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Corona-virus disease 2019 (COVID-19) is an infectious disease that has affected different groups of humankind
such as farmers, soldiers, drivers, educators, students, healthcare workers and many others. The transmission
rate of the disease varies from one group to another depending on the contact rate. Healthcare workers are
at a high risk of contracting the disease due to the high contact rate with patients. So far, there exists no
mathematical model which combines both public control measures (as a parameter) and healthcare workers
(as an independent compartment). Combining these two in a given mathematical model is very important
because healthcare workers are protected through effective use of personal protective equipment, and control
measures help to minimize the spread of COVID-19 in the community. This paper presents a mathematical
model named SWE I I ,HR; susceptible individuals (S), healthcare workers (W), exposed (E), symptomatic
infectious (I,), asymptomatic infectious (1,), hospitalized (H), recovered (R). The value of basic reproduction
number R, for all parameters in this study is 2.8540. In the absence of personal protective equipment & and
control measure in the public 0, the value of R, ~ 4.6047 which implies the presence of the disease. When 6
and ¢ were introduced in the model, basic reproduction number is reduced to 0.4606, indicating the absence
of disease in the community. Numerical solutions are simulated by using Runge-Kutta fourth-order method.
Sensitivity analysis is performed to presents the most significant parameter. Furthermore, identifiability of
model parameters is done using the least square method. The results indicated that protection of healthcare
workers can be achieved through effective use of personal protective equipment by healthcare workers and
minimization of transmission of COVID-19 in the general public by the implementation of control measures.
Generally, this paper emphasizes the importance of using protective measures.

Introduction COVID-19 can be spread from one individual to another through

inhaling respiratory droplets released from the nose or mouth of an

Corona-virus disease 2019 (COVID-19) is an infectious disease that
emerged in December 2019 in China caused by a new strain of virus
called severe acute respiratory syndrome coronavirus 2 (SARS COV-
2) [1-4]. The first case of coronavirus disease originates from the
Huanan seafood wholesale market where the live animals are be-
ing sold [5]. Coronavirus is classified among the family of coron-
aviridae, the order of Nidovirale, and the subfamily of Coronaviri-
nae [6]. Alpha-coronavirus, Beta-coronavirus, Delta-coronavirus and
Gamma-coronavirus are the four types of coronaviruses that belong
to the subfamily orthocoronavirinae [6,7]. Few research findings pre-
sented that origin of alpha and beta-coronavirus is from bats and
rodents while avian species are the generative sources of gamma and
delta-coronavirus [8].
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infectious individual when talking, sneezing, or coughing [9]. Also,
an individual can acquire this virus through fomite transmission [10].
Older people aged 65 and above are more likely to be hospitalized
or die from this disease. There is also a high severity of the disease
to the group of people with underlying medical conditions such as
hypertension, diabetes, cardiovascular, chronic respiratory disease and
cancer [9]. Common clinical symptoms of the disease include tired-
ness, dry cough and fever [11] while serious symptoms include blood
pressure, loss of movement or speech, chest pain and difficulty in
breathing.

The basic reproduction number R, is the term used in mathematics
to indicates how contagious an infectious disease is. It also known
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as the estimated number of cases. R, indicates how many people on
average one infected individual can infect in the entire period. If Ry > 1
the disease will persist in the community and when R, < 1 the disease
will die away. The value of R, for COVID-19 varies from one region to
another for instance, one study conducted for all European countries
revealed that the value of R, was in a range of 4.22 + 1.69 with a
maximum values of 6.33 and 5.88 in Germany and the Netherlands
respectively [12]. Another study of corona-virus indicated that R,
ranges 2.2-4.7 [13]. Also, one study of corona-virus disease 2019
conducted in 15 Western European countries showed that the value of
R, is 2.2 [14] while another study of corona-virus conducted in Africa
revealed that the value of R, is 2.37 [15].

On July 12th, 2021, COVID-19 spread to about 223 countries world-
wide in which more than 188 million cases were reported with a
total of 4.065 million death globally. Many research groups in dif-
ferent nations in the world have put much effort into developing or
producing vaccines [16]. Although some vaccines have been devel-
oped, nonpharmaceutical interventions are important in minimizing
the outbreak.

Modeling is an essential theoretical tool that helps in understanding,
and analysis of effective control and preventive measures of different
communicable diseases [16]. Many models of epidemiology divide their
population into compartments in which assumptions are made about
the nature and time rate of transfer among the human population [17].
These models act as a mathematical framework for studying the com-
plexity of the dynamics of epidemiological processes [9]. A mathemati-
cal model is a major tool used to present COVID-19 transmission and its
simulation can be used for predictions [16]. Some mathematical models
were constructed to analyze the spreads of viruses [18]. During the
outbreak of COVID-19, modeling attracted a special attention to many
pharmacists, mathematician, chemists, biologists, epidemiologists [1,
2,19-27]. This can be an effective approach to study, simulate and
predict the mechanism and transmission of the disease.

COVID-19 has affected different groups of people such as farmers,
soldiers, public drivers, educators, students, healthcare workers and
many other groups. The transmission rate of this disease differs from
one group to another depending on contact rate. Healthcare workers
which is the most important health workforce are at a high risk of
contracting the disease due to the high contact rate with patients [28].
Unavailability of diagnostic tests and an insufficient number of pro-
tective equipment put the healthcare workers at the highest risk of
becoming infected and infecting others. There are some models focused
on the risk of COVID-19 on healthcare workers [28,29] and others dealt
with the spread of COVID-19 between the public and frontlines taking
into consideration two mutually exclusive population (i.e the public
compartment alone and frontlines alone) for instance Buhat et al. [26].
The aforementioned models lack a single compartment to combine both
public and healthcare workers. Another mathematical model presented
an organization strategies suitable to protect the healthcare workforce
through formulating a compartment of health workforce alone without
including the general public [30].

Despite the fact that it is hard to separate healthcare workers
from the general community, there exists no mathematical model that
combines healthcare workers and the general public in a single com-
partment and focuses on the protection of healthcare workers against
COVID-19. Protection of this important health workforce will be possi-
ble if the transmission is minimized among the health co-workers. Also,
minimizing the spread of infection between the community and health-
care workers will be the other way of protecting healthcare workers.
So, there is a need of having a single-compartment mathematical model
which takes into account both public control measures (as a parameter)
and healthcare workers (as an independent compartment). Combining
these two in a given mathematical model helps in protecting healthcare
workers through effective use of personal protective equipment and
minimize the spread of COVID-19 infection by implementing control
measures in the general public. N95 masks (N stand for non resistant

Results in Physics 29 (2021) 104731

to oil, N95 respirator filters out the airborne particles by 95%), isolation
booths, face, and eye shields are the personal protective equipment that
signifies the level of protection [28].

This study formulates and analyzes the mathematical model for
COVID-19 which takes into account both public control measures (as
a parameter) and healthcare workers (as an independent compart-
ment), which is the extension of the work done by Buhat et al. [26],
Sanchez-Taltavull et al. [30]. Two important parameters introduced
in the model are 6 to represent physical distancing, face masks, san-
itation, and hygiene which minimizes COVID-19 in the community,
and & to represent effective use of personal protective equipment by
healthcare workers. Furthermore, this study determines how much the
transmission rate of healthcare workers influences the model output.

This paper is structured as follows. After the introduction given
in Section “Introduction”, a mathematical model of COVID-19 trans-
mission dynamics taking into account both healthcare workers as an
independent compartment and public control measures as a parameter
is formulated in Section “Model formulation”. The dynamics of the
model are analyzed in Section “Model analysis”. The numerical results
which include model simulation by using the fourth-order Runge-
Kutta method, model fitting and identifiability of model parameter are
performed in Section ‘“Numerical simulation”. These results support
validating theoretical results. The last section presents conclusions,
discussion and the future direction.

Model formulation

This section presents model development, model assumption, model
flow diagram and model equations. In model development, a general
overview of the deterministic model is provided.

Model development

An infectious disease may spread in a complex manner when having
different interacting variables. Mathematical models are among the tool
used to analyze and predict the disease spread and its severity. To
have a deeper insight on COVID-19 dynamics, this study formulated
a biological compartmental model where the human population is di-
vided into seven compartments: susceptible individuals (S), healthcare
workers (W), exposed individuals (E), symptomatic infected individuals
(I,), asymptomatic infected individuals (I,), hospitalized individuals
(H) and recovered individuals (R). The total human population N(7)
is given by

NO=SO+We)+ E®+1,0)+ 1,0)+ H(®) + R().

The natural human natality rate for both susceptible and healthcare
workers are A and b, respectively. There is a fraction of healthcare
workers which move to susceptible class. Susceptible (S) and healthcare
workers population (W) get infected from enough contact with infected
class I, at the rate of §; and f,, respectively and then move to exposed
class (E). The progression of the exposed population to symptomatic
and asymptomatic infectious is at the rate of @ and p, respectively.
Symptomatic and asymptomatic infectious individuals may be hospi-
talized at the rate of v and e, respectively. Infected individuals recover
naturally or through local treatment at a rate of n and §, respectively,
but hospitalized individuals recover at a rate of w. The chance of
reinfection after recovery has been considered in this model so, the
recovered class can become susceptible at a rate y. In all classes,
individuals can die with a natural mortality rate x while infected
individuals (/; and I,) and hospitalized humans decrease as a result
of COVID-19 related death at a rate of d. In this model, there are two
forces of infection which are (1-6)p,1,.S and (1-&)rp, W I, where ¢ is a
fraction of healthcare workers who effectively use personal protective
equipment. Also, 0 represents a fraction of effective use of face masks,
sanitation, hygiene, and maintenance physical distancing. We assumed
all aforementioned measures work best in the mass gathering when
effectively implemented.
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Table 1
Model parameter description.

Parameter Description

A Natural natality rate of susceptible

b Recruitment rate of healthcare workers

& proportional use of personal protective equipment

A Disease transmission rate

b Transmission rate of healthcare workers

" Natural mortality rate

a Progression rate from exposed stage to symptomatic infectious stage
P Progression rate from exposed stage to asymptomatic infectious stage
v Hospitalization rate of symptomatic infected individuals

€ Hospitalization rate of asymptomatic infectious individuals

@ Recovery rate of hospitalized population

n The rate in which symptomatic infectious population recover

1 The rate in which asymptomatic infectious population recover

d Disease induced death rate

r proportional of healthcare workers

y Waning rate of disease-induced immunity

0 The rate of wearing masks, sanitation, hygiene and physical distancing

Model assumptions

Description of infectious diseases through deterministic models need
to have some assumptions to be considered based on the characteristics
of a specific disease under consideration. In this case, the following are
some of the assumptions to be considered in formulating a COVID-19
model (1):

i. The members of the population mix homogeneously.
ii. Transmission is only from human to human.
iii. Asymptotically infectious individuals are assumed to be less
likely to transmit the disease since they cannot cough or sneeze
as symptomatic but this is still being debated globally [31].

Model flow diagram and model equations

The model flow diagram illustrated in Fig. 1 lead to the model
Eq. (1).

% =A+(1 =W +yR—(u+(1 -0 I,)S,

dd_V:/ =b—uW -1 -rnW -1 -=-6rp Wi,

dE

T == OB LS+ =OrBWI = (@+p+pE,

dl,

7 =aE—-(d+v+u+nl,, )
di,

- =pE—-(u+d+é+e)l,

% =vilg+el,—(u+d+wH,

‘Z_’: =l +oH + 61, — (u+1)R.

The system of Eq. (1) is subjected to the initial conditions: S(0) = .S, >
0,W(0) = Wy > 0,1,00)=(I,)y 2 0,1, = (I), > 0, EQ0) = Ey > 0, H(0) =
H, >0, R(0) = Ry > 0. The parameters for the system of model (1) are
described in Table 1.

Model analysis

This section presents model properties (i.e positivity and invariant),
computation of basic reproduction number, existence and uniqueness
of the solution. Also, equilibria and their stability results are provided
in this section.
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Positivity of the solution

A population is biologically meaningful and well defined if all model
solutions are non-negative for all ¢ > 0.

Theorem 1. If the initial data [S(0), W(0), E(0), I,(0), 1,(0), H(0),
R(0)] > 0, then the solution for S(t), W(t),E(t), I1,(1), 1,(t),H(t),R(t) of the
system of model (1) is non negative Vt > 0.

Proof. To prove this theorem, we used the approach in [32], where
we take into account system of model (1). Consider the first equation
from model (1),

(Z—f:A+(1—r)W+yR—(;4+(1—9)ﬂ]IS)S. @
Omitting the first three terms and introducing inequality in Eq. (2)

leads to
85 s a-op19s. ©)
Apply variable separable technique in Eq. (3) and introduce limit from

0 to ¢ results

S0) i

ds

/ a3 5 —/ (u+(1 =), I,)dr.
so S 0

Further simplification leads to:

S(@1) = S0)e~H+HI-00 1t which implies

S(t) > 0.

This shows that the solution for susceptible population (S) is non-
negative Vt > 0.

Doing the same approach to the remaining equations in the model
(1), it can be simply shown that W () > 0, E(t) > 0,1,(t) > 0,1,(r) >
0,H() > 0,R(t) > 0 for all + > 0. Therefore (S@), W (1), E(t), I,(1), I,(t)
, H(1), R(1)) of the model Eq. (1) is non negative V¢ > 0. This completes
the proof of Theorem 1 []

The invariant region

The invariant region describes the domain where all solutions to
the model (1) are of biological and mathematical importance. All the
model parameters are non-negative for all t > 0. Also, the solutions with
positive initial data remain non-negative with all t> 0 and are bound.

Theorem 2. The solution set of S(t), W (1), E(1), I,(t), I,(t), H(t), R(t) of
the model Equation system (1) is confined in a positive feasible region ¢.

Proof. Suppose the feasible region ¢ = (S@), W), EQ®), I,(t), 1,(1),
H(),R®)) € Rl for V¢ > 0. At any time ¢ the total human population
N@) will be: N@t) = S@) + W(t) + E@) + 1,(t) + 1,(t) + H®) + R@).
Differentiating with respect to  leads to

N _ds  dW  dE  dl  dl, dH 4R
dt — dt  dt dt dt dt  dt = dt’
Substitute Eq. (1) into Eq. (4), further simplification result into,

dd—[;]=A+b—;4(S+W+E+IS+Ia+H+R)—(IS+Ia+H)d. 5)

C)

Since N=S+W +E+1,+1,+ H + R, then Eq. (5) is reduced to,

dd—l;j:A+b—/4N—(IS+Ia+H)d. 6

Assume that there is no disease-induced death for symptomatic,
asymptomatic infectious, and hospitalized population due treatment
in all three aforementioned classes and introducing inequality, Eq. (6)
becomes

dN
— < A+b—uN. 7
o SAtb—u @)
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Fig. 1. Schematic diagram of COVID-19.

Separating the variable, introducing integral on both sides for Eq. (7),
and then applying limits from 0 to ¢ gives

N :
/ _dN [ 4
No A+b—uN ~ Jp

Further simplification leads to

Ny < AF8( _ommty 4 Npe
"

When t - 0,N(f) - N, and when r - oo, N(t) — % Finally
¢ = (S W.EI I ,HR €R :0< N@® < % The domain ¢
is a positive invariant under the flow induced by the system model
(1). Therefore all feasible solutions of the model (1) enter the region
¢, hence the proposed COVID-19 model system (1) is well-posed and
is both epidemiologically and mathematically meaningful and we con-
sider to generate the analysis. This implies that, the model system is
positive invariant in the region

A+b

¢ = (S@, W), E®, 1,(), I,(0), H®), RD) ER], : 0< N(») <

for [S(0), W (0), E(0), 1,(0), I,(0), H(0), R(0)] > 0 € ¢ and this completes
the proof. [

Existence and uniqueness for SW EI I,H R model solution

Consider the ordinary differential equation in the form of

D = ) =0 ®
By using Eq. (8) the interest will be to determine the condition that
will lead the solution to be existing and condition to impose in order
to have a unique solution.

This study applied the following two theorems to establish the
existence and uniqueness of the solution of this model (1).

Theorem 3 (Uniqueness of Solution). As proposed in [33], Let D denote
the domain:

[t=ty 1< ally=yo IS,y =1, Y25 -5 ¥)s Yo = D105 Y205 ---» Yn0)- (9)

Suppose that f(t, y) satisfies the Lipschitz condition:
1 f&y) = fEy) ISkl 2=y I, (10)

and whenever the pair of (1, y,) and (t, y,) belong to the domain D, where k
represents a non-negative constant. Then, there exist a constant 5 > 0 such

that there exists a unique (exactly one) continuous vector solution y(t) of the
system (9) in the interval | t —t, |< 6. It is important to note that condition
(10) is satisfied by the requirement that:

af . . _
{a—yj,l,J =12,...,n,
be continuous and bounded in the domain D.

o

Lemma 1. If f(t,y) has continuous partial derivative Stona bounded

closed convex domain R. The interest is on the domain:
l<e<R. (11

So we look for a bounded solution of the form 0 < R < oo as proposed in

the study [33]. In proving Lemma 1 we need to consider Theorem 4.

Theorem 4 (Existence of the Solution). Let D denotes the domain defined
in (9) such that Egs. (10) and (11) hold. Then there exists a solution of
a model system of Eq. (1) in our model system, which is bounded in the

domain D. Consider the system of Eq. (1);

Fi=A+yR+(0 =W —(u+1-0)p,1)S,

Fy=b—uW —(1 =W —(1=-rpW1I,,
F=0-0)1,S+1-rpWI, - (a+u+pE,
Fy=aE-@d+v+pu+nl,, 12)
Fs=pE—-(u+d+d+e)l,

Fs=vig+el,—(u+d+wH,

F,=nl,+wH +61,—(u+7y)R.

Proof. Consider the first equation of the system of Eq. (12) for the sake

of proving this,
Fi=A+yR+( =W —(u+(1-60)p,1,)S. 13)

We need to show that Eq. (13) is continuous and bounded by determin-

ing the partial derivatives of F; with respect to all state variables (S,
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W, E, I,, I,H, R).

aF, F,
ol —(u+A-0)p 1), a5 |= [+ (1= 0)B1))| < o0,
OF, OF,
— =1-r, | |=l-r[<oo,
oW oW
oF, oF,
Thoo |Sh =10l <.
oE oE
ok, =(1-04S oh) _ (1-0)p,S| <
aI, 12 dIS_| 1] < oo,
oF, oF,
=0, = 10| < o0,
oI, oI,
OF _ . |9F _ 0l <
oH _ |oH|™ o
oF, aF, <
oR U |or|TI >

All partial derivatives of Eq. (13) verify that the given solution is
continuous and bounded. Similarly, taking partial derivatives to the
remaining equations in a model system (12) as applied in Eq. (13)
will lead to the proof of continuity and boundedness of their solutions.
Therefore basing the prove of Eq. (13), we conclude that all partial
derivatives of Eq. (12) are continuous and bounded, hence, by Theo-
rem 3, we can say that there exists a unique solution of Eq. (1) in the
region D which is the proof of the theorem. []

Disease free equilibrium solution
The point where there is no disease is referred to as a disease-free

equilibrium. We obtain this point by equating the right-hand side of
all system of Eq. (1) equal to zero and substituting £ = [ = H =

R = 0 in all equations. let F, be the disease-free point, therefore
Fy= (SO WO B0 10,10, HO, R) = (A=0sA0=l b 0,0,0,0,0).
E H(p—r+1) p+l—r

Basic reproduction number

The basic reproduction number is defined as the expected number
of COVID-19 cases created by a single COVID-19 infected individual
in the population during the entire period of infectiousness. In this
model, the basic reproduction number is computed using the next
generation approach in [34]. The matrix F denotes the generation
of new infections while matrix V denotes the disease transfer among
compartments evaluated at disease-free equilibrium.

- _ 1=&)rpyb
0 Bl = )M + C2 0 0
rol 0 0o 0|
0 0 0 0
0 0 0 0
on other hand,
a+u+p 0 0 0
V= —-a d+n+pu+v 0 0
- -p 0 d+5+pu+e 0
0 -V —€ d+u+w

Basic reproduction number is the spectral radius of the next-generation
matrix, thus

Ry = p(FV ™Y = max(4, 4,).

afy (0 — D)((r= Db+ A) = Aw) + au(l = E)rbp,
pp—r+Da@+p+p)d+n+pu+v)

Ry =
Local stability of the disease free equilibrium (DFE)

Local stability of the disease-free equilibrium is investigated by
using the eigenvalues which are obtained by determining the par-
tial derivatives of the vector-valued function. An equilibrium point is
asymptotically stable if the Jacobian matrix evaluated at that point has
negative eigenvalues. In this paper, the Routh-Hurwitz criterion in [35]
will be used to prove the local stability of the disease-free equilibrium.

Results in Physics 29 (2021) 104731

Theorem 5. The disease free equilibrium of the model is locally asymptot-
ically stable if Ry < 1 and unstable if Ry > 1.

Proof. In proofing this theorem, linearization of the system of model
(1) is done by computing its Jacobian matrix Jp . The Jacobian matrix
is computed at the disease-free equilibrium point by partial derivatives
of each equation in the system for state variable S,W,E, I, 1, H and
R.

JprE
—u 1-r 0 ¢ 0 0 Y
0 —(u—=1+r) 0 oy 0 0 0
0 0 —(p+pu+a) c 0 0 0
=l 0 0 a 0 —¢ 0 0 ,
0 0 P 0 —cs 0 0
0 0 0 % € —(d+pu+w 0
0 0 0 n é w —(u+7)
a4
where
Alu+1—-r)+b(1—-r)
g =p0-0) ;
A uu+1-r)
(1= &)rbp. Ap+1-=r)+A =rb
o= (1 -0p E :
u+1-—r uu+1-r)
—(1 = &)rbp,
Gg= ———

u+l1l-r

ca=d+p+n+v),

cs=(u+d+o+e).

It is clear that from the matrix represented by Eq. (14) the first,
second, third and fourth eigenvalues are 4, = —u, 4, = —(u + ),
Ay=—(u+r—-1),and 44 = —(d + y + ®).

Therefore the matrix (14) reduces to a (3 x 3) matrix after cancel-
lation of respective rows and columns used to obtain the first, second,
third and fourth eigenvalues seen below.

_ PLU=0)b(1—r)+A(u—r+1)) A=5)rbp,
((X THE p) pH(u—r+1) + H=r+l 0
JEgo = a —d+n+u+v)
p 0 —(d+o+pu+e)

The characteristic polynomial is of the form
Z(A) =B +a 2+ ah+as,

where, a; =a+d+6+2u+p+e,

@ = apfy (bO0(r—1)+r+1)+(0—1DA(=p+r—1D)+u(—pu+r—1)(a+u+p)(d+6+u+e)+au(1-&)rbp,)
h = .

u(u=r+1)
So a, > 0 if
abp0(1—r) afy (1= A(u—r+1)+(1-E)aurbfy
oD +@+pu+p)d+o+pu+e) > D) s

_ (Ro(atp+p)(d+n+u+v))(a(d+5+u+e)—p(d+n+u+v))

as
a
a(d+5+pu+e)(Ry(a+u+p)(d+n+u+v))
a

So a3 > 0 if

S p(d+n+u+v)(Ro(a+u+p)(d+n+u+v))

a
We have got a; > 0, a, > 0 and a3 > 0 so just need to find the
condition for a;a, — a3 > 0.
Consider the value of a;a, — as,

ajay—ay=(my—my)(@+d+86+2u+p+e)
—aRy(a+pu+p)d+o+pu+e)d+n+pu+v)+ms.

The condition for a,a, — a3 to be greater than zero is:

m@+d+o6+2u+p+e)+my>mma+d+o6+2u+p+e)
+ aRy(a+pu+p)d+o+pu+e)d+n+u+v),
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where

abﬂle(]_r)ﬂ U+ d+S+u+e)
m = — a €),
e H+p U
— af(1 = A(u—r+ 1)+ (1 = Eaurbp,
. up—r+1) ’
. _pd+n+u+v) (Rola+p+p)d +n+p+v))
3= .

a

According to the Routh-Hurwitz criterion, the necessary and suffi-
cient condition for the stability of any system is that all the factors of
the characteristic polynomial of a system must be negative. Since the
eigenvalues are negative and conditions for the Routh-Hurwitz criteria
are met, therefore the disease is asymptotically stable. []

Existence of endemic equilibrium point

The endemic equilibrium point is a steady-state solution in which
the disease exists in the population. This solution is obtained when we
take all derivatives of Eq. (1) to be equal to zero and let its solution
being represented by DY = (§*, W*, E*, I 1, H*, R).

For the existence of the endemic equilibrium conditions S* >
0,W*>0,E*>0,I>0,I7>0,H* >0, R* > 0 must be satisfied.

I = aE* I*:E—*p
ST d4ntutv “ d+é+ute
e b :v1:+1:€
u+ (U =OBIr—r+1’ d+u+ow’
H*o+nl} +6I* A =B L rW™ = 017 S* + B 17 S™

R = E*

B

(u+7)
A—rW* +yR* + W*
=PI +pI;

a+pu+p

In this case, the solution exists and it is unique. From these con-
ditions, we conclude that the endemic equilibrium solution is stable if
and only if R; > 1 exhibits persistence of COVID-19 transmission in the
population.

Global stability of disease free equilibrium
This study analyzes the global stability of the disease-free equilib-

rium point of model (1) by using an approach presented in [36]. The
model can be written in the following format:

dy,
7 = = B(y, — yprr) + By,
t
and
dy;
Di_py.
dt 2%

From the two equations above y, and y; are vectors of no trans-
mitting and transmitting compartments respectively, and yjpg is the
vector at the disease-free equilibrium of the same length as y, where
Y= W,RT,y, =(E I, 1, H).

Au+1-r)+b(1-r) b

= , ,0)", and
Yore = ( uu+1-r) u+1l-r )
§ _ Awtl=ntbi—r)
M(M+1}—f)
Yu = YDFE = w - p
R

For global stability of DFE we need to show that matrix B has a real
negative eigenvalues and B, is a Metzler matrix (i.e the off-diagonal
elements of B, are non-negative, symbolically denoted by B,(y;;) =

0,V # j). From model (1) we can obtain equations with and without
transmission which can be written as follows:

A+(A =W +yR—(u+ 1 -0)p1)S
b—uW —(1 =W —(1 =ErpW I,
nly+wH + 61, —(u+7y)R
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S _ Au+1-r)+b(1-r) E
M(IH'bl—") I
=B w - pra + B L |
R H
and,

(=0 1,S + (1= Orp,W I, — (@ + u+ p)E
aE —(d+v+u+nli
pE—(u+d+d+e)l,

vig+el,—(u+d+w)H

TSN

For compatibility of matrix B is 3 x 3, B, should be 3 x 4 and B, will
be 4 x 4. Using non-transmitting elements from the Jacobian matrix of
the system of the model Eq. (1) result to,

—u 1-r y
B= 0 —(u+1-r) 0 s

0 0 —(u+y)

0o -1-6s 0 0
B = 0 -(1=-&rp,W 0 0 |,

0 n 6 w

—(u+a+p) (1—0)8,S+(1—ErpW 0 0
B, = a —(m+v+u+d) 0 0

0 —d+6+u+te) 0
0 v € —(p+w+d)

The study found that B is a matrix whose eigenvalues are located on
the main diagonal. Therefore the eigenvalues of the given matrix B (i.e
—u, (1—r+p) and —(u+y)) are real, distinct and negative. Additionally,
B, is a Metzler matrix since its off-diagonal elements are positive and
the leading diagonal entries are negative. Therefore, the DFE of our
system is globally asymptotically stable, thus we have established the
following important theorem.

Theorem 6. The disease free equilibrium point is globally asymptotically
stable if Ry < 1 and unstable if Ry > 1.

Global stability of endemic equilibrium

This study used the logarithmic Lyapunov function to analyze the
stability of endemic equilibrium as used in [37]. This logarithmic
function will be in this form P = Y a;(y; — y/In(y))). Where q; is a
positive chosen constants, y; is population of compartment i and y; is
the equilibrium level.

P(S,W,E, I,1,,H,R)=A{(S—-S*InS)+Ay(W —W*InW)+ A3(E -
E*IE)+ A (I~ T*InI)+As(I,~1*Inl,)+Ag(H—H*InH)+A;(R-R*InR).
The constants A;, A,, A3, A;, A5, Ay and A; are non negative and
the function P is chosen in such away that it is a continuous and
differentiable in space V.

S*\dS WL dw
Al ==)7F + Ayl = 39) ==

E*\dE I I

dp _ |tAs( = )T + A0 - YR (1s)
dt _ Loyl _brydn
+As5(1 Ia) T Al — 50—

R* | dR
+A,(1 = B)IR,
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At endemic equilibrium point,
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A=(u+1-0)p1)S"

- YR =1 -rW",

b=uW*+(1 - W*+(1 - OrfW*I,

. -
v+d+pen =25, G+d+u+e =",
s a
vI* +el* nl* + wH* +6I*

d+M+w=T, (”_H/):T’
(a+pu+p)

U= IS (L= W

- =

It is possible to re-write Eq. (15) using the definition of the pa-
rameters value as indicated at endemic equilibrium point above which
results to

A0 =30+ (1= 0By 1)S*
—yRx—(1=W*+(1 —PW +yR

~(u+ (1= 0B 1))

+A,(1 = WW*)(yW* +(A =W+ =rpW*I;
—uW = (=W = (1= OrfW 1)

dP .
9 by = B - 0,15 + (1 - W, (e
(-0, 1;S*+E<*1—€>rﬂzW*1§ E)

Iy E*
+A4(1 = I—’S)(aE - p]: 1))

I; E*
+A5(1 - I_a)(pE - p]; Ia)
. el
+A6(1 = LI +el, - S0 )
nli+oH*+61;
%

+A4;01 = B, + wH + 51, - R).

Further simplification of Eq. (16) gives

* *
% =—uA, ) _SS i w _WW i + F(E,1,,1,,H,R), a7
where F is the balance of the right term of Eq. (17). According to the
approach in [38,39], the function F is negative when (E, I, I,, H,R) >
0, thus 22 < 0 or zero if E = E*,H = H*,R= R*, I, = I},1, = I}. By
LaSalle’s invariant principle [40] implies that in the interior of F the
endemic equilibrium point F* is globally asymptotically stable when
R, > 1. This results is summarized in the following the theorem.

Theorem 7. Endemic equilibrium F* is asymptotically stable when R > 1
and unstable when R < 1.

Numerical simulation

Model simulations are carried out using the values of the parameters
obtained from different existing literatures. Other parameters which
are not found in the literature were assumed basing on a reasonable
proportionality. This section covers sensitivity and uncertainty analysis,
dynamics population simulation, stability analysis of the model, the
effect of varying some parameters to study the model dynamics and
identifiability of model parameters. Numerical simulation in this study
is done by using Runge-Kutta fourth-order method, however there
are other numerical methods for simulations of non-linear differential
equations such as Milne method, Eulers’ method, Adams—Bashforth—
Moulton method [15,20,41].

Sensitivity and uncertainty analysis

The sensitivity analysis describes how the model’s parameters in-
fluence basic reproduction number R,. We performed a sensitivity
analysis of R for the model’s parameters using the method established
in [42]. Normalized forward sensitivity index of R, depends on the

Table 2

Parameter and Indices Value of the model.
Parameter Value Source Indices
A 0.009 [43] 0.01740
I3 0.7 Assumed —0.0003
B 0.5944 [31] 0.9999
b 0.8 Assumed 0.0001
U 0.008 [31] —0.9652
a 0.6 [44] 1.9258
n 0.2 Assumed 0.2330
p 0.04 Assumed 0.0617
v 0.65 Assumed 0.7475
b 0.8 Assumed 0.9826
r 0.4 Assumed -1.3244
d 0.00011 [45] 0.0001
[4 0.61 Assumed -1.5639

Elasticity indices

i1 2 3 4 5 6 7 8 9 10 11 12 13
Parameters

Fig. 2. Elasticity indices for significance of parameters in R,.

differentiability of R, with respect to a given parameter, say M, and
can be computed as:

xR _ SR M
M §M Ry’

The value of basic reproduction number R, obtained using all
parameters found in Table 2 is 2.8540. Also, when #=0 and ¢£=0,
R, =4.6047. When 6=0.8 and £=0.9, R;=0.4606. Under this note,
the implementation of public control measures in the community will
minimize the spread of COVID-19. Also, the effective use of per-
sonal protective equipment by the healthcare workers reduced the
transmission among the healthcare workers. This implies the two afore-
mentioned parameters are very important in suppressing the spread of
COVID-19.

Table 2 shows the parameters value and indices for the model
system (1). The most positive index is a. This implies that increasing
(decreasing) of a« by 10% will increase (decrease) the value of R,
by 19.258%. So, this parameter contributes positively to the model
output R,. The most negative sensitive parameter is 6. This indicates
that the more the population practices these measures 6 keeping other
parameters constant, the more the reduction of the spread of the
disease. For example when the population practices 6 by 10% then the
value of R, will be reduced by 15.639%. Numerical indices and their
signs indicated in Table 3 are also, shown in Fig. 2. Fig. 2 illustrates
the parameters which can easily influence negatively or positively the
spread of COVID-19. Fig. 3 depicts that control measures 6 has a
negative correlation with R, while Fig. 4 indicates that g, has a positive
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correlation with R,. This implies that 6 contribute negatively to the Fig. 6. Stability of the EEP for susceptible population.
pandemic while g, contribute positively to COVID-19.
Dynamics of populations simulation
50
S . . . —— W(0)=50
tudying the dynamics of compartments, model (1) is simulated us- W(0)=40
ing the Runge-Kutta method of the fourth-order. Fig. 5 indicates seven @ W(0)=30
di . . . o 40 el
ifferent plots to represent various human populations. The susceptible = ——W(0)=20
population and healthcare workers’ population decelerate exponen- 3 —W(0)=10
tially to acquire endemic equilibrium levels as they die naturally or 8 30 |
death due to a disease. Exposed, symptomatic, asymptomatic, hospi- g
talized and recovered sub-population describes a parabola shape as it g
increases exponentially to attain its maximum point before decelerating 2 20 ,
exponentially to a specific endemic level. %
£
Simulation on stability of endemic equilibrium point (EEP) 8 10 .
T
Numerical simulations for stability analysis are performed to val-
idate analytical results. The equilibrium point is said to be globally 0 : ‘ ‘ :
5 10 15 20

asymptotically stable if the trajectories of the model state variables
originating from different initial values vary for some time, converge
to a common point and eventually maintain a constant horizontal level
called an endemic equilibrium point. For this case, the trajectories are
represented by red, yellow, magenta, black and blue solid plots that
converge towards the equilibrium point as the time approaches infinity.
Consider compartment S, suppose the initial value is (100, 90, 80, 70

Time(days)

Fig. 7. Stability of the EEP for healthcare workers population.
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Fig. 11. Stability of the EEP for hospitalized population.

and 60). Simulating model (1), we get different trajectories for S to vary
at the beginning but after approaching 8 all four stabilizes. This can be

observed in Fig. 6. The same interpretations can be made from other 25
compartments as seen in Figs. 7-12.
Effect of some parameters on the model ® 20 1
S
In this section, we have explored the behavior of each state variable g 151 j
of the proposed COVID-19 model (1). Also, profiles for state variables §
are graphically obtained through variation of some important param- o
eters found in Table 2. Furthermore, mesh grid and contour plots are % 10 7
indicated to capture the behavior of R, with respect to some parameters §
Considering the trends of Fig. 13 it can be noticed that the sus- &

ceptible population increased to more than 9 people within only 15 5
days after implementation of control measures by 80%. Fig. 14 reveals
that when implementing 6 by 0.8, symptomatic infectious population
reduces to below 135 patients within only 10 days. Fig. 15 shows 0° ‘ ‘ ‘ ‘
that the number of admitted people to the hospital reduces to 130 0 20 40. 60 80 100
patients after 10 days while Fig. 16 indicates that recovered increase to Time[days]
around 235 individuals when social distance, hygiene, and sanitation
is implemented.

Figs. 17 and 19 reveals that both asymptomatic and symptomatic
infectious reduces to around 23 and 135 patients respectively, within

Fig. 12. Stability of the EEP for recovered population.
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Fig. 15. Effect of 6 on hospitalized humans. Fig. 18. Effect of treatment (5) on recovered population.
10 days after getting treatment. Fig. 18 shows that about 254 individ- Fig. 21 depicts that the number of healthcare workers started rising
uals recovered due to treatment within 10 days while Fig. 20 indicates after effective use of personal protective equipment. Fig. 22 shows that
that about 235 patients recovered due to treatment within 10 days. hospitalized individuals decrease to about 128 patients within 10 days

10
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Fig. 21. Effect of personal protective equipment (¢) on healthcare workers population.

after treatment. Also, the profile of R, versus some combination of
parameters selected randomly from Table 2 via contour plots and mesh
grids are shown in Figs. 23 and 24.
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Fig. 22. Effect of treatment (w) on hospitalized population.
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Fig. 23. Dynamic behavior of R, for varying w and 6 on H(t).

Numerical results reveals that R, = 4.6047 which implies R, > 1
in absence of protective measures. Since R, > 1 this is a validation
of analytical results of disease-free equilibrium which is an unstable
and endemic point that is asymptotically stable. Also Ry=0.4606 in the
presence of control measures in the general public and effective use
of personal protective equipment by healthcare workers. Since R < 1
this implies that disease-free equilibrium is asymptotically stable. This
proves the importance of having control measures as well as personal
protective equipment in controlling COVID-19 among the population
since R, < 1.
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(b)

Fig. 24. Dynamic behavior of R, for varying # and 6 on I (7).

Identifiability of model parameters

This subsection is devoted to the identifiability of the Parameters
of the COVID-19 model (1). Some of the model (1) parameters as-
sessed the effectiveness of the control measures in minimizing the

Susceptible
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@B 500 T
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0 5 10 15 20 25 30 35 40 45 50
Time(days)
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5 s00 N
0 I . . . . . . .
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A i
3 T
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Table 3
Parameter identifiability.
Parameter Value Estimate
A 0.009 0.0093
I4 0.7 0.7269
Vi 0.5944 0.6130
i 0.8 0.8854
" 0.008 0.0082
a 0.6 0.6368
n 0.2 0.0823
P 0.04 0.0671
v 0.65 0.4800
b 0.8 0.9593
r 0.4 0.3474
d 0.00011 0.0001
0 0.61 0.6160
@ 0.45 0.4459
€ 0.62 0.6325
8 0.31 0.1500
b4 0.59 0.3955

transmission of COVID-19 in the entire community while others fo-
cused on protecting the healthcare workers for the sake of maintaining
the workforce. Parameter estimation is conducted by using the least-
squares method, where the idea here is to minimize the sum of squared
differences between the observations and the model:
n
S50)= Y = [ (x1,0)), as)
i=1
where y; is observed data of all model (1) which correspond to
[S;, W, E;,(I,);,(I,);, H;, R;] and f(x;,0) is the model solution of all
compartments of model (1). Table 3 indicates initial values of param-
eters and the model (1) optimization. Using the estimated values, the
model solution can be compared with the simulated data as shown in
Fig. 25. From this figure, it is observed that the simulated and fitted
superimpose.

Conclusion and discussion
This paper introduced a mathematical model which consists of a

system of seven non-linear ordinary differential equations. The aim of
the model is to study the transmission of COVID-19 dynamics taking

Healthcare workers
T T T

10 T T
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Fig. 25. Curve fitting.
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into account both public control measures (as a parameter) and health-
care workers (as an independent compartment). It was important to
have these two parameters because we have illustrated mathematically
that healthcare workers are protected through effective use of personal
protective equipment and control measures are used to minimize the
spread of COVID-19 in the public.

Mathematical analyses including positivity of a solution, bounded-
ness, computation of equilibria, calculation of the basic reproduction
ratio, and stability analysis of the equilibria were carried out. Numeri-
cal simulations were performed by an effective MATLAB solver ODE45
Runge-Kutta fourth-order schemes [32] and the results indicated that
in the absence of both 6 and &, R, = 4.6047. However, when the two
parameters are introduced to the model, the value of R is reduced
to 0.4606. This signifies the importance of the two parameters con-
gruently when incorporated in the model for the sake of breaking the
transmission of the disease.

Conclusively, the results indicated that protection of healthcare
workers can be achieved through effective use of personal protective
equipment by healthcare workers and minimization of transmission
of COVID-19 in the general public by the implementation of control
measures. Although many healthcare workers have been using protec-
tive equipment, this work emphasizes its impacts mathematically and
strongly recommend others who have not been using them to do so.

The proposed model of this paper can be further improved by
considering a Fractional-order analog as well as a stochastic model in
order to capture more transmission dynamics of COVID-19 [7,23].
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