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The temporal evolution of second and subsequent waves of
epidemics such as Covid-19 is investigated. Analytic
expressions for the peak time and asymptotic behaviours,
early doubling time, late half decay time, and a half-early
peak law, characterizing the dynamical evolution of number
of cases and fatalities, are derived, where the pandemic
evolution exhibiting multiple waves is described by the semi-
time SIR model. The asymmetry of the epidemic wave and
its exponential tail are affected by the initial conditions, a
feature that has no analogue in the all-time SIR model.
Our analysis reveals that the immunity is very strongly
increasing in several countries during the second Covid-19
wave. Wave-specific SIR parameters describing infection
and recovery rates we find to behave in a similar fashion.
Still, an apparently moderate change of their ratio can have
significant consequences. As we show, the probability of an
additional wave is however low in several countries due to
the fraction of immune inhabitants at the end of the second
wave, irrespective of the ongoing vaccination efforts. We
compare with alternate approaches and data available at the
time of submission. Most recent data serves to demonstrate
the successful forecast and high accuracy of the SIR model in
predicting the evolution of pandemic outbreaks as long
as the assumption underlying our analysis, an unchanged
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situation of the distribution of variants of concern and the fatality fraction, do not change dramatically
during a wave. With the rise of the a variant at the time of submission the second wave did not
terminate in some countries, giving rise to a superposition of waves that is not treated by the
present contribution.

1. Introduction

Currently, many countries over the world have to cope with handling the subsequent (second, third ...) wave
outbreaks of Covid-19 pandemic. The onset of a subsequent wave is most probably caused by a sudden
mutation of the virus resulting in an effective (about 40%) increase of the infection rate. Of high medical and
economic interest are reliable predictions on the duration, peak days and total amplitudes of both the number
of infections and the number of fatalities which are closely related to the maximum need for breathing
apparati in hospitals in order not to overburden the medical clinics capacities and to avoid fateful triage decisions.

In the past reasonably accurate (within 50%) predictions on the first Covid-19 wave have been made
[1-4] adopting the Gaussian distribution for the daily rate of new cases and the corresponding
cumulative numbers (including both infections and fatalities) for many countries in the world with well-
monitored case rates. By modelling simultaneously both infection and fatality rates the dark number of
infections and the degree of herd immunity from the first wave has been determined in several countries
[5] by adopting a mortality rate of 0.5%, i.e. one out of 200 infected persons ultimately dies from Covid-
19. While the Gauss distribution can be justified both from the central limit theorem of statistics [1] and
for early times until the peak time from the susceptible-infectious-recovered /removed (SIR) epidemic
model [6-9], it is less accurate at late times of the wave evolution as compared to monitored data [10].

The SIR model [6,7] describes the time evolution of infectious diseases in human populations, and is
the simplest and most fundamental of the compartmental models and its variations. It had been solved
numerically using various approaches, including Monte Carlo methods, wavelets, fuzzy control, deep
learning etc. [11-31] and approximate solutions had been proposed [32-34]. Our recent work [35,36]
improved the analytical modelling of epidemics based on the well-established SIR epidemic model
invented nearly 100 years ago.

There are two variants of implementing the SIR model, as described in detail previously [35,36]. The all-
time SIR model must use an initial condition that is compatible with the SIR equations of change, which
allows it to “predict’ both the past and present consistently. The semi-time SIR model can be used with
any initial condition, but makes predictions only about the future. Often the second variant is used
without noticing the inconsistency, while the inconsistency had already been noted by Kendall [6].
Assuming a constant ratio between infection and recovery rates, the all-time SIR model does predict a
single wave only, while the semi-time SIR model we are going to use in this work allows us to model
many waves with their own specific parameters, that capture only the future development in each case.

For both variants, the considered population of N> 1 persons is assigned to the three compartments
s (susceptible), i (infectious) or r (recovered/removed). Persons from the population may progress with
time between these compartments with given infection (a(t)) and recovery rates (u(t)) which in general
vary differently with time. As demonstrated before [35], it is convenient to introduce with I(t) =i(t)/N,
S(t)=s(t)/N and R(t)=r(t)/N the infected, susceptible and recovered/removed fractions of persons
involved in the infection at time f, with the sum requirement I(t) + S(t) + R(t) =1. Moreover, if g,
denotes starting time of the nth wave with the initial conditions I(t;,) =7 and S({,,) =1 —n, it is also
appropriate to introduce the dimensionless reduced time variable

t
7(t) = L déa(é), (1.1)
0
accounting for arbitrary but given time-dependent infection rates a(t). With the introduction of the
reduced time (1.1) the following analysis includes and addresses the effects of non-pharmaceutical
interventions (NPIs). These affect the infection rate a(t) by lowering it to lower values providing
substantial differences to the simple linear relation r=ayt of the reduced time as a function of the real
time f in case of an unchanged initial infection rate ay. This has been described and illustrated in

detail in §§2.2 and 2.3 of earlier work [10].

For the special and important case of a time-independent ratio K(t) =u(t)/a(t) = k = const., analytical
results of the SIR model have been recently derived [35,36] both for the all-time and semi-time cases
appropriate for the first and subsequent wave evolution, respectively. For a growing epidemics outburst,
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exhibiting a peak at some time past £, in the future, the constant ratio k has to be smaller than 1 — 25, where as B
noted before n = I(t ,,) denotes the infected fraction at the starting time f,,, of the nth wave. The requirement
k <1 —2n corresponds to the initial infection rate a, at time ¢, ,, being larger than the initial recovery rate uy,
both in units of days™'. Alternatively, for initial ratios k> 1 — 27, the wave amplitude is purely decaying
from its maximum at f,, without exhibiting a wave phenomenon [36]. Here, the time t;,, refers to the
observing time when the onset of a new nth wave is recognized by the monitoring of case rates.

It has been demonstrated [36] that the two parameters k and 7 determine the full evolution of each
subsequent wave in reduced time (1.1) including in particular the effects of NPIs which determine the
relation between reduced time and real time for non-stationary infection rates. Moreover, it is
important to emphasize that in the peak case where k<1—2n the SIR model not only provides a
causal connection between the early (before the peak) and late time development of the pandemic
wave, but that the parameters k and 1 obtained from fitting the early time evolution also determine
the final and maximum values of the cumulative and daily case rates.

*sosi/Jeunof/6106uiysgnd/aposjedos

Below, we will derive simple analytic expressions for all measurable amounts of cases and fatalities
during a pandemic evolution described by the semi-time SIR model, that share all relevant features with
the exact solution of the semi-time SIR model, including time and position of the peak of daily new
infections, as well as the asymptotic behaviours at small and large times. The expressions are so precise
that they can be used instead of a numerical solution of the SIR model. The advantage of an analytical
expression is obvious, as it allows us to quickly determine the SIR parameters from the measured data
well ahead of the peak time, and thus allows for predictions that serve as a prerequisite to make
decisions. We apply the approach to eight different countries from different continents. We begin by
summarizing the exact features of the semi-time SIR model, stating the approximants for the reliably
measurable quantities, and collect all the derivations of the new approximant in an appendix. The
occurrences of a clearly separated (in time) second wave in these countries provide very suitable data sets
to verify the forecasts of the SIR model which is one important motivation for this study here.

Throughout this work, we ignore the effect of vaccination campaigns on the temporal evolution which
we investigate elsewhere [37]. In that reference, it is demonstrated that the generalization to solutions with
vaccinations relies heavily on very accurate analytical solutions of the SIR model in order to interpolate
especially at small values of the ratio of vaccination to infection rates. It is precisely the purpose of this
study here to provide such accurate solutions of the SIR model. We furthermore assume an unchanged
situation of the distribution of variants of concern and the fatality fraction during a single wave.

In order for the interested reader to comprehend why our analysis is based on predictions made in
January 2021, we note that the original version of this manuscript had been received January 16, 2021 by
the Royal Society. It was passed over internally to Royal Society Open Science in April 2021. The original
forecast was based on data collected on January 11, 2021. For the purpose of this study, the original
forecast has not been revised using later data, but later data was added to compare with the original
forecast. The original preprint of this manuscript entitled 'Forecast made on January 11, 2021 for the
second Covid-19 wave based on the improved SIR model with a constant ratio of recovery to infection
rate’ is available since January 21, 2021 at preprints.org. The title had been modified as the forecast is
not a forecast anymore at the time of publication of this manuscript.
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2. SIR-model results

2.1. Exact results

The exact solution of the SIR model with a constant ratio of the recovery to infection rate in the semi-time
case [36] (hereafter referred to as KS-SIR model) is given by

e J; % (2.1a)

and
ny) =1 —-yly+ke+kIn(1 —y)], (2.1b)
with n=1-¢€7%, 7 given by equation (1.1), and J=1— S denoting the cumulative fraction of new cases.

Differentiating equation (2.1a) with respect to 7 yields for the corresponding rate of new cases

jin = I

= (1 =) +ke +kIn(1 = ])] = n(J). (2.2)


https://preprints.org

As shown before [36] without explicit inversion of equation (2.1), equations (2.1) and (2.2) yield for the
final cumulative number fraction of infected persons [, =1lim .., J(z) and for the maximum rate of new
infections jmax Occurring at Jy that

Jo =1+ kW), a=_d=me Tl’()efl/k (2.3)
Jo=1 +§W—1(c¥o), @y = 27a (2.4)
Jmax = 1(Jo) = (1 = Jo)(1 = Jo — k) (2.5)

2
= kz ([1+ W_i(a0)? = 1), (2.6)

in terms of the principal (W) and non-principal (W_;) solutions of Lambert’s equation [35], the well-
known Lambert’s functions. The asymmetry of j(zr) about its peak time is encoded in a difference
between Jy and ], /2. We emphasize again that the integral quantities ], and ], refer to the pandemic
evolution in reduced time so it includes the effects of NPIs which determine the relation between real
and reduced time.

2.2. Constrained second-order polynomial approximation

We approximately invert the solution (2.1) by using the constrained Taylor-expansions of the reciprocal
integrand

i—0 (2.7)
and
i-1 (2.8)

about y. =n and y, = ], up to second order, respectively. Here ¢y, ¢; and d; are the respectively positively
valued Taylor expansion coefficients given by

co=(1-m)n (2.9)
co=1-k—29 (2.10)
and di =Jo — (1 = k). (2.11)

Hereby, constrained expansion refers to choosing the second-order expansion coefficients ¢, and d, such
that the respective expansion evaluated at y =], yields the maximum value of the daily case rate, i.e.

]C(y = ]0) :jd(y :]O) :jmaxx (212)
with jpax from equation (2.6). The requirement (2.12) then readily provides

_ jmax —Co — Cl(]O - ”f))
(Jo—m)?

C2

(2.13)

and

do = jmax - dl (]00 7]0)

2 = 2 .
(Joo = Jo)

While c; is negative for all k <1 — 27, the coefficient d, may have either sign. It is important to realize that

all quantities (2.3)-(2.6) and coefficients (2.9)-(2.11) as well as (2.13) and (2.14) are solely determined by
the two basic KS-SIR model parameters k and 7.

(2.14)
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According to equations (2.7) and (2.8), we have thus constructed the approximation for the daily rate [ 5 |

j(J) as a function of the cumulative number

i)~ {Co ta—mtal-n° for]<f 215)

d1(Jeo — ) + d2(Joo — ) for | > Jo,

which is continuous at J= ], where j(Jo) = jmax attains its peak value. As shown in the following by
demanding that our approximation (2.15) attains the exact maximum value at [ =], and a vanishing
final value at [=], we obtain a very high agreement between the approximated analytical and the
exact numerical pandemic evolution as a function of the reduced time 7.

As we show next, inserting the approximation (2.15) then allows the analytical inversion of the
solution (2.1) providing J(z) as a function of the reduced time 7 which then can be used either in
equation (2.15) or equation (2.2) to infer also the rate j(z) as a function of reduced time. The remaining
SIR quantities are then obtained from J(z) as well via S(7)=1-J(2), I(z) =]J(2) + ke + kIn[1 — J()] and

R(7) =1 - 5(2) — I(z) = —k[e + In(1 — J(2))].
2.3. Cumulative number and rate by exact inversion of the approximant
While we have expressed 7 in terms of | above, for all practical purposes one is interested in the reverse
relationship, the time 7-dependent behaviour of | and also j. With the approximations (2.7) and (2.8) we
obtain for the solution (2.1)
T dy for ] <
f’;of(dy e - (2.16)
f +J}0]d for J = Jo.
Introducing the peak time scale
(fo
[ L 217)
nJe()
corresponding to | =], we may write equation (2.16) as
IIO dy) for 7 < 7,
T - (2.18)
Tm+j]0]dy for 7> 7,
In appendix A, the integrals appearing in equations (2.17) and (2.18) are calculated leading to
Jo=n
n+ 1+ /max sinhleg (rm—1] for 7 < T
J(7) ~ Vo | ;‘“““3’ (2.19)
with the dimensionless peak time
1 2C3
Ty = —artanh ———F—, 2.20
& e/ o= ) 220
and the abbreviation
c3 =1/ (c1/2)* = coco. (2.21)

Note that equation (2.19) obviously exhibits the correct extremal behaviours, J(0) =7, /(z,,) = Jo and lim,_,,
J(@) =Je.

Inserting the cumulative number J(z) from equation (2.19) into equation (2.15), or alternatively, from
dJ/dr, we obtain for the time dependence of the corresponding reduced rate (2.15)

2
. sinh(c37,)
i) _ (Sinh(037)+\/fmax/co sinh[cm—ﬂ]) for 7< 7 (2.22)

Jmax e (7=7m)
A+ (fmax/dh (Joo— Jo))[€f1 ) — 1]

for 7> 7.

The solutions (2.22) correctly reduce to jmax for = 7,,. Moreover, j(0) = co =n(1 — 1) and lim ,_,,j(7) =0 are
obviously correctly captured. Details of the calculations leading to equation (2.22) are also collected in
appendix A. The relative errors of the approximants are reported in appendix C.

sos1/JeuInof/6105uiysignd/aposjesos

6LELLT ‘8 DS Uadp 0S Y



2.4, Early and late reduced time evolution

For very late reduced time 7> 1, the rate j(z), second case in equation (2.22), approaches the decreasing
exponential function in reduced time

d%(]‘” 7]0)2 —dq1(T—Tm)

Jm>> ) jie
e , . (2.23)
_ o= (A=K (e —jo) e~ le—(1=k)(7-7)
(1=Jo)(1 =k —Jo)
with the decay half-reduced time [38]
In2 . 0.693 (2.24)

MR 0=k Je—(1-k)

defined by j(z+ 71 /2) = j(7)/2. Similarly, for very early reduced time 7 < 7,,, provided such a regime exists,
as its pronounced appearance depends on the values for 77 and k, the rate j(2), first case in equation (2.22),
is an increasing exponential function in reduced time with the doubling time

7ln\/§

T =
C3

(2.25)

defined by j(r+ 7,) = 2j (7).

2.5. Half-early-peak law

The early differential rate exhibits a very interesting feature referred to here as the half-early-peak law.
According to equation (2.22), the rate at half of the peak time j, > =j(z,,/2) is given by

Ji2 4o cosh?(c37,,/2) _4j(0) cosh?(c37,,/2)

jmax (Ve + ma) (VO) + )

The corresponding cumulative half-early-peak law follows from the first case of equation (2.19) as

(2.26)

Tm Jo—m

he=1(3) = e

jmax ]0777
1+“—:—. 2.28
Co ]1/2—77 ( )

With this equation the half-early-peak law (2.26) reads

ha:Fmp—mwmmmﬁT

(2.27)

or

jmax ]0 - M (229)
_FMQKWN%M%mﬂqZ
Jo—J(0) -

In case of temporal wave distributions with an apparent peak the half-early-peak law (2.29) provides
an important test for the derived parameters of the wave as it relates directly the monitored quantities
J0)=](z=0), Jo=J(@m), j1/2, jmax and c37,,/2, where the latter can also be written in terms of the ratio
between peak time 7,,, and early doubling time 7, as c37,,/2 = In(21/ N/ = %Tm/ T.

2.6. Reintroducing dimensions: real time evolution

The rates (2.22) and the cumulative number (2.19) refer to the relative time 7 defined in equation (1.1),
whereas the monitored data refer to real time t. We therefore adopt, well justified for the initial phase of
any new emergent wave, a constant infection rate a(t) = gy throughout so that 7=uay(t — ty), where for ease
of exposition we drop the index n and simply write ¢y = t; ,. We then obtain in real time for the peak time

by = fo + 2. (2.30)
ao
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Likewise, the pandemic time evolutions in real time follow readily from

J(t) = J(7=ao(t — to))
| (2.31)
and J(t) = aoj(7 = ao(t — to)),

and are written down in appendix B. Likewise, the doubling time at early times t « t,, and the decay half-
time at late times ¢ > t,, are given by

; Ti2 0.693
12 = —— ~
a aplfoo — (1 =k
o olm= 0K (232)
n Inv2 0347
and th=-"== ~
ap apCs apCs
whereas the half-early-peak law in real time becomes
71/2 _ 2(J1/2 — J(to)) cosh [caao(ty — to)/2] 2. (233)

]max Jo —](to)

This will be made more precise below, as we apply the semi-time SIR model to two waves, each with its
own onset.

3. Applications

The above derivations resulted in explicit expressions for the dimensionless fraction  of infected persons
and the dimensionless rate of infections j, both in terms of reduced time 7, the inverse reproduction
number k and the initial condition J(0)=7. Measured, reliable data is usually available for the
total number of deceased persons D(f) as function of time ¢ in units of days, and the total population
N can be considered known. Since the number of deaths follows the number of infections with a
delay of about 10 days [2], we can use D(t) to make predictions about the number of infected persons
at t —10 days.

To uniquely determine the model parameters from the data, which allows us then to draw
conclusions about the future time-evolution of measurable quantities, we need to assume a fixed
relationship between real and reduced time. To this end, we adopt for the time during each of the
pandemic waves a constant infection rate ay so that 7= ftto dé&a(é) =ap(t — ty) where t; is the real time
marking the beginning of the nth wave, and 7 the reduced time that vanishes at the beginning of the
nth wave.

With the known fatality ratio of f~0.005, the cumulative number of infected persons (including
those that have not been identified) is fD(t)/N. More precisely, J(z)=f D(t)/N during the first
wave. Because the cumulative number accumulates during subsequent waves, it is more convenient to
model the measured daily rate J(f) of newly infected persons instead of the cumulative numbers.
More precisely, one has j(7) = fD(t)/aN, and it is this dimensionless j(z) which we have expressed
in terms of k and 7 above, while 7 is contained in the initial condition, j(0) = n(1 — 1) = fD(to) /aoN.
For each wave, there are thus three parameters to be determined, k, n and 4o, or alternatively, k, fo
and ao. In practice, as the measured data is fluctuating considerably, especially at the beginning of a
pandemic wave, it turns out to be even more convenient to work with four unknowns, k, to, 1, and ay,
and to determine these parameters upon requiring that the absolute deviation between measured
and predicted j(z) achieves a global minimum for each wave separately. Start values for the
global minimization are readily available from our above consideration about the early time
evolution, the position of the maximum in real time, t,, =ty +a97,, the value of the dimensionless
J(@) = Jo = fD(to + 7,n/29) /N, where 7,, and ]y are known in terms of k and 7. With the fitted parameters
at hand the model-predicted cumulative fraction of infected persons in real time ¢ is
J(t) = fti) J(&)dé =ap ftg jlao(f —to)]dt = [7j(#)d” and the model-predicted number of deceased
persons is thus D(t) = J(£)fN.

For the sake of clarity, because the number of infections is f~' times the number of fatalities, and
because the number of fatalities is more reliably reported than the true number of infections, we do
not add any delay time when presenting figures, so that the time of outbreak of the pandemic can be
considered 10 days earlier than f,. Similarly, the peak time of daily new infections is roughly 10 days
earlier than the tabulated t,, which is the peak time of daily fatalities.
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In the following, we determine the two sets of four SIR parameters by fitting the early time evolution [ 8 |
before the peaks of first and second waves with the monitored early daily case rates j(t) during the
waves. The obtained numbers are tabulated in table 1 for selected countries, while the procedure has
been applied to more than 100 countries during the course of this study (supplementary website). The
measured data are compared with the SIR predictions in figures 1 and 2. With the four coefficients c;,
¢y, tp and ay determined we then can infer

(1) the values of the parameters 1 and k characterizing the waves,

(2) the final number of infected persons NJ,, the maximum daily rate jmax at the peak time 7,, according
to equations (2.3), (2.6) and (2.17) and

(3) the late time evolution of the second wave after its peak from equations (2.19) and (2.31)
determined by the coefficients d; and d, given uniquely by equations (2.11) and (2.14) in terms of
k, Jeo, co, ¢1 and cp, which in turn are given by equations (2.9), (2.10) and (2.13), i.e. finally, in
terms of k, the initial condition ¢, and reduced time 7.

All these results are collected in table 1. In the last column of this table, we have added data that
became available in the meantime. Deviations between the early predictions from 11 January 2021
and the reported numbers for the second wave are about 10%. We regard this as a convincing
proof that the homogeneous SIR model equations successfully and highly accurately (within 10%)
forecast the evolution and outcome of Covid-19 pandemic events. At the same time, the model is
not able to capture the onset of a (n+ 1)th wave, if it occurs simultaneously with the nth wave.
This is evident from the data for Italy shown in figure 1. At the time of submission of the original
manuscript, the o variant started to rise in Italy and shortly afterwards gave rise to a third wave.
This situation is not captured by the current approach, as it requires a clear time separation
between waves. Still, we estimated the second wave to terminate when the new variant started to
dominate (figure 3).

*sosi/Jeunof/6106uiysgnd/aposjedos
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Despite the differences in the response of authorities to the emerging pandemic, length and
completeness of lockdowns etc. there are very comparable patterns for all countries. Both the inverse
reproduction number k and the infection rates a, have significantly dropped during the second wave
when compared with the first wave. The decreasing k =uo/ay tends to increase the peak height, while
the decreasing 4, tends to lower it. The reduction of 4y comes as a surprise to us, but a decrease of 4y
is in agreement with the observed broadening of the second wave.

One likely explanation may be that the early phases of the second waves in all considered
countries occurred under light lockdown conditions whereas no lockdown measures have been
taken during the initial phases of the first wave. Moreover, the infection rates a, of the second
wave have dropped as a result of the overall, increasingly cautious, self-protective behaviour of
the population.

While the second peak times are comparable in Italy, Switzerland, France and Russia, they are
delayed in Canada, Germany and Great Britain. On the positive side, according to our analysis, the
peak time t,, of the second wave has passed already in France, Belgium, Italy, Germany, Switzerland
and Russia, and more than half of the population in Great Britain will have been infected already
after the second wave, thus getting closer to herd immunity. In general, the second wave increased
the immunity more significantly than the first wave, as is obvious from the sharp rise of ], between
first and second wave (table 1). The last column in this table contains the SIR predictions for the
number of fatalities at the end of the second wave. While countries like Germany were hit by a
moderately low number of fatalities during the first wave, the number of fatalities will be increasing
by a factor of about 7 during the second wave, despite rigorous interventions. Still, the fraction of
seriously affected population remains slightly below in this country compared with countries like
Switzerland, that did not install a similarly rigorous scenario with hard lockdowns. The measured
data is captured by the semi-time SIR model by a relative error of about 5-10%. At present, the
situation in Great Britain is obviously the darkest for these sets of data. The trend is most likely
caused by the recent, more transmittable variant (SARS-CoV-2 VUI 202012/01) of the virus. As of
today (13 January 2021) the peak time in the death rate in Great Britain is still ahead.

Within the semi-time SIR model, the exponential behaviour of the differential rate of newly infected
persons j(2) is characterized by the early doubling time 7, and the late half decay times 7,5, which we
have included in table 1. Their analytic expressions were given by equations (2.25) and (2.24). It seems
that 71/, is for all cases reported in our table approximately equal to the doubling time 7,. To see if
this is a generic feature of the SIR model, one has to just inspect the ratio /7,2 = —1+k)/2c3,
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Figure 1. Number of infected persons, estimated from the reported fatality data for four countries (black), assuming a fatality rate of
f=10.005, along with predictions resulting from the semi-time SIR model (green). The SIR parameters and related quantities are
listed in table 1. Shown are both the reported data known at the time of original submission, as well as data collected afterwards.
The datasets are separated by a red vertical line. (a) Daily new infected persons per 100 000 inhabitants (black), together with the
SIR prediction for the second wave (green). (b) Cumulated fraction of infected persons, and (c) weekly new infected persons per
100 000 inhabitants. Shown here is the analysis of data for Italy, Germany, Switzerland and Great Britain. For additional countries,
see figure 2.

using the above explicit expressions for jmax and cz. For k close to unity, and small n< 1, the ratio
evaluates to

2

. 1+ 2k
lim =—
n—0 ’7'1/2 3

(3.1)

in agreement with table (1), as k is sufficiently close to unity. To stress an important aspect, and because
we can take the opportunity to compare with related recent work [35], the ratio over the whole k range is
shown in figure 4 for various finite 5. This ratio reflects the asymmetry of the pandemic wave, as Jo — Jo,/2
does. It is important to notice here that the initial condition affects not only the asymmetry of the wave
but the asymptotic behaviour qualitatively. The corresponding result for the all-time SIR model is shown
for comparison. It is however recovered by the semi-time SIR for sufficiently small 7. The appearance and
relevance of power law and Gaussian rather than exponential tails, that are not predicted by the SIR
model with time-independent k, had been discussed in several recent works [1-4,40]. Early outbreak
estimates of k and their uncertainty have been discussed in detail [41].

4. Summary and conclusion

We have derived simple analytic expressions for all measurable amounts of cases and fatalities during a
pandemic evolution described by the semi-time SIR model, that share all relevant features with the exact
solution of the semi-time SIR model, including time and position of the peak of daily new infections, as
well as the asymptotic behaviours at small and large times. We show, in particular, how the asymmetry of
the epidemic wave and its exponential tails are affected by the initial conditions; a feature that has no
analogue in the all-time SIR model. The expressions are so precise that they can be used instead of a
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Figure 2. Same as figure 1 for additional countries: France, Belgium, Canada and Russia.
(a) ITA ) FRA
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Figure 3. Fraction of sequences (not cases) that fall into the variant groups 20A.EUT, 20A.EU2, 201.Alpha.V1, 20H.Beta.V2,
20).Gamma.V3 and 21A.Delta [39]. Note that all data are not necessarily representative. Sometimes some samples are more
likely to be sequenced than others [39]. Data shown for (a) ITA and (b) FRA (time frame: 1 January 2020 to 9 August 2021).
The vertical red line marks the date (16 January 2021) at which this manuscript had originally been submitted. This date
happens to roughly coincide with the time of rising relevance of the ¢ variant, while the forecast for the second wave done
in the present manuscript assumes an unaltered majority of 20A variants.

numerical solution of the SIR model. The advantage of an analytical expression is obvious, as it
allows us to quickly determine the SIR parameters from the measured data well ahead of the peak
time, and thus allows for predictions that serve as a prerequisite to make decisions. We applied the
approach to second waves in eight different countries from different continents. We summarized the
exact features of the semi-time SIR model, stated the approximants for the reliably measurable
quantities, and collected all the derivations of the new approximant in an appendix. Our analysis
reveals that the immunity is very strongly increasing during the second wave, while it was still at a
very moderate level of a few per cent in several countries at the end of the first wave. The wave-
specific SIR parameters yy and gy describing the infection and recovery rates we find to behave in a

6L€L17 '8 S tadg 205 'y sosy/jeumol/bioBusygndisaposeror [



1.0 T T T T —
1 <0.0001 L
08 I n<0.1

n<0.2
n<0.5 y
“ 0.6r _ _._ all-time SIR 2
€ S
;
0.4 A
0.2 A

! ! ! !

0 0.2 0.4 0.6 0.8 1.0
k

Figure 4. Ratio between early doubling time 7, and late half decay time 7y, versus , for various initial conditions. For comparison,
we include the corresponding result [35] for the all-time SIR model, 7,/7y;, = k[1 + Wo(—k‘1e_”k)]/(1 — k).
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Figure 5. (Exact behaviour (solid lines) of the peak differential fraction of infected persons jia, the final fraction of infected persons
Joo, and the ratio Joo/jmax that characterizes the dimensionless width of the wave. All curves are shown to be well captured by the
analytic expressions mentioned in the legends (dashed lines), that we use to discuss qualitatively, in concert with the dimensional
infection rate dg, the obtained SIR parameters. The exact expressions for jiax and J., are given in terms of Lambert’s function in
equations (2.6) and (2.3). The plot is done with 77 =107, but it is essentially unaffected by the choice of 7 as long as 7 << 1.

similar fashion, while their ratio k =uy/a, was decreasing only by about 5% for the countries mentioned
in table 1 and figures 1 and 2. Still, an apparently moderate change of k can have significant consequences
for the relevant numbers like the final number of infected or deceased population, captured by J,. For k
close to unity and small 7«1, our results imply jmax z%(l — k)2 and [~ 2(1 —k), cf. figure 5. This
implies a typical duration of the differential fraction of newly infected persons, w = J./Agjmax =4/
aop(1 —k), that decreases dramatically with decreasing k, but increases with decreasing a,. It is this
qualitative feature of the SIR model that leads to its counterintuitive parameters we reveal having
analyzed the two pandemic waves, and that has to be taken into account when speculating about
possible additional waves. As we have shown, the probability for an additional wave exceeding the
peak fatality rate of previous waves is however low in several countries due to the fraction of immune
inhabitants at the end of the second wave (second and third for cases where both waves are strongly
overlapping), irrespective of the currently ongoing vaccination efforts.

The SIR-modelling is founded on a mean-field approach where the injection and recovery rates are
averaged over a large number of persons in the considered countries. Therefore, the well-established
influence of pre-symptomatic and asymptomatic disease carriers on the spread of the Covid-19 is
washed-out and interwoven with the far more infected persons with less intense pathegonic
transmissions. For this reason, our results should only be applied to populations with large enough sizes.

Making use of data that became available during review time allowed us to test the original forecast.
The accuracy of our early predictions on the second wave temporal evolution is convincingly good. We
predicted the fraction of infected population at the end of the second wave (figure 1). E.g. for ITA we
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predicted 0.29 while the true value is 0.33 (13% off), for DEU we predicted 0.20 compared with 0.22 (10% [ 13 |
off), for CHE 0.24 versus 0.26 (8% off) and for GBR 0.41 versus 0.40 (2.5% off). This is an outstanding
agreement between predictions and measurements given all the parameters of the problem. This
comparison proves the high accuracy of the SIR model in predicting the evolution of pandemic
outbreaks.

At first sight, it seems that we were unsuccessful in forecasting possible further Covid-19 waves in
some countries. However, it is too early for such a statement since so far the appearance of such
additional waves did not show up clearly in the very reliable monitored death rates in six out of the
eight considered countries (with the exception of Russia and Canada) but only in the monitored rate
of new infections which are known to be highly incomplete and therefore less trustworthy. Secondly,
our analysis of the second waves has been based on the monitored death rates adopting a mortality
rate of 1/200 with respect to the rate of new infections, and it has assumed a clear separation of
second and potential third wave in time. The model could be extended to consider the occurrence
of simultaneous waves, non-local effects, multiple seeds, spreaders or outbreaks to the expense of
additional parameters, with the help of numerical simulation [42-56].
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Appendix A. Calculation of integrals

Equation (2.18) can be written as

I forT<my,
TiTm_{Id for > 7, (A1)
in terms of the three integrals 7,,, I. and I,
o Jo dy - Jo dy
" i) Loty ) ey - )
! (A2)
Jo—m dx
B Jo co + c1x + cox?’
- Jlo dy J]o—n dx
c — . - )
je(y) _, €0+ C1X + cx?
] Je J-m (A 3)
_ J'I dy _ J~Io dy
pid@) ) di(e — ) + da(Joo —y)?
=] 1/(Jeo—])
- J _ & J _dw (A4)
Jorto X(d1 +d2x) gy d2 + dawo
where in the last step we substituted x =1/w. The integral (A4) then becomes for d; #0

a1 (di (e — o)

As the coefficient ¢, <0 is negative the expression

2c3 = /2 — dcoe > 0, (A6)
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is always real-valued and positive. Consequently, the two integrals (A 2) and (A 3) are given by

1 [, cox+ ((e1 —2¢3)/2)]0 "
{m J

Tm

:E ox + ((c1 +2c3)/2) ],
1 { 1— (2c3/(c1 + 2C2x))r"
2c3 1+ (2c3/(c1 +202x)) |
Jo—m
=— l {artanh L}
c3 c1 +20x] (A7)
= l [artanh E — artanh L}
3 c c1 +202(Jo — m)
1 4 —
=_ [artanh 5 CZZCS Vo =m) }
C3 1 — 4C3 + 2c10 (]0 — 1])
1 2C3
=_—artanh ——M
c3 1+ (2co/(Jo — m))
and
_1 {nqx + (1 = 2C3)/2)r"
20 [ cx+ (a1 +263)/2)];
J-m
= l {artanh ZL}
c3 c1 + 2cx Jo—n (A8)
4 _
R _ cacs(Jo —J) i
c3 c] —4c5 + 2010281 + 4056,
1 2 —
= —artanh M ,
3 2¢co + 1By + 2028,

where in both calculations we made use of equation (A 6) in the last step. To make the expression (A8)
more readable, we used the abbreviations 8; = Jo + ] — 2n and S, = (Jo — n)(J — n). As an aside, we note that
for ] =7 the last formula (A 8) correctly reduces to equation (A 7).

A.1. Early reduced times 7 < 7,

Collecting terms in equation (A 1), we obtain for early reduced times 7 < z,, with the abbreviation X =
¢53(z,, — 7) as well as

Y=]-m Yo=Jo—n (A9)
and 1
T(r) = —5—tanh(X), (A 10)
2C3
the linear relation

Y—-Yy= [ZCO + 1 (Y + Y()) + 2C2YYO}T

(A 11)
= [2C0 +c1 Yo+ (Cl + ZCZYO)Y]T.
Inserting equation (2.13) for c,, we find
2jmax — (2 Y,
&+ 20y = Fmex = @ao Fao) (A12)
Yo
simplifying equation (A 11) to
Y 2fmax Y
Y~ Yo=|@c+aYo)(1-—)+2mxlir, (A13)
Yo Yo
From equations (A 10) and (A 7), we identify
Yo
T(0) =T(r=0) Tt avs (A 14)
so that equation (A 13) becomes
2maY 1 1
= s A15
YolY—Yo) T T(0) (A15)
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and equation (A 15) is solved by

Yo Y0
Y(T) = = , Al6
) =Tz — aron) T AT/ T - 1)) Ao
with
o 2]'max
A= Yo (A17)
Using equation (A 10) then provides
1 1
T — W = —2C3 [COth(X) + COth(C3Tm)]
. (A 18)
. sinh(c37)
© sinh(X) sinh(c3 )
Consequently, equation (A 16) reduces to
— YO
Y(7S ) = 750 A 203 (sinh(X) sinh (7] /Sinh(c3 7))
y (A19)
0

= 1+ (jmax/YoC3)(Sinh(X) sinh(c37,,)/sinh(c37)) .

We next offer two different routes A and B to come up with equivalent, but formally very different

expressions for both Y(r<t,,) and J(r < 7,,). Route (A): Using 7, from equation (A7), we find

sinh(c3my) = _ tanh(csm)
1 — tanh?(c37,)

C3Y0
= A 20
&+ coc1Yo + coea Y3 (&.20)
N C3Y0
\/Co [C() + C]Y() =+ CzY%]
According to the first equation (2.15)
jmax = j(Jo) = co + 1Yo + 2 Y3 (A21)
so that equation (A 20) becomes
Y
sinh (c37) = —220 (A 22)
/0 frnax
implying for equation (A 19)
Yo
Y(7< 1) = A23
(7 7) 1+ /Jmax/Co(sinh(X) /sinh(c37)) (A.23)
and hence
](7§ Tm):n+ Jo—m (A24)

14 Jmax s.inh(X) )
co sinh(c37)
confirming the first case in equation (2.19). For r=r1,, this solution correctly reduces to Jy, whereas
for 7=0 it correctly reduces to 7.
Route (B): To derive alternative expressions, we start from equation (A 19) and note that equation
(A7) provides

2c3Y,
tanh(cs7,) = ﬁ (A 25)
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Figure 6. (a,c) Comparison between exact and here developed approximate solutions to the semi-time SIR model, for various k.
(b,d) Relative error of the approximants shown in (a,b): j(z) from equation (2.22), which is identical with dJ/z and also identical
with j(z) according to equation (2.15) (solid) and j(z) = n(J(z)) according to equation (2.2), with J(z) from equation (2.19). The plot
is done with 77 =107, but it is qualitatively unaffected by the choice of 7, not only for small 7 << 1.

so that
1 . 2co + 1Yy
\/1 — tanh?(c37,) 21/0 fmax

tanh(csm,) @Yo
\/ 1 — tanh®(c37,) V0 fimax

cosh(czmy) =

(A 26)
and sinh(c3my) =

The latter two equations can be combined to yield

jmax _ 1+ (61Y0/2CO)
c3Yop  sinh(czmy,) cosh(csy)

(A27)

Inserting equation (A27) into equation (A19) leads to the alternative expression for Y,

Yo

1+ (14 (¢c1Y0/2¢0))(sinh(c3(my — 7))/cosh(cs7y,) sinh(cs7))
— YO
1+ (1+(c1Yo/2c0))[tanh(c37y,) coth(cz7) — 1]

Y() o Co
(c3Yg/co) coth(ca) — (c1Yo/2c0) 3 coth(cat) — (c1/2)

Co

o coth(c37) — (c1/2)
. Co(l — 672C37)
o 3 — (C1/2) + (C3 + (C]/2))€’2€3T’

Y(r< 1) =

(A 28)
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Figure 7. (a,c) Comparison between exact and approximate solutions to the semi-time SIR model, denoted as version Il in our
earlier work [36], for various k. (b,d) Relative error of the approximants shown in (a,b): j(z) from equation (2.22), which is
identical with dJ/z and also identical with j(z) according to equation (2.15) (solid) and j(z) = n(J(z)) according to equation
(2.2), with J(z) from equation (2.19). The plot is done with 1= 107 but it is qualitatively unaffected by the choice of 7,
not only for small 7<<1. While for small k the error is significantly smaller for this approximant compared to the
approximant used in the present work, the present approximant has the neat features that it exactly reaches the exact jia at
peak time, and that it possesses the correct asymptotic behaviour, which is not reflected by watching the relative error.
Furthermore, the present approximant has a smaller error than the so-called version | approximant [36].

where we used sinh[c3(,,, — 7)] = sinh(c37,,) cosh(cs7) — cosh(cs7,,,) sinh(cz7) and equation (A 25). Consequently,

(1 —1)

Jrsm) = m+ e — (@)

(A 29)

This variant is particularly useful to evaluate the limiting case k = 0. Herewe havec; =1 —27,c, =—land c; =1/2,
so that c3 — (c1/2) =n and ¢z + (c1/2) =1 — 1. In this case, equation (A 29) simplifies to

_ m _
Jrsm) = e K=0) (A 30)

Taking the derivative of equation (A 24), our result from route A, we obtain the corresponding rate

'(’T< T ) :d](TS Tm) _ YOC3 \Y4 jmax/CO
JiT= AT [1+ /jmm/c0(sinh(X)/sinh(cs7))
" sinh(c3 ) cosh(X) 4 cosh(cs 7) sinh(X)

sinh?(c37)

— Yoc31/ jmax/Co sinh(c37,,) (A 31)
[1 + 4/ Jmax/Co (Sinh(X)/sinh(C3T))]2 sinh? (c37)

. sinh(c37y) ’
Jmax \ Sinh(cs™) + v/ Jmax/Co sinh(X) )
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where we used equation (A 22) and the earlier introduced abbreviation X = c3(z,, — 7). The same result is m
obtained if we insert J(z) from equation (2.19) into (2.15). This expression (A 31) confirms the first case in

equation (2.22). Using instead equation (A 29) obtained in route B, equation (A 31) can alternatively be : S
written as g
2 &
e < ) = g , (A%2) E
[c1 sinh(c3T) — 2c3 cosh(c3T)) =
g
.=
A.2. Late reduced times 7> 7, =
Likewise, for large reduced times 7> 7,, we obtain for equation (2.1) 93_,
dy } dy(r— dy E

T4l 1= ——— A33)
{ d2(Joo = Jo) d2(Jo =) (A %) =
yielding §‘
Jo = Jo N
T> Ty) = Joo — . A34)
fr2 ) =] (1+ (d2(Jo = Jo) /d1)) e1m=m) — (da(Joo — Jo)/d1) (A 34) ;
From equation (2.14), we find oo
N9
dz(joo _]0) jmax =
= -1, A35) 9w
dy d1(Jo —Jo) (4.35) 3

so that
J(72 T) = Joo — J= s (A 36)

(Jmax /d1(Jo — Jo))[e® () — 1] + 17

in agreement with the second case in equation (2.19). The late time solution correctly provides ], for 7= 1,
and ], in the limit 7 — oo.

Taking the derivative of equation (A 36) with respect to 7, the corresponding rate becomes
].maxd1 (7 Tm)e

{1+ (Jmax/d1(Joo — Jo))Leh (=) — 112

confirming the second case in equation (2.22).

j(r = 7w) = (A 37)

Appendix B. Dynamics in real time

As data are usually available in real time ¢, we here write down the cumulative and differential rates of
newly infected persons, which follow from their dimensionless counterparts equations (2.19) and (2.22),
upon using the transformation (2.31). The cumulative number of infected persons at time ¢ is

b fort <t
1) ~ n+ T/ Jonan/ Co(sinth[eq (£ —f] /sinh(cao (t—to)) or t < t, 5
]oo G ]w_]g a0 (—tm) for t >t
(jmax /1 (Joo—Jo))[e1 7001 —1]41
and the differential rate ](t) = dJ(t)/dt reads
inh{cado (ta—to)] 2
T sinh|czag (fu—to <
](t) = Li“h[fsﬂu(tfto)]Jr\/jmax/q) sinh[caag (ty—t)] for t <ty B2)
ap ]max et (t—tm) for t > tm

A+ (frmax /1 (Joo—Jo)) [eT1 0 ¢ =m) —1])2

where all coefficients ¢y, ¢3, d1, Jo, Jcor jmax are given in terms of k and 1 = J(0) in the above equations (2.9),
(2.21), 2.11), (2.4), (2.3) and (2.6), respectively.

Appendix C. Quality of the approximant

Here, we evaluate the quality of the analytic approximant for the solution j(z) of the semi-time SIR model.
These calculations can be done for all remaining SIR quantities S(7), I(7), R(z) as well as J(7), but the results



are very comparable. In figure 62, we show the reduced time evolution of j(z) for various k. The exact
solution (solid black) is visually matching the approximant (2.22) (solid red). For comparison, we
include (dashed red) the j(7) calculated via the identity (2.2). The relative error of the approximant,
defined by the difference between approximant and exact solution, divided by jmax, is shown in
figure 6b, for the same k’s, and again for our approximant (solid) and for the j(z) calculated from the
approximant J(z) given by equation (2.19), and inserted into equation (2.2). The relative error of the
approximant is below 2% for the relevant regime of k>8, and drops to about 5% for k=0.6. It is
important to realize from figure 6b that the error is only large during a small interval in time, but
afterwards vanishes again, so that the deviations are negligible for any practical purposes. Similarly,
deviations between exact and analytic approximant for J(z) vanish exactly at 7= 1, and for both small
7«1, and large times 7>>7,. This means for the differential rate j(z) that deviations are not
accumulating, but compensating in time. Since the measured data is also fluctuating by amounts that
easily exceed 10% between subsequent days, the precision can be considered excellent. For the
readers’ convenience, we include a similar comparison for the so-called version II approximant we
derived in our previous work (figure 7). The present approximant has the neat features that it exactly
reaches the exact jmax at peak time 7, and that it possesses the correct asymptotic behaviour, which is
not fully reflected by watching the relative error. Furthermore, the present approximant has a smaller
error than the so-called version I approximant [36], and a simpler analytic form than the so-called
version II approximant [36].

References
1. Schlickeiser R, Schlickeiser F. 2020 A Gaussian interventions. Front. Phys. 8, 593421. (doi:10. 19.  Gollier C. 2020 Pandemic economics: optimal
model for the time development of the SARS- 3389/fphy.2020.593421) dynamic confinement under uncertainty and
CoV-2 corona pandemic disease. Predictions for 1. Kumar S, Ahmadian A, Kumar R, Kumar D, learning. Geneva Risk Insur. Rev. 45, 80-93.
Germany made on March 30. Physics 2, Singh J, Baleanu D, Salimi M. 2020 An efficient (doi:10.1057/510713-020-00052-1)
164-170. (doi:10.3390/physics2020010) numerical method for fractional SIR epidemic 20.  Kessler DA, Shnerb NM. 2008 Novel exponents
2. Schiittler J, Schlickeiser R, Schlickeiser F, model of infectious disease by using Bernstein control the quasi-deterministic limit of the
Kroger M. 2020 Covid-19 predictions using a wavelets. Mathematics 8, 558. (doi:10.3390/ extinction transition. J. Phys. A 41, 292003.
Gauss model, based on data from April 2. math8040558) (doi:10.1088/1751-8113/41/29/292003)
Physics 2, 197-202. (doi:10.3390/physics 12. Postnikov EB. 2020 Estimation of COVID-19 21. Naik PA, Zu J, Ghoreishi M. 2020 Stability
2020013) dynamics ‘on a back-of-envelope”: Does the analysis and approximate solution of SIR
3. Lixiang L et al. 2020 Propagation analysis and simplest SIR model provide quantitative epidemic model with Crowley-Martin type
prediction of the Covid-19. Infect. Dis. Model. 5, parameters and predictions? Chaos Solitons functional response and Holling type-Il
282-292. (doi:10.1016/}.idm.2020.03.002) Fractals 135, 109841. (doi:10.1016/j.chaos.2020. treatment rate by using homotopy analysis
4. Ciufolini I, Paolozzi A. 2020 Mathematical 109841) method. J. Appl. Anal. Comput. 10, 1482-1515.
prediction of the time evolution of the Covid-19 13. Kochanazyk M, Grabowski F, Lipniacki T. 2020 (doi:10.11948/20190239)
pandemic in Italy by a Gauss error function and Dynamics of COVID-19 pandemic at constant 22.  (hatterjee S, Sarkar A, Chatterjee S, Karmakar
Monte Carlo simulations. Eur. Phys. J. Plus 135, and time-dependent contact rates. Math. Model. M, Paul R. 2020 Studying the progress of
355. (doi:10.1140/epjp/s13360-020-00383-y) Nat. Phenom. 15, 28. (doi:10.1051/mmnp/ COVID-19 outbreak in India using SIRD model.
5. Schlickeiser R, Kroger M. 2020 Dark numbers 2020011) Indian J. Phys. 95, 1941-1957. (doi:10.1007/
and herd immunity of the first Covid-19 wave 14.  Khaleque A, Sen P. 2013 The susceptible- $12648-020-01766-8)
and future social interventions. Epidemiol. Int. J. infected-recovered model on a Euclidean 23.  Comunian A, Gaburro R, Giudici M. 2020
4, 000152. (doi:10.23880/eij-16000152) network. J. Phys. A 46, 095007. (doi:10.1088/ Inversion of a SIR-based model: a critical
6. Kendall DG. 1956 Deterministic and stochastic 1751-8113/46/9/095007) analysis about the application to COVID-19
epidemics in closed populations. In Proc. Third 15. Tome T, de Oliveira MJ. 2011 Susceptible- epidemic. Physica D 413, 132674. (doi:10.1016/
Berkeley Symp. on Math. Statist. and Prob., infected-recovered and susceptible-exposed- j.physd.2020.132674)
vol. 4, pp. 149-165. Berkeley: Univ. of Calif. infected models. J. Phys. A 44, 095005. (doi:10. 24, (roccolo F, Roman HE. 2020 Spreading of
Press. 1088/1751-8113/44/9/095005) infections on random graphs: a percolation-type
7. Kermack WO, McKendrick AG. 1927 A 16.  Long Y, Wang L. 2020 Global dynamics of a model for COVID-19. Chaos Solitons Fractals
contribution to the mathematical theory of delayed two-patch discrete SIR disease model. 139, 110077. (doi:10.1016/j.cha0s.2020.110077)
epidemics. Proc. R. Soc. Lond. A 115, 700-721. Commun. Nonlinear Sci. Numer. Simul. 83, 25.  Boccara N, Cheong K. 1992 Automata network
(doi:10.1098/rspa.1927.0118) 105117. (doi:10.1016/j.cnsns.2019.105117) SIR models for the spread of infectious-diseases in
8. Keeling MJ, Rohani P. 2008 Modeling infectious 17.  Lahrouz A, Settati A, EI Fatini M, Pettersson R, populations of moving individuals. J. Phys. A 25,
diseases in humans and animals. Princeton, NJ: Taki R. 2020 Probability analysis of a perturbed 2447-2461. (doi:10.1088/0305-4470/25/9/018)
Princeton University Press. epidemic system with relapse and cure. 26.  Azam S, Macias-Diaz JE, Ahmed N, Khan |, Igbal
9. Estrada E, 2020 COVID-19 and SARS-CoV-2. Int. J. Comput. Methods 17, 1850140. (doi:10. MS, Rafiq M, Nisar KS, Ahmad MO. 2020
Modeling the present, looking at the future. 1142/50219876218501402) Numerical modeling and theoretical analysis of
Phys. Rep. 869, 1-51. (doi:10.1016/j.physrep. 18.  LiuF, LiX, Zhu G. 2020 Using the contact network a nonlinear advection-reaction epidemic system.
2020.07.005) model and Metropolis-Hastings sampling to Comput. Methods Progr. Biomed. 193, 105429.
10.  Schlickeiser R, Kroger M. 2021 Epidemics reconstruct the COVID-19 spread on the (doi:10.1016/j.cmph.2020.105429)
forecast from SIR-modeling, verification and ‘Diamond Princess’. Sci. Bull. 65, 1297-1305. 27.  Chekroun A, Kuniya T. 2020 An infection age-

calculated effects of lockdown and lifting of

(doi:10.1016/j.5¢ib.2020.04.043)

space structured SIR epidemic model with

616117 '8 S tadg 205 'y sosy/jeunol/bioBusygndisaposiefor i


http://dx.doi.org/10.3390/physics2020010
http://dx.doi.org/10.3390/physics2020013
http://dx.doi.org/10.3390/physics2020013
http://dx.doi.org/10.1016/j.idm.2020.03.002
http://dx.doi.org/10.1140/epjp/s13360-020-00383-y
http://dx.doi.org/10.23880/eij-16000152
http://dx.doi.org/10.1098/rspa.1927.0118
http://dx.doi.org/10.1016/j.physrep.2020.07.005
http://dx.doi.org/10.1016/j.physrep.2020.07.005
http://dx.doi.org/10.3389/fphy.2020.593421
http://dx.doi.org/10.3389/fphy.2020.593421
http://dx.doi.org/10.3390/math8040558
http://dx.doi.org/10.3390/math8040558
http://dx.doi.org/10.1016/j.chaos.2020.109841
http://dx.doi.org/10.1016/j.chaos.2020.109841
http://dx.doi.org/10.1051/mmnp/2020011
http://dx.doi.org/10.1051/mmnp/2020011
http://dx.doi.org/10.1088/1751-8113/46/9/095007
http://dx.doi.org/10.1088/1751-8113/46/9/095007
http://dx.doi.org/10.1088/1751-8113/44/9/095005
http://dx.doi.org/10.1088/1751-8113/44/9/095005
http://dx.doi.org/10.1016/j.cnsns.2019.105117
http://dx.doi.org/10.1142/S0219876218501402
http://dx.doi.org/10.1142/S0219876218501402
http://dx.doi.org/10.1016/j.scib.2020.04.043
http://dx.doi.org/10.1057/s10713-020-00052-1
http://dx.doi.org/10.1088/1751-8113/41/29/292003
http://dx.doi.org/10.11948/20190239
http://dx.doi.org/10.1007/s12648-020-01766-8
http://dx.doi.org/10.1007/s12648-020-01766-8
http://dx.doi.org/10.1016/j.physd.2020.132674
http://dx.doi.org/10.1016/j.physd.2020.132674
http://dx.doi.org/10.1016/j.chaos.2020.110077
http://dx.doi.org/10.1088/0305-4470/25/9/018
http://dx.doi.org/10.1016/j.cmpb.2020.105429

28.

29.

30.

31

32.

33

34,

35.

36.

37.

Neumann boundary condition. Appl. Anal. 99,
1972-1985. (doi:10.1080/00036811.2018.
1551997)

Khan MA, Ismail M, Ullah S, Farhan M. 2020
Fractional order SIR model with generalized
incidence rate. AIMS Math. 5, 1856—1880.
(doi:10.3934/math.2020124)

Zohdi TI. 2020 An agent-hased computational
framework for simulation of global pandemic and
social response on planet X. Comput. Mech. 66,
1195-1209. (doi:10.1007/500466-020-01886-2)
Chen X, Li J, Xiao C, Yang P. 2020 Numerical
solution and parameter estimation for uncertain
SIR model with application to COVID-19. fuzzy
Optim. Decis. Making 20, 189-208. (doi:10.
1007/510700-020-09342-9)

Fokas AS, Dikaios N, Kastis GA. 2020
Mathematical models and deep leamning for
predicting the number of individuals reported to
be infected with SARS-CoV-2. J. R. Soc. Interface
17, 20200494. (doi:10.1098/rsif.2020.0494)
Risch H. 1983 An approximate solution of the
standard deterministic epidemic model. Math.
Biosci. 63, 1-8. (doi:10.1016/0025-
5564(83)90047-0)

Barlow NS, Weinstein SJ. 2020 Accurate closed-
form solution of the SIR epidemic model.
Physica D 408, 132540. (doi:10.1016/j.physd.
2020.132540)

Harko T, Lobo FSN, Mak MK. 2014 Exact
analytical solutions of the susceptible-infected-
recovered (SIR) epidemic model and of the SIR
model with equal death and birth rates. Appl.
Math. Comput. 236, 184—194. (doi:10.1016/j.
amc.2014.03.030)

Kroger M, Schlickeiser R. 2020 Analytical
solution of the SIR-model for the temporal
evolution of epidemics. Part A: time-
independent reproduction factor. J. Phys. A 53,
505601. (doi:10.1088/1751-8121/abc65d)
Schlickeiser R, Kroger M. 2021 Analytical
solution of the SIR-model for the temporal
evolution of epidemics. Part B: semi-time case.
J. Phys. A 54, 175601. (doi:10.1088/1751-8121/
abed66)

Schlickeiser R, Kroger M. 2021 Analytical
modeling of the temporal evolution of

38.

39.

4.

4.

43.

45.

epidemics outbreaks accounting for vaccinations.
Physics 3, 386-426. (doi:10.3390/
physics3020028)

Kroger M, Schlickeiser R. 2020 Gaussian
doubling times and reproduction factors of the
COVID-19 pandemic disease. Front. Phys. 8, 276.
(doi:10.3389/fphy.2020.00276)

Elbe S, Buckland-Merrett G. 2017 Data, disease
and diplomacy: GISAID’s innovative contribution
to global health. Glob. Chall. 1, 33-46. (doi:10.
1002/gch2.1018)

Komarova NL, Schang LM, Wodarz D. 2020
Patters of the COVID-19 pandemic spread
around the world: exponential versus power
laws. J. R. Soc. Interface 17, 20200518. (doi:10.
1098/rsif.2020.0518)

Park SW, Bolker BM, Champredon D, Earn DD,
Li M, Weitz JS, Grenfell BT, Dushoff J. 2020
Reconciling early-outbreak estimates of the
basic reproductive number and its uncertainty:
framework and applications to the novel
coronavirus (SARS-CoV-2) outbreak. J. R. Soc.
Interface 17, 20200144. (doi:10.1098/rsif.2020.
0144)

Zhang JL, Fu Y, Cheng L, Yang YY. 2021
Identifying multiple influential spreaders based
on maximum connected component
decomposition method. Physica A 571, 125791.
(doi:10.1016/j.physa.2021.125791)

Geng X, Katul GG, Gerges F, Bou-Zeid E, Nassif
H, Boufadel MC. 2021 A kernel-modulated SIR
model for Covid-19 contagious spread from
county to continent. Proc. Nat/ Acad. Sci. USA
118, €2023321118. (doi:10.1073/pnas.
2023321118)

Guan L, Li D, Wang K, Zhao K. 2019 On a class
of nonlocal SIR models. J. Math. Biol. 78,
1581-1604. (doi:10.1007/500285-018-1320-0)
Di Muro MA, Alvarez-Zuzek LG, Havlin S,
Braunstein LA. 2018 Multiple outbreaks in
epidemic spreading with local vaccination and
limited vaccines. New J. Phys. 20, 083025.
(doi:10.1088/1367-2630/aad723)

Hasegawa T, Nemoto K. 2016 Outbreaks in
susceptible-infected-removed epidemics with
multiple seeds. Phys. Rev. E 93, 032324.
(doi:10.1103/PhysRevE.93.032324)

47.

4.

49.

50.

51

52.

53.

54.

55.

56.

57.

Hu ZL, Ren ZM, Yang GY, Liu JG. 2014 Effects of
multiple spreaders in community networks.
Int. J. Mod. Phys. C 25, 1440013, (doi:10.1142/
50129183114400130)

Hu ZL, Liu JG, Yang GY, Ren ZM. 2014 Effects of
the distance among multiple spreaders on the
spreading. £PL 106, 18002. (doi:10.1209/0295-
5075/106/18002)

Antal T, Krapivsky PL. 2012 Outbreak size
distributions in epidemics with multiple stages.
J. Stat. Mech.: Theory Exp. (2012) P07018.
(doi:10.1088/1742-5468/2012/07/P07018)

Perra N, Balcan D, Goncalves B, Vespignani A.
2011 Towards a characterization of behavior-
disease models. PLoS ONE 6, e23084. (doi:10.
1371/journal.pone.0023084)

Bai Z, Zhou Y, Zhang T. 2011 Existence of
multiple periodic solutions for an SIR model
with seasonality. Nonlinear Anal.-Theory
Methods Appl. 74, 3548-3555. (doi:10.1016/j.
1a.2011.03.008)

Zou S, Wu J, Chen Y. 2011 Multiple epidemic
waves in delayed susceptible-infected-recovered
models on complex networks. Phys. Rev. £ 83,
056121. (doi:10.1103/PhysRevE.83.056121)
Poletti P, Caprile B, Ajelli M, Pugliese A, Merler
S. 2009 Spontaneous behavioural changes in
response to epidemics. J. Theor. Biol. 260,
31-40. (doi:10.1016/j.jthi.2009.04.029)

Dawes J, Gog J. 2002 The onset of oscillatory
dynamics in models of multiple disease strains.
J. Math. Biol. 45, 471-510. (doi:10.1007/
500285-002-0163-9)

Kamo M, Sasaki A. 2002 The effect of cross-
immunity and seasonal forcing in a multi-strain
epidemic model. Physica D 165, 228-241.
(doi:10.1016/50167-2789(02)00389-5)

Ramos AM, Vela-Pérez M, Ferrandez MR, Kubik
AB, Ivorra B. 2021 Modeling the impact of
SARS-CoV-2 variants and vaccines on the spread
of COVID-19. Commun. Nonlinear Sci. Numer.
Simul. 102, 105937. (do0i:10.1016/j.cnsns.2021.
105937)

Dong E, Du H, Gardner L. 2020 An interactive
web-based dashboard to track COVID-19 in real
time. Lancet 20, 533-534. (doi:10.1016/51473-
3099(20)30120-1)

616117 '8 S tadg 205 'y sosy/jeumol/bioBusygndisaposiefor [


http://dx.doi.org/10.1080/00036811.2018.1551997
http://dx.doi.org/10.1080/00036811.2018.1551997
http://dx.doi.org/10.3934/math.2020124
http://dx.doi.org/10.1007/s00466-020-01886-2
http://dx.doi.org/10.1007/s10700-020-09342-9
http://dx.doi.org/10.1007/s10700-020-09342-9
http://dx.doi.org/10.1098/rsif.2020.0494
http://dx.doi.org/10.1016/0025-5564(83)90047-0
http://dx.doi.org/10.1016/0025-5564(83)90047-0
http://dx.doi.org/10.1016/j.physd.2020.132540
http://dx.doi.org/10.1016/j.physd.2020.132540
http://dx.doi.org/10.1016/j.amc.2014.03.030
http://dx.doi.org/10.1016/j.amc.2014.03.030
http://dx.doi.org/10.1088/1751-8121/abc65d
http://dx.doi.org/10.1088/1751-8121/abed66
http://dx.doi.org/10.1088/1751-8121/abed66
http://dx.doi.org/10.3390/physics3020028
http://dx.doi.org/10.3390/physics3020028
http://dx.doi.org/10.3389/fphy.2020.00276
http://dx.doi.org/10.1002/gch2.1018
http://dx.doi.org/10.1002/gch2.1018
http://dx.doi.org/10.1098/rsif.2020.0518
http://dx.doi.org/10.1098/rsif.2020.0518
http://dx.doi.org/10.1098/rsif.2020.0144
http://dx.doi.org/10.1098/rsif.2020.0144
http://dx.doi.org/10.1016/j.physa.2021.125791
http://dx.doi.org/10.1073/pnas.2023321118
http://dx.doi.org/10.1073/pnas.2023321118
http://dx.doi.org/10.1007/s00285-018-1320-0
http://dx.doi.org/10.1088/1367-2630/aad723
http://dx.doi.org/10.1103/PhysRevE.93.032324
http://dx.doi.org/10.1142/S0129183114400130
http://dx.doi.org/10.1142/S0129183114400130
http://dx.doi.org/10.1209/0295-5075/106/18002
http://dx.doi.org/10.1209/0295-5075/106/18002
http://dx.doi.org/10.1088/1742-5468/2012/07/P07018
http://dx.doi.org/10.1371/journal.pone.0023084
http://dx.doi.org/10.1371/journal.pone.0023084
http://dx.doi.org/10.1016/j.na.2011.03.008
http://dx.doi.org/10.1016/j.na.2011.03.008
http://dx.doi.org/10.1103/PhysRevE.83.056121
http://dx.doi.org/10.1016/j.jtbi.2009.04.029
http://dx.doi.org/10.1007/s00285-002-0163-9
http://dx.doi.org/10.1007/s00285-002-0163-9
http://dx.doi.org/10.1016/S0167-2789(02)00389-5
http://dx.doi.org/10.1016/j.cnsns.2021.105937
http://dx.doi.org/10.1016/j.cnsns.2021.105937
http://dx.doi.org/10.1016/S1473-3099(20)30120-1
http://dx.doi.org/10.1016/S1473-3099(20)30120-1

	Verification of the accuracy of the SIR model in forecasting based on the improved SIR model with a constant ratio of recovery to infection rate by comparing with monitored second wave data
	Introduction
	SIR-model results
	Exact results
	Constrained second-order polynomial approximation
	Cumulative number and rate by exact inversion of the approximant
	Early and late reduced time evolution
	Half-early-peak law
	Reintroducing dimensions: real time evolution

	Applications
	Summary and conclusion
	Data accessibility
	Authors' contributions
	Competing interests
	Funding
	Acknowledgements
	Appendix A. Calculation of integrals
	Early reduced times τ ≤ τm
	Late reduced times τ ≧ τm
	Appendix B. Dynamics in real time
	Appendix C. Quality of the approximant
	References


