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Abstract

In this work, we propose a nonlinear susceptible (§), vaccinated (V), infective (), recovered (R), information level (U)
(SVIRUS) model for the dynamical behavior of the contagious disease in human beings. We mainly consider the spread of
information during the course of epidemic in the population. Different rate equations describe the dynamics of the informa-
tion. We have developed the proposed model in crisp and fuzzy environments. In the fuzzy model, to describe the uncertainty
prevailed in the dynamics, all the parameters are taken as triangular fuzzy numbers. Using graded mean integration value
(GMIV) method, the fuzzy model is transformed into defuzzified model to represent the solutions avoiding the difficulties.
The positivity and the boundedness of the crisp model are discussed elaborately and also the equilibrium analysis is accom-
plished. The stability analysis for both the infection free and the infected equilibrium are established for the crisp model.
Application of optimal control of the crisp system is explored. Using Pontryagin’s Maximum Principle, the optimal control
is explained. The effect of vaccination is analyzed which leads the model to be complex in nature. The effect of satura-
tion constant for information is described for the crisp model and also the effects of weight constants on control policy are
discussed. Finally, it is concluded that the treatment is more fruitful and information related vaccination is more effective
during the course of epidemic.

Keywords SVIRUS epidemic model - Information related vaccination - Limited treatment - Global stability - Optimal
control strategy - Fuzzy number

Introduction

A lot of attention has been drawn by infectious diseases in
our society in recent time. Sometimes these infectious dis-
eases are most dangerous and become epidemics. Recently,
the infectious diseases, such as influenza, chicken pox,
SARS, etc. have been spread dangerously and created panic
throughout the world. The spread of these diseases affects the
development plans for the infected countries (Russell 2004;
Gupta et al. 2005) and also to the world economy. The pro-
ductivity losses, health-related expenditures, employments,
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travels and tourisms, etc. are being totally hampered due to
the occurrences of several epidemics. Therefore, the control-
ling of the spread of infectious diseases (Raeei 2020; Akdim
et al. 2021; Roy et al. 2021; Gupta et al. 2020) as well as the
minimization of the whole cost incurred during the epidemic
times, are the important tasks for the policy makers and the
administrative authorities of the government.

In recent years, the scientists, the doctors, the research-
ers, the medical facility providers, pharmaceutical units and
other related units including the government are facing chal-
lenges due to complicated characteristics of the diseases. So,
the study of the mathematical modeling of the infectious
diseases is one of the most effective tools to predict and
analyze the behaviour of the infectious diseases (Brauer and
Chavez 2012). Many researchers (Joshi et al. 2006; Zaman
et al. 2008) used the controlling interventions like vaccina-
tion, treatment, quarantine, isolation, contact tracing, walk-
in program, etc. to stop the spreading and to minimize the
effects of the infectious diseases in the society. Various con-
trol interventions for bad impacts of the disease dynamics
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were studied by many researchers. They mainly used optimal
control theory (Gaff and Schaefer 2009; Fleming and Rishel
et al. 1975) in their investigations. Behncke (2000) investi-
gated SIR epidemic model and in his work the effect of vac-
cination, screening, health-related campaigns were the main
substances. They also suggested the control intervention for
suppressing the disease level. Both the effects of information
induced change in the contact pattern and vaccination sys-
tem (Buonomo et al. 2012, 2013) were explained by Alberto
d’Onofrio et al. (2007). Buonomo et al. (2013) considered an
SEIR model with the effect of information related vaccina-
tion for new born. Many authors used awareness and effect
of information as control strategy for HIV in their studies
(Kassa and Ouhinou 2015). Kumar et al. (2016) discussed
the mathematical model with information and explained the
optimal control problem. Numerically, they investigated the
results of saturated treatment on the optimal policies. Kumar
et al. (2019) designed a SVIRM epidemic model. They dis-
cussed both the effect of vaccine working efficiency on opti-
mal control and analyzed the cost efficient of the optimal
controls of the contagious disease.

Zadeh (1965) first introduced fuzzy set theory to study the
uncertainty in mathematics. Das and Pal (2018) proposed
the imprecise epidemic system with optimal treatment and
vaccination to control the epidemic. Researchers paid atten-
tion to develop the epidemic models in uncertain environ-
ments (Pontryagin et al. 1962; Panja et al. 2017; Mahata
et al. 2018; Nandi et al. 2018; Das et al. 2020a). Das et al.
(2020b) explained disease control eco-epidemic model with
prey refuge under fuzzy uncertainty.

In this work, we have deigned an infectious disease model
which has been developed by taking the control interven-
tions as information induced vaccination and treatment.
To cope up with the uncertainties prevailed in the control
parameters; we consider the impreciseness in terms of fuzzy
numbers. This imprecise model is more realistic to represent
the real life unpredictable situations. Thus, in this work, we
develop the imprecise model along with the crisp model.
We analyze the crisp model for the positivity, boundedness,
equilibrium analysis, stability and optimal control. The
numerical experiments for both models are performed and
the solutions, sensitivities of the parameters, effects of opti-
mal control are presented graphically.

The entire paper is divided into several sections and sub-
sections. Some useful preliminaries are described in “Some
preliminaries” . “Model calibration” represents the model
calibration. In “Positivity and boundedness of the crisp
model”, the positivity and boundedness of the crisp model
are discussed. “Equilibrium analysis” describes the equilib-
rium analysis of the crisp model. “Global stability analy-
sis” presents the stability of the both equilibrium infection
free and infected of the crisp model. The theory of optimal
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control is explained in “Application of optimal control”. The
solution procedure of the model is described in the “Solution
procedure”. In “Numerical results”, the numerical results
of both the crisp model and the fuzzy model are performed.
Finally, the concluding remarks are given in “Conclusions”.

Findings of this work

In our model, we presented the epidemic model in which the
control strategies are information of vaccination and treat-
ment. Further, to develop this model we introduce the opti-
mal control. We design the model in precise and imprecise
environments. In the imprecise model, the control param-
eters are assumed to behave as fuzzy parameters. The trian-
gular fuzzy numbers are used to represent the uncertainties
of the control parameters. It has been established from the
analysis and numerical experiments that the result of the
involvement of the information related to vaccination and
treatment is more useful to mitigate the spread of the epi-
demic. The optimal control policy is effective to minimize
the effect of the epidemic. It is explained that the use of
both the information related to vaccination and treatment
decrease the load of the disease. The model suggest through
optimal control that the use of interventions like informa-
tion of vaccination of unaffected persons and treatment of
infected persons has important rule to decease the spread of
epidemic and to reduce the overall effect of it.

Some preliminaries

In this section, we use some basic definitions.

Fuzzy number

The fuzzy set F is called normal and convex, if the following
conditions must be satisfied

() up(ty) = 1for some 1,

(i) pp(A + (1= D) < App(ty) + (1 = Dpp(t).

where, pp(t) is the membership function of the fuzzy num-
ber F.

GMIV formula of Fuzzy Number

In this work, we use the GMIV (graded mean integration
value) technique of defuzzification (Chen and Hsieh 1999)
which is given below.
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If the parameter m € [0, 1] represents the degree of opti-
mism, then the GMIV of the fuzzy number Fis,

K (F) = Jo AU =m)L7" (1) +mL3" (1) e
e Jo tydty

1

=2/ {1 =mLy (1) +mLy" (1) } iy

where, the left shape function and right shape function of F
are represented by L,(7;) and L, (%) respectively.

GMIV of triangular fuzzy number (TFN)

Let us consider the TFN F= (F,, F,, F;), whose membership
function is

L iR <x<F,

F,—F,
1 ifx=F,
Hillp) = X .
F(f) ;;3_;2 ifF, <x<F;
0 otherwise
Then Ll(tf) = ;_fz_jv'] and Lz(tf) = ::__;fz
Therefore, L' (t;) = Fy + (F, = Fy )ty and L7 (1;) = F,
—(F3 = Fy)iy.
So, GMIV of

F=27 {0 =mL () +mL" (1) }diy
. 0

= 2{ 1:A(L = m)[F\ + (F, — F)t,]+m[F5 — (F; — F,)1,1}d,

cofiom{ e 5 e 252}

= % [(1 = m)F, + 2F, + mF;]
If we denote the GMIV of F by Kf(F ) then
K (F) = 3[(1 = m)F, + 2F, + mF;|

Model calibration

In this section, we develop the epidemic model in which the
treatment and the information related to the vaccination are
considered as the intervention control. We first develop the
crisp model and then the imprecise fuzzy model.

Case 1: crisp model

Let us formulate a compartmental SVIRUS epidemic model
which describes the dynamics of the contagious diseases
through the treatment and information related to the vac-
cination. We divide the total population (N) into sub

populations as susceptible (§), vaccinated (V), infective
(I), recovered (R) which are functions of any time ¢. The
variable U indicates information density available within
the population for disease outbreak at time 7. We take vac-
cination rate considering for the function of U i.e.,
v U . . . .
qo + 00 where ¢ is the baseline vaccination parameter,
1

v, indicates the information related to the rate of vaccina-
tion in the susceptible individuals and 6, is a constant rela-
tion with the saturation in information related to vaccina-
tion. We assume that vaccination does not fully work for
protection. Therefore, the vaccinated individuals may be
infectious again. Under these considerations, the nonlinear
SVIRUS model is represented by the following system of
differential equations:

ds
L - ASI—dS -
dr (q

v _ 4 wU
a  \"T1reU

Vi
+—)s+yR
0 1+61U> 70

>s — A1 —y)VI = (B+d)V

%=/1SI+/1(1—q/)VI—(y+d+5)I—(a+bv2)I (1
‘;—If=ﬂv+yl—dR—y0R+(a+bv2)I

dU

4Y — ol —pU

dr 81 = Po

where, the initial value of the state variables are nonnegative at
any instant ¢ and all the control parameters are considered as
nonnegative. The parameter /7 and d indicate the inflow rate of
susceptible individuals and the mortality rate for all populations
respectively. We take the parameter A as disease transmission
rate of susceptible individuals. w(0 < y < 1) is the efficiency
rate of vaccination and ¢, is the vaccination base line parameter.
Population get full protection when y = 1and get no immunity
when y = 0. The parameter f represents vaccine related

1
E_ S (q0+1j;l:0)5 |
A v
I 81 Yo A1-y) 8
|
l 7
U 4__5_____> I a+bvy)l R
Pol d+y+$é d

Fig. 1 The diagram of the model (1)
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immunity rate. We take the parameter 6 as the death rate due to
the disease. At the time when both the baseline of vaccination
is maintained and the information related to vaccination are
1110111U
vaccinated population. We consider the parameter v, and 6, as
the information related to vaccination and saturation constant
for information respectively. The parameter v,(0 < v, < 1) is
related to treatment for infective population. Rate of effective-
ness due to treatment is denoted by the parameter b. We take the
parameter a as natural recovery rate for all the population. So,
the total recovery is (a + bvz) of infective population. The
parameter g which denotes the growth rate of information is
proportional to mass media, newspaper, social media, various
educational campaigns, etc. The parameter y, represents the loss
of the protection rate of the recovered population and p, denotes
the fading memory for information. The diagram and biological
significance of the model (1) are presented in Fig. 1 and Table 1
respectively.

applied, then the term (qo + )S represents the growth of

Case 2: fuzzy model

In this model, we take the parameters like that fuzzy num-
bers to consider the impreciseness. The system of differen-
tial equations given in (1) is transformed into the following
system of fuzzy differential equations.

B oo - (. wU _
Dofi-isi-as—( g+ ——— |s+ 7R

dt 1+6,U

Y Go+ 22 )s—ia-pyVvi- (f+a)V

dt 1+6,U

dl 2

E=/~1SI+Z(1—J/)VI—(?+3+§)I—(&+B\7Z)I

‘;—’f=/§v+71—£zR—y7)R+(a+Ev3)1
dU ~

— =3l -pU

dr 81 — Py

Table 1 Biological significance

) Parameters ~ Biological significance Values and units ~ Data source
and parametric values for the
crisp model (1) I Inflow rate 20 dL Assumed
ay
A Disease transmission rate of susceptible ().0002 - Kassa and Ouhinou (2015)
population day
d Natural mortality rate 0.00004 dL Liu et al. (2008)
ay
9 Vaccination rate 0.001 dL Assumed
ay
v Control parameter 0.001 Lenhart and Workman (2007)
0, Saturation constant for information 0.01 Zhang and Liu (2008)
% Loss of the protection rate 0.001 dL Assumed
ay
v Vaccine working efficiency rate 0.95 dL Assumed
ay
p Vaccine related immunity rate 0.093 dL Gumel and Ruan (2004)
ay
Y Recovery rate of infective 0.03 dL Gumel and Ruan (2004)
ay
o Disease induced death rate 0.04 dL Gumel and Ruan (2004)
ay
vy Control parameter 0.001 Lenhart and Workman (2007)
b Rate of effectiveness due to treatment (.75 dL Assumed
ay
g Growth rate for information 0.05 dL Misra et al. (2011)
ay
a Natural recovery rate 0.001 dL Assumed
ay
Do Degradation rate for information 0.05 dL Misra et al. (2011)
ay
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where, I1, 1,d, do> V1 9~1, 70 W 6.7, s,a,b, V5,8, P, are all
considered to be triangular fuzzy numbers. Using the GMIV
formula describing Sect. 2, the fuzzy model is transformed
into the following defuzzified form

Proof Let us assume an auxiliary function
ZO =SSO+ VO +I1@)+ RO+ U@

Taking derivative of both sides with respect to #, we have

S —0,(4)(1-0,@))VI - (0,(B) +0,(d))V

3

where, 0,.() is the operator.

Positivity and boundedness of the crisp
model

The analysis of positivity and boundedness of any dynami-
cal system is very important. For the crisp model developed
here, we have given some theorems along with theirs proofs
to analyze the positivity and the boundedness.

Theorem 1 All the solution trajectories of the model given
in system (1) starting from R5+ are nonnegative at any time

instant.

Proof From crisp model (1), we get

dS dv
L1 =O+yR &
dt §=0 Yo dt V=0
2
= (a0t ——)s. 2 =0,
1+06,U ) dt|—
dR du
— =pV+yl+ (a+bvy)], — =
dt |g=o PV -+l (atbn) dr {y=o

We see that all rates are nonnegative in bounding plane in
nonnegative cone of R5+. Therefore, all solution trajectories
of model (1) are nonnegative in R5+.

Theorem 2 If the conditions 6 — g > 0 and p, —d > 0 are
satisfied then all the solution trajectories of model (1) are
bounded in the area of 1.

d—Z=H—dS—dV—dI
dt

—ol—dR+gl—py U
=M—-dZ-16-8)— (po—d)U
< -dZ if(6—g) >0, and (py —d) > 0
0 <Z(t) < Z(0)e™ ™ + %(1 —e)
Ast— o0, 0 < Z(1) < g
Therefore, the solution trajectories of model (1) are

bounded in the area.
7= {(S, VLR U)ERS : 0<Z(t) < g}

Equilibrium analysis

The infection free and infected equilibrium for this model
have the followings forms after simplification.

(a) The infection free equilibrium point is

N —_ M9
le<51p,vlp,0, 0,O>Where, Si, = 7-andV, = o,

(b) The infected equilibrium point is 0, (Szp, Vool Ry Uy )

v1 Uy

2
h S +7,R,, v q0+1+91U2p 53,
where, S =—— 2V, = >——FL
A 102, » prd+a(1—w)l,
A, +d+qot+ 14010y ?
R = ﬁV2p+(y+a+bv2)12p _ 8h,
% d+y, * 72, Po
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With the help of next generation matrix formula (Van
den Driessche and Watmough 2002), the basic reproduc-

tion number of the system (1) is given by
R o o(B+d(d+qp) — vy 1—y)qq
0™ (ra)(d+ay) | B+ | (B+d)(d+qo)(r+d+s+atbvy)—AT(+d)—(1—y)Tgy }

Theorem 3 For the locally asymptotically stable of the infec-
tion free equilibrium point le, the term p|, p,, p3, po must be

positive.

Proof At the infection free equilibrium point, the character-
istic equation of the system (1) is given as

P+0,t + 0,8 4+0:2 +Q0,t4+0s=0 4)

The coefficients le Q27 Q3s Q4, QS are given by
O, =4d+qy+f+y+6+a+bv,— AL =w)Vy+ 1+ D,
where, V, = __Hay
F+d)(d+40)

0, =(2d +qq + B){po +d+ 1 = A1 =)V,
+y+d+5+a+bv,} +(B+d)(2d+q,)
+po(d+7) = (Po+d + 7o) {40 = w)V,
+y+d+5+a+bv,}

0, :(ﬂ+d)(2d+610){170+d+70
+y+d+5+a+bv,— A1 —y)V,}
— (2d+ g9+ B) [(po + d + 1)
{y+d+6+a+bv2—ﬂ(1—y/)V0}—po(d+y0)]
+p0(d+y0){y+d+6+a+bv2—/1(1—1//)V0}

0, =[(po+d+7){Ad —yw)V,— (r +d+5+a+bv,)}
—po(d+1,)|(B+d)(2d + ) + (2d + gy + B)po(d + 1)
{Ad=yw)Vy— (r+d+6+a+bv,)}

Qs = (B +d)(2d + qo)po (d + 7o) { A1 =)V,

—(r+d+d6+a+bv,)}

We choose the following terms:

P1=01,0,=0,0,—03,p5

=0,0,0; - Q% - Q%Q4 + 0105, p4
= Q1Q2Q3Q4 - Q§Q4 - Q%Q4 - QlQ%QS
+0,0;05 +20,0,05 - 0;
If p\, py. p3, p, are all positive then all the roots are nega-
tive or its real parts is negative with the help of Routh Hur-

witz criteria. Therefore, the infection free equilibrium point
le is locally asymptotically stable.

@ Springer

Theorem 4 For the locally asymptotically stable of the
infected equilibrium point Q2,,’ the term Iy, Iy, I'5, I'y must

be positive.
Proof At the infected equilibrium point sz, the characteris-
tic equation is given by.

The coefficients M, M,, M5, M,, M5 are given by

Uy,
1 + 91 UZI)
+ A=) + -7
+Al =)V, — (r+6+a+bv,)

M1=/1[21,+q0+ +p0

iUy,
M, =(d +7y,) d+q0+/112p+—1+0U
1%2,

ViU,
+{ AL, + ————— +
T Treu, "

{/1(1 ~ )V, — (A+d+8+a+bv,)

—po = (1 =)y = p—d

Fpo{ M=)V = (r+d+5+a+bry)

~A0 =)L, —d} - {/1(1 ~w)L, +ﬁ+d}
{/1(1 — )V, - (y+d+5+a+bv2)}

=21 =y)’hV,

U,
M3 =(d+)/0) d+£[0+ilzp + m

o A0 =0V = (y +d 45 +a+ b))

v U,

—A(1 — l[/)Izp }] - <AIZ,; +2d + HTIIJZF +qy + ]/0>

—po{ a0 =wty +p+ab{aa -wivy,

~(r+d+é+atbv)}+ 20 -y’hLV,

AL, +qy+ N, +
BT T, T

+ 20 -y, S + n,
Vi, 92\ 40 1+, Uz,,

+p{ A= pVy = (r+d+5+a+bn,) |

PRMLCT Y
O e, )T
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U, X
My =(d+7,) d+q0+/112p+1+9]U2 Pl -w)
P

v1Sy viUy
— A, +2d+qg+yy+ —2—
Earo,u, 2\ "> 1+6,U
1Y, 1Y2,

(a0 =p +p+d}{a0-p)Vy — (r+d+5+a+bn,)}

2 p—
5, V2,po

VU,
2
<q° ' m) [psin a—vr+ 20—t s, (d4n)

+ro(y +a+ ) —w)Vy, = po{ A1 = u)Vy,
~(r+d+é+a+bvy)}| - piL,

{80 =9 =20 =w)) + 20 =w)Vy 1o}

ViU,
]V[5 = (d+70) )']2’, +d+q0+ W
»

[po{z(l —wil, +p+d {40 -V,

1Sy,

—(r+d+6+a+bv) —g—'
Y 2) farou, ¢

+22(1 - w) 2]2F Vzl,Po} - A1 - y/)IzppOyo(y +a+ bvz)
+pop{ A1 =yVy = (r+d+5+a+b,) |

2L =) Vs po(d +719) = B(d + 1) 2L, (1 = )

v U,
— )+ gpL {/11— y d}d
<q0+1+91U2,>+ gﬂzﬂ ( W)2/,+ﬂ+ ( +Vo)

-1 - Wl Va poff — pAL g"l—SZ,,] .
s 2 (1+6,U, )

Let us take I'y = M, I'; = MiM, — M3, Ty = M, M, M,
—-M3 — MM, + M\Ms,T, = M,M,M;M, — MM, — MM,
—M M3Ms + MyM3Ms + 2M,M,Ms — M.

IfI'}, '), T'5, Iy are all positive then all the roots are nega-
tive or its real parts is negative by using Routh Hurwitz cri-
teria. Hence, the infected equilibrium point Qz,, is locally
asymptotically stable.

Global stability analysis

With the help of the method proposed by Chavez et al.
(2002), we analyze the global stability of infection free
equilibrium le. Also by choosing a suitable Lyapunov
function, we establish the global stability of the infected
equilibrium sz in region x. The model (1) can be
described in the following way

dy,

w7 =F,(Y.Z,)

dz ©®)
1 .

— = Fy(Y,.Z,) with F,(Y,,0) =0

Here, the uninfected individuals are represented by
Y, € R™ and the infected individuals are denoted by
Z, € R". n, and n, denote positive integers. We assume
T, = (¥, 0) to be the infection free equilibrium of the sys-
tem (6). Two conditions are considered to prove the stability.

(T,) for ddlt‘ = F,(Y,,0), Y, is globally asymptotically

stable. .
(T Fy(Y,2)) = Dy F,(Y,,0)Z, — F5(Y,.Z,),
F2(Y1,21 ) >0 for(Yl,Z1 ) € y.Here, D, FZ(YO, 0) denotes
an M matrix having eigenvalues with nonnegative real
parts and  represents bounded biological region.

Theorem 5 Ifthe conditions T| & T, are satisfied, the infec-
tion free equilibrium T, = (Y, 0) of system (6) is globally
asymptotically stable for Ry < 1.

The global stability of the infection free equilibrium le
is ensured by following result when R, < 1.

Theorem 6 If Ry < 1and a=0,b =0, the infection free
equilibrium le of crisp model (1) is globally asymptotically
stable.

Proof With the help of above theorem, the crisp model (1)
can be assumed in the form

dy,

L= F(1.2)

dz,

7 = FZ(YI’ZI)

where, F, (¥,,2,) = [n — ASI—dS — (qo + >S + 7R,
1

v U

(‘10 + 1+91U)S— M1 =y)\VI = (B+d)V, BV +yl — dR-

YoR + (a+bv,)1, gl — pyU| and F,(Y,.Z,) = ASI + A(1 — )
VI = (y +d +6) — (a+ bv,)I with F,(¥,,0) = 0.

Here, we denote Y, =(S,V,R, U)T, Z, =1 and take
T, = le = (Y, 0) as the infection free equilibrium of model

n I .
(1), where, Y, = <?q0, M—‘f;%),o,o) Hence, Y, is the

globally asymptotically stable if % = F,(Y,,0) whenever
Y, » Yyast — co.

Fy(Y,Z,) = =(y +d +6+v,) (1 = Ry) = F,(Y,,Z,)

where F, (Y,,7,) = A[(ﬁ —S) —a- w)M(
- (a+bv2)1

= o Mg, _ _
FZ(YI,Zl) > 0OwhenS < proms V< —(ﬂ+d)(d+q0) anda=0,b=0.

Ilg, )
-V
(B+d)(d+q)
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If Ry < 1and the condition a = 0, b = 0, the infection free
equilibrium le of the system (1) is globally asymptotically
stable.

Theorem 7 The infected equilibrium point Qzﬂ of the crisp
model (1) is globally asymptotically stable in the logic of
S V.LRU) = (S, V.1, . Ry , Uy )ast — oo.

Proof Taking a subsystem from model (1), we have

% = ASI+ A(1 —y)VI = (v +d + &) — (a+bv,)I

du @
& =l —p,U

i 81 — Py

From system (5), we have Jacobian matrix

(a+bv,) 0 >

;o <,1$+/1(1—w)v—(y+d+5)—

8 —Po
The corresponding additive matrix is J,Ez] = —py + AS+
M =y)V—(r+d+8)— (a+bv,) =K.
Also, we assume a function M = M(I,U) = dlag(é, é).
Therefore, MfM = dzag(- - l—l; § - %) and
MIPM! = diag(K, K)
N, N
Let N = 11 V12
Ny Ny

where N, =K+§—%,N12=0,N21 =O,N22=K+§—5

With the help of Lozinskii measure, we have
t(N) <max{r,r,} where, r =17(N;)+|Ny| and
ry=1(Np) + [Nyl Niy=[Nyy|| =0 and z(N;) =
t(Ny) =K + j - % Therefore, 7(N) < K + j - [—lj

Above expression gives 7(N) < § - g—l; +AS+ A1 —w)
V=@ +d+05)— (a+bv,).

Since, model (1) is persistent, there exist a positive con-
stant e, such that ll_igloinf{S(t), V(6),1(1),R(),U(t)} > e, }.We
have

V<! - [(%+y+d+5+a+bv2) —e,(A+ (1 —u/))]
and ‘

7(N) < § — 0, choosing ¢ = <g—l; +y+d+6+a+bv2>
—e,(A+ AL = y)).

Both side integrating with respect to ¢, and taking the
limit from O to ¢;, we have

1 15 1

/T(N)dtl S/%dtl—/adtl

0 0 0

1 : 1 ®

: /T(N)dz‘1 < —1og [1(0)]
0
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f

1 /T(N)dtl <-0<0

0

lim Sup

—o0

With the help of boundedness of /(r) and ¢ > 0, the sys-
tem (7) is globally asymptotically stable when R, < 1.
Therefore, we have () — Izp andU(¢t) — Uzp ast — oo.

From the system (1),

9 g asi—das— g+ —Y \s+ R
dt T T e,U 70

V1U2
— 1S, +y,R
1+6,0, )% Yo%z,

From above, we have limiting form,

dS M d Vle” S II R
I 2, Tad+ +1+T1Uzp 2, =+ 7k,

H+}’0Rz,,

ds
=M= A8, L, —dS, ~ <

The solution is given by § » ————~—— =§
& y AL +d+(q0+ Y ) %
P 1+0,U

ast — oo.
In similar way V — V, ast — oo.
P

Hence, (S, V,1,R,U) = (S, ,V; .1, , R, , U, )ast — oo,

Application of optimal control

The application of optimal control function has been described
in this section. The cost functional is minimized by this control
function for finite time. We consider two control parameters
v, (1), vo(¢) described earlier to analyze the optimal control in
this model. It is noted that 0 < v, (¥), v,(¢) < L

The control variables are taken in the following set

P={(v(®).,®) : (v (@®),v,®) €0,1],t € [0,T}]}
where, v, (f) and v,(f) are assumed bounded and measurable
function and 7 is finite time . We consider the control prob-
lem that can minimize the cost function. The problem is given
below

T,

H, [v, (1), v,(0)] = ) [k () + keyv (1) + kgvy* (1)) dr. (8)

where, k|, k,, k; are weight constants. These constants are
involved to the applied control intervention.

Here, k,1(¢) indicates the cost related for disease load that
includes the loss of opportunity, loss of man power etc. The
cost related to information initiated vaccination in time of
epidemic is presented by the term k,v,*(7). The term kyv,%(f)
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denotes the cost incurred in treatment policy (like medicine,
hospitalization etc.).

Subject to the system (9) given below we desire to mini-
mize the functional given in (8).

B asi—ds— g+ —Y)s+yR
dar 1+o,0)° "1
dav U

av _ S— il =p)VI=(f+d)V
= (a+ 1+0U> (1 =)V +d)
dr

= ASI+ A1 = y)VI = (7 +d +8)] - (a+bv)1 O

R _ BV 471 —dR - yoR + (a+ bv,)1

dt

du

— =gl —p,U

i 81 — Py

where, the initial value of the state variables are

non-negative.
The current cost at any instant ¢ is represented by the term
L*(S.V.LLR,U,v|,vy) = [k I(1) + kyv *(t) + k3v,2(1)]:

Persistence of the optimal control

Here, we explain the persistence of the optimal control for
the above crisp model.

Theorem 8 With respect to the control system (8) and (9),
there exists an optimal control v,*,v," in region I such that
H, [vl*, vz*] = min[H, (v, ;)]

Proof We use following conditions to prove the theorem.

i) There is a non empty group of solutions of the above
system of differential Eq. (9) for the control variables
(vy,v,)in the region I'.

ii) The region I" is closed and convex.

iii) The integrand H, of (8) is convex on the region I" and
L*(S,V,I,LR,U,vy,v,) > H\ (v, vy) where, H, is con-
tinuous function. We get|(v1,v2)| H,(vy,v,) > coas

|(v1,v2)| = o0. The norm function is defined by |-|.
From (9), we have total populationZ=S+1+V +R.
Taking derivative with respect to t, we get

dZ_H dz — 61
dt

This gives us zlgg SupZ < % and tll)rg SupU < 1%

Hence, we have the boundedness of the system (9) in
the area of I" By the Picard-Lindelof theorem (Coddington
and Levinson 1955) the right hand side of (9) satisfies Lip-
schitz’s condition. Therefore, condition (i) is satisfied.

The criteria of closed and convex for region I is fulfilled
by the definition. So, condition (ii) is verified.

According to quadratic and biquadratic characteristics of
control parameters v; & v,, the function L, is convex.

Where, L,*(S,V,1,R, U, v, v,) = kI(t) + kyv (1)

+ kyvy 2 (1) = kv H(0) + k3,2 ()

Assuming @, = min
H, (vl, vz) = @, (v;*(®) + v,2(t)) we have

(S VLLR U v vy) = Hy(vy,my).

(ky, k3) > 0,

Since, H,(v,,v,) is continuous function and
’(Vl,vz)’_ H,(v|,v;) = ooas|(v},v,)| = oo, condition (iii)
is verified. So, the optimal control pair v;*, v,* exists.
Hence, we have H,(v\* v,*) = minH, (v, v,).

Characteristics of optimal control function

According to the Pontryagin’s Maximum principle, the
conditions for the optimal control function for systems (8)
and (9) are performed. The corresponding Hamiltonian
function is chosen as:

H,(S,V,LLR,U,v,,v,)

« ds dv dl dR du
=L1+TIE+TZE T3E+T4E+TSE

= k(1) + kv (1) + k33 (D)
MU gty R
1+o,0)> "7

<<q01+0 U)S—A(l —y/)VI—ﬁV—dV>
(ASI+ A(L —y)VI = (y +d + 6 +a+bvy)I)
(

BV + vl —dR — y,R+ (a+ bvy)I) + 75(gl — p,U)

ﬁ(n—m—ds— <q0+

+ 73
+ 7,

Here, 7, 7,, 75, 74, 75 are all adjoint variables.

Theorem 9 We assume that the optimal control variables
are v,*, v,* and corresponding state variables of control sys-
tem (8), (9) are §*,V*,I*,R*, U*. These minimize the cost
functional. Then 3 adjoint variable v = (T 1'2,13,1'4, ﬁ‘)

dr,
satisfy the following canonical form
dry _  OH, dr, _ oH, dr; _ dt

ar T a4 -

*

T s dt_

R’ dt oU
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dr,

dt
dr,

dt
dT3

dt
dT4

dt
drs

v U
1+6,U

v U
1+6,U

:TI<AI+d+q0+

) =700+

= (M1 =)+ f+d) — 1341 = )] = 7,8

=-71% t+ 74(‘1 + 70)
Sv,

Sv;
— T
L(1+0,0)

(1+6,U0)

dt

>+ TsDo

> - T3AI

=1 AS—ki + A1 =)V —13(AS+ Al —yw) =y —d =8 —a—bvy) —t4(y +a+bv,) — 158

10)

with the conditions of the transversality 7,(7}) =0,
Tz(Tl) = 0, T3(T1) = 0, T4(T1) = 0, TS(Tl) = O.
Corresponding optimal control v|*,v,* are given by

. (11 — TZ)U*S* 3
v’i‘ =minqmax40, | ——— | Vium (11
4k, (14 6,U*)
Ty — 7, ) DI*
and v; = min {max {0, % },vzmux}. (12)

Proof Let v,*,v,* are given optimal values of the control
variables and S*, V*, I*, R*, U* are the corresponding values
of the variables S(¢), V(t), I(z), R(t), U(t) of the control system
(9) which reduce the cost function given in Eq. (8). By Pon-
tryagin’s Maximum principle, the adjoint variables
dr, _ _0H, dr, _ _0H,

T, Ty, T3, Ty, T5 Satisfy the conditions o = = v

dvy, _ 0H, di, _ 0H, dts; _  0H, .

= d—l“ TRl Her.e, we .ha.ve Hamil-
tonian function H, and the corresponding adjoint system
(10) with the conditions 7,(7})=0,
7,(Ty) = 0,73(T;) = 0,74(T;) = 0,75(7,) = 0. Now using

the optimality conditions % =0& % =0atv, =v*&
1 2

v, = v,*, we have

dr; A tdta v, U* N v, U*
a0 DT rreur ) P\M T Te, 0
dr

2 o =) + P+ = (1 = = 7

dr,

dt

dT4

E=—leo+f4(d+y0)

dTS S*Vl S*Vl +

— =1 ) TsPo

e (1+0,U0%)°  (1+6,U0%)

(Tl - T2) U*s*

(T3 - T4)bI*
4k, (1 + 0,U%) '

2k,

*

h =

1/3
vT:l ] ,V

Hence, the theorem is proved.

Optimality of the system

The optimality of the system is described with
the help of optimal values v;*, v, of the con-
trol variables. Using minimized Hamiltonian I_{* at
(§*, V¥, I", R*, U*, 7,7 ,, 13, 14, 75), the optimality of
the system is as:

as + v U
DT T,

— =I1-AS"I" —dS™ - S* + R
dr > Yo

W (s Y N s — v — g ay
a  \""TyeU v

% = AT + A1 =)V T = (y +d + O — (a+ bv, ) I*
E:ﬁV +yI* —dR* — yoR* + (a + bv,)]

dU

&Y o — U*,

i 8 Po

With the initial value of $*, V*, I*, R*, U* are nonnegative.
and the corresponding adjoint system

> — 3 Al*

=1 A8 —k + AL =)V — (A + Al —y)—y —d =6 —a—bv,) — 7, (v + a+bv,) — 758
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Fig.2 Population trajectories for the crisp system (1) a with optimal control b without optimal control ¢ with v,*, when v, = 0 d with v,*, when

v, =0

With condition 7,(7}) = 0G = 1,2,3,4,5) and v *,v,*
are same as in (11), (12).

Solution procedure

As the system has nonlinear differential equations, to find
out the solution of the crisp system (1) is more complicated.
It is solved graphically with the help of MATLAB R2014a
software package and solved analytically by the ode solver
‘ode45’. Using MATLAB R2014a, we draw the graphical
representation of optimality of the system (1).

Numerical results

The numerical experiments for both the crisp and fuzzy
model are performed and the results are described below.

Result 1: crisp model

We choose the initial populations S(0) = 100, V(0) = 80,
1(0) = 20, R(0) = 50 and initial information level U(0) = 45.
All the values of the parameters are taken from the Table 1.
All numerical experiments are performed with the help
MATLAB ode45.
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«Fig.3 a Various profiles of susceptible population under v;*, v,*. b
Various profiles of vaccinated population under v;*, v,*. ¢ Various
profiles of infective population under v,*, v,*. d Various profiles of
recovered population under v,*, v,*. e Various profiles of information
level under v;*, v,*

The population trajectories of the crisp model (1) are pre-
sented with optimal control, without optimal control, with
v,*, when v, = 0 and with v,*, when v, = 0 in Fig. 2.

We solve the optimality control system under the optimal
values v, *, v,* of the control variables (see Fig. 3). The infec-
tive population increases after 30 days and it reaches to the
maximum peak between 70 to 80 days for v, =0,v, = 0.
So, the disease outbreak is adopted between 70 to 80 days
(see Fig. 3c). For control parameter v, = 0 and v, = 0.001,
vaccinated population is growing up. From the Fig. 3(d), it
is seen that the recovered population increases highly for the
control variables v; = 0,v, = 0. Again, we solve the opti-
mality system for information induced vaccination policy v, *
and v, = 0 (see Fig. 3e). The maximum peak of the informa-
tion level with controls is less than that of without controls.

Result 2: Fuzzy model

We take the fuzzified values of the fuzzy parameter in
terms of triangular fuzzy numbers given in Table 2. We
plot variation graphs for different values of degrees of
optimism m. Figure 4 presents the variation of susceptible,
vaccinated, infective, recovered populations and informa-
tion level for the different values of degrees of optimism
m in fuzzy environment. Here, red, magenta pink, blue,
green, cyan and yellow colored lines indicate the popula-
tionsatm=0,m=02,m=04,m=06,m=08m=1.0
respectively. For different values of degrees of optimism
m, we observe the significant change on the population
curves.

Sensitivity of the degradation rate for information
(po): whenb = 0,0, = 0and p, € [0.0001, 0.5]

From the model (1), we draw the profiles of the popu-
lations for different values of degradation rate for infor-
mation, p, € [0.0001,0.5] (see Fig. 5). When saturation
constant for information 6, = 0 and rate constant of effec-
tiveness due to treatment b = 0, the susceptible population
is proportional to the degradation rate for information p,,.
The susceptible population increases as the value of p,
increases. The reverse scenario is observed for the vac-
cinated population. The peak of infection highly increases

Table 2 Fuzzy parameters and their values

Parameters TEN

(16,20,24)
(1.6 x 1074,2x 1074,2.4 x 107#)
(32%107%,4%x 107°,4.8 x 1075)
(8x107,1x1073,1.2%x 1073)
(8x1074,1x1073,1.2%x 1073)
@x1073,1x1072,1.2x 1072
@x107,1x1073,1.2x 1073
(0.04, 0.05, 0.06)

(0.0744, 0.093, 0.1116)

(0.024, 0.03, 0.036)

(0.032, 0.04, 0.048)
(8x1074,1x1073,1.2%x 1073)
(0.6,0.75,0.9)

(0.04,0.05, 0.06)
(0.0008,0.001,0.0012)

(0.04, 0.05, 0.06)

Sl D o S R O R & N B = §l [SU S M

during 60 days to 70 days forb =0, 6, = 0 and p, = 0.5.
Comparatively, it is not higher for the value p, = 0.085 for
the infective population. For the recovered population, we
notice that these populations are inversely proportional to
the values of p,.

Sensitivity of the degradation rate for information
(po): when b = 0, v, = 0 (absence of treatment)

When the rate of effectiveness due to treatment b = 0 and
the treatment related control variable v, =0, we draw
the profiles of the populations for different values of p,
(Fig. 6). Susceptible population is proportional to the deg-
radation rate for information (p,). We observe the reverse
scenario for the vaccinated population. The infective popu-
lation gradually increases for the decrease of the parameter

Po-
Some numerical results with control policies

Some numerical results of the crisp model (1) are obtained
with control policies. We implement the different con-
trol strategies to shorten the disease load and to mini-
mize the total cost with the help of optimal control paths.
We consider v, and v, as the control variables and take
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Fig.4 Solution trajectories for fuzzy model (2) for the various values of degrees of optimism m

k; = 1.5,k, = 10, k; = 25 as positive weight constants. Other
parameters values are given in the above Table 1. We ana-
lyze the profiles of the populations and minimize the cost for
effecting of the implementation of one or both control poli-
cies. With the help of MATLAB, the numerical experiments

@ Springer

for all the cases are represented. By the forward—backward
sweep method, we find the optimal control variables and
solve the optimal state system and adjoint state system
with respect to time. Figure 7 represents the population tra-
jectories with both control variables and time duration of
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Fig.5 Outlines of population for the various values of p,,

approximately 100 days. In this case, the recovered popula-
tion is in its highest level. The susceptible individuals are
gradually increased after 40 days. The infective individu-
als are gradually decreases and it may be diminished after
100 days (approximately). The level of information gradu-
ally decreases as time increases.

Figure 8 depicts the populations’ profiles when v, = v}
and v, = 0. The level of information increases between 20
to 40 days. There is significant change for the infective
population for the presence of optimal control v}, v and
with only control v and v, = 0.

Figure 9 shows the populations’ trajectories in absence
of control variables. The susceptible population gradu-
ally increases and it reaches to the highest point in about
50 days. Then the curve gradually decreases. At first the
infected population is at equilibrium level. The infected

Vaccinated (V)

Time
1600, T T T T T T T T
vl | ——Po =0.0001
—— po = 0.085
1200 Do = 0.5
& 1000
T
4
o 800
>
8
o 600
14
400
200
0 1'0 2'0 3'o 4'0 5'o s'o 7'0 s'o 90
Time

population reaches to the highest peak in about 70 days.
The intensity of information level gradually increases
when no control is applied. We see a significant change
for all the population for only control v and v, = 0 and in
absence of control variables.

Figure 10 represents the profiles of populations with
only control vJ andv, = 0. Same scenario is seen in the
absence of v}, v and also v;,v1 =0.

Figure 11a represents the path of the optimal inten-
sity of information related vaccination vi when v, = 0.
Fig. 11b presents optimal control v; only and v; = 0. From
the Fig. 11a, the intensity of control variable decreases
gradually with time.

Figure 12 depicts the effect of infected population and
level of information for different values of the parameter y
(vaccine working efficiency). Using the parameter values
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Fig. 8 Outlines of populations 100
with only control v’l‘ andv, =0 50 200
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2

in Table 1, we draw the Fig. 12 and Fig. 14 for y = 0.05
(red colored line), w = 0.25 (pink colored line), y = 0.50
(blue colored line, y = 0.95 (green colored line). The
infective population is inversely proportional to y. When
the rate of vaccine working efficiency increases the level of
infected population decreases. Thus, the people are curable
from the infectious disease but the different scenario is
seen for the level of information. The level of information

200
100

0 20 40 60 80 100

increases when the value of vaccine working efficiency y
decreases.

Figure 13 represents the effect of control variable for
different values of y. Fig. 14 depicts the effect on adjoint
variables for different values of y.

Figure 15 represents the effect on infected population
and level of information of the different values of satura-
tion constant for information (6,). The level of infected
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Fig. 10 Outlines of populations 1000
with only control v and v; =0 50
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Fig. 11 a Optimal controls v} only and v, = 0. b Optimal control v} only and v; =0

population gradually increases as 6, increases. Again, we
plot the level of information for different values of 8, and
see the count of information level increases as saturation
constant for information increases. For different values
of 6,, the profile of optimal control and the profile of

@ Springer

adjoint variables are presented in Figs. 16 and 17 respec-
tively. Using the values of the parameters in Table 1, we
draw the Figs. 16 and 17 for 6, = 0.01 (Red colored line),
0, = 1.0 (pink colored line), 8, = 1.5 (blue colored line)
and 6, = 2.5 (green colored line).
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Fig. 12 Effect of w on infective population and level of information

Effects of weight constants k,, k; on optimal control
strategy

It is very important to discuss the effects of the weight
constants on the optimal control for the crisp model (1).

We vary the weight constants k,, k; while the other param-
eters are kept fixed. These values are given in Table 1.
We change the weight constant k, and the corresponding
profile of optimal control v{, v; are drawn in Fig. 18a, b.
From Fig. 18a it is seen that the optimal control vy is influ-
enced by weight constant k, but there is no significant
impact for optimal control v in Fig. 18b. If the weight
constant k, = 151.e. the vaccination coverage is minimum,
the disease transmission is minimized for low strength on
information related vaccination vj (v, = 0) (see Fig. 19a).
When the weight constant of vaccination coverage is high
(k, = 750), the information related vaccination VT (v, =0)
is extended for higher intensity (see Fig. 19a). The red
and pink colour curves represent the information related
vaccintion corresponding to vy with v, and vi with v, =0
respectively. Similar color has been used for k, = 750 (see
Fig. 19b). There is significant change of k, for the control
v;. We draw the figure on optimal control vi and vJ for
different values of k,. From Fig. 20a, b, we observe that
optimal control v} is affected by the weight constant k.
There is no impact on the optimal control v} of the weight
constant k5 (see Fig. 21a). Figure 21b represents the opti-
mal control v} for different values of the weight constant
k;. Fig. 22a, b and Fig. 23a, b depict the optimal control
v for k3 = 25, k3 = 1250, with k; = 1.5 and k, = 10. From
these figures, it is concluded that both the control policies
are able to control the disease load and to reduce the eco-
nomic load at the time of epidemic.

Fig. 13 Effect of control param- 0.9 0.9
eters for the various values of y
0.8} — Y =0.05 0.8t
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Fig. 14 Effect on adjoint vari-
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Fig. 15 Effect of §, on infected population and level of information

@ Springer

information related vaccination and treatment in crisp
form. Then the model is tranformed into fuzzy model
to incorporate the uncertainty of the parameters. With
the help of graded mean integration value (GMIV)
method, the fuzzy model is converted the defuzzified
one. The positivity, the boundedness and the equilib-
rium analysis of the crisp model are investigated elab-
orately. The stability of the infection free equilibrium
and the infected equilibrium are discussed. Choos-
ing the suitable Lyapunov function, we look into the
global stability of infected equilibrium and with the
Pontryagin’s Maximum Principle, the existence of the
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Fig. 16 Profile of optimal 0.9 0.9
control v} and v} for various
values of 6, 0.8} \ 0.8}
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optimal control of the crisp model is explained and all
the notable observations are educed numerically and
graphically. We establish the effect of the degradation
rate for information (p,) on the information induced
disease model. Finally, we conclude that extensive
use of both control strategies is more fruitful for the

healing of infective population and minimizes the
total cost during disease prevelance. The researchers
can apply the optimal control policy in other epidemic
models. Also, other types of impreciseness like, inter-
val, stochastic, intuitionistic fuzzy, neutrosophic, etc.
can be used to tackle the uncertainty of the models.
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Fig. 18 a Optimal control v} for 0.9
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