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Abstract

This study was undertaken to develop a numerical/computational simulation of von Willebrand 

Factor (vWF) - mediated platelet shear activation and deposition in an idealized stenosis. 

Blood is treated as a multi-constituent mixture comprised of a linear fluid component and a 

porous solid component (thrombus). Chemical and biological species involved in coagulation 

are modeled using a system of coupled convection-reaction-diffusion (CRD) equations. This 

study considers the cumulative effect of shear stress (history) on platelet activation. The vWF 

activity is modeled as an enhancement function for the shear stress accumulation and is related 

to the experimentally-observed unfolding rate of vWF. A series of simulations were performed 

in an idealized stenosis in which the predicted platelets deposition agreed well with previous 

experimental observations spatially and temporally, including the reduction of platelet deposition 

with decreasing expansion angle. Further simulation indicated a direct relationship between 

vWF-mediated platelet deposition and degree of stenosis. Based on the success with these 

benchmark simulations, it is hoped that the model presented here may provide additional insight 

into vWF-mediated thrombosis and prove useful for the development of more hemo-compatible 

blood-wetted devices in the future.
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1. Introduction

Hemostasis is a natural response of the body to an injury that involves a complex cascade of 

biochemical and fluid dynamic factors that produce a clot to prevent blood loss. However, 

pathological formation of blood clots (thrombosis) is responsible for many cardiovascular 

disorders and malfunction of blood-wetted medical devices (Furie & Furie, 2008; Handin, 

2005; Stalker et al., 2013). Thrombosis involves several cascade reactions that lead to 

platelet activation, deposition, aggregation, and stabilization, which are also influenced 

by the synergistic actions of various hemodynamic and biomechanical processes (Mohan 

Anand & Rajagopal, 2017; Fauci, 1998; Liang et al., 2015; Lu et al., 2015; Skorczewski, 

Erickson, & Fogelson, 2013). Although numerous scientists and physicians have devoted 

years to investigating thrombosis, a quantitative understanding of the mechanical and 

biochemical mechanisms is far from satisfactory (Combariza, Yu, Nesbitt, Mitchell, & 

Tovar-Lopez, 2015; Tovar-Lopez et al., 2010). There is a critical need for improved 

understanding of thrombosis formation particularly under conditions of elevated shear.; this 

perhaps can be described through mathematical models (Ataullakhanov & Panteleev, 2005; 

Kuharsky & Fogelson, 2001; Sorensen, Burgreen, Wagner, & Antaki, 1999a; Wu et al., 

2017).

The complete pathway of thrombus formation involves several dozens of chemical species 

and cascade reactions that lead to platelet activation, deposition, aggregation, stabilization, 

and lysis that are also influenced by synergistic action of various hemodynamic and 

biomechanical processes (Mohan Anand & Rajagopal, 2017; Fauci, 1998; Liang et 

al., 2015; Lu et al., 2015; Skorczewski et al., 2013). The large number of chemical 

species and the complexity of cascade reactions make it difficult to quantitatively 

synthesize a comprehensive picture of coagulation dynamics using traditional laboratory 

approaches (Kuharsky & Fogelson, 2001). This has motivated the pursuit of mathematical/

computational models of thrombosis over the past three decades (M. Anand, Rajagopal, 

& Rajagopal, 2005; M Anand, Rajagopal, & Rajagopal, 2003, 2008; Ataullakhanov 

& Panteleev, 2005; Flamm et al., 2012; Fogelson, 1984; Goodman, Barlow, Crapo, 

Mohammad, & Solen, 2005; Sorensen et al., 1999a; Wu et al., 2017; Xu, Chen, Kamocka, 

Rosen, & Alber, 2008; Xu et al., 2010) to complement experimental approaches, facilitate 

design optimization, and generate new hypotheses (Stalker et al., 2014; Tomaiuolo et al., 

2014; Wang & King, 2012; Welsh et al., 2014). The growing acceptance of computational 

fluid dynamics (CFD) approach for design and analysis of blood-wetted devices accentuates 

the need for quantitative models that can predict blood trauma and thrombosis, for 

example, significant and frequent complications associated with prosthetic mechanical 

valves (Cannegieter, Rosendaal, & Briët, 1994; Özkan et al., 2015) and continuous-flow 

left ventricular assist devices (cfLVADs). (Akhter, 2016; Kang et al., 2016; Muthiah et al., 

2016; Netuka et al., 2016).

Great progress has been made over the past few decades by numerous investigators to 

develop mathematical models to simulate the process of thrombosis. However, due to 

the intricacies of the underlying physical and biological pathways inevitably necessitates 

simplifying assumptions, which limits their applicability of the models. One particular 

deficit is thrombosis under conditions of high shear, in which von Willebrand Factor (vWF) 
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plays an important role. The vWF is a large multimeric glycoprotein that acts as a bridging 

molecule between platelets and collagen at sites of vascular injury or other adsorbed 

proteins on artificial surfaces (Proudfoot, Davidson, & Strueber, 2017; Ruggeri & Jackson, 

2013; Sakariassen, Bolhuis, & Sixma, 1979). If the shear stress is sufficiently great -- as 

found in prosthetic valves, vascular stents and ventricular assist devices -- von Willebrand 

factor (vWF) unfolds and facilitates platelet capture via glycoprotein Ib (GPIb) (Colace & 

Diamond, 2013). These bonds form rapidly and tether the platelets from being ―washed 

away” (Colace & Diamond, 2013; Ruggeri & Jackson, 2013; Savage & Ruggeri, 2007). 

This, in turn prolongs the exposure of platelets to shear, and under certain conditions, the 

accumulated history of shear exposure is sufficient to activate platelets, even in the absence 

of biochemical agonists (Peterson, Stathopoulos, Giorgio, Hellums, & Moake, 1987), or 

with hirudin as anticoagulant.

Motivated by the essential role of vWF in high-shear thrombosis, many studies have 

focused on the various mechanisms and mutual interactions with different agonists and 

hemodynamic conditions. Diamond (2016) (Diamond, 2016) studied the thrombus formation 

in microfluidic devices, where it was found that as a clot grows, shear stress can become 

sufficiently high to drive the self-association of vWF into massive fibers, which lead to a 

thrombotic occlusion. Peterson et al. (1987) (Peterson et al., 1987) found that in a vWF 

disaster plasma, adding vWF initiated shear-induced platelets aggregation, while in the 

absence of vWF or GPIb the aggregation was inhibited. Lkeda et al. (1991) (Ikeda et al., 

1991) demonstrated that when vWF was present, platelets aggregation occurred at shear 

stresses above 80 dyne cm−2 even in blood collected with hirudin as anticoagulant. This 

provides a possible explanation for why a stenosis with high shear stress is vulnerable to 

thrombosis. Nesbitt et al. (2009) (Nesbitt et al., 2009) artificially created a severe thrombosis 

in an injured blood vessel by creating a progressive stenosis at the injury site using a 

blunted needle, thus showing that platelet aggregation is primarily driven by changes in 

hemodynamic conditions. Furthermore, they also studied the mechanism of thrombosis in 

a stenosis using a microfluidic device with contraction–expansion geometries that represent 

pathological changes in blood vessel geometry; using a completely anti-coagulated blood, 

they mimicked a purely hemodynamically induced thrombosis which is mainly controlled by 

the vWF activity [8]. In a similar work by Westein et al. (2013) (Westein et al., 2013), the 

authors also demonstrated that a stenotic (plaque) geometry, which induces a high local flow 

rate, promotes thrombus formation due to the increased activity of vWF.

This present study was undertaken to investigate a new model of vWF-mediated 

thrombus formation based on the premise above. The specific objective was to replicate 

experimentally-observed patterns of thrombus deposition in-vitro, reported by Tovar-Lopez 

et al. (2010) (Tovar-Lopez et al., 2010) in stenotic microchannels, using a completely 

anti-coagulated blood.

2. Mathematical Modelling

The basic mathematical model consists of equations of motion for blood that determine 

the pressure and velocity fields, supplemented with a set of coupled convection-diffusion­

reaction (CDR) equations that govern the transport and inter-conversion of chemical and 
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biological species – both within the thrombus and in the free stream (Wu et al., 2017). 

Following the principles of Mixture Theory, we suggest a resistive force to reflect the 

interaction between the fluid component (blood) and the solid component (thrombus); by 

assuming that the thrombus behaves like an assembly of densely packed particles (Johnson, 

Rajagopal, & Massoudi, 1990; Rajagopal & Tao, 1995). The activation of platelets is 

triggered by both chemical agonists and the cumulative effect of shear stress (history). 

The influence of vWF is modeled as an enhancement function for shear stress accumulation 

conforming to experimentally-observed unfolding rate of vWF.

2.1. Equations of motion for blood

Blood is treated as a multi-constituent mixture comprised of (1) a fluid component (blood 
composed of RBCs-plasma) and (2) a thrombus component which is treated as a porous 

medium here (Leiderman & Fogelson, 2011; Wu et al., 2017). The two components are 

coupled in a very special manner. The fluid component, i.e., blood (RBCs-plasma) is 

assumed to behave as a linear viscous fluid. The governing equations of motion are the 

conservation of mass and the linear momentum (Goodman et al., 2005; Leiderman & 

Fogelson, 2011; Wu et al., 2017):

∂ρ
∂t + div(ρv) = 0 (1)

ρdv
dt = div T + ρb − C2f(ϕ) v − vT (2)

Where ρ is the density of the fluid, v and vT are the velocity of the fluid component and the 

thrombus component, respectively; vT is related to the velocity of the bio-surface to which 

the thrombus attaches itself, and in this paper the bio-surface is static thus vT = 0m
s ; b is 

the body force; T is the Cauchy stress tensor of the fluid component, and the last term on 

the right hand side of Equation (2) designates a resistance force (a constitutive assumption, 

also known as the interaction force in mixture theory). In the above equations, div is the 

divergence operator, and d( ⋅ )
dt  is the total time derivative given by

d( . )
dt = ∂( . )

∂t + grad ( . )v (3)

where grad is the gradient operator. We assume the stress tensor for the fluid component is 

given by:

T = [ − p(1 − ϕ)]I + 2μ(1 − ϕ)D (4)

where p is the pressure (the mean stress),I is the identity tensor, μ is the 

shear viscosity (3.5cP) of blood, D is the symmetric part of the velocity gradient 

D = 1/2 (grad v) + (grad v)T . A scalar field ϕ is introduced to represent the volume fraction 

of the deposited platelets (thrombus), see Table A5 for the definitions and the expression for 

ϕ. The density of the fluid component is given in terms of the volume fraction according to, 
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ρ = (1 − ϕ)ρ0, whereρ0 is the density of the fluid component (pure RBCs-plasma suspension) 

(= 1060 kg/m3) in the reference configuration, i.e., prior to any thrombus formation. In 

addition, we have ignored the effect of the thrombus formation in the continuity equation of 

the fluid component. The, term C2f(ϕ)(v – vT) reflects the resistance on the fluid component 

from the thrombus, where the coefficient C2 = 2 × 109 kg/(m3s) is computed by assuming 

that the deposited platelets behave like densely compact particles (2.78um in diameter), 

described by Johnson et al. (Johnson, Massoudi, & Rajagopal, 1991) and Wu et al.(Wu, 

Aubry, & Massoudi, 2014; Wu, Aubry, Massoudi, Kim, & Antaki, 2014), and f(ϕ) = 

ϕ(1+6.5ϕ) is the hindrance function.

2.2. Convection-diffusion-reaction equations for thrombosis

The thrombosis model that we use includes seven fundamental mechanisms involved 

in coagulation: platelet activation, platelet deposition, thrombus propagation, thrombus 

dissolution or erosion, thrombus stabilization, thrombus inhibition and thrombus-fluid 

interaction. (See Figure 1.) Platelets are treated as a disperse medium that does not 

affect the physics of the flow. The model considers five categories (states) of platelets: 

[RP], resting platelets and [AP], activated platelets (in the flow field); deposited resting 

platelets, [RPd], and activated platelets, [APd]; and [APs], deposited stabilized platelets. 

An additional five biochemical species include: [apr], platelet-released agonist (ADP); 

[aps], platelet-synthesized agonist (thromboxane A2, TxA2), which can be degraded via 

first-order reactions; [PT], prothrombin; [TB], thrombin, synthesized from prothrombin on 

the activated platelet phospholipid membrane; and [AT], anti-thrombin III, which inhibits 

thrombin and whose action is catalyzed by heparin. (For more information about the reaction 

mechanism of thrombosis, see (Fogelson & Neeves, 2015; Kuharsky & Fogelson, 2001; 

Sorensen et al., 1999a; Wu et al., 2017).)

The transport of the species in the flow field is described by a set of convection-diffusion­

reaction equations (M. Anand et al., 2005; Kuharsky & Fogelson, 2001; Sorensen et al., 

1999a; Wu et al., 2017),

∂ Ci
∂t + div v Ci = div Di∇ Ci + Si (5)

where [Ci] is the concentration of species i; Di refers to the diffusivity of species i in 

blood; and Si is a reaction source term for species i. Notice that the subscript i represents 

the different species shown in Figure 1, rather than the traditional Einstein notation. The 

deposited platelets attached to the bio-surface have neither convective nor diffusive motion; 

therefore, in this case, Equation (4) is simplified and the deposition of platelets ([RPd], 

[APd], and [APs]) are governed by the following concentration rate equations,

∂ Ci
∂t = Si (6)

In Appendix A, Table A1 and Table A2 list the appropriate form for the source terms Si, 

along with the abbreviations, and Table A3 provides the diffusion coefficients and normal 

concentrations for [Ci]. Adhesion of platelets to surfaces and all the other reactions at 
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a boundary are modeled by surface-flux boundary conditions, following the approach of 

Sorensen et al. (Sorensen et al., 1999a; Sorensen, Burgreen, Wagner, & Antaki, 1999b), 

which are listed in Table A4. The specific values and expressions of all the source terms and 

their parameters are provided in Table A5. Here, similar to the reaction terms in the internal 

domain, a negative flux implies consumption and a positive flux implies generation.

2.3. Equations of shear mediated activation of platelets

Shear activation of platelets is determined by their cumulative exposure to shear stress over 

time (i.e. shear history), as observed experimentally (Bodnár, 2014; Colantuoni, Heliums, 

Moake, & Alfrey Jr, 1977; Hellums, 1994). This is represented by the Eulerian form of the 

shear accumulation (SA) model of Anand et al. and Bodnár (M Anand et al., 2003; Mohan 

Anand & Rajagopal, 2002; Bodnár, 2014):

∂SA
∂t + div(vSA) = fsa − kpaSA (7)

where kpa = kapa + kspa is the activation rate by biochemical agonists (kapa) and shear stress 

(kspa). (See Table A1 and Table A2 for more information about the activation rates.)div is 

the divergence operator and v is the velocity field of the fluid component (RBCs-plasma 

suspension). The negative sign implies the dissipation of SA due to platelet activation. fsa 

defines the rate of shear stress accumulation, according to:

fsa = 1
te

H τ − τc (8)

H τ − τc =
1, τ ≥ τc
0, τ < τc

(9)

which implies that the shear accumulation occurs only when the magnitude of the local 

shear stress, |τ|, is greater than a critical level,τc (M Anand et al., 2003; Mohan Anand 

& Rajagopal, 2002; Bodnár, 2014; Colantuoni et al., 1977; Hellums, 1994). Based on 

Hellums (Hellums, 1994), τc was taken to be 50 dynes/cm2. To account for the relationship 

between shear stress level and the exposure time observed experimentally (Anderson, 

Hellums, Moake, & Alfrey, 1978; Anderson, Hellums, Moake, & Alfrey Jr, 1977; Brown 

III, Lemuth, Hellums, Leverett, & Alfrey, 1975; Colantuoni et al., 1977; Hellums, 1994; 

Hung, Hochmuth, Joist, & Sutera, 1976; Johnston, Marzec, & Bernstein, 1975; Wurzinger, 

Opitz, Blasberg, & Schmid-Schönbein, 1985; Wurzinger, Opitz, Wolf, & Schmid-Schönbein, 

1984), te is given as:

te = 10 −2 * log10
τ /τr + 5.6758 ⋅ s (10)

and is plotted in Figure 2. τr = 1 dynes/cm2. The rate constant for shear stress activation kspa 

is likewise referenced to a critical value, SAc:

kspa = kspacH SA − SAc (11)
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H SA − SAc =
1, SA ≥ SAc
0, SA < SAc

(12)

Here SAc = 1.0and kspa is assumed to be 100 s−1 which is derived from the time constant for 

morphological change of platelets exposed to shear stress (Sorensen et al., 1999a).

Figure 3 (a) depicts a representation of vWF unfolding and thrombus formation as described 

by Westein (REF Westein). The proposed model assumes that, if shear stress within the 

stenosis is sufficient to cause the vWF multimers to unfold, they bind to the adsorbed 

proteins on the surface, and capture nearby platelets via GP1b. Once captured, the platelets 

are susceptible to activation by prolonged exposure to elevated shear. Hence, the effect of 

the vWF is mathematically described in terms of an accelerated rate of stress accumulation, 

analogous to equation (8):

fsa = 1
te

1 + fvW F H τ − τc (13)

where fvWF is the amplification function due to the vWF. Here we adopt the function 

introduced by Lippok et al. (2016) (Lippok et al., 2016) and Schneider et al. (2007) 

(Schneider et al., 2007), based on the experimentally observed unfolding rate of vWF:

fvW F = CvW F
1 + exp − τ − τ1/2 /Δτ (14)

where τ1/2 is shear stress at which half of the vWF multimers are fully unfolded, Δτ is the 

shear stress duration of the transition, and CvWF is the maximum achievable value of the 

amplification constant. This is a sigmoidal function, and is depicted in Figure 3 (normalized 

to CvWF = 1) for different values of Δτ which is determined by best fit to experimental 

data, below. The specific boundary value problem simulated in this study is depicted in 

Figure 3 (b) replicating the in-vitro experiment of Tovar-Lopez in which several idealized 

stenoses were studied (Tovar-Lopez et al., 2010). The geometry was parameterized in terms 

of the stenosis gap Lc and expansion angle θ, see Figure 3 (b). The above mathematical 

model was numerically implemented using an open-source finite element software library 

(OpenFOAM) (OpenCFD, 2011).

3. Results

Effect of expansion angle (θ) on vWF mediated platelet deposition

A series of simulations were performed to compare with the experiments of Tovar-Lopez 

et al. in stenotic channels (2010) (Tovar-Lopez et al., 2010). The entrance length was 

given as Lc = 20μm and the inlet velocity was 0.0205 m/s corresponding to a Reynolds 

number of 0.70. Also based on the experimental protocol, platelet activation by biochemical 

agonists was completely inhibited (Tovar-Lopez et al., 2010). The inlet [RP] and [AP] were 

prescribed as 3 × 1014 PLTs/m3 and 1% of [RP] respectively (Sorensen et al., 1999a; Wu et 

al., 2017). Following Goodman et al. (2005) (Goodman et al., 2005) and Wu et al. (2017) 

(Wu et al., 2017), the characteristic embolization shear rates were τemb = 120 dyne cm−2 and 
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τemb = 0.1 dyne cm−2. Similar to Wu et al. (2017) (Wu et al., 2017), a comparatively large 

value of kapd,b = 4.0 × 10−4m/s was assumed to ensure efficient capturing of shear-activated 

platelets to the bio-surfaces (by the vWF-GP1b complex). The introduction of the vWF 

amplification function, fvWF, results in three new parameters, CvWF, τ1/2 and Δτ, that must 

be determined. We found that CvWF = 4.0 × 103, τ1/2 = 160 Pa and Δτ = 15Pa provided 

the best agreement with the experiments by Tovar-Lopez et al. (2010) (Tovar-Lopez et al., 

2010). The remaining parameters are the same as those published in Wu et al. (2017) (Wu et 

al., 2017).

Figure 5 (a) and Figure 5 (b) show the platelets deposition in the x-y plane at the z-position 

of 30μm for the expansion angle of θ = 60° observed in the experiments (Tovar-Lopez et 

al., 2010) and predicted by our numerical model. It can be seen that the simulations and 

the experiments demonstrate excellent agreement both temporally and spatially. It should be 

noted that to account for the finite depth-of-field of the experimental images, the numerical 

results shown in Figure 5 (b) are averaged in the z-direction assuming a 10μm depth of 

field (Wu, Yang, Antaki, Aubry, & Massoudi, 2015; Zhao et al., 2008). As seen in the 

figure, all depositions took place in the expansion region downstream of the stenosis and 

there is no observable deposition in the stenosis gap. Figure 5 (c) shows the 3D rendering 

of the simulated thrombus. At 60s the thrombus is largest in the mid-plane of the channel 

(z=65μm). As time progresses, the thrombus becomes both longer and thicker. Figure 5 (d) 

demonstrates that the growing thrombus distorts the streamlines in the channel, potentially 

exacerbating the deposition of platelets. To investigate the relative role of vWF, additional 

simulations were performed in which fvWF = 0. In all cases studied no platelets deposition 
occurred. This is in agreement with the experimental observations by Tovar-Lopez et al. 

(2010) (Tovar-Lopez et al., 2010).

Additional simulations were performed to investigate the effect of the expansion angle 

θ on the deposition patterns. All other parameters remained the same as in the previous 

case. Figure 6 compares the numerically predicted and experimentally measured volume 

fraction of deposited platelets for θ = 30°. Compared to the case θ = 60° (Figure 4), both 

experiments and numerical simulations predicted a dramatic reduction of platelet deposition, 

and dramatically reduced accumulation over time (from 60 to 360s). Figure 6 (b) provides 

simulation results for an intermediate angle of θ = 40° in which the amount of deposition is 

slightly greater than θ = 60° yet still much less than the case for θ = 30°.This observation is 

quantified in Figure 6 (c), which illustrates a nonlinear relationship between expansion angle 

and deposition rate. It also suggests the existence of a critical angle (between θ = 40° and 

60°) that delimits conditions for a stable versus growing thrombus.

Figure 7 shows the distribution of the shear rate, shear stress accumulation and platelets 

activation with different expansion angles. Although the magnitude of the peak shear rate 

is similar for all angles, the shear accumulation clearly increases with steeper (increasing) 

expansion angle. It is also noteworthy that while the shear field is symmetric about the 

apex of the stenosis, the shear accumulation grows in the downstream direction. The platelet 

activation function field, Figure 7 (c), is congruent with the shear accumulation field.
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Effects of flow rate (Reynolds number), stenosis height and vWF activity

In the simulations above, it was established that the distribution of the shear stress 

around the stenosis determines the platelets deposition. In this section, we further study 

two factors related to the shear stress distribution: the flow rate (Reynolds number) and 

stenosis gap size, Lc. All other parameters are the same as the previous studies. The effect 

of Reynolds number is illustrated in Figure 8, which provides the baseline case (Re = 

0.70) shown in Figure 4, as well as 25% greater and lower (0.88 and 0.53, respectively.) 

Despite the relatively small perturbation in this parameter, the Re=0.88 case produces a 

significantly larger thrombus, while Re=0.53 yields almost negligible amount of deposition. 

The corresponding velocity fields are presented in Figure 8 (c). Figure 8 (d) illustrates the 

mechanism for continued growth of the thrombus, namely the increasing concentration of 

activated platelets that are shed downstream of the stenosis into the layer adjacent to the 

deposited platelets. The activation of platelets, in turn, can be attributed to the elevated shear 

rate in the stenosis, Figure 8 (e), resulting in the enhanced shear stress accumulation (shear 

activation) shown in Figure 8 (f). For the case of Re = 0.88, elevated shear accumulation 

can also be observed along the upper wall. Figure 8 (g) provides a quantitation of platelet 

deposition versus time for the three cases and suggests a critical value (between Re=0.53 

and 0.70) below which the amount of deposition quickly stabilizes and shows no further 

growth.

Figure 9 illustrates the effect of the stenosis gap size, Lc, hence the degree of stenosis. 

Figure 9 (a) and (b) show a direct relationship between the gap size and deposition: Lc 

= 22.5μm (77.5% stenosis) produces less deposition compared to the baseline, Lc = 20μm 
(80% stenosis); and Lc = 17.5μm (82.5% stenosis) produces more deposition. Interestingly, 

there is a noticeable, albeit small, degree of deposition at the apex of the stenosis for Lc 

= 22.5μm. This can be attributed to the relatively lower shear washing in the larger-gap 

stenosis. For the greatest degree of stenosis, Lc = 17.5μm, thrombus deposition can be 

observed on the upper wall. For the straight channel without stenosis (not shown), no 

thrombus is observed. The effect of decreasing Lc is similar to that of increasing Re, since 

both increase the shear rate (thus the shear stress accumulation and platelet activation) in the 

neighborhood of the stenosis region, as shown in Figure 9 (f), (g) and (h). These results are 

depicted quantitatively as a function of time in Figure 10 (a).

To assess the influence of vWF on the shear-mediated thrombosis, the baseline case was 

repeated with increased vWF activity, as well as with vWF eliminated completely. Here, the 

vWF activity implicitly represents the combined effect of vWF and its adhesion receptors, 

such as GPIB and αIIbβ3. This was achieved by scaling the enhancement coefficient, 

CvWF. Figure 10 (b) indicates that increasing vWF activity amplifies the rate of platelets 

deposition dramatically. Conversely, completely inhibiting vWF (which could also represent 

the inhibition of vWF receptors) results in negligible platelet deposition; this corresponds 

to the experimental observation by Tovar-Lopez et al. (2010) (Tovar-Lopez et al., 2010) as 

well.
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4. Discussion

Because of the supra-physiological levels of shear occurring in these devices, we found 

it necessary to supplement our previously reported thrombosis model to account for the 

essential role of vWF in high-shear thrombosis. Our revised model incorporates mechanisms 

identified by experimental studies of vWF-mediated thrombosis in stenosed vessels and 

microfluidic channels, and aims to replicate these experimental observations (Nesbitt et al., 

2009; Tovar-Lopez et al., 2010; Westein et al., 2013). A key assumption of our model is that, 

in regions of the flow field in which shear is sufficiently elevated, surface- and membrane­

bound vWF will unfold, causing flowing platelets to be captured, and tethered, whereupon 

they can be activated by prolonged exposure to shear. This assumption is supported by a 

recent report by Diamond (2016) who directly observed platelets arrested on the surface 

of the VWF fibers that were entrained downstream from a micropost within a microfluidic 

channel (Diamond, 2016). He further observed platelet activation (by P-selectin) when shear 

rates exceeded 3000 s−1. This value is comparable to the threshold (τc) in our platelet-shear 

accumulation model (Equation 2).

The simulations reported here predicted patterns of deposition downstream of the stenosis 

in the absence of biochemical agonists – consistent with the experimental observations of 

Lkeda et al. (1991) (Ikeda et al., 1991) and microfluidic experiments of Nesbitt et al. (2009) 

(Tovar-Lopez et al., 2010). This phenomenon is the result of competing effects of between 

shear activation and shear washing. Blood entering the stenosis experiences the greatest 

level of shear at its apex, causing adsorbed vWF to unfold, capturing flowing platelets 

and exposing them to prolonged shear stress and inducing a conformational change, i.e. 

causing them to become activated (see Figure 7). Due to the decreasing level of shear 

in the expansion zone downstream of the stenosis, activated platelets are able to form 

stable aggregates. The simulations also found that the quantity of deposition increased with 

increasing degree of stenosis, which was also observed independently by both Nesbitt et 

al. (2009) (Tovar-Lopez et al., 2010) and Westein et al. (2013) (Westein et al., 2013). 

The simulations also demonstrated a direct relationship between deposition rate and vWF 

activity. When vWF was eliminated, negligible platelets deposition was observed (See 

Figure 10 (b)). This is corroborated by the cone-plate studies by Peterson et al. (1987) 

who found that, in the absence of vWF or GPIb, shear-induced platelet aggregation was 

inhibited (Peterson et al., 1987). In addition to von Willebrand disease (VWD), this result is 

also relevant to acquired vWF syndrome believed to be responsible for bleeding episodes in 

patients with continuous flow ventricular assist devices (cfVADs) (Akhter, 2016; Kang et al., 

2016; Muthiah et al., 2016; Netuka et al., 2016).

The overall approach adopted by our model treats whole blood as a continuum - 

as contrasted with previous meso-scale simulations that considers interaction between 

individual cells (Flamm et al., 2012; Xu et al., 2010). The advantage is to enable macro­

scale simulations which otherwise would be computationally prohibitive -- especially in 

consideration of many unknown parameters. A disadvantage of a continuum approach is 

the inability to simulate the stochastic phenomena of embolization, for example, manifested 

experimentally in Tovar-Lopez et al. (2010) (Tovar-Lopez et al., 2010) by large fluctuations 

in aggregate size versus time. Instead, the simulated deposition increases smoothly, and 
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monotonically. Nevertheless, the simulation results are consistent with the trend line of the 

experimental aggregation traces. Furthermore, in our model there are a few parameters, 

related to the materials (such as viscosity), the flow (such as the drag coefficient), the 

species activities (such as vWF unfolding). In general, some of these parameters can be 

estimated from the existing experimental data, and sometimes in the absence of such data, 

it is necessary to either estimate or approximate them using other methods such as the time 

evolution of the shape of the thrombus.

In this study, the role of vWF was implicitly modelled as an enhancement function for shear 

stress accumulation, based on an experimentally observed relationship between shear and 

vWF unfolding, reported by Lippok et al. (2016) (Lippok et al., 2016) and Schneider et al. 

(2007) (Schneider et al., 2007). Consequently, this function does not explicitly account the 

multimer concentration, unfolding, and adsorption. Likewise, the present model overlooks 

the mechanism of the self-association of vWF into massive fibers – as reported recently 

by Diamond (2016) (Diamond, 2016). In addition, the current model is not sensitive to 

the elongational flow gradients which seem to play an important role in vWF unfolding 

as demonstrated by Westein et al. (2013) (Westein et al., 2013). Future development of 

our model will include transport and adsorption of vWF species and direct interaction with 

the platelets. Likewise, the model does not explicitly consider downstream migration of 

platelets initially captured by vWF into to the expansion region, for example due to the 

short half-life of vWF-GPIb bonds (Savage & Ruggeri, 2007). Instead, this phenomenon 

is represented in the rate constant for shear activation kspac which is related to the time 

constant for morphological change of platelets exposed to shear. We also acknowledge that 

these simulations were focused exclusively on two experimental studies in micro-channel 

stenoses in which bio-chemical agonists were inhibited. This allowed us to focus solely on 

the role of shear activation and vWF, although at the expense of overlooking the synergistic 

effects of other factors and feedback mechanisms. Therefore extension of this work will 

consider experiments without agonists blockage in vivo and in vitro (Colace & Diamond, 

2013; Diamond, 2016; Westein et al., 2013).

5. Conclusions

In this paper, we investigated a new mathematical model for vWF-mediated thrombus 

formation in an idealized stenosis. This model was built upon a previous model that 

considered blood as a multi-constituent mixture comprised of a linear fluid component 

and a thrombus (solid) component; the chemical and the biological species related 

to the thrombosis are modeled by a system of coupled convection-reaction-diffusion 

(CRD) equations. The activation of the platelets by shear was assumed to depend on 

their shear stress accumulation (history), and the role of vWF was represented by an 

enhancement function on the shear stress accumulation depending on its sheardependent 

degree of unfolding. Computational simulations using this model accurately replicated the 

experimentally observed formation of vWF-mediated thrombus in a stenosis: temporally 

and spatially. Both experiments and simulations indicated patterns of platelet deposition 

downstream of the stenosis that is reduced with a smaller expansion angle, increased with 

greater degree of stenosis and directly related to the level of vWF activity. It is hoped 

that the model described here may contribute to deeper quantitative understanding of vWF­
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mediated thrombosis, and to the development of more hemo-compatible devices in the 

future.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Appendix A.: Expanded governing questions of chemical/biological species

Provided below are the full set of governing equations in expanded form.

Unactivated resting PLTs in flow ([RP])

∂[RP]
∂t + div(v[RP]) = div DP ∇[RP] − kapa[RP] − kspa[RP] − krpd[RP] (A1)

where v is the velocity of the fluid (blood), DP is the diffusivity of the platelets, kapa and kspa 

are the platelets activation rate due to agonists and shear stress, and krpd is the deposition 

rate between [RP] and deposited platelets. The detail definition of the krpd in mathematical 

and numerical see Appendix 2.

Activated platelets in flow ([AP])

∂[AP]
∂t + div(v[AP]) = div DP ∇[AP] + kapa[RP] + kspa[RP] − kapd[AP] (A2)

where kapa is the deposition rate between [AP] and deposited platelets. The detail definition 

of the kapa in mathematical and numerical see Appendix 2.

Deposited resting platelets ([RPd])

∂ RPd
∂t = (1 − θ)krpd[RP] − kapa RPd − kspa RPd − femb RPd (A3)

where (1 – θ)krpd[RP] is the percentage of [RP] activated by contact with biomaterial 

surfaces and formatted thrombus, femb is the cleaning rate of deposited platelets due to shear 

stress.
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Deposited activated platelets ([APd])

∂ APd
∂t = θkrpd[RP] + kapd[AP] + kapa RPd + kspa RPd

− femb + fstb APd
(A4)

where fstb is the stabilization rate parameter of [APd], which convert deposited thrombus to 

be stabilized thrombus which is harder to be cleaned by shear stress.

Deposited and stabilized platelets ([APs])

∂ APs
∂t = fstb APd (A5)

PLT-released agonists (ADP) ([apr])

∂ apr
∂t + div v apr = div Dapr∇ apr + λj

kapa[RP] + kspa[RP] + kapa RPd + kspa RPd + θkrpd[RP] − k1, j apr
(A6)

where λj is the amount of agonist j released per platelet and k1,j is the inhibition rate 

constant of agonist j; and j represents ADP for current specie. Therefore λjkapa[RP] and 

λjkapa[RPd] are the ADP releasing attributed to the activation of unactivated platelets due 

to agonist, λjkspa[RP] and λjkspa[RPd] are the ADP releasing attributed to the activation 

of unactivated platelets due to shear stress and λjθkrpd[RP] represents the ADP releasing 

attributed to the platelets activation due to contact. k1,j[apr] is the inhibition rate of ADP.

PLT-synthesized agonists (TxA2) ([aps])

∂ aps
∂t + div v aps = div Daps∇ aps + spj [AP] + APd − k1, j aps (A7)

where spj is the rate constant of synthesis of the agonist j; and j represents TxA2 for 

current specie. Therefore spj[AP] and spj[APd] represent the rate of synthesis of TxA2 due to 

activated platelets in flow and deposited activated platelets. k1,j[aps] is the inhibition rate of 

TxA2.

Prothrombin ([PT])

∂[PT]
∂t + div(v[PT]) = div DPT ∇[PT] − ε[PT

] ϕat [AP] + APd + ϕrt [RP] + RPd
(A8)

Wu et al. Page 13

Int J Eng Sci. Author manuscript; available in PMC 2021 September 24.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



where ε is the unit conversion which is from NIH units to SI units, ϕat and ϕrt are the 

thrombin generation rate constant on the surface of activated platelets and unactivated 

resting platelets. Therefore ϕat[AP] and ϕrt[RP] are the thrombin generation rate due 

to activated and resting platelets in flow, while ϕat[APd] and ϕrt[RPd] are the thrombin 

generation rate due to deposited activated and unactivated platelets.

Thrombin ([TB])

∂[TB]
∂t + div(v[TB]) = div DTB∇[TB] + [PT

] ϕat [AP] + APd + ϕrt [RP] + RPd − Γ[TB]
(A9)

where Γ is the Griffith’s template model for the kinetics of the heparin-catalyzed inactivation 

of thrombin by ATIII. Therefore Γ[TB] is the inactivation rate of thrombin by ATIII.

ATIII ([AT])

∂[AT]
∂t + div(v[AT]) = div DAT ∇[AT] − Γε[TB] (A10)

where Γε[TB] is the consumption rate of ATIII due to inactivation of thrombin.

Appendix B.: Variables, coefficients and parameters of the thrombosis 

model

Table A1.

Source terms associated with platelets. See Figure 1 for definition of reaction rates, k.

Species [Ci] abbreviation Si form

Unactivated Resting PLTs [RP] −kapa [RP] − kspa [RP] − krpd [RP]

Activated PLTs [AP] −kapa [RP] − kspa [RP] − kapd [RP]

Deposited Resting PLTs [RPd] (1 − θ) krpd [RP] − kapa [RPd] − kspa [RPd] − femb [RPd]

Deposited Activated PLTs [APd] θkrpd [RP] + kapd [AP] + kapd [RPd] + kspa [RPd] − (femb + fstb) [APd]

Deposited and stabilized 
PLTs [APs] fstb [APd]

Table A2.

Source terms for chemical species of the model.

Species [Ci] abbreviation Si form

PLT-released agonists 
(ADP) [apr]

λj(kapa [RP] + kspa [RP] + kapa [RPd] + kspa [RPd] + θkrpd [RP]) − k1,j 
[apr]

PLT-synthesized 
agonists (TxA2) [aps] spj ([AP] + [APd] − k1,j [aps]

Prothrombin [PT] −ε [PT] (ϕat ([AP] + [APd]) + ϕrt ([RP]+ [APd]))

Wu et al. Page 14

Int J Eng Sci. Author manuscript; available in PMC 2021 September 24.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



Species [Ci] abbreviation Si form

Thrombin [TB] −Γ · [TB] + [PT] (ϕat ([AP] + [APd]) + (ϕat ([RP] + [RPd]))

ATIII [AT] −Γε [TB]

Table A3.

Species units, coefficient of species diffusion and initial condition. γ is the local shear rate. 

For more detail see Sorenson(Sorensen et al., 1999a, 1999b) and Goodman (Goodman et al., 

2005).

Species Species units Di (m2s−1) Initial (inlet) condition in blood

[RP] PLT m−3 1.58 × 10−13 + 6.0 × 10−13γ 1.5 × 1014 − 3.0 × 1014(Human)
1.9 × 1014 − 10.0 × 1014(Mouse)

[AP] PLT m−3 1.58 × 10−13 + 6.0 × 10−13γ 0.01[RP] − 0.05[RP]

[apr] nmol m−3 2.57 × 10−10 0.0

[aps] nmol m−3 2.14 × 10−10 0.0

[PT] nmol m−3 3.32 × 10−11 1.1 × 106

[TB] Um−3 4.16 × 10−11 0.0

[AT] nmol m−3 3.49 × 10−11 2.844 × 106

[RPd] PLT m−3 N/A 0.0

[APd] PLT m−3 N/A 0.0

[APs] PLT m−3 N/A 0.0

Table A4(a).

Boundary conditions..

Species [Ci] ji form Description

[RP] −Skrpdb [RP] Consu mption due to [RP]-surface adhesion; Generation due 
to shear embolization.

[AP] −Skapdb [AP] Consumption due to [AP]-surface adhesion; Generation due 
to shear embolization.

[apr]
λj (kapa [RPd] + kspa [RPd] + θSkrpdb 

[RP])

Generation due to agonists and shear activation of [RPd]; 
Generation due to surface contact activation of [RP]-surface 
adhesion.

[aps] Spj [APd] Platelet-synthesized generation due to [APd]

[PT] −ε [PT] (ϕat [APd] + ϕrt [RPd]) Consumption due to thrombin, [TB], generation.

[TB] [PT] (ϕat [APd] + ϕat [RPd]) Generation from prothrombin [PT] due to deposited platelets.

[AT] 0.0 No reaction flux.
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Table A4(b).

Species boundary conditions. (See Table A5 definitions of each of the terms.)

Species 
[Ci]

ji form Description

[RPd] ∫0
t(1 − θ)Skrpdb [RP] − kapa RPd   − kspa RPd − fembb RPd dt

Generation 
due to [RP]-
surface 
adhesion; 
Consumption 
due to 
agonists and 
shear 
activation; 
Consumption 
due to shear 
embolization.

[APd] ∫0
tSkapdb[AP] + θSkrpdb[RP] + kapa RPd + kspa RPd − fembb + fstb APd dt

Generation 
due to [AP]-
Surface 
adhesion; 
Generation 
due to 
surface 
contact 
activation of 
[RP]-Surface 
adhesion;

Generation 
due to 
agonists and 
shear 
activation of 
[RP]; 
Consumption 
due to shear 
embolization 
and 
stabilization.

[APs] ∫0
tfstb APd dt

Generation 
due to 
stabilization.

Table A5.

Value or expression and description of reaction terms and parameters of the model.

Terms Value or expression units Description

k apa 

0, Ω < 1.0
Ω
tct

, Ω ≥ 1.0

1
tact

, Ω
tct

≥ 1
tact

(s−1)

Platelets activation due to agonists; 
tct is the characteristic time, which 
can be used for adjusting the 
activation rate, and here we choose 
tct = 1s as provided Sorensen 
(Sorensen et al., 1999a, 1999b); 

kapa = 1
tact

, Ω
tct

≥ 1
tact

 implies 

the reaction cannot be faster than 
platelets physical activation procedure 
and 99% platelets will be activated 
during the activation procedure if 
the agonists or shear stress is large 
enough. tact is the characteristic time; 
tact is suggested to range from 0.1s 
to 0.5s considering the results by 
Frojmovic et. al (Frojmovic, Mooney, 
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Terms Value or expression units Description

& Wong, 1994) and Richardson 
(Richardson, 1973).

Ω ∑j = 1
na wj

aj
aj, crit

(N/A)
ai refers to the concentration of ADP, 
TxA2 and Thrombin. Value of wj and 
aj,crit see Table A6.

k spa kspacH(SA − SAc) (s−1)
Platelets activation due to shear 
accumulation. The definition of H(SA 
— SAc), see main text.

k spac 100 (s−1)
This term is derived from considering 
the time constant for morphological 
change of platelets exposed to shear.

f sa 
1
te

H τ − τc (s−1)
Rate function of the platelet stress 
accumulation. The definition of H(τ − 
τc), see main text.

t e 10 −2 * log10
τ/τr + 5.6758 ⋅ s (s)

Exposure time needed for platelet 
activation under certain shear stress. 
Here τ has the unites of dynes/cm2.

f vWF 

CvW E
1 + exp − τ − τ1/2 /Δτ (N/A) The amplification function due to the 

capture of platelet by vWF.

C vWF 3 × 103 (N/A) The maximum achievable value of the 
enhancement constant

τ 1/2 160 (Pa) Whear stress at which half of the vWF 
monomers are fully unfolded

Δ τ 15 (Pa) The duration of the transition

k rpd div kpd, f n kra (s−1)

Unactivated platelets - deposited 
activated platelets ([RP]-[APd]), 
deposition rate. f refers to the face of a 

mesh cell and n  is the unit normal to 
the face. Details about how this term 
is calculated are provided in Appendix 
C.

k ra 3.0 × 10−6 (m s−1) Constant related to krpd, see (Sorensen 
et al., 1999a, 1999b).

k apd div kpd, f n kaa (s−1)

Activated platelets-deposited activated 
platelets ([AP]-[APd]) deposition rate. 
Details about how this term is 
calculated are provided in Appendix 
C.

k aa 3.0 × 10−5 (m s−1) Constant related to kapd, see (Sorensen 
et al., 1999a, 1999b).

f emb DPLTdiv kemb, f n 1 − exp −0.0095 τ
τemb s−1

Platelet embolization due 
to shear stress; Expression 
exp(−0.0095τ) was suggested by 
Goodman(Goodman et al., 2005). 

DPLT = 2.78 × 10−6m is the 

hydraulic diameter of platelets.

k emb,f kemb, f =
1, kpd, f > 0
0, kpd, f = 0 s−1

τ emb 120 dyne 
cm −2

Platelet shear embolization related 
constant.(Goodman et al., 2005)

f embb 1 − exp −0.0095 τ
τembb s−1 Platelet embolization in boundary due 

to shear stress.

τ emb,b To be determined, depends on bio-materials. dyne 
cm −2

Platelet shear embolization related 
constant.
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Terms Value or expression units Description

PLT max 

PLTs, max
DPLT

PLT 
m−3

The maximum concentration of 
platelets in space.PLTs,max = 7 × 
1010 PLTm−2 is the total capa 
city of the surface for platelets; 

DPLT = 2.78 × 10−6m.

λ j 2.4 × 10−8 nmol 
PLT−3

The amount of agonist j released per 
platelet.

θ 1.0 (N/A) Platelets activation by contact.

k 1,j

0.0161 for TxA2
0.0 for ADP (s−1) The inhibition rate constant of 

agonist.

s pj 
9.5 × 10−12 for TxA2

0.0 for ADP 
nmol 
PLT−3

The rate constant of synthesis of an 
agonist.

ε 9.11 × 10−3 nmol 
U−1

Unit conversion. From NIH units to SI 
units.

ϕ at 3.69 × 10−15

m3 

nmol−1

PLT−1 

U s−1

Thrombin generation rate on the 
surface of activated platelets

ϕ rt 6.5 × 10−16

m3 

nmol−1 

PLT−1 

U s−1

Thrombin generation rate on the 
surface of unactivated platelets

Γ
k1, T[H][AT]

αKATKT + αKATε[TB] + [AT]ε[TB] (s−1)
Griffith’s template model for the 
kinetics of the heparin-catalyzed 
inactivation of thrombin by ATIII.

k 1,T 13.333 (s−1) A first-order rate constant.

[H] 0.1 × 106 nmol 
m−3

Heparin concentration, assuming 
specific activity of 300 U mg−1 

and molecular weight of 16 kDa.
(Engelberg & Dudley, 1961; Sorensen 
et al., 1999b)

α 1.0 (N/A)

A factor to simulate a change in 
affinity of heparin for ATIII when it 
is bound to thrombin or for thrombin 
when it is bound to ATIII.

K AT 0.1 × 106 nmol 
m−3

The dissociation constant for heparin/
ATIII.

K T 3.50 × 104 nmol 
m−3

The dissociation constant for heparin/
thrombin.

S 1 −
RPdb + APdb + APsb

PLTs, max
(N/A) Percentage of the wall (boundary) not 

been occupied by deposited platelets.

k rpd,b To be determined, depends on bio-materials. (m s−1) Unactivated platelet-boundary(wall) 
deposition rate.

k apd,b To be determined, depends on bio-materials. (m s−1) Activated platelet-boundary(wall) 
deposition rate.

f stb 0.0 (s−1) Deposited activated platelet 
stabilization rate.

Φ0
RPd + APd + APs

PLTmax
(N/A) Volume fraction of deposited platelets
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Table A6.

Threshold concentration of that agonist for platelet activation and agonist-specific weight 

(Goodman et al., 2005; Sorensen et al., 1999a, 1999b; Wu et al., 2017). It should be 

noticed that the threshold of the agonist may vary for some certain according to different 

experimental studies.

Species a j,crit w j 

ADP([apr]) 1.00 × 106nmol m−3 1

TxA2([aps]) 0.20 × 106nmol m−3 3.3

Thrombin([TB]) 0.1 × 106Um−3 30

Appendix C.: Mathematical and Numerical Considerations for Deposition 

Rates krpd and kapd

Provided below are mathematical and numerical considerations about the two terms in 

equations of platelet deposition, that represent the rate of deposition to the surface of the 

thrombus by unactivated resting platelets (krpd) and activated platelets (kapd) in the free 

stream. Referring to the finite volume schematic depicted in Figure S1, the krpd of the 

finite-volume-cell 5 is calculated as

krpd = div kpd, f n kra (A11)

where kra is a constant, n  is the normal to the finite-volume-face, and f refers to the faces 

shared by adjacent cells 2, 4, 6 and 8. Assuming that thrombus tends to grow layer by layer, 

when the volume fraction of the deposited platelets of a finite-volume cell ϕ is greater than 

a critical value ϕc (for example, 0.74, which is the maximum packing fraction for spheres), 

this cell is able to influence the neighbor cells. Therefore

kpd, f =
APd f

PLTmax
, ϕ > ϕc

0, ϕ < ϕc

(A12)

where 
APd f

PLTmax
 represents the percentage of the area occupied by deposited activated 

platelets at that mesh face. This rule does not apply to the boundary faces.
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Figure 1. 
Schematic depiction of the thrombosis model, comprised of platelet deposition, aggregation, 

and stabilization. [RP]: resting platelet, [AP]: activated platelet, [RPd] and [APd]: deposited 

resting and activated platelets, [APs]: stabilized deposited activated platelets. Agonists that 

cause activation ([RP] to [AP]) are adenosine diphosphate, ADP; thromboxane A2, TxA2; 

shear, and thrombin, TB – which is synthesized from prothrombin (PT). The suffix b refers 

to the reaction with the boundary (surface.)

The constants kpa, kra, kaa, krpd,b, kapd,b, refer to the reaction rates for inter-conversion of the 

associated platelet states.
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Figure 2. 
Exposure time needed for platelets activation as a function of shear stress, based on multiple 

experiments: in parallel plates (Hellums, 1994), in rotational viscometer (Anderson et al., 

1978, 1977; Brown III et al., 1975; Hung et al., 1976), flow-through viscometer (Wurzinger 

et al., 1985, 1984), capillary viscometer (Colantuoni et al., 1977) and jet (Johnston et al., 

1975).
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Figure 3. 
(a) Schematic of the processes of vWF unfolding, capture of resting platelets ([RP]), and 

activation by exposure to shear in a stenosis channel. (b) Parameterized, idealized stenosis 

used in this simulation.
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Figure 4. 
vWF amplification function, fvWF, as a function of shear stress, when the constant CvWF = 1.
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Figure 5. 
Deposition of platelets in x-y cross section at z-position of 30μm observed experimentally 

(a) (Tovar-Lopez et al., 2010) (used by permission) and by numerical simulations (b), 

averaged in the z-direction to account for the finite depth-of-field of the experimental 

images, assumed to be 10μm (Wu et al., 2015; Zhao et al., 2008). (c) Sectional view of 3D 

rendering of the simulated thrombus. (d) Streamlines distorted by thrombus. (Units of the 

scale bar are m/s.) The expansion angle is θ = 60°.
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Figure 6. 
(a) Platelet deposition in x-y cross section at z-position of 30μm for expansion angle of θ 
= 30°. Experimentally measured volume fraction (Tovar-Lopez et al., 2010) (left) compared 

to simulation (center) and 3D rendering of the simulated thrombus (right). (b) The volume 

fraction field of the platelets (left) and 3D rendering of the thrombus (right) by the numerical 

simulation for θ = 45°. (c) Platelets deposition (count) versus time illustrating effect of angle 

on growth rate. The experimental data in (a) were used by permission.
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Figure 7. 
(a) Shear field, (b) shear stress accumulation and (c) platelets shear activation field in x-y 

cross section at z-position of 30μm with different expansion angles, θ = 60°, 45°, 30°. 

The Reynolds number is 0.70. All the fields are shown at t=1s (at the beginning of the 

simulations). The units of scale bars of figure (a) and figure (b) are 104s−1 and kg · m−1 · s−1, 

respectively.
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Figure 8. 
Effect of flow rate (Reynolds number). Distributions of (a) platelet deposition, (b) 3D 

rendering of the thrombus, (c) velocity, (d) activated platelets (in flow), (e) shear rate, (f) 

shear stress accumulation, and (g) platelet accumulation vs time. All the two-dimensional 

fields are from x-y cross section at z-position of 30μm. Figure (a)-(d) are captured at t=360s, 

while figure (e) and (f) are obtained at t=1s. The units of scale bars of figure (c), (d), (d) and 

(f) are m · s−1,1013PLT · m−3, 104s−1 and kg · m−1 · s−1.
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Figure 9. 
Effect of degree of stenosis on distributions of (a) platelet deposition, (b) 3D rendering of 

the thrombus, (c) velocity, (d) activated platelets (in flow), (e) resting unactivated platelets, 

(f) shear rate, (g) shear stress accumulation, and (h) platelets shear activation. All the 

two-dimensional fields are from x-y cross section at z-position of 30μm. Figure (a)-(e) are 

acquired at t=360s, while figure (f), (g) and (h) are provided for t=1s. The units of scale bars 

of figure (c), (d), (e), (f) and (g) are m · s−1,1013PLT · m−3, 1014PLT · m−3, 104s−1 and kg · 

m−1 · s−1.
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Figure 10. 
Platelet accumulation as a function of time with (a) different degrees of stenosis and (b) 

different vWF activity.
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