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Abstract

Temporal complexity refers to qualities of a time series that are emergent, erratic, or not

easily described by linear processes. Quantifying temporal complexity within a system is key

to understanding the time based dynamics of said system. However, many current methods of
complexity quantification are not widely used in psychological research due to their technical
difficulty, computational intensity, or large number of required data samples. These requirements
impede the study of complexity in many areas of psychological science. A method is presented,
tangle, which overcomes these difficulties and allows for complexity quantification in relatively
short time series, such as those typically obtained from psychological studies. Tangle is a measure
of how dissimilar a given process is from simple periodic motion. Tangle relies on the use of

a 3-dimensional time delay embedding of a 1-dimensional time series. This embedding is then
iteratively scaled and premultiplied by a modified upshift matrix until a convergence criterion is
reached. The efficacy of tangle is shown on five mathematical time series and using emotional
stability, anxiety time series data obtained from 65 socially anxious participants over a five-week
period, and positive affect time series derived from a single participant who experienced a major
depression episode during measurement. Simulation results show tangle is able to distinguish
between different complex temporal systems in time series with as few as 50 samples. Tangle
shows promise as a reliable quantification of irregular behavior of a time series. Unlike many other
complexity quantification metrics, tangle is technically simple to implement and is able to uncover
meaningful information about time series derived from psychological research studies.
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Many natural systems exhibit dynamic change over time. From physical phenomena such

as the formation of stars, to biological and behavioral phenomena impacting the day-to-day
lives of individuals, things change. In order to fully understand such phenomena, it is not
only imperative to understand #/at these systems change over time, but to also understand
howthese systems change over time (Brown et al., 2002; Z. Liu, 2010). While some systems
change over time in relatively simplistic and predictable ways, other systems exhibit more
complicated time dependent behaviors (Bak & Paczuski, 1995; Lorenz, 1963). That is to
say, different natural processes exhibit different amounts of complexity in the ways in which
such processes change over time. Understanding complexity of change is therefore crucial to
understanding and making valid inferences regarding a given system (Abarbanel, 2013).

Researchers across multiple disciplines have attempted to understand temporal complexity
in different ways (e.g., W. Chen, Zhuang, Yu, & Wang, 2009; Efatmaneshnik & Ryan,

2016; Flood, 1987; Peitgen, Jiirgens, & Saupe, 1992). Although there are many definitions
of complexity, what appears to be common across these definitions is an overarching
relationship between complexity and self-organization, dimensional scaling, non-linearity,
and determinism within a system. Self-organization refers to the behavior of some systems
to organize into larger, sustainable groups that in themselves act as a singular unit (e.g.,
flocks of birds, schools of fish, or neurons in a brain), or for systems to structure themselves
in such ways as to reach meaningful and sustainable equilibria (Odum, 1988). Dimensional
scaling or fractal-like behavior refers to changing qualities of a system when observing

that system on different scales, and how changing the dimensional scale of a system may
also change the behavior of said system (e.g., the length of coastlines, political leanings

of countries versus. cities versus people, or daily fluctuations in temperature versus yearly
weather patterns) (West, 1999). Nonlinear and chaotic behavior characterizes qualities of a
system that do not grow or change in linear increments, or that show sensitive dependence
on initial condition (Theiler, Eubank, Longtin, Galdrikian, & Farmer, 1992). Examples of
nonlinear and chaotic behavior include bifurcations, non-stationary behavior, and systems
showing other multiplicative or exponential components (e.g., changes in the physical states
of matter, the growth rates of humans over their lifespans, or attempting to balance a
sharpened pencil on its tip). Determinism versus randomness within a system can be thought
of as the interplay between components of a system that do not deviate from underlying
rules governing said system, and components of a system that are noise or are purely
probabilistic in nature (e.g.,all humans need water [determinism], although the quantity and
quality of water that an individual drinks on a given day can be described by a probability
distribution [randomness]) (Bassingthwaighte, 1988). Though not necessarily an umbrella
term for these qualities, complexity as a concept is deeply linked to the interplay between
these (and assuredly more) dynamic and universal qualities of nature. As such, complexity
theory has been applied to aid in understanding the behavior of systems studied in many
scientific disciplines.
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Applications of Complexity Theory

Recent methodological and technological advances in data collection have allowed
researchers in many scientific disciplines to begin collecting the necessary time series data
needed in order to understand complexity within the time-based dynamics of their respective
systems. For example, biological systems such as the human heart have been shown to
display fractal-like behavior in time. lyengar, Peng, Morin, Goldberger, and Lipsitz (1996)
have shown that fractal scaling behavior is consistent in the interbeat intervals of hearts

in healthy young individuals, but this consistency was not displayed in older individuals.
This can be thought of as a decrease in the underlying complexity of interbeat intervals

of heart rates as individuals age. Furthering this point, Mékikallio et al. (2001) found that
individuals with smaller short-term fractal exponents of heart rate variability (HRV), and
thus less complexity in HRV, had a significantly lower 10-year survival rate compared

to those individuals with larger short-term fractal exponents of HRV. These findings are
unsurprising as the human heart is a system regulated by many different components. Each
regulatory component can be thought of as adding a little more complexity to the behavior
of human hearts. A decline in this complexity may then be indicative of a decline in the
effectiveness of these regulatory components (lyengar et al., 1996).

Complexity is also studied in fields such as ecology and economics. Garcia Martin and
Goldenfeld (2006) showed how a power-law describes the self-organization of a species
within a given area. Such power-law distributions have also been shown to describe
economic phenomena. Gabaix, Gopikrishnan, Plerou, and Stanley (2003) ran a large
analysis of more than 30-million stock transactions and found that an inverse-cube power-
law, known to adequately model U.S. markets, was able to model market transactions

in other markets as well. Similar self-organization behavior has also been observed in
chemistry (e.g., the Belousov—2Zhabotinsky reaction) and in electrical blackout propagation
in major cities (Dobson, Carreras, Lynch, & Newman, 2007; Petrov, Gaspar, Masere, &
Showalter, 1993). In neuroscience research, complexity manifesting as non-linearity and
chaotic behavior is central to many models of neuron spiking such as the FitzHugh—Nagumo
model, the Hodgkin-Huxley model, and the Hindmarsh—-Rose model (FitzHugh, 1961;
Hindmarsh & Rose, 1984; Hodgkin & Huxley, 1952). Given complexity’s breadth of impact
across many fields of study, complexity is unlikely to be rare, but is likely to be central to
many common phenomena in nature.

Complexity in Behavioral Science and Mental Health Research

Concepts from complexity theory have also influenced behavioral science and mental health
research. It may be difficult to characterize humans as anything other than complex systems.
Human social groups from friendship circles to large societies show self-organization
patterns, the behaviors of individual humans may show nonlinear/chaotic properties, and
human communication patterns show fractal-like behavior (Ashenfelter, Boker, Waddell, &
Vitanov, 2009; Barton, 1994; Lanham et al., 2013).

In modeling these complexities, researchers are able to gain insight into human systems
in ways not admissible by more common mathematical and statistical methodologies. For

Psychol Methods. Author manuscript; available in PMC 2023 February 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Moulder et al.

Page 4

example, D. Chen, Lin, Chen, Tang, and Kitzman (2014) found a relationship between an
individual’s cognitive ability and grip strength to follow the behavior of a cusp catastrophe,
a type of bifurcation occurring in more than 1 dimension. Galea, Hall, and Kaplan (2009)
found that a simple complex adaptive system model could replicate human drug purchasing
behaviors. More recently, multiple researchers have begun modeling mental disorders

as complex networks of associations with relatively high rates of comorbidity between
disorders (Borsboom, 2017; Fried et al., 2017; Wigman et al., 2015). These findings are due
to an increase in technical and computational methodologies allowing researchers to easily
quantify complexity within human systems over time.

Quantifying Time Series Complexity

Researchers seeking to quantify complexity within their respective areas of study

have relied on many mathematical, computational, and statistical techniques to model
complexity over time. As complexity is a diverse and broad concept, so are the means of
quantifying complexity. Researchers have attempted to quantify complexity using methods
from information theory (e.g., approximate entropy), network modeling, and attractor
reconstruction through dimensional embedding to name a few. Each of these methods
quantify complexity in different ways, which may lead to different results.

Information theory.

Perhaps the most widely used method for quantifying complexity is through information
theory. Metrics of time series complexity arising from information theory center around
calculations of entropy within a system H (.X),

N
HX) = Y plxi)logal p(x)]. )

and mutual information between systems /(X; Y),

I(X;Y)= HX)- HX | Y). @

Here, p(x)) is the probability of observing a given event or discrete value in from a

given signal X. H(X) is maximized when the distribution of p;is uniform, representing

a system in its most entropic state. A(X) is minimized when p,tends to 1 or O, representing
certainty in the existence (or nonexistence) of a discrete value. When AH(X) is conditional on
additional information from an additional signal Y, represented as H(.X|Y), this parabolic
relationship also holds. /(.X; Y) then represents the amount of entropy accounted for in
signal X by knowing signal Y. Entropy may be conceptualized as the amount of disorder or
randomness within a system, while mutual information can be thought of as the reduction
of disorder in a system once new information, Y; is taken into account. Information metrics
seeking to quantify complexity tend to rely on comparisons of entropy between two or
more systems, information gain/loss between systems, or disorder within a system (X. Liu,
Jiang, Xu, & Xue, 2016; Pincus, Gladstone, & Ehrenkranz, 1991). Time series complexity
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quantification methods arising from information theory then define complexity as either
entropy or changes in entropy over time.

Network analysis.

Due to increases in computational power, network analysis is becoming a popular method
for quantifying time series complexity (Epskamp, Waldorp, Méttus, & Borsboom, 2018;
Marwan, Donges, Zou, Donner, & Kurths, 2009). Researchers using network analysis seek
to model systems as individual units (hodes) that have some connection (edges) to other
units. Network modeling can be generally divided into two distinct areas: social network
analysis, modeling connections between discrete units such as people, and networks that
estimate the connections between sets of variables. In either area, the structures formed
once these connections are estimated/defined may then be used to quantify complexity and
dynamics between units and over the entire network (Watts & Strogatz, 1998). Complexity
quantification in the network analysis framework then focuses on complexity of structure
and relationships between units. It should be noted that network analysis is not mutually
exclusive to information theory as a means for quantifying complexity and information
theory metrics may be used to define the connections in a network.

Dynamic metrics and dimensional embedding.

Another means of complexity quantification is the use of dynamic and nonlinear metrics
derived from dimensional embedding of a time series (e.g., fractal dimension estimates,
maximum Lyapunov exponents, and recurrence quantification analysis) (Theiler, 1990;
Trulla, Giuliani, Zbilut, & Webber, 1996; Wolf, Swift, Swinney, & Vastano, 1985).
Dimensional embedding is a method for mapping a set from one dimensional area to
another. A given set existing in some dimension, D, can be mapped/projected to a lower
dimension for the purposes of increasing ease of understanding, data aggregation, or

latent variable construction (Golino & Epskamp, 2017; Kambhatla & Leen, 1997). A set
can also be mapped/projected into higher dimensions in order to reconstruct phase space
dynamics, and under certain conditions, the attractor of a system (Takens, 1981). Temporal
complexity metrics, such as those obtained through recurrence quantification analysis, rely
on embedding a 1D time series into a >1D space in order to understand patterns in the
dynamics of said time series. Temporal complexity metrics derived from high dimensional
embedding can be interpreted as measuring complexity in the underlying dynamics of a
system. That is, complexity quantification from dimensional embedding gives information
dealing with how the trajectory of a time series changes over time.

Challenges in Complexity Quantification in Applied Research

While temporal complexity quantification methods may give researchers unique insight into
their respective areas of study, technical difficulties in implementing and understanding
temporal complexity quantification methods reduce the widespread use of these methods by
researchers in behavioral science and mental health research. For instance, perhaps the two
most studied metrics for describing a given continuous distribution of data are sample mean
and sample variance. These metrics are taught in elementary statistics courses and are the
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basis for most linear analyses (e.g., analysis of variance and linear regression). Metrics
derived from complexity theory however tend to be more mathematically complicated
and do not lend themselves to being as intuitively understood. While simplistic, means
and standard deviations alone may be sufficient to gain some meaningful insight into the
underlying dynamics of a given system (Dejonckheere et al., 2019).

However, this is not true for all cases. In fact, it may not be true for most. For example,
consider a time series, Xne Which is 10,000 equally spaced samples of a sine wave with

a frequency high enough to show between 5 and 10 peaks and troughs. Let mean Xsine) =
0 and s Xsjne) =1. Now consider a second time series, X4, Which is 10,000 samples of
random Gaussian noise with mean( Xz, =0 and s X440 =1. Any method using means
and standard deviations of each series alone would be unable to distinguish between these
two series, even though a simple visual inspection would show obvious differences. Unlike
means and standard deviations, complexity metrics such as fractal dimension would be
able to distinguish between these series (Gneiting, Sevéikova, & Percival, 2012). Although
useful, calculating fractal dimension of a time series (like many other complexity metrics) is
generally more difficult compared to the calculation of a mean or standard deviation.

Further, it may be difficult to obtain data of sufficient quality as is needed by most current
complexity metrics. Sources of error and noise are quite common in data obtained from
research on human participants and error may impact the estimation of a given complexity
metric. For instance, metrics of structure obtained from social network analysis may be
biased when derived from data with poor signal:noise ratios (Thomason, Coffman, &
Marcus, 2004). Even methods that can accurately calculate complexity metrics in the
presence of signal:noise ratios like those observed in behavioral science and mental health
data require a large number of data points (H.-F. Liu, Dai, Li, Gong, & Yu, 2005;
Rosenstein, Collins, & De Luca, 1993; Wornell & Oppenheim, 1992). Time series data
seen in behavioral science and mental health data, aside from physiological measurements,
tend to be relatively short and quite noisy. That is, time series common in psychological
and behavioral studies tend the be less than 100 total observations and have relatively small
ratios of true variation to variation due to measurement error (< 5:1 signal to noise ratios).
Much of the data obtained from ecological momentary assessment (EMA) and ambulatory
assessment studies have substantial noise components, have missing data, and only tend to
be a few hundred observations at best, to less than 10 at worst (Haedt-Matt & Keel, 2011a,
2011b; Versluis, Verkuil, Spinhoven, van der Ploeg, & Brosschot, 2016; Wen, Schneider,
Stone, & Spruijt-Metz, 2017). Researchers interested in modeling complexity of these data
require a complexity metric that gives valid inference on some aspect of complexity even in
relatively short time series data with noise components.

With this in mind, we present a new method for quantifying complexity based on a 3D
embedding of a 1D time series. This new method, fang/e, relies on a 3D embedding of a
time series and is a quantification of how erratically a short time series moves throughout
this space. Tangle is a measure of how difficult it is to transform some reconstructed shape
in a space into an ellipse, or equivalently, how difficult it is to turn a time series into a simple
periodic function. Of note, we show that tangle may be appropriate for short time series such
as those obtained in behavioral science and mental health research. The remainder of this
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article focuses on the mathematical derivation of tangle as a complexity quantification and
provides examples of tangle on both simulated mathematical time series and on real-world
mental health data. We then discuss limitations of tangle and conclude with closing remarks.

One possible way of studying a time series is through studying its attractor. An attractor

of a time series can be thought of as a manifold/shape in some dimension that represents

the long-term behavior of that time series. This shape, if traced and then moved over time,
would reconstruct the original time series. For example, an ellipse is the attractor of a sine
wave. If one were to begin drawing the shape of an ellipse on a sheet of paper and then
move that paper in one direction, the resulting tracing would be a sine wave. All of the
dynamics of the sine wave are captured in the shape of the ellipse. This property of attractors
generalizes to any bounded time series (Takens, 1981).

Unlike sine waves, many dynamical systems have more complicated attractor structures.
These more complicated attractors may still show regular patterns such as the Lorenz
attractor or Rossler attractor, Figure 1a - 1b. However, other attractors including those
obtained from behavioral data do not show such visual consistency, Figure 1c. This is

due to the complex and often erratic nature of behavioral time series as time series move
through phase space. While this erratic behavior may seem in stark contrast to the regularity
and beauty seen in attractors from purely theoretical mathematical systems, it is this very
behavior that is the basis for the new complexity metric proposed in the current article.

We will refer to this metric as tangle, referencing the tendency of attractors reconstructed
from behavioral time series to appear as tangled webs or strings. Tangle is a measure

of how erratically a time series traces its phase space relative to simple periodic motion,
quantifying complexity of phase space trajectories across a measured length of time. Tangle
accomplishes this by an iterative “untangling” process. This process iteratively forces any
low dimensional phase space reconstruction into an ellipse, thereby untangling the phase
space reconstruction into an ordered system. Complexity is then defined by tangle as the
difficulty in forcing a phase space reconstruction into an ellipse. Similar to the behavior of
a physical string that has become tangled in itself, the difficulty of untangling an attractor is
indicative of the original complexity of the tangled system.

Mathematical Background

Dimensional embedding.—Given a time series X = [x{,xy,...,x;].i € 1,2, ..., T, of
sufficient length and sampled at equal intervals from some continuous process, an attractor

may be reconstructed based on a D dimensional time delay embedding of this time series at
some constant time lag, z (Takens, 1981). We will denote this embedding matrix as¢ p.(X),

X1 Xl+7z -+ X14+1(D-1)
X2 X2+ ce X24¢(D -1
b X)=| AN e @
Xi—o(D-1) Xi—2(D—2) --- X;
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This reconstructed attractor from discrete samples is a topologically consistent
diffeomorphism of the associated attractor of a sampled continuous system. That is, an
attractor can be reconstructed from discrete samples of a continuous process such that the
reconstructed attractor is a smooth functional transformation of the attractor underlying

the associated continuous process. This smooth transform preserves many qualities of the
continuous attractor and it is generally accepted that many qualitative inferences obtained
from a reconstructed attractor also hold true for its associated continuous time attractor,
even in the presence of noise (Yap, Eftekhari, Wakin, & Rozell, 2014). In practice, D may
be estimated by methods such as those proposed by Cao (1997) and Kennel, Brown,and
Abarbanel (1992), and = may be estimated through minimization of average mutual
information or autocorrelation between X;and Xj., or through the C-C method (Cao, 1997,
Kennel, Brown, & Abarbanel, 1992; Kim, Eykholt, & Salas, 1999). Though many methods
of estimating an optimal D may give vastly different values, the value of D generally does
not influence qualitative inferences derived from attractor reconstruction and dimensional
embedding as long as D is sufficently large. (Aleksi¢, 1991; Kantz, 1994; Small & Tse,
2004).

Iterative untangling and scaling.—Matrix ¢p.(X) now represents a reconstructed

attractor in some D dimensional space, preserving qualities up to homeomorphisms of
the underlying continuous time attractor. That is, ¢p-(X) behaves qualitatively similar to

the underlying continuous time attractor, but guarantees conservation of only topological
structure and not geometric structure (Yap et al., 2014). Thus, metrics relying on topological
structures (i.e., global structure of an attractor), or change in topological structure, remain
unaffected by attractor reconstruction.

One way of changing the topological structure of a given manifold is through use of a
shift matrix. A shift matrix, S, is a singular matrix used to shift the position of elements of
another matrix into new rows and columns. For example given Sand an arbitrary matrix A

0100 1594
_loo10| (2615
“looo1[ " T|3726f @
0000 4837
Scan be used to modify the position of elements within A:
2615 3726
3726 4837
SA = ,SSA = . ®)
4837 0000
0000 0000

Of note is that once Smultiplied by any A, SA or AS can not be mathematically converted
back into A due to information loss. For example, there are infinitely many matrices that
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A in the example above could be before being transformed into AS, as any other matrix
sharing rows 2, 3, and 4 of A would also yield AS.

Elmachtoub and Van Loan (2010) showed how a modified shift matrix, known as an upshift
matrix, Sy, can be used to create an averaging matrix M: M= (S, +1)/2. This averaging
matrix can be used to average successive elements of columns of another matrix.

For example:
311109
2 2 2
0100 513 3 11
0010 122 2 2 5
““looo " T 1s 5 1) ©
1000 2 2 2 2
51312
2 2

Premultiplication of matrix M averages successive column values of arbitrary matrix A. If
Aisan mx 2 matrix, then the columns of A represent coordinates of vectors representing a
polygon, A, in some 2D space. Iterative premultiplication of M will result in 2 converging to
a point in that space (Elmachtoub & Van Loan, 2010). By scaling A at each iteration (e.g.,
dividing each column of A by its euclidean norm) and also centering each column of A at 0,
Pwill not converge to a point, but will unfold into an ellipse, no matter the initial shape (or
indeed the dimension) of 2 (Elmachtoub & Van Loan, 2010).

Quantifying tangle—Tangle relies on the fact that ¢ p,(X) is essentially a O dimensional

polygonal representation of the smooth manifold of an underlying continuous attractor.
Thus, by iterative premultiplication of ¢p.(X) with M, ¢p.(X) will tend to an ellipse in

phase space. An ellipse in phase space is identical to a regular periodic function across
time. By counting the number of iterations required to transform ¢p.(X) into an ellipse, a

quantification of complexity of ¢p.(X) can be derived. In this way fangle is a direct measure
of how much more erratic and complex a system is relative to simple periodic behavior.

Let S(') be a centering and scaling function on ¢p.(X), centering each column at 0 and

dividing each column by its euclidean norm. Let ¢})T(X) be defined as:

DD(X) = MS(¢p(X)), %

and

Dbe(X) = MS(¢pp; (X)) ®)
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Here K'is a count of the number of times ¢ p.(X) has been premultiplied by M. K'is finalized
when ¢p(X) forms an ellipse in phase space. There exists a number of principled ways of
determining when transformation into an ellipse occurs. We consider the convex hull as a
proper stopping rule, though a difference in distance (e.g., the normalized fz-norm) between
all elements of ¢5.(x) and of a downshifted 5.~ 1(x) less than some small threshold value
may also be used.

Stopping rule.—The convex hull, Con-), of an arbitrary matrix A, is the set of all points
in A such that all other points in A are contained within Con/{A). See Figure 2 for an
example. As convex hull calculations are common in computer generated imaging, there
exists many computationally simple convex hull calculation algorithms (e.g., Avis, Bremner,
& Seidel, 1997; Barber, Dobkin, & Huhdanpaa, 1996; Eddy, 1977; Graham & Frances Yao,
1983; Kirkpatrick & Seidel, 1986). For ¢X.(x) to form an ellipse, each point in ¢5.(x)

must be on the convex hull. Thus the choice of convex hull algorithm is arbitrary so long as
the algorithm is able to establish when each point in A is on the convex hull and the same
algorithm is used when comparing tangle values obtained from different systems. Indeed this
computation becomes easier as ¢5,(x) forms an ellipse (2D), and not an ellipsoid (>2D).

Thus, all points of only a single projection of ¢X.(X) into 2D space need to exist on the

convex hull for ¢51(X) to form an ellipse. K'is then set as the point in which ¢p(X) forms
an ellipse in any 2D projection of ¢p(X) after iterative premultiplication of Mongp.(X).

Tangle equation.—As the number of points 7 of a time series increases, K will also
generally increase at an exponential rate given that the trajectory of a discrete time series X
is not already simple periodic motion. Thus, the derivative of K'with respect to 7 for K> 0
and 7> 0 may the be approximately modeled as

AK
ﬁ = aK, (9)
yielding the analytical solution
K = CeT. (10)
This gives:
In(K) = In(C) + aT (11)

The tangle of a given ¢p.(X) is then calculated by dividing /A K) by T:

ln(TK) _ In(C) ta

Tangle = T

(12)
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Thus, tangle is the time series length normalized log number of iterations it takes to untangle
a system by forcing said system into an ellipse in a 3D space through premultiplication by

a modiified upshift matrix. Systems that show more erratic temporal behavior (i.e., behavior
less like simple periodic motion), and thus more complexity, will take more iterations to
converge to an ellipse. Tangle can be shown to asymptotically converge to a as T — .
Thus, assuming an adequate sampling rate, for longer time series the influence of Cwill be
minimized and the tangle of a given system will tend to a.. See Figure 3 for an example of
this method untangling a system and quantifying tangle.

Simulated Time Series

For tangle to be a valid measure of deviation from simple periodic motion across a time
series, and thus a valid measure of temporal complexity, it should be able to distinguish
between systems known to be simple periodic functions and systems that are known to
show more complicated and erratic behaviors. In order to verify the efficacy of tangle

as a complexity quantification metric, tangle was calculated for 5 mathematical systems
known to display differing amounts of complexity: (A) random uniform noise, (B) a Lorenz
attractor, (C) a Réssler attractor, (D) a Hindmarsh-Rose neuron model, and (E) a sine wave
with added noise. (A) represents a highly erratic system and (D) represents a highly regular
system with measurement error. By other extant complexity metrics, systems (B), (C), and
(D) represent systems somewhere in between. For (E) random normal noise was added to a
sine wave such that variance of (E) would be composed of a signal:noise ratio of 5:1. Tangle
was assessed on each system from 20 — 300 samples. Figure 4 shows the results.

As expected, the most erratic time series (A) shows the highest tangle values and smoothly
converges to a constant as 7 increases. The most regular system (E), although sampled with
a relatively high amount of noise, was shown to have a tangle value of 0 across all 7. This is
due to ¢p.(X) being fairly robust to noise. (B) shows a similar pattern to (A), although (B)

has noticeably lower tangle values. This makes sense as (B), though being known to show
chaotic behavior, is still a deterministic system and thus has some regularity compared to
noise. (C) and (D) are systems known to show regular behavior in short bursts, thus tangle
first increases as 7 increases due to each system showing more irregular behavior (folding in
[C] and spiking/resting in [D]) as 7 increases. (C) and (D) then begin to converge after these
irregular behaviors becomes better assessed through larger 7. The results of this analysis
show that tangle is able to determine differences in complexity between these systems in

as few as 50 samples, as this is where Figure 4 begins to stabilize. More samples however
increase the stability of tangle estimation and allow for more valid inferences in magnitude
and direction of complexity between different time series.

To verify that tangle estimates would remain stable regardless of embedding dimension

D, we repeated the above analysis with D= [2, 3, 4] for time series derived from (A) -
(D). Values were then correlated between each time series across embedding dimensions.
All correlations were between .94 and .99. Assuming this extrapolates to other time series,
this gives evidence that D may play little role in tangle estimation. This is perhaps due
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to the fact that W will force ¢p(X) into a 2D ellipse with a 45-degree tilt defined by
the eigenvalues of W (Elmachtoub & Van Loan, 2010). In experimentation, ¢p.(X) was

quickly “flattened” towards a 2D form after a relatively small number of iterations, quickly
mirroring a projection of the attractor into 2D space. Consider that a O — 1 dimensional
embedding may be considered a projection of a D dimensional embedding (Takens, 1981).
The eigenvalues of Ware pushing ¢p.(X) toward a 2D space rapidly though W's largest
eigenvalues. It appears then that higher dimensions are quickly forced into a 2D space, only
adding a relatively small number of iterations to the tangle calculation procedure. However,
future research is needed to verify this possibility.

Effects of Measurement Error.

Measurement error is inherent in data collected from human systems commonly studied

in psychological and behavioral science. Measurement error may also produce bias in
parameter estimation and may increase variability of measured complexity values as
measurement error is difficult to separate from genuine complexity (Yu, Ott, & Chen, 1990).
That is, measurement error can bias complexity metrics as the measurement error is adding
complexity to the observed time series values. In order to study the behavior of tangle under
different error conditions, we conducted another simulation study. In each iteration, a time
series of 75 observations was generated from either a Lorenz system, a Rdssler system, or a
neuron model. Then an amount of Gaussian noise was added to each time series such that
each time series had specific a signal:noise ratio. Signal:noise ratios used this simulation are
100:1, 20:1, 10:1, 5:1, and 2:1. Here, 100:1 represents an ideal case with little measurement
error (e.g., from a bio-metric device such as a heart rate monitor) and the 5:1 and 2:1
conditions represent signal:noise ratios more common in behavioral data. Tangle was then
assessed for each time series at each signal:noise ratio. This process was then repeated 1000
times for a total of 15,000 simulations. Table 1 shows the means and standard deviations of
1000 tangle estimates for each time series at each signal:noise ratio. All distributions were
approximately normal.

For the Lorenz system, increased measurement error lead to higher tangle estimates. The
same effect was found for the neuron model, but to a lesser degree. The Rdssler system
showed an overall decrease in tangle estimates. As expected, across all systems the standard
deviation of the simulated sampling distributions increased, but all values from within

a given signal have good coverage across all signal:noise rations. That is, the estimates
generally fall within 2 standard deviation units of the noiseless tangle estimate for each
system. These findings imply that the point estimate of tangle remain stable even at
relatively large signal:noise ratios.

However, the increased variation in the simulated distributions may make distinguishing
time series from one another difficult. While tangle estimates from the Lorenz system,
Rdssler system, and neuron model are able to distinguish these three systems from one
another when there is no measurement error, this may not be true in the presence of
measurement error. Thus we compared the simulated distributions of tangle values from
each time series across each signal:noise level using simple t-tests, table 2.
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Results of this analysis show an expected decrease in #values and effect size (cohen’s d)

as measurement error increases. At high signal:noise ratios we see large #values and large
effect size estimates. At low signal:noise ratios we still see large #values and effect size
estimates, but these values are lower. However, even the lowest cohen’s d value (Lorenz

vs. Rossler at 2:1 signal:noise ratio) is still a moderate/strong effect. This gives evidence

that tangle is able to distinguish between complexity of deterministic systems even with
relatively large amounts of measurement error, assuming measurement error distributions are
ffd across comparison groups.

Comparison to Other Complexity Metrics

In order to determine the behavior of tangle relative to other measures of complexity
commonly used when quantifying complexity in short time series, we conducted a
simulation study comparing tangle estimates to both approximate entropy (ApEn) and fractal
dimension. Both ApEn and fractal dimension are common complexity metrics for short time
series (Sase, Ramirez, Kitajo, Aihara, & Hirata, 2016; Yentes et al., 2013). The ApEn of a
time series is defined as:

N-m+1
O"(r)=(N-m+1)"" D n[C]'(r), (13)
i=1
ApEn = ®"(r)— ®"*(r) (14)

where Nis time series length, mis embedding dimension, ris a positive real number
generally set to be 20% of the standard deviation of the time series under study, and C}*(r)

is the correlation sum of the time series under study. ApEn is a measure of how patterns
of behaviors in a time series remain similar as embedding dimension is increased (Pincus,
1991).

Fractal dimension, on the other hand, is a measure of the “roughness” of a time series. There
are numerous ways to approximate the fractal dimension of a time series. Perhaps the most
popular of which is the box-counting dimension (Gneiting, Sev&ikova, & Percival, 2012).
In its simplest form, calculate the box-counting dimension of a time series is done by using
boxes of a known size to tile a graph of a time series. The number of boxes containing
values of the time series is then compared to the total number of boxes used to tile the graph.
Then this process repeats with increasingly smaller boxes. The ratio of number of boxes
used to the number of boxes containing part of the time series at each repetition is then used
to calculate the box-counting dimension. This can also be achieved by measuring the area of
the boxes. The box-counting dimension D of a time series is defined as:

In[A(e)]

D=2 lim =22,
o In(e) )
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where ¢ is the width of boxes used to tile a time series, A(e) is the total area of the boxes
defined by e and is a function time time series length.

In each iteration of this simulation, a Lorenz system, a Rdssler system, and a Neuron model
were created, each consisting of 75 observations. Gaussian noise was then added to each
time series such that each system would have a signal:noise ratio of 3:1. Values of tangle,
ApEn, and fractal dimension were then recorded. This process was repeated 500 times for
a total of 1500 simulated time series. Figure 5 displays the bivariate joint distributions of
tangle, ApEn, and fractal dimension for each time series studied.

Tangle shows little relation to both ApEn and fractal dimension for the Lorenz system.
However, tangle shows clustering behavior with both ApEn and fractal dimension for

the Rdssler system and neuron model. Although within each cluster there appears to be
little relation between tangle and either complexity metric, across these clusters there is a
slight curvilinear relationship. Additionally, both ApEn and fractal dimension show little
relationship to one another, but still show a clustering behavior with one another across the
Rdssler system and neuron model. This is unsurprising as both ApEn and fractal dimension
conceptualize time series complexity in different ways and researchers have found both to
be useful when discussing specific aspects of temporal complexity of real-world systems
(e.g. Yeragani et al., 1998). This lack of systematic relation between tangle, ApEn, and
fractal dimension give evidence that these metrics are indeed measuring different aspects
of temporal complexity. Any relationship between these metrics would then indicate a
relationship between these distinct complexities within a given time series.

Real Data Example - Anxiety

We now present the results of an application of tangle to a real-world data set from an
emotion regulation study of highly anxious individuals. The purpose of this example is to
(a) demonstrate how tangle may be used to compare complexity values of time series across
a number of covariates, (b) show a proposed way of discussing tangle as complexity, and
(c) to give researchers interested in using tangle in their own research a scaffolding to build
upon. Additionally, we believe the results of this study add to existing literature on changes
in behavioral complexity with regard to mental health issues.

Difficulty regulating emotions is considered to be a hallmark of mood and anxiety-

related psychopathology (e.g., Sloan et al., 2017). Specifically, many mental illnesses are
characterized by numerous difficulties in emotional reactivity (hypo- or hyperreactivity),
response duration (too short or too long; see Gross and Jazaieri (2014)), and (in)stability
(Association, 2013). Although the vast majority of research investigating emotion
dysregulation has been conducted cross-sectionally or in lab-based experiments, experience
sampling studies have begun to link trait emotion dysregulation to state emotional
experiences in daily life to reflect complex, more externally valid emotional processes
(e.g., complex processes that are making it difficult for individuals to identify and regulate
their emotions in real time). For example, individuals with higher (vs. lower) trait emotion
dysregulation report more labile negative affect and less ability to identify their emotions
over the course of the day (Daros et al., 2019; Maclntyre, Ruscio, Brede, & Waters, 2018).

Psychol Methods. Author manuscript; available in PMC 2023 February 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Moulder et al.

Hypotheses.

Methods.

Page 15

However, the field has lacked good methods to simply and directly assess emotional
complexity in daily life. We know, for instance, that socially anxious individuals frequently
experience distress in the face of perceived social threat, but what does this experience
actually look like in terms of complex emotional processes? Is it a case of more intense,
sustained negative affect throughout the day (e.g., low complexity), or many erratic
oscillations in affective states, making one’s emotional world feel unpredictable and
overwhelming (e.g., high complexity)? To help address this gap in understanding, the tangle
complexity quantification method was applied to time series data that were collected in a
sample of socially anxious individuals to investigate whether differences in trait emotion
dysregulation predict different levels of complexity in naturally occurring state anxiety and
state affect (positive vs. negative valence) ratings over time.

We pre-registered (https://osf.io/53b2g/) competing hypotheses. On the one hand, it is
possible that higher (vs. lower) trait emotion dysregulation is associated with a more
complex profile of emotional experiences in daily life, given that emotion dysregulation

is associated with greater emotional reactivity, lack of clarity, and affect instability (e.g.,
Gross & Jazaieri, 2014). Conversely, it is also possible that higher (vs. lower) trait emotion
dysregulation is associated with a less complex profile of emotional experiences in daily
life, given that dysregulated individuals rate themselves as more negative throughout

daily life than better regulated individuals (e.g., Macintyre et al., 2018) and experience
more blunted positive affect (e.g., Lasa-Aristu, Delgado-Egido, Holgado-Tello, Amor, &
Dominguez-Sanchez, 2019), potentially resulting in a more consistently negative (i.e., less
complex) emotional presentation. Our predictions did not differ between state affect and
state anxiety ratings.

One-hundred and thirteen individuals scoring relatively high on a measure of trait social
anxiety severity were recruited to complete a five-week ecological momentary assessment
(EMA) study consisting of up to six randomly timed surveys sent to their maobile phone
each day. (This study was part of a larger intervention trial: see https://osf.io/eprwt/).

Prior to starting the EMA protocol, all participants completed a measure of trait emotion
dysregulation. At each random time point, participants rated their in-the-moment level of
anxiety and in-the-moment affect (general positive/negative valence). According to the pre-
registered plan for analysis, observations were binned into “half-day” (e.g., before 3pm or
after 3pm) time windows to create approximately equal time spacing between observations.
Within each time window, we averaged together multiple responses per participant and
marked data as missing if no survey was submitted. We decided a priori that participants
with greater than 20% missingness would be removed from analyses to ensure a sufficient
sample of assessment points for this proof-of-principle application of the tangle method,
leaving 65 participants (self-reported as 69.2% female; 64.6% Non-Hispanic White, 20%
Asian, 6.2% Black/African American, 3.1% Hispanic White, 4.6% Multiracial, 1.5% prefer
not to answer; Mzge = 20.25 years old, SD,ge = 3.27). Missing data for the remaining
participants were imputed according to linear interpolation using the na_/interpolation()
function from the /mputeTS package within the R programming language for statistical
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computing (Moritz & Bartz-Beielstein, 2017; R Core Team, 2018). All analyses were run
using robust linear models in R. All analyses were run using robust linear models using the
rlm() function from the MASS package.

Trait emotion dysregulation was assessed using the 18-item Difficulties in Emotion
Regulation Scale (DERS) (Gratz & Roemer, 2004). Participants rated their agreement with
18 statements on a 1 (“almost never, 0-10%") to 5 (“almost always, 90-100%") scale, with
higher scores indicating greater emotion regulation difficulties. Internal consistency for the
overall score was acceptable (Cronbach’s a = .78). In addition to an overall composite
score, six subscale scores were computed: non-acceptance of negative emotions (a =

.76), difficulties engaging in goal-directed behaviors (a = .95), difficulties refraining from
impulsive behaviors (a = .84), lack of awareness of emotional experiences (a = .74), lack of
emotional clarity about the emotions one is experiencing (a = .76), and beliefs that one has
limited access to emotion regulation strategies (a = .74).

In order to assess state anxiety and affect at each random time prompt, participants rated the
degree to which they were feeling calm relative to anxious and positive relative to negative,
using a 1 (“Very calm”/ “Very negative”) to 10 (“Very anxious” / “Very positive”) sliding
scale. For further details on response rates and additional measures included in the larger
study, please see (Daniel et al., 2020).

Analyses predicting the complexity of state anxiety and state affect from the overall DERS
score were not significant. However, exploratory analyses predicting the complexity of these
emotional experiences from the DERS subscales (where all six subscales were entered as
simultaneous predictors) each found one significant predictor, table 3.

We found that endorsing lower trait difficulties with engaging in goal-directed behaviors
when upset was associated with greater complexity in daily life affect ratings (feeling
positive relative to negative, B=-.41, t=-2.62, p< .011), suggesting that people who

feel that their ability to concentrate and work is not as hindered when they are upset tend

to display a more erratic pattern of state affect ratings than people who report themselves

to be more disrupted when upset. It is possible that people who believe they can handle
negative emotions and still function will be more tolerant of experiencing a full range of
emotions and therefore demonstrate greater complexity in their daily affect ratings (vs. being
consistently negative or consistently positive). Alternatively, it could be that people who
have lots of complex, emotional ups-and-downs have to learn how to still function and

meet their goals even in the face of emotional instability. Notably, the current sample was
socially anxious but generally high functioning (e.g., many were undergraduate and graduate
students at a prestigious university); thus, it would be interesting in future work to determine
if this same finding would hold for a more disabled, anxious sample.l

1A Type-I error rate of .1 was also considered for exploratory purposes (Venables & Ripley, 2013). Endorsing lower trait clarity about
the emotions one experiences was associated with higher complexity in daily life anxiety ratings (feeling calm relative to anxious, B
=.28, t=1.67,p=.096). This finding may indicate that volatile feelings of anxiety throughout daily life make it more difficult for

Psychol Methods. Author manuscript; available in PMC 2023 February 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Moulder et al.

Discussion.

Page 17

Difficulty regulating emotions is associated with psychopathology (Sloan et al., 2017). The
current study shows that individual differences in facets of trait emotion dysregulation
(namely, less difficulty engaging in goal directed behavior when upset) are associated

with emotional complexity in daily life, though not in consistent ways. This points to

the importance of investigating multiple facets of emotion dysregulation and multiple
affective states to comprehensively evaluate the complexities of emotional functioning in
daily life. Tangle appears to be a useful metric to apply to EMA studies focused on
emotional processes and may help uncover important indicators of emotion dysregulation
and psychopathology in daily life. Differences in tangle were found even though data were
from a more homogeneous sample (i.e., individuals high in trait social anxiety severity) than
the general population, and thus had less possible variation in complexity than would have
been observed otherwise.

Real Data Example - Depression

To further demonstrate the applicability of tangle on real-world data known to show complex
behavior, we applied tangle to openly available time series data from an experience sampling
method (ESM) study of a single participant measured up to 10 times daily over a period

of 239 days (Kossakowski, Groot, Haslbeck, Borsbhoom, & Wichers, 2017; Wichers et al.,
2016). The participant, a 57-year old male with a history of major depression, agreed

to be part of a multi-phase double-blind study in which his depression medication (the
antidepressant venlafaxine) was systematically reduced from a full dose (150gm) to a
placebo (0mg) over an 8-week period. At each measurement occasion, the participant
answered items relating to his positive affect, negative affect, and mental unrest. This data is
available from http://osf.io/j4fg8.

In their original study, Wichers et al. (2016) found that a complex phenomenon known

as critical slowing down was apparent in the participant’s time series data prior to an
unexpected major depressive episode. Critical slowing down is a process in which a system
becomes unusually sensitive to perturbations before a major qualitative change occurs in that
system (e.g., a bifurcation). Scheffer et al. (2009) note that a consequence of critical slowing
down is that a system will show stronger auto-correlation across time (i.e. less erratic
behavior) as it approaches a qualitative change point. This is because the system is no longer
able to adapt as easily to external influences as it would otherwise, causing the system

to show more regular and less adaptive patterns. Thus the system undergoes a change in
order to gain back some level of adaptive resilience and again display variation and adaptive
patterns (Ives, 1995). While Wichers et al. (2016) used network based metrics and change
point analysis to determine the existence of critical slowing down, we show that tangle is
also able to model critical slowing down as a change in complexity in the participant’s
positive affect. Specifically, we show that immediately prior to his major depressive episode,

individuals to identify their emotions, or that a lower ability to differentiate between one’s emotions contributes to volatile momentary
anxiety. This is consistent with recent findings that greater trait difficulties in emotional clarity are associated with corresponding
regulation difficulties in daily life (Daros et al., 2019).However, given the small sample size and exploratory nature of the test, the
result should be interpreted with considerable caution.
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the participant’s positive affect showed significantly less complexity than during his major
depressive episode.

Each day of measurement, the participant was asked at random times to rate how much

a statement reflected his positive affect. These questions include “I feel relaxed”, “I feel
satisfied”, “I feel enthusiastic”, “I feel cheerful”, “I feel strong”, “I like myself”, and “I

can handle anything”. Responses were rated on a scale of 1 (Not) to 7 (\ery). For the
current analysis, a time series consisting of 75 measurements immediately preceding the
participant’s major depressive episode and 75 measurements from the start of the depressive
episode for each positive affect question, yielding 7 total time series of 150 measurements

each.

The tangle algorithm was performed on each of the participant’s positive affect time series.
These values were then converted to z-scores for ease of interpretation. A robust mixed-
effects model (quantile regression on the median) was conducted to test for significant
change in complexity of these 7 time series before and after the participant’s depressive
episode (Geraci, 2014). A significant positive increase in the median standardized tangle
values of these time series was found (8= 1.10, ¢= 2.46, p=0.013). The average complexity
of each time series was significantly lower before the participant’s major depressive episode
than after the episode’s start, Figure 6.

Critical slowing down is characterized by a reduction in complexity and increased auto-
correlation of a system. Critical slowing down is a symptom of a system becoming not as
adaptive to outside influences immediately prior to a major qualitative change or transition.
After transition, the system regains some level of adaptive behavior and complexity. Wichers
et al. (2016) demonstrated critical slowing down was present in a participant’s positive
affect time series immediately prior to a major depressive episode using network metrics of
complexity. We have successfully replicated this finding by modeling time series complexity
directly through tangle analysis. This gives further evidence of the validity of tangle as a
measure of time series complexity.

Discussion

We have presented tangle as a metric for quantifying temporal complexity as deviation

of a time series from simple periodic motion. Temporal complexity analysis using tangle
was able to show theoretical rank-order differences in complexity between known chaotic
time series. Additionally, given that complex signals are made of multiple simple signals
interacting with one another (i.e., Fourier series), tangle may be used as a quantifier for
deregulation as lower values of tangle may indicate less regulatory processes making up an
observed time series compared to time series with higher values of tangle. That is, higher
tangle values may imply there are more underlying processes involved within a given time
series.
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Understanding the temporal dynamics and complexity of a system is a critical part of
understanding and making valid inferences about that system. While many metrics exist

for understanding temporal complexity in large data sets with thousands of samples, fewer
methods exist for data with < 100 samples. By allowing researchers with access to relatively
few data points (as is often the case for behavioral science and mental health researchers) to
investigate claims about the complexity of their data, tangle makes an important contribution
to the emerging study of complex processes and has many benefits. First, tangle is a
computationally simple alternative for studying temporal complexity as it is quantified

by erratic temporal behavior. Next, tangle only estimates one hyper-parameter (z), which
lessens the impact of individual researcher decisions on the tangle value of a given system,
thereby increasing confidence in derived values. Notably, tangle accurately differentiates
between systems with as few as 50 time samples, far fewer than the requisite 1000+ samples
needed for many established complexity methods.

While a promising metric for understanding erratic behavior within a given time series,
researchers attempting to use tangle should be aware of the following limitations. Although
embedding dimension D did not appear to effect tangle estimates from the systems studied
in this article, it is possible that some systems may be highly sensitive to estimates of

D, especially those with theoretically infinite dimensions (Doyne Farmer, 1982). Further,
although tangle appears to measure the degree of erratic temporal behavior versus simple
periodic behavior within a time series, not all researchers view erratic behavior as
synonymous with complexity. However, this is a limitation with all complexity metrics.

It is of note that misunderstandings of complexity and chaos can be detrimental to scientific
research (Kincanon & Powel, 1995). Thus it is imperative to discuss tangle in as direct
terms as possible, i.e., a quantification of complexity as erratic behavior of a system across
time compared to simple periodic motion. Established temporal complexity metrics such

as the maximal Lyapunov exponent, fractal dimension, average mutual information, and
correlation dimension each measure different distinct qualities of a time series that may not
necessarily be related to one another (Chlouverakis & Sprott, 2005; Rosenstein et al., 1993).
The distinct quality of complexity that tangle measures is how difficult it is to transform a
time series into a simple periodic function (e.g., a sine wave).

Another consideration is that tangle, like other complexity metrics for short time series,

is dependant on time series length. That is, tangle is a relative measure of time series
complexity that may differ quite substantially if time series have different lengths. This
means that time series compared with tangle should have the same length. This problem
of time series length confounded with complexity estimation is a well-known problem in
the complexity literature with no current solution (Montesinos, Castaldo, & Pecchia, 2018;
Nagaraj & Balasubramanian, 2017; Zhou et al., 2017). We have shown that time series
length becomes less of an influence on tangle as time series length tends to infinity, however
this influence may still be relevant for short time series as those seen in the social and
behavioral sciences. Thus, while 50 observations may be a hard cutoff for stabilization of
tangle estimation in purely deterministic systems with no measurement error, we suggest
researchers use a minimum of 75 observations when calculating tangle (as we have in our

Psychol Methods. Author manuscript; available in PMC 2023 February 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Moulder et al.

Page 20

simulations) so as to further reduce the influence of time series length for systems with
measurement error.

A current limitation of tangle, and other complexity metrics, related to the issue of time
series length is that tangle requires complete data sets of equal length for direct comparison.
While current methods exist for up-sampling, down-sampling, and imputation for handling
missing data in time series analysis, these methods may not be applicable for many of the
time series collected in the social and behavioral sciences. Additionally, imputation may
indeed reduce the complexity of a time series as underlying imputation models are generally
less complex than the theoretical generating processes for a given set s of psychological

or behavioral data. In the real world data example, we employed imputation to account

for missing data as this is perhaps the most common and easy to j implement method

for handling missing data from EMA studies (see supplemental material for an analysis

of tangle values compared to the number of imputed time points in the ; applied data
example). However, the effects of missing data handling procedure on tangle estimates is
an open question in need of further research. Indeed, because tangle relies on dimensional
embedding (a method known to be robust to deletion of missing data by treating missing
data as sampling misspecification) missing data handling procedures may not be necessary
at all (Boker, Tiberio, & Moulder, 2018).

Future Directions

Future work regarding the advancement of tangle as a complexity quantification should
focus on testing the stability, sensitivity, and accuracy of tangle across more systems

and more embedding dimensions. We have studied tangle across multiple time series and
multiple embedding dimensions, however there are many more of each to study. Tangle’s
sensitivity to the = hyper-parameter is also an important question for future work, as well as
stability of tangle estimation across a number of methods available for estimating z. Recent
research in attractor reconstruction methods suggest that a universal z of 1 may be sufficient
for most cases (Brunton, Brunton, Proctor, Kaiser, & Kutz, 2017).

Additionally, the time to calculate tangle increases exponentially with time series length
and thus could make tangle difficult to calculate for longer time series. There may be ways
to estimate tangle at convergence of the convex hull without needing to reach the convex
hull stopping point, based on modeling change in distance between points in the time-delay
embedding matrix as K'increases.

Missing data/attrition is perhaps the most common data problem in time series derived from
longitudinal behavioral and mental health studies, as well as those in many other fields
measuring human traits (Eysenbach, 2005). In this article, we dealt with these issues by
assuming missing data were missing completely at random (MCAR) and employing a linear
interpolation method. It is probable that different missing data methods will give different
tangle estimates, however the amount to which missing data effects tangle estimates is

an open question. There is some evidence that imputation may indeed be a poor method

for missing data handling when using time-delay embedding and that simply ignoring
missing values when constructing a time-delay embedding matrix (i.e., allowing for time
misspecification) yields robust estimates (Boker et al., 2018).
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Future work should also assess tangle on systems outside of the ones assessed in this
article. Although tangle was able to accurately distinguish theoretical rank-order differences
in temporal complexity between the studied time series, testing on a wider variety of
known complex systems is needed to fully establish whether what is being measured by
tangle (i.e., difficulty in transforming a time series into simple periodic motion) continues
to correlate with theoretical differences in complexity, thus better establishing tangle as a
general measure of complexity. Additionally, although the systems assessed in this article
are well-known representative models of highly complex systems, all systems studied
(besides uniform random noise) are purely deterministic, albeit with added measurement
error. However, many systems may not be purely deterministic. That is, systems may

be considered to have deterministic and stochastic components, as well as measurement
error (Tschacher & Haken, 2019). The behavior of tangle on mixed deterministic/stochastic
processes (e.g., a Fokker-Planck system), or on purely stochastic systems (e.g., random
walks and moving average models) is yet to be assessed. Indeed, the applicability of many
complexity metrics have not yet been tested for mixed deterministic/stochastic processes or
for a wide range of purely stochastic processes.

It is also possible that tangle is applicable to data outside of time series data. For instance,
network models estimate structure based on qualities of data. It is possible that this structure
may be untangled to determine network complexity. In this way, it may be possible to
generalize tangle to cross-sectional data as well as time series data.

In the current article, we have defined and demonstrated tangle as a new method for
assessing temporal complexity as erratic behavior within a time series. We have shown that
tangle gives valid inferences of differences in complexity between two systems even with as
few as 50 data points. For individuals interested in using tangle in their own research, we
have a number of recommendations.

1. Although tangle may be valid in short time series, longer time series are
encouraged. We believe 50 observations may be enough to give valid inference in
direction, however researchers should aim for ideally 75+ observations given the
results of our simulation study.

2. Complexity is an ill-defined term across multiple disciplines. We have chosen
to discuss tangle estimates as quantifying erratic behavior in a time series, an
important facet of temporal complexity. We suggest that other researchers use
this language with discussing tangle estimates until further research better refines
a colloquial definition.

3. Our stopping rule, all points existing on the convex hull, is only one possible
stopping rule. Other rules may give other estimates. Due to this and other
differences between computational implementations, tangle should only be used
as a relative measure of complexity between time series of equal length sampled
at the same rate, and should not be interpreted between studies using different
time series lengths, sampling rates, or stopping rules.

Following these recommendations, we believe tangle will allow researchers in many fields to
begin asking questions regarding time series complexity, where such questions were unable
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to be answered before. To further this goal, R code for calculating tangle of a time series can
be found at https://github.com/RobertGM111/Tangle.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 1.
Three examples of attractors of nonlinear systems. (a) a Lorenz attractor, (b) a Rdssler

attractor, and (c) a reconstructed attractor from human head motion data. Mathematical
attractors (a) and (b) are more well-behaved than (c), however attractors like (c) are more
common in behavioral data sets.
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Figure 2.
All points in this image can be represented by a Z6x2 coordinate matrix. The black

line represents the convex hull of this coordinate matrix. The concept extrapolates to
3-dimensional sets, where the convex hull is a shell around all points, as well as to higher
dimensions.
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Figure 3.
Tangle algorithm in action on a down-sampled reconstructed attractor. First, an attractor is

reconstructed for a given system (a). This system is then iteratively untangled through the
use of a modified upshift matrix. (b) shows the system after 100 iterations. (c) shows the
“untangled” system at algorithm termination.
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Figure 4.
Each line in the figure represents the tangle value of a different mathematical system, for

longer time series derived from those systems. Line (A) represents the tangle computed

for uniform noise. This would in theory be a highly complex system and it indeed has the
highest line. Lines (B) - (D) represent the tangle computed for 3 known chaotic time series.
These series should be complex, but not as complex as (A). The lines (B) - (D) do indeed
stay below uniform noise as the length of each time series increases. Finally, (E) represents
a simple periodic system with a small amount of random noise. This series shows a tangle
estimate of 0 across all time points as it is already simple periodic motion. The tangle
calculation for these systems show a stabilizing behavior at 50 time points, indicating 50
time points to be a minimum for valid tangle estimation of a time series. Longer time series
give more stable tangle estimates.
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Figure 5.
Pairs plots displaying joint distributions of tangle with approximate entropy (ApEn) and

fractal dimension for (a) a Lorenz system, (b) a Rossler system, and (c) a neuron
model. Each simulated time series consists of 75 observations with added Gaussian noise
(Signal:Noise ratio = 3:1).
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Figure 6.
Box-plot of tangle values of 7 positive affect time series 75 measurements prior to when

a participant experienced a major depressive episode (Pre) versus after the episode’s start
(Post).
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Means and (standard deviation) of tangle estimates at different signal:noise ratios over 1000 simulations

Table 1

Simulated Time Series

Signal:Noise Lorenz Rassler Neuron
100:1 0.0803 (0.0030)  0.0884 (0.0003)  0.0913 (0.0003)
20:1 0.0826 (0.0037)  0.0883 (0.0005)  0.0913 (0.0007)
10:1 0.0836 (0.0039)  0.0882 (0.0008)  0.0914 (0.0009)

5:1 0.0845 (0.0047)  0.0882 (0.0011)  0.0915 (0.0012)
2:1 0.0856 (0.0048)  0.0878(0.0017)  0.0917 (0.0017)
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Table 2

t-tests comparing simulated distributions of three time series across multiple signal:noise ratios

t-test Comparisons

Lorenz vs. Rossler Lorenz vs. Neuron Neuron vs. Rossler
Signal:Noise t p cohen’s d t p cohen’s d t p cohen’s d
100:1 -59.03 <.001 3.73 -80.30 <.001 5.08 154.38 <.001 9.76
20:1 -34.62 <.001 2.19 -52.21 <.001 3.30 7367 <.001 4.66
10:1 -25.72 <.001 1.63 -43.16 <.001 2.73 5957 <.001 3.77
5:1 -17.05 <.001 1.08 -3258 <.001 2.06 46.63 <.001 2.95
2:1 -9.41 <.001 0.60 -26.63 <.001 1.68 36.85 <.001 2.33
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Robust linear model of DERS subscales predicting affect and anxiety complexity

Table 3

Outcome Predictor robust 8 robustt robustp

Tangle(Affect) nonacceptance 0.08 0.43 0.670
goal directed -0.41 -2.62 0.011**
impulse 0.05 0.31 0.761
access 0.17 1.03 0.306
awareness 0.02 0.15 0.884
clarity -0.01 -0.07 0.940

Tangle(Anxious)  nonacceptance -0.24 -1.23 0.222
goal directed -0.02 -0.10 0.924
impulse -0.08 -0.47 0.635
access 0.27 1.48 0.138
awareness -0.03 -0.22 0.827
clarity 0.28 1.67 0.097 %

p<.1

Ak
p<.05
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