M ∑ 

i =1 

N i L 
(0) 
i 

, (5) 
4 
here N i is the population in age group i , N tot the total population

nd L i (0) the IFR for age group i . The number of new cases c(l) at

ay l can then be estimated by 

(l) = 

1 

L a v g 

22 ∑ 

m =14 

D (L + M) F d (m ) (6) 

here F d (l) is the distribution for the time between first symptom 

nd death [32] and d(l) the numbers of new deaths in day l. 

. Results 

.1. Comparing model results to serological surveys 

As a benchmark for the present approach, we first compare the 

ttack rate obtained from for our model to the surveys for São 

aulo and Rio Grande do Sul. The results are shown in Fig. 5 ,

longside values obtained from official number of cases, the re- 

ults from the serological surveys, and estimates obtained from 

he averaged IFR as given by Eq. (6) . The serological survey for 

he Rio Grande do Sul state was obtained from data for the ten 

argest cities in the state, and is not necessarily representative of 

he whole state [25] , but the attack rate obtained from our model 

s well within the confidence intervals. We note that the time span 

onsidered in this survey corresponds to the very beginning of the 

andemic in the state, with a small number of cases and deaths, 

hich resulted in greater estimated errors. In the case the SoroEpi 

SP survey in city of São Paulo our model yields a good agree- 

ent. 

The SEIAHRV model considers explicitly the social contact 

tructure expressed by the contact matrix among individuals of 

ifferent age groups and thus is a better representative of how the 

irus spreads than estimates obtained from the IFR average. The 

ifference between the IFR estimate and the surveys is at least in 

art due to the proportion of asymptomatic individuals. Indeed, 

 direct computation from the data here presented implies that 

he result from Eq. (6) would imply a value for the proportion of 

symptomatic individuals of χ = 23 . 9% , CI 95% (11 . 1 − 43 . 4) , which

s compatible with the result reported in [33] and considered in 

ur model. Emerging variants may result in an increase in mortal- 

ty, and thence an overestimation of the total number of cases [40–

2] . This is not expected to play a major role in São Paulo up to

anuary 2021, but most certainly the case latter, with the arrival of 
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Fig. 4. Number of deaths per week from real data and the fitted model data for the four more populous cities in Brazil: São Paulo, Rio de Janeiro, Brasília and Salvador. 

Fig. 5. a) Attack rate from the total number of cases (symptomatic and non-symptomatic) as obtained from the epidemiological model (solid line), and data from the SoroEpi 

MSP serological survey [26] . The dotted line gives the total number of cases estimated from the average IFR using Eq. (S4), and the dashed line is obtained from the official 

number of cases as reported by the Brazilian Ministry of Health [36] . b) Attack rate for the state of Rio Grande do Sul from the epidemiological model and IFR estimates, 

official number of cases and serological survey [25] . 

5 



T.M. Rocha Filho, M.A. Moret, C.C. Chow et al. Chaos, Solitons and Fractals 152 (2021) 111359 

Fig. 6. Model estimates for the attack rate for Brazilian cities with more than one 

million inhabitants (except Manaus). 
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Fig. 7. Model estimates for the attack rate for the Amazonas state and Manaus mu- 

nicipality. 
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he γ and other variants. We now extend our analysis to the main 

ities and all the 27 states in Brazil. 

.2. Main Brazilian cities 

We consider the Brazilian cities (municipalities) with a pop- 

lation of at least one million inhabitants (population be- 

ween parenthesis): Macei (1018948), Curitiba (1933105), Man- 

us (2182763), Rio de Janeiro (6718903), Salvador (2872347), São 

on Ⱥ alo (1084839), Fortaleza (2669342), Porto Alegre (1483771), 

oinia (1516113), Campinas (1204073), São Luís (1101884), Guarul- 

os (1379182), Belo Horizonte (2512070), São Paulo (12252023), 

el ̧E m (1492745), Brasília (3055149) and Recife (1645727). The 

ime evolution of the attack rate obtained for these cities is shown 

n Fig. 6 . The case of the city of Manaus must be considered with

ore care, and is discussed separately. 

The attack rate by July, 18 2021 in all cities in the interval from 

5% to 90%, showing a great heterogeneity of the current situation. 

his is mainly due to different adherence to mitigation measures 

dopted locally. The cases with a very high attack rate, above 70% , 

ust be explained as they are above the herd immunity predicted 

or SARS-CoV-2. The second wave of the pandemic was very in- 

ense in Brazil, with overcrowded hospitals in many localities, re- 

ulting in an increase of the IFR, which at its turn implies an over-

stimation of the total number of cases. Also after more than a 

ear in the pandemic the natural immunity by a previous infection 

ay start to wane, allowing for a substantial proportion of reinfec- 

ions [43,44] . Future research for gathering more data is important 

o clarify this point. 

.3. The case of Manaus 

Results for Manaus and the Amazonas state are shown in Fig. 7 , 

ith the attack rate for the city of Manaus and for the Amazonas 

tate in July, 18 2021 are 75 . 1% and 48 . 2% , respectively. This re-

ult must be interpreted with due care. The Amazonas state is the 

argest state in Brazil, with 1 559 146 Km 

2 , 18% of the Brazilian

erritory, but only 2% of its population. The state capital Manaus 

as 2 219 580 inhabitants, a little more than half the population of 

he state, and the second largest city has a population of only 101 

housand. Almost all medical facilities, including ICUs, are in Man- 

us. As a consequence most of the critical patients, with a higher 

robability of dying, are transferred there. This explains why 69% 

f the deaths in the state occurred in Manaus, while only 46% of 
6 
he official number of cases were reported there. This flow of crit- 

cal cases to Manaus was even more pronounced during the sec- 

nd wave, the deadliest observed in Brazil until now, which over- 

helmed all medical facilities. Therefore, fitting the model with 

he time series of deaths in Manaus is unrealistic. The attack rate 

n the city is most probably closer to the one estimated for the 

hole Amazonas state. Such peculiarities do not occur, at least not 

n the same intensity, for the other cities considered here. The oc- 

urrence of the P1 variant in the Amazonas state could also explain 

 higher value of the attack rate due to possible reinfections, as 

laimed in [42] , but not the asymmetry of the number of deaths 

ompared to the total number of cases between Manaus and the 

est of the state. 

A previous estimate by Bussi et al. [45] , based on a survey of 

amples from blood donors, obtained an attack rate in Manaus of 

6% in October, 1st 2020. Therefore the important second wave 

hat occurred in January 2021 would imply a high proportion of 

einfection among new cases, possibly caused by the more con- 

agious P1 variant. Nevertheless this value for the attack rate is 

ighly at variance with our finding of 25 . 9% for the whole state 

nd 39 . 4% for the city of Manaus in January, 15 2021. This sig-

ificant difference can be explained out by two facts: Bussi and 

ollaborators considered a model for seroconversion with an ex- 

onential decay to estimate the expected real number of already 

nfected individuals. Although the results obtained by Bussi et al. 

or São Paulo are close to those from the SoroEpi MSP survey, 

e note that small errors are exponentially increased, which could 

ead to large errors in the estimate, while the SoroEpi MSP survey 

elied on a blood test with negligible seroconversion during the 

ime span considered. The second fact is that using samples from 

lood donors introduces a strong bias, which is even more impor- 

ant if one considers that blood donations in the state of Amazonas 

re only possible in Manaus, and that the family of hospitalized 

ndividuals are often asked to donate blood, and that it is a com- 

on practice for people from other Amazonas cities to register in 

he hospital using the address of a relative living in Manaus. As a 

onsequence, many donors in Manaus have been in recent contact 

ith hospitalized individuals from all over the state. 

.4. Brazilian states 

We also obtain estimates for the attack rate in each Brazilian 

tate by considering the time series for the cumulative number of 
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Fig. 8. Heat map with the model estimates of the attack rate in % for each Brazilian state for four different dates. 

d

t

v

m

t

w

3

f

c

v

o

u

v

s

v

s

t

t

m

m

d

a

 

i

t

B

w  

t

a  

w

v

w  

a

b

t

e

t

c

s  

a

s

a

a

t

s

m

f

p

t

i

eaths for the whole state. Population and COVID-19 data are ob- 

ained from the same sources. Results for the attack rate in inter- 

als of four months starting in July, 1 st 2020 are shown as heat 

aps in Fig. 8 , where the great impact and rapid increases during 

he second wave starting by the end of 2020 is clearly visible, but 

ith different intensities in each state. 

.5. Using the model for prognostics 

In order to demonstrate how our model can be used to predict 

uture outcomes for the pandemic, we show how to model an in- 

rease in the transmission probability p c due to a more contagious 

ariant. Our intent is not to provide an complete set of possible 

utcome for the pandemic, but to show how our model can be 

sed to model the evolution under different circumstances. New 

ariants become dominant in an area only if it is more transmis- 

ible than the original strain. In Brazil the currently predominant 

ariant γ is roughly 70% to 140% more contagious than the original 

train. The α variant, first observed in the United Kingdom, is 50% 

o 100% more contagious and the δ variant from India is estimated 

o be 64% more contagious than the α variant, i. e. roughly 50% 

ore contagious than the Brazilian variant γ [18] . With this esti- 

ate, we perform a few prognostics for the evolution of the pan- 

emic in Brazil by considering the current situation in each state 

s given by the last computed value of the transmission probability 

p c in Eq. (3) . The δ variant is present in Brazil but not yet dom-

nant, which means that its prevalence will raise in a amount of 

ime that depends on the circulation of the virus, which is high in 

razil in July 2021. we suppose that this results in an increase of 
7 
p c given by a logistic function of the form: 

p c → p c 

[
1 + 

�p c 

1 + exp (−k (t − t 0 )) 

]
, (7) 

ith k ≈ 0 . 1 and t 0 ≈ 68 . 28 constants chosen such that at present

ime (July, 12 2021) the probability p c increases from 10 −3 �p c 
nd reaches a value of 0 . 9�p c after an estimated time of 90 days,

hich is compatible with what was observed in places where the 

ariant became predominant [46] . Following the discussion above 

e use the values 0.0 (no increase in p c , 0.5 and 1.0 for �p c . We

lso suppose that vaccination will proceed in Brazil with a num- 

er of doses for each type of vaccine equal to the average during 

he months of May and June 2021, with 80% of the population in 

ach age-group being fully vaccinated proceeding from the eldest 

o the youngest, including children. The results for the epidemic 

urve (cases per day) and the cumulative number of deaths ares 

hown in Fig. 9 . We see that the arrival of the δ variant which is

lready present in Brazil, can produce another wave with an inten- 

ity depending on how much it contagious, and the vaccine cover- 

ge, among other factors. 

Predicting the future for a pandemic is always an intricate task, 

s it depends on many factors such as the degree of social isola- 

ion, the compliance to mask use and to other measures, the pos- 

ibility of new yet unknown variants. Despite that, a well calibrate 

odel is an important tools for assessing the current situation, 

oe evaluations of previous mitigation measures, and for predicting 

ossible scenarios of evolution that can be helpful for evaluating 

he effect of different policies for reducing the already immense 

mpact of the current pandemic. 
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Fig. 9. Prognostics for Brazil in three different scenarios: �p c = 0 (no change in current situation), �p c = 0 . 5 (a 50% increase in the contagiousness) and �p c = 1 (the new 

variant is twice as contagious as the current dominant γ variant). a) New cases per day; b) Deaths per day; c) Zoom over (b). 
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. Concluding remarks 

We have shown that the SEIARHV model here introduced can 

e calibrated with data from the time series for the number of 

eaths in each locality, with very good results when compared 

ith two good quality serological surveys. For that it is important 

o have good quality estimates for the infection fatality rate accord- 

ng to the age group, and for the proportion χ of asymptomatic 

ndividuals. In fact, our results corroborate the estimate for χ ob- 

ained in [33] . An additional complication comes from new vari- 

nts of the SARS-CoV-2 virus, which are more transmissible and 

lso more lethal, which was overcome by estimating the increase 

n mortality during the second-wave in Brazil from data for the 

umber o official cases and deaths. Of course, this may lead to a 

hange over time of some of the epidemiological parameters used 

n our model, and must be taken into account if sufficient infor- 

ation is available. The same applies for new variants as data is 

athered on them. A different approach would be to use the series 

or cases and deaths to determine how the parameters change [15] , 

ut then this would require that the data used is reliable which, as 

iscussed above, is not currently the case for the COVID-19 pan- 

emic [20–22] , so one has to chose which information is more ap- 

ropriate to use for model calibration. 

We applied our approach to study the current, and previous, 

tate of the pandemic in Brazil, one the most attacked countries 

n the World. Since there was no centralized policy for controlling 

he pandemic in Brazil, each state and sometimes each municipal- 

ty had to implement his own mitigation measures. This explains 

he widely different attack rates in each one, and also shows how 

he present approach can describe them if properly adjusted. In 

ur case we chose to use the series of deaths as reliable data. The 

ttack rate in most of Brazil is still well below herd immunity, es- 

imated at the initial stages of the pandemic close to 70% [44] . The

dvent of more transmissible variants raise significantly this value. 

ome Brazilian states and cities are approaching or even surpass- 

ng this value. This fact was properly discussed in the text, but re- 

uires more data to be gathered for a more precise interpretation. 

he attack rate in the cities presented here are higher than in the 

orresponding states, as the pandemics started in the bigger cities, 

ith the main airports and more intense inter-cities traveling. The 

andemic then spread to smaller cities, meaning that more impor- 

ant outbreaks are most likely to be expected there. 

It is expected that future results of serological surveys can shed 

ome light on the possibility of a greater proportion of reinfections, 

nd we hope that the present approach can be used as an impor- 

ant tool in this analysis. Our approach can be extended straight- 

orwardly to other cities and countries with reliable data, usually 

n the number of deaths but not for the number of cases as under- 

eporting is important almost anywhere [20–22] . Where good sero- 
8 
ogical surveys are not available the current approach is an alter- 

ative tools to asses the current and past situation, and to prepare 

or what is still ahead. It can also be directly applied to other dis- 

ases than are modeled by SEIR type models, such as measles. 

The simplifying assumption that the transmission probability p c 
s age independent can also be readily improved by considering a 

robability that depends on the age of the infecting or being in- 

ected individual, provided that data on the time series of deaths 

s publicly available. One can also fit the model with the number 

f cases if the data is reliable, which is usually not the case by far

or the current COVID-19 pandemic. 

It is yet not clear how long natural immunity will last, and how 

uch current vaccines protect against transmission. The arrival of 

ore contagious variants casts many doubts on the real relevance 

f herd immunity. The determination of the attack rate is impor- 

ant for guiding and correcting public policies as a criterion to es- 

imate its results. The model used in the present work is also a 

seful tool in estimating the evolution of the present pandemic 

rom the current situation, if good estimates for the IFR and for 

he characteristics of new variants exist. 
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