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Abstract

The prostate is an exocrine gland of the male reproductive system dependent on
androgens (testosterone and dihydrotestosterone) for development and maintenance.
First-line therapy for prostate cancer includes androgen deprivation therapy (ADT),
depriving both the normal and malignant prostate cells of androgens required for pro-
liferation and survival. A significant problem with continuous ADT at the maximum
tolerable dose is the insurgence of cancer cell resistance. In recent years, intermittent
ADT has been proposed as an alternative to continuous ADT, limiting toxicities and
delaying time-to-progression. Several mathematical models with different biological
resistance mechanisms have been considered to simulate intermittent ADT response
dynamics. We present a comparison between 13 of these intermittent dynamical mod-
els and assess their ability to describe prostate-specific antigen (PSA) dynamics.
The models are calibrated to longitudinal PSA data from the Canadian Prospective
Phase II Trial of intermittent ADT for locally advanced prostate cancer. We perform
Bayesian inference and model analysis over the models’ space of parameters on-
and off-treatment to determine each model’s strength and weakness in describing
the patient-specific PSA dynamics. Additionally, we carry out a classical Bayesian
model comparison on the models’ evidence to determine the models with the highest
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likelihood to simulate the clinically observed dynamics. Our analysis identifies sev-
eral models with critical abilities to disentangle between relapsing and not relapsing
patients, together with parameter intervals where the critical points’ basin of attraction
might be exploited for clinical purposes. Finally, within the Bayesian model compar-
ison framework, we identify the most compelling models in the description of the
clinical data.

Keywords Prostate cancer - Intermittent hormone therapy models

1 Introduction

The prostate is an exocrine gland of most mammals’ male reproductive system.
The normal prostate is dependent on androgens, specifically testosterone and Sc-
dihydrotestosterone (DHT), for development and maintenance (Feldman and Feldman
2001). Prostate carcinoma (PCa) results from the abnormal growth of tissue from the
prostate’s epithelial cells, which might induce metastasis in bones and lymph nodes.
PCa is the second most common cancer in the USA and the second leading cause
of cancer-related death after lung cancer (Siegel et al. 2021). The average male is
70 years of age at the time of diagnosis, with a strong of the distribution asymme-
try biased toward older ages. PCa risk is often influenced by genetics. Men with a
first-degree relative with PCa are twice as likely to develop it themselves; men with
high blood pressure are also at higher risk of PCa. Treatment options typically include
surgery, radiotherapy, high-intensity focused ultrasound, chemotherapy, and hormonal
therapy.

Screening for PCa is commonly performed through rectal examination or the
noninvasive blood biomarker prostate-specific antigen (PSA), although its efficiency
remains controversial (Lin et al. 2008). Today, more robust marker indicators, such as
the overexpression of prostate cancer gene 3 (PCA3) obtained from the messenger-
RNA (mRNA) in the urines, are considered more suited to monitoring the cancer
evolution (Bussemakers et al. 1999, p. 3; Laxman et al. 2008; Neves et al. 2008; Hes-
sels and Schalken 2009, p. 3; Borros 2009; Qin et al. 2020). PSA is a measure of a
hematic enzyme produced by the prostate. PSA levels between 4.0 and 6.5 wh L~!
are generally considered normal (with a strong dependence on age). PSA is naturally
present in the serum, and usually, only a small amount of PSA of the prostate leaks
into the blood. Hence, high levels are an indication of prostatic hyperplasia or cancer.
Since prostate cells and their malignant counterparts require androgen stimulation to
grow, prostate cancer can be treated by androgen deprivation therapy (ADT), a type
of hormone therapy. This therapy reduces androgen-dependent (AD) cancer cells by
preventing their growth and inducing cellular apoptosis.

Unfortunately, treating with ADT often results in a relapse in the form of
hormone-refractory PCa due to the selection for the androgen-independent (AI) cells.
Intermittent androgen deprivation (IAD) therapy, whereby treatment is cycled on and
off, is often used as an alternative to ADT to delay treatment resistance. In IAD, andro-
gen deprivation therapy is administered until a patient experiences a remission and
then is withheld until the disease progresses up to a certain level. Clinical studies have
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shown that patients are responsive to multiple hormone therapy cycles, eventually
delaying the androgen independence insurgence (Klotz et al. 1986; Larry Goldenberg
et al. 1995; Bruchovsky et al. 2006).

We consider models of intermittent therapy due to clinical interest and solve the
inference problem using longitudinal PSA data from the Canadian Prospective Phase
II Trial of IAD for locally advanced prostate cancer. This work aims to present the
first systematic comparative study of IAD models, emphasizing their ability to disen-
tangle relapsing and not relapsing patients and compare the models in the Bayesian
framework. The goal is to detect the single model (or the group of models) that best
represent the information in the considered dataset and, therefore, if possible, the most
promising biological frame representing them. A general and historical review of the
available prostate cancer models can be found elsewhere (Phan et al. 2020).

In Sect. 2, we present the data included in our analysis. In Sect. 3, we introduce
the statistical framework used to analyze the data. Section 4 presents an analysis of
the models and their performance over the dataset utilizing the framework considered.
Section 5 compares the performance of all the models, and Sect. 6 concludes and
discusses the paper’s findings and future developments.

2 Dataset
2.1 Data Cohort

We consider data from the Canadian Prospective Phase II Trial of intermittent ADT
for biochemically recurrent prostate cancer (Bruchovsky et al. 2006, 2008). The total
patient number is N, = 101. Their median pretreatment serum testosterone is 13.0 ug
L~!, ranging between 0.4 and 23.0 ug L~!. Over a maximum of n = 5 intermittent
ADT cycles, a median of 35.1-36.0 weeks is spent on-treatment (depending on n),
and 25.6-53.7 weeks (e.g., n = 5 and n = 1 respectively) are off-treatment during
the 6-year study. An example of a PSA profile for an individual patient is shown in
Fig. 1a. This patient responded to treatment during the first two treatment cycles (71
and 1) and progressed in his third cycle of treatment (z3). The oscillatory dynamics
demonstrate the effect of the intermittent treatment, with a decrease in PSA during
treatment and an increase once treatment is turned off. Each data point is assigned
with an error of 1 day in time (i.e., the time resolution of the dataset) and a maximal
PSA error value en,x assigned of epax = 0.1 pg L~! assumed from the literature
(Borros 2009).

We set the minimal PSA detection threshold equal to A = 0.1 pg L™, i.e., any
patient data below this threshold is set to 0.1 pg L™!. Patients with a minimal per-
day fluctuation below 2.0 ug L™!, i.e., a minimal per-day fluctuation of the KLK3
glycoprotein enzyme of PSA of a typical man (Morgentaler and Conners 2015), are
excluded because such small fluctuations are considered natural and not pathological.
To only consider PSA concentrations above Poisson noise, patients with less than
Ao = /Npy (i.e., the sample shot/Poisson noise) data points are also excluded. These
exclusions result in our analysis considering data from 89 (Vpae = 89) rather than 101
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Fig. 1 Model data. a PSA data for patient #33 from 71,j, = 88 [day] to tmax = 941 [day]. Black dots indicate
PSA values (error bars are omitted due to little variability), orange points indicate where PSA was collected,
and graphically represented as an orange continuous box function, evidenced only in this example panel
by yellow shaded areas. Treatment intervals are labeled 71, T and t3. t* is the first minimum of PSA in
71. b Distribution of the number of data points per patient. The original data are shown by the red dashed
lines, while the selected subset of patients used in this analysis is shown in the yellow shaded region (Color
figure online)

patients. The patients’ distribution per number of data points used after the selection
process is shown in Fig. 1b compared to the original distribution.

2.2 Data Interpretation

The PSA trend shown in Fig. 1a is based on the interplay between cellular populations,
i.e., with a compartment modeling approach. An androgen-dependent set of Np > 1
cell populations (each with a concentration np y = np(¢), k = 1,..., Np repre-
senting the compartment concentration [pLgL_l], t € R time [day]) is assumed to
contribute to the oscillatory behavior of PSA. Additionally, a set of time-dependent
androgen-independent cellular populations of Ny > 0 cell populations n; ; = ny;(t),
I =0,..., Nj, also contributes to the PSA profile, such that PSA concentration cpsa
isgiven by cpsa = f (nD,k, nl,l), where f € CYis a function belonging to the class of
continuous solution C? (not necessarily smooth) of a suitably designed ODEs system.
Any further dependence on space, temperature, and pressure is generally neglected in
the IAD models’ compartment approach. Furthermore, f is often assumed to be a lin-

ear combination of the Np and N; compartments, e.g., cpsA = Y WiAp k+ Y WiN[ |
k ]

for some weights w; and wg.

By assuming ADT to be highly effective in the first treatment interval 71, we can set
np(t € 1) = 0 for some ¢ as an initial condition (hereafter i.c.). This approach does
not necessarily hold for r; withi > 1: Generally, Vi where cpsa = 0, we can equally
well assume this setting for the i.c. of the np x = np i(t) equations. Equivalently
we can assume that a non-holonomic (i.e., with inequalities) condition for the fitting
procedure holds at the beginning of the patient time series np () < n;(t) for some
t € 11. Furthermore, in most of the models that we accounted for, these considerations
are articulated with the addition of a few extra equations that interpret, at a local or
global level in the parameter space, the contribution to cpga (¢) by the androgen quota,
cellular plasticity, staminal cells populations, or other model specificities.
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Finally, we know from biological arguments that, under treatment, the models’
equations are designed to permit, at least for cps4, to tend asymptotically to the value
cpsa = 0. Any model that does not permit the phase state cpsa = cpsa () to reach
approximatively null values for any ¢, i.e., A R: cpsa (f) = 0, would fail to reproduce
the patients whose first treatment is always successful (see Fig. 1a). We elaborate more
on this in Sect. 4. Therefore, it is worth investigating if the models allow for stationary
equilibria outside the treatment intervals and then if any of the patient best fit values
have fallen close to those equilibria (when they exist). This behavior would imply a
stationary or recurrent solution for the dynamics and, therefore, a constrained PSA’s
evolution if this “basin of attraction” is achievable in a biological time of interest. We
stress that this mathematical behavior does not imply that the patient can effectively
reach the point of equilibrium on the biological timescale of interest or a plausible
point regarding toxicity levels.

3 Bayesian Inference

The Bayesian regression approach stems from the concept of probability as a measure
of the plausibility of a model given the truth of the information in the data presented
above. First, we encode the prior state of knowledge about the parameters considered
p = {p1, p2, ...} into a prior distribution function Pr(p|/), where I represents any
available information. Typically, this can be achieved with a flat, uniform, and not
informative prior at the beginning or with a sharper prior when the model is better
trained. We return to this point in Sect. 3.1. Secondly, we consider the dataset, D,
through the likelihood L (p, D) = Pr(D|p, I). Finally, the inference problem is solved,
studying the probability distribution function encoding the knowledge of the prior and
the information encoded in the likelihood of the data Pr(p|D, 1) o Pr(p|I)L(p, D).
Standard techniques to achieve this result are fully analytical (e.g., for some linear
regression), approximated (e.g., asymptotic approximation, Laplacian approxima-
tion, Gaussian approximation, etc.), iterative (e.g., Levenberg—Marquardt), or fully
numerical (e.g., simulated annealing genetic algorithms). The choice between these
techniques depends on the nature of the problem. Here, we start using Laplacian
approximation with hyperparameters (Hutter et al. 2011; Murphy 2012; Theodoridis
2015), as a few of the mathematical models that we consider herein are nested, to solve
the inference problem (i.e., to search for the optimal set of parameters p that best rep-
resent the data). In order to confirm the inference results and to perform the Bayesian
model comparison numerically, we test the results both against the nested sampling
approach to the global likelihood (hereafter evidence) (Skilling 2004; Mukherjee et al.
2006; Feroz and Hobson 2008) and with the differential evolution search (Feoktistov
2006; Goode and Annin 2015) with up to aggressive scaling factors (< 0.9) and cross
probabilities (> 0.1). For the Bayesian model comparison part of our work, see Sect. 5,
the nested sampling-based approach will embed the results in a natural framework.
Finally, we note that substantial limitations in the fitting procedure came from the
sparse and irregular temporal sampling in the clinical data. This irregularity impacts the
parameter space exploration due to the lack of condition on the PSA trend’s derivative.
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The partial derivative d;cpgsa (p; t) is not smooth, thus inhibiting using some straight-
forward optimization techniques based on the PSA curves’ gradients or convexity
(Theodoridis 2015).

3.1 The Priors Pr(p|/)

While robust approximations or numerical tools have been adopted for the Bayesian
framework, special attention is paid to the use of priors. As mentioned, Bayesian
inference requires the use of the priors, Pr(p|/), for parameter estimation. With ini-
tially unknown priors, we implement uniform priors over the parameters’ full ranges
(Fig. 2a). By requiring all model parameters to be positive, we can assume the Heavi-
side step function 8 = 6 (p) as (unnormalized) prior, this approach is generally referred
to as “improper prior” as it is unbounded above, it cannot be normalized and therefore
itdoes nothave a mean, standard deviation, median, or quantiles. We set an upper bound
for each parameter to be p < pmax With a max value ppmax < +00 Vp strictly. An alter-
native functional tested is the non-informative Jeffreys prior, Pr(p|l) o +/det(F(p))
with F symbol referring to the Fisher Information matrix (Jeffreys 1946) and “det” to
the matrix determinant.

Extra than testing with flat/Jeffreys priors, in the numerical nested sampling
approach, we explore the parameter space logarithmically to avoid divergences, and
once we reach a statistically significative sample, i.e., above the Poisson noise fluctu-
ation (~ ,/Npyt) shaping the posterior PDF, we proceed to implement the posterior as
a prior for the patients analyzed in the dataset; finally, we reiterate by implementing a
recursive determination of the prior (Fig. 2b, c¢). Further details can be found in Pasetto
etal. (2021), where we discuss Bayesian analysis of retrospective data to guide clinical
decisions.

4 Analysis of IADT Mathematical Models

Here we consider only IAD models due to current clinical interest. Each model is pre-
sented and justified in a biological and mathematical sense in the original paper where
the model was first presented, and we refer the reader to that papers for detailed model
derivations. Similarly, the sensitivity analysis of the model parameters is presented in
each paper individually, and we elaborate on it here only where necessary. We will
refer to the relapsing patient set as 2-set and not relapsing to as relapse —€2-set.

We parametrize the individual IAD data with a patient-specific control function
T defined as follows: Tps(t) = > 7 15,(1), 0 < t € [tmin, tmax]! With fmin and
fmax Minimum and maximum patient-specific treatment under consideration (e.g.,
Fig. 1a) and ty;, generally after the first treatment drop; n > 1 is the number of
intervals 7; considered. t; < 1fmin, fmax[Vi is referred to as the “i treatment cycle,”

1 We use compact set notation here, e.g., 0 < ¢ € [tin, fmax ] means all the possible values of t, positive,
between tpin and fmax, i.€., 0 < fmin <t < fmax. Open brackets will exclude the borders, e.g., soon after
7; < ltmin, 'max[ means that the interval t;, e.g., T = [a, b] is properly included between #yi, and fmax,
but the limits of #yi, and fmax are excluded: finin < Tj < fmax. This allows us to work with the domain of
existence of the indicator functions but arbitrarily truncate it at fin Or fmax-
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Fig. 2 Model prior development. This example refers to the model by Hirata et al. 2010 and its 13 defining
parameters. A similar technique is adopted for the other models. a. Initial bounded flat prior. b. Evolution of
prior development for y p°" [day ™~ 11 as the number of patients analyzed is increased (Npar = {10,25,60,72},
respectively). ¢ Final priors for the remaining 12 parameters (colors correspond to those shown in panel a)
(Color figure online)
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and 1, is the indicator function? for the interval T; (defined as 1, = 1 fort € 1,
0 otherwise). For modeling purposes, the weights/errors, e; for each data i, have

been assigned either uniformly ¢; = cnst.Vi or with a linear decreasing relevance
from the last PSA concentration cpsa peak, say cpsa (e.g., in 73 of Fig. 1) with
e = |CPSAi — 6P5A|t:f’ ie.att = t,and ¢; = |6PSA| — |t — t\ + |cpsa;| for ¢ #£t.

Finally, we performed sensitivity analysis on all the models included here. Comments
on the technique adopted are technical and left to Supplement A.

4.1 Ideta et al. (2008)

The model by Jackson (2004) can be considered the continuous ADT model prototype.
Its extension to IAD therapy of interest was presented by Ideta et al. (2008). In this
model (hereafter, 108), the authors drop the dependence of Jackson’s model on the
spatial distribution, which is only of theoretical interest but not resolved in clinical PSA
data. Model simulations predict that intermittent ADT can only prevent progression if
normal androgen levels decrease the growth rate of Al cells, which may be biologically
unlikely since Al cells have androgen receptors with increased sensitivity (Grossmann
et al. 2001). We consider the 108 model in the following form:
dip (s -
a4 = vp —8p — pupDnp,

dny _

ey
a4, = Momp +(y1 —dn)ny,

with initial conditions np (top) = npg, ny(to;) = n 10.3 As previously mentioned, n p

and nj are the androgen-dependent and -independent population number of cells (or

concentration). y; and 8;,i € {D, I} are growth and apoptosis rates for AD and Al

cells, given, respectively, by:

VD:VDmax(VDA"'(l_VDA)CA:TA})AV)a VI = 1—(1—;3,?—2)0%, @

50 = Spmax (S04 + (1 = Sp) A=), 81 =1.

In Eq. (2) ¥pmax and §pmax are the maximal AD proliferation and apoptosis rates,
3pa4 is a control parameter on the effect of low androgen levels on the AD apoptosis
rate, kpa, # 0 is the AD half-saturation rate, kpas # 0 is the AD apoptosis rate
dependence on androgen. Finally, ;4 and y;4 # 0 modulate hormonally patient
failing death and growth. Mutation from AD to Al cells are allowed at a mutation rate:

ca
Upr = ﬂDImax(l - —) 3)

CAO

thus, the mutation rate decreases as the androgen (here normalized at its homeostatic
level c49 # 0) approaches its max value ppmax. A decoupled ODE model of the

2 Note that in our case the indicator function lf,. is not-continuous scalar function, but traditionally indicated
with bold characters even if it is not a matrix or a vector.

3 Note how, in general fop # to7 for what is seen in Sect. 2.2.
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serum androgen concentration under treatment c4 is given by:

dca
el dcalcao —ca) — 8cacaoTps, 4
with initial condition c4 (fpa) = cao # 0, where §.4 is the androgen clearance rate.
Here T)s = T)4(¢) is the patient treatment-specific function as defined in Sect. 2.1.
Finally, the PSA density concentration of interest to us, cpsa4, is a linear combination
with weight w; of the population densities

cPsA = Z win;. Q)

ie{D,I}

Based on the original analysis of Ideta et al. and the available dataset, we explored
two versions of this model, namely, where §;4 = yr4 in Eq. (2), i.e., y; = cnst.
(hereafter model I08A) and the original form of the equations (574 # yr4 hereafter
model 108B).

4.1.1 108A in the Context of the Data

We noted that the system of equations (hereafter SOE) composed by Egs. (1)-(4)
decouples in the androgen concentration c4. The analysis of the system results in
a line of infinite equilibria on the intersection of the plane np = 0 with the plane
ca = ca0 — caoTps in the space of phase-state variables (np, ny, ca). Thus, c4 = cao
off-treatment and c4 = 0 on-treatment. Standard linear stability analysis (Wiggins
2003) shows that the Jacobian of the system produces a null generalized eigenvalue

X1 = 0, anegative one A, = —§ 4, and a more complicate third generalized eigenvalue
(YDA— 1)VDmakay/2

.qoff
that takes, off-treatment, the elegant form.)»3 = YDmax + cro+kDy 2 — 8Dmax —

: f
. The sign of A5

(8pA—1)dDmaxkps /2
cA0+kps/2 ) . . .
that result from the inference works of Sect. 3 in the patients’ cohort considered here

(Sect. 2), resulting in being always positive for all the patients. Therefore, the above-
found equilibria lines represent a 1D nonstable manifold, and further investigations
(e.g., in the context of the central manifold theory) are not of additional interest to us.

We are indeed more interested to further exploit the characteristics of the present
datasetin the context of this model by using the decoupled nature of the serum androgen
concentration c4. All the patients are considered from their first cycle of treatment,
starting with 75(t) = 1 for t € 71. Hence, we can emulate with a Heaviside step
function T),; = 6(—1t) a cycle of treatment followed by the off-treatment period for a
suitable cyclic interval (on—off, on—off, on—off, and so forth) around the off-treatment
start, set at + = 0. Within this approach, the general solution of Eq. (4) is algebraic
and reads:

can be evaluated for the best-fit parameter values

ca(t) = cage240*D (e‘sAG(e‘sAt —1)+1). (6)
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Qvs. -0 np Pr. distribution

a ‘ patient H#25 ‘ b s

Fig. 3 Ideta et al. model analysis results. a Evolution of the normalized androgen concentration c4 (normal-
ized to its homeostatic value c g, (left y-axis) as a function of time (blue curve) for a representative patient.
For completeness, the PSA profile is also reported in light red (right y-axis). b Normalized androgen-
dependent probability distribution functions on the cohort of best-fit parameters for progressive (€2, red)
and responsive (—£2 , blue) sets (Color figure online)

This equation is monotonic on the two phases on/off-treatment because the deriva-
tive dea/dt = cpodae 4D (€249 — 1) is never null neither for t < 0, i.e
on-treatment nor for ¢ > 0, off-treatment. By splitting the treatment in on/off-time, we
can always reverse the bilinear map c4 = c4(¢) int = t(c4). For example, in our case,

—54 1
itreadst = ——log(;;0> +84 on-treatment and 1 = - log% off-treatment*

forcs # ca0,andcq # 0and 54 # 0. We exploit Eq. (6) to obtain the probability dis-
tribution function (PDF) of the orbits over all the sets of patients remapping each cycle
over the phase space section (O, np, ny). We take advantage by the sharp c4 passage
from its homeostasis value c 4o to null and vice versa in conjunction with the bijection
map just found. Figure 3a shows the c4 profile for a representative patient. While time
is a monotonic increasing function, the map we considering is one-to-one only over
the treatment cycle T,y = 1 and the off-cycle T, = 0, respectively, and in these two
tracks we can write the SOE as np = np(t(ca)) = np(ca) andn; = nj(ca). Ascy
sharply switches from c4 = c40 and ¢4 = 0, we can limit ourselves to a first-order
solution of the SoE. After simple algebra, we arrive at the approximate solution of the
SoE in the form:

YD max (ca0+¥akpy 12) _ 8pmax (ca0+8pkps)2) )
ca0tkpy 2 ca0t+kps 2 )

np ~npo— npo(ca — CAO)(

CA05A
ny =njo,

to the first order in c4 (and where ~ means asymptotic-to). As evident, the second
equation remains close to its initial value n o, while the first is perturbed away, sug-
gesting that we can first sample the PDF of the dataset for fixed values in n; around n g
and then investigate the PDF as sampled from the best fit obtained by the patient in the
trial with Eq. (7). The results are shown in Fig. 3b. The trend of the two distributions

4 Note how we could consider the resulting SoE as function of the variable c 4 to reach a fully algebraic
solution of the system by taking the ration of 7 CD / dca AL Nevertheless, it is more fruitful to look at the trend
of Eq. (6) as obtained by the best fit procedure 1ntr0duced in the next section.
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for the development of resistance and continuing response patients is comparable as
above the starting value np = npg, while the trend diverges for smaller values np.
Because we assume np is a proxy for cps4 at small values of nj, as evicted from
Egs. (5) and (7), if the model correctly interprets the data, then a patient with an initial
PSA-drop below 10% of its initial value is highly likely to be a continuous responder.
The risk of resistance development grows to about 50% when the initial drop in PSA
is around 30%.

4.1.2 108B in the Context of the Data

For 108B, where 674 # y1a, the ratio presented in Eq. (3) evidences the structural
non-identifiability of the SoE. The treatment of the equilibria and their stability is
more straightforward in this model form than in I08A. The only equilibrium point is
given by {np,ny, caleq = {0, 0,ca0 — cAoTps} with generalized eigenvalues X; of
the Jacobian at the equilibrium givenby A1 = (Tps — 1) (via — (SIA))/I_Al withyr4 # 0,
A = A®Aand a3 = 11982 Following the I08A assumptions, we investigate the model
under the conditions §pmax > YDmax> 004 > 1, and by requiring that ptmax < y1r — &1
to avoid the annihilation of the populations. Under these conditions, we can prove that
A1 < 0and Ay < 0, and that for A3 it holds the same consideration as for I08A due to
the non-stable nature of the resulting equilibrium manifold.

Analogous consideration on the non/relapsing treatment holds for IO8B as for IO8A,
but with more straightforward treatment for I08B than for I08A: the two equilibria
at homeostasis c4 = c4o and at null androgen concentration, c4 = 0, attract the
dynamics as for I08 A and self-explain the orbit profiles. Therefore, the identical results
from the inference of I08B on patients’ trials can be obtained for the PDF but are not
depicted again.

4.2 Eikenberry et al. (2010)

The model developed by Eikenberry et al. (2010, hereafter E10) was an attempt to
describe the interaction between testosterone (T, the primary androgen in the serum),
its enzyme Sa-reductase to dihydrotestosterone (DHT), and their binding (T:AR and
DHT:AR) with the androgen receptors (AR) in the prostate. Because of model E10’s
versatility, we have included it in the IAD treatment model comparison. Of note, the
authors have not proposed the model to fit data, and here we reinterpret E10 beyond
the scope of the original paper. The modulation due to intermittent IAD is assumed
in testosterone time modulation. While a linear relation might not be readily available
from the literature between testosterone and PSA level (Elzanaty et al. 2017), we
recode the testosterone concentration n7, in E10 as follows:

d”T McatN5a
— 5 c RN + 07 R—(Tps — 1) YT (ng), 8
1t —”T( T - KT:RNR T:RYT:R ( ps ) ( S) ( )
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which we couple with the original system of equations:

an
Tk nR(YR — S8R — KDHTNDHT — KT:RNT) + SpDHT:RIDHT:R + 8T:RYT:R,
dnpHT  McarsenT
= —npHT(SpHT +KDHTNR) + SDHT:RYDHT:R>

dr ky +nr )

dgr.r
= KT:RNRIT — OT:RAT:R,

dr
dgpHT:R
g~ KDHTMDHTNR — SDHT:RIDHT:R>

with five nominals initial conditions: ngg = ng(tor), nro = nr(tor), npHTO =
npuaT(topHT)> 97:R0 = qT1:R(for:R) and gpHT:R0 = qDHT:R(fopHT:R)- Here, the
treatment function 7, modulates testosterone influx into the prostate-function Y (ns)
original in E10 and that we are going to adopt here, where ng is the testosterone
serum concentration. Furthermore, we consider the androgen receptor concentration
ng and the dihydrotestosterone concentration n p g together with two quota concen-
trations g7:g and gpgr:g (Droop 1968), here, taken to be the T:AR complex and the
DHT:AR complex concentration, respectively. yg is the AR production rate, &g is the
AR degradation rate, §7 is the testosterone-specific degradation rate, and S p g7 is the
dihydrotestosterone degradation rate. The mass-action constants for the androgen-
dependent component (testosterone) and dihydrotestosterone binding the AR are
{KaT , KdT Lk PHT gHT } , and the 5« reductase converts T to DHT by Michaelis—Menten

a
enzyme kinetics with concentration ns,, turnover number (., and constant kys # O.

4.2.1 The Model in the Context of the Data

If we seta = pcatse — 87k, b = (1 — Tpg) Y (ng), and A = V(a +b)2 —4bsrky,
then two critical points can be isolated at the intersection of the nullclines hyperplanes
of the phase space. On-treatment, the firstpoint {ng, n7, npuT, 4T:R, gDHT:R }Q]’z) =

0,0,0, _“2_8&, _Zcf;rﬂ holds as soon as Fa+b+ A <0 A Fa+ A < b. While
T DHT

only the second of these equilibria is of biological interest, it is not a stable equilibrium.
Obtaining the complete set of generalized eigenvalues requires a cumbersome solution
of three cubic equations, yet the check for the stability requires much less effort once
we realize that one of the generalized eigenvalues from the characteristic equations

ﬁ% where a + b — A — 287kp # 0 and that it proves
to be always positive for all the inference results in the trial patients.

Finally, we note how the model could represent an essential instrument for investi-
gating the relapsing mechanism evidenced in some patients, which remains one of the
goals of this work for its potential clinical implications. We identify three over five
state variables by inspecting the phase-state space with a striking separation between
2 and —€. Figure 4a shows the 3D probability distribution function of nr, ng, and
qt:r- The density map of the temporal evolution of 2 and —2 sets clusters (over the
orbital evolution spanned by the patients analyzed) on a well distinct area of the phase

reads simply 67 —
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Fig. 4 Eikenberry et al. model analysis results. a Probability distribution function of the g7.g, nT, and
nR space. The isocontours for the Pr of € and —2 sets are shown in blue and red, respectively. A few
isocontours are shown at the border-slicing-planes for Pr = {0.1,0.68,0.95}. b—d Sensitivity of cpga in
response to changes in the normalized values of g7.g, nT and nR for a representative patient. The optimal
fit cpsa dynamics (i.e., for optimal parameters P) and corresponding data are shown by the red curve and
black dots with error bars, respectively; dashed green curves and the corresponding shadows show the
sensitivity of cpga when the parameters are increased/decreased by A (Color figure online)

space, splitting in the n7 vs. ng space and at least partially in the orthogonal g7.g
space.

In Fig. 4, panels b, c, and d, we exploited the Direct Differential Method (DDM) for

. . . S ] p
sensitivity analysis to track the time dependence of the sensitivity Sc,g, j = %@I’)
J

computed at the best fit parameter values p, where p = {nrg, nrg, qr:R0}, respectively.
As shown in Fig. 4b—d, a slight variation of the parameters does not dramatically affect
the trend of cpg4. Thus, there is minimal sensitivity of cpgs4 to the parameters. This
result shows that the PDF of the combination of parameters investigated might be an
excellent tool to explore the origin of the resistance with the E10 model.

The sensitivities were computed using the Direct Differential Method (DDM), as
mentioned at the beginning of Sect. 4 and it is reported more in details in Supplement A.
As evident from Fig. 4b-d, different parameters have different sensitivity on a different
phase orbit with nro more sensitive under treatment and n g or g7.g more sensitive out
of treatment. DDM not only demonstrates the stability of the results obtained but also
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adds extra information on when a model is sensitive to a parameter change. This result
is significant when dealing with models with varying behavior on- and off-treatment.

4.3 Hirata et al. (2010)

A series of studies (Tanaka et al. 2010; Hirata et al. 2012; Hirata and Aihara 2015)
motivated the model by Hirata et al. 2010 (hereafter model H10) to capture inter-
mittent ADT dynamics. The model is based on the coupled AD-AI population cells,
supplemented with a population of irreversible Al cells, Al-Irr representing the first
three-compartment model in the literature (Fig. 5a). Here we report the mathematical
formulation in the proposed framework’s formalism and refer to the original paper for
a detailed model description. The SoE reads with our generalized notation:

My

Ny
b ;4
Androgen
dependent
(np)
Hpr Koty
Hip
Reversible Irreversible

androgen i’/)\ O androgen
independent {0 i, independent
c (ny) (ng,,)
s
L S Patient £33
o os

My

Nirr0

t[day]

20 np

po

Fig. 5 Hirata et al. model analysis results. a. Model schematic: under treatment (yellow arrows) and off-
treatment (violet arrow). b PDF on the n; and np space as phase space density histograms for resistant (€2,
red) and responsive (—€2, blue) patients. c. Flex in the PSA profile under treatment and off-treatment in
the np, ny and ny; phase space for patient #33. Colors match the sketch of panel a. d. PSA density profile
(red curve), with data points with error bar (black dots). The ny, np and ny; populations are shown by the
dashed blue, dashed green), and dashed cyan curves, respectively. Yellow lines along the x-axis show the
intervals of treatment (Color figure online)
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%112 = nD(TPS (VBH - VBH) + VBH) + MID(l - Tps)nI,
% = ppiTpsnp +np(Tps (v — 1) + 01, (10)

d rr

%lt_ = upirrTpsnp + prrrr Tpsny + nlrr(Tps (V[Ornr - ylorfﬁ) + )/Ioff),

np(top) = npo, ny(tor) = njo, nyrr(torrr) = nyrr0, Where terms retain the identical
biological meaning as previously described and the two irreversible, and reversible
changes in the Al cell population are considered with the relative growth rate yion/ off
on- and off-treatment with i € {D, I, Irr}. The serum concentration is computed as

in Eq. (5) fori € {D, I, Irr}.

4.3.1 The Model in the Context of the Data

During both on- and off-treatment cycles, nullclines analysis leads to
{np.ni. nirleq = {0, 0, 0} as the only equilibrium point. By settinga = Yoy oty =
Yp+yte = ygff— yIOff andd = yp'—y,", with the discriminant A implicitly defined
by the relation A? = ¢ + Ts(Tps((c — d)* — 4pprp) — 2c(c — d) + 4upr ).
we can write the generalized eigenvalues of the Jacobian at the equilibrium as
A= y,"rfﬁ + Tps (y,"r“r - y["rfﬁ) and the other two A3 in a compact form as
A3 = %(Tps b—a)+ax A). This result implies that the equilibrium is stable
on-treatment and unstable off-treatment.

The phase space shows that responsive and resistant patients cluster differently on
the phase-state variables. Figure 5b shows that the probability density function for the
best-fit patient groups around the initial value forn; = njoandny, = 2.1ny,r0. Thus,
the irreversible component of the model offers a potential tool to disentangle patient
responses from the model fitting. As the resistant patients are expected to increase
their irreversible cell component (i.e., asymptotically nj,., > nj,-o with “>"" meaning
asymptotic greater), we note that n; < njo in responsive patients.

The model structure allows for the simulation of various PSA profiles thanks to
the introduction of a new degree of freedom carried out with the third-compartment
equations. Figure 5c shows the phase space plane for an example taken from the €2
set of patients (Patient #33), while Fig. 5d shows the quality of the captured PSA
concentration cpgs4 profile achieved by this model.

4.4 Portzetal. (2012)

The Portz et al. (2012) model is based on the cell quota concept (Droop 1968), which
is modeled as:

% N Umax (¢max — C]i)(l — Tps)
dr (gmax — Gimin) (kq/z — Tps + l)

- Sq‘]i + Ymax (Gimin — ¢D), (11)

with g (fg;) = qo; for i € {D, I}. The cell quota can grow to the maximum cell quota
rate Ymax and degrades at a constant rate §,, with gmax representing the shared max
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cell quota, vy the maximum cell quota uptake rate, gimin < ¢max the minimum cell
quota for androgen, and 1 # k;/» > O the uptake rate half-saturation level (Packer
et al. 2011). The authors allow mutation between both cell populations, from AD to
Al and vice versa, at rates wpy and pjp given, respectively, by the Hill’s equations of
index m = 2:

kzn)l/Z m
= T = e 12
mpI(q) = IDImax g, e HID (9) = iDmax T (12)
where pmax 1 the maximum AD to Al mutation rate, (;pmax 1S the maximum Al to
AD mutation rate, and k;’;, , and k;”D , are the cells mutation rate half-saturation level.
The model follows the evolution of AD/AI cell populations, np and nj, respectively,
with the following equations:

2
dn D kDI /2 49pmin ql2
=np|—ép — MUDImax 77— 7 T+ Vmax | — =bmn + WiDmaxn1 73— 2
ds kprptap 4D kipp*ar’
H—dn’ =ny| =0 — wmp - 1 (1 q'mi") + UDImax" D i
= max 32— .2 max | 1 — max?D 77— 7
t k10/2+‘11 q1 kDI/2+qD
(13)

for g; (t) # OVt and i.c. np(top) = npo and ny(to;) = njo. The cell apoptosis and
proliferation rates are, respectively, given by §; and y; for i = {D, I}. The authors
model the quota for both AD and Al cell populations independently. In general, we
assume ¢ymin < ¢ pmin to ensure that Al cells have a greater proliferation capacity in
low androgen environments and np(fop) = 0 with fop soon after treatment, as well
asny(tp;) = 0 at to; at the beginning of the first treatment. Furthermore, a communal
maximum proliferation rate ymax between the two populations is assumed. Both AD
and Al cells produce PSA at a baseline rate ypsao under the androgen dependence
specified by:

depsa VPSA. DG D,
dr

2 2
kpsa,12 +4i

(14)

VPSA,Iq12
5 | —cpsadpsa+ns | ypsao+ 5——

=np (VPSAO t
kpsa,pj2 + 4D

with cpsa(fopsa) = cpsao, and where kpgsa /2 are the half-saturation rates and
ypsa,i the growth rates, for i = {D, I'}. Several variants of this quota model can be
found in the literature. In the present work, we consider only a couple of them. A
detailed comparison between (Hirata et al. 2010) and (Portz et al. 2012) can be found
elsewhere (Everett et al. 2014). The model’s complexity is demonstrated with a tube
plot (Fig. 6a, b).

4.4.1 P12A in the Context of the Data
The model is an extension of the models by Ideta et al., shown in Sect. 4.1, where

the equation of the quota decouples from the two cell populations behavior. Nev-
ertheless, the quota evolution ¢ = ¢(¢), common to np and ny, is generally
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Patient #1105
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Fig. 6 Portz et al. model analysis results. a Quotas for dependent and independent cells shaping the tube
plot of panel b for a particular patient. The yellow dot-lines represent the on-treatment periods, and blue
and green are the model’s independent and dependent quota levels, respectively. b The quota profiles are
represented as a cross section. The orbital evolution corresponds to the gray box time interval in panel a. The
blue and green arrows represent the independent and dependent quota levels of the model, respectively. On
the orbit section, the tube cross section has been computed considering gp along the normal N and ¢y along
the binormal B and by solving the Frenet-Serret formulas (assuming the vector field of the system under
consideration being along the tangent T'). ¢, d The distribution of the eigenvalues )L(l)tf and Agﬂ off-treatment
for models P12B and P12A, respectively (Color figure online)

smoother than ¢4 = ca(¢) in I08A or I08B hence not justifying the approxi-

mations worked out in those models. In P12A, the only equilibrium point is at
OI‘l/ off s max 4min
{np,nileq’ = {0, 0} and for the decoupled quota equation at gg = VVDDT:‘]F% and
qoff — VDmax(kq/2+1)qmin(qmaqumin)"'qmaxvmax
.eq (kq/2+1)(}.’Dmax'ﬂ?q_)(qtnax_qmin_)"'vmax . . .
eigenvalues at this equilibrium point are real and negative along the direction of np
andnj:A; € Ry, fori = 1, 2 both on- and off-treatment. In the decoupled ¢ direction,

. : on __ __ off _ qon __ Umax
the generalized eigenvalues A3t = ()/Dmax + 8,1) and A3 =23 ()7 ———1

for the on/off-treatments, respectively. The

are always negative, leading to a node (attractor).

Nevertheless, we note that from the plot in Fig. 6¢, how the best-fit solutions
obtained from our inference work for all patients with this model falls in the area
where A; > 0, for bothi = 1 and i = 2, i.e., we are never in the presence of an
attractor (off-treatment). Therefore, patient dynamics never intercept an area of the

@ Springer



2 Page180f 36 S. Pasetto et al.

parameters’ space defined by the hyperplane that would (eventually asymptotically)
lead to the annihilation of the np and nj cell population, i.e., a steady state or a reduc-
tion of the disease present under the detection threshold. This plot is compared with
the companion model in the next section, which simplifies P12A.

4.4.2 P12B in the Context of the Data

In this model, the authors extend the use of the quota concept to both np and n;
individually, i.e., fully exploiting Eq. (11), but retaining the same proliferation rate
Ymax- Lhe large number of parameters required by the model makes the posterior max-
imization time-consuming and computationally expensive in the Bayesian framework,
especially in a fully numerical nested sample approach (Skilling 2004) or using differ-
ential evolution optimization tool (Feoktistov 2006; Goode and Annin 2015). For this
reason, a first inference approach has been performed within Laplace approximation
and followed up at the patient-specific level where judged necessary.’

As in P12A, the P12B critical points are {np, ny, CPSA}eq = {0, 0, 0} both on-
and off- treatment while for the decoupled quota equation-stability points are found at

qio’gq 5q+)/ @imin and 61, eq — =a Mmax%mm(kq/Z + 1)(‘]max — gimin) * gmaxVmax

with @ = vmax — (kg2 + 1) (8¢ + Ymax) @imin — gmax) # 0, 84 # 0 and ymax # 0 and
fori € I, D. As in P12A, the three generalized eigenvalues of the Jacobian at the
equilibrium are always negative. Equations for the generalized eigenvalues A?n/ o for
i = 1, 2 along the quota directions are analytically available but slightly cumbersome;
vice versa, more interesting is the plot of )t?ff fori = 1, 2 shown in Fig. 6d. The P12B
solutions distribute a small number of patients in the P12 A inaccessible area of double
negative generalized eigenvalues (orange square in Fig. 6c, d). In this zone of the P12B
parameter space off-treatment, the model predicts a constrained (or asymptotically
constrainable) tumor cell population. Finally, we note how P12A is nested in P12B.
Thus, P12B always obtains a better score in the same data representation but suffers
from overfitting. We investigate this problem and offer a solution in Sect. 5 in the
context of the Bayesian model comparison.

4.5 Morken et al. (2014)

In Morken et al. (2014), the authors extend model P12B by adding ADT-induced
apoptosis of prostate cancer cells in addition to the inhibition of their growth and pro-
liferation. Therefore, the model (hereafter M14) implements the per capita mortality of
androgen-dependent and independent populations introduced in the previous section
with the equation:

ki2/2
3i(gi) = i max 2 K2

) 15)
q; i/2

5 Note on the statistical analysis: Details of statistical implementation are often omitted to focus the present
work on the mathematical biology aspects pertinent to the work and the journal, but available upon request
to the authors.
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where k; 5 fori € {D, I} are the apoptosis and half-saturation levels for the dependent
and independent populations, respectively. We consider the SoE in the form of:

2 2
dnp 5Dmaxk1)5 /2 le/2MDlmaX g Dmin II«IDmaxﬂlq]z
TR —ép — 2 T T2 7~ + VYmax| 1 — + 2 3 s
ps;2 T4p D12 T4p 4D Ippt4] (16)

k2 n 8 maxk> 2 :
dn; Dij2MDImax D ImaxKysn [IDmaxq] qImin
Tl aers uah 0] B A e ds 7+ Ymax| 1= :

f kpipa +4p kisp+dai  kipp*a; qr

for g;(t) # OVt and i.c. np(topp) = npo and nj(fo;) = njo, together with the equiva-
lent of Eq. (14):

2 2
depsa YPSA, DY YPSA,Iq]
= —cpsadpsa+np | ypsao+ 53— |+nr | psaot w5 |
dr kpsa,pj2 + 4D kpsa, 172 + 41

a7

with i.c. cpsa(fopsa) = cpsao. Furthermore, the same notation as in the models by
Portz et al. is followed and not repeated here.

4.5.1 The Model in the Context of the Data

The analytical treatment is analogous to P12B but enriched in the dynamics variety for
the extra parameters introduced in Eq. (15), although without changing equilibrium
points.® Our model analysis did not report other notable features.

4.6 Baez and Kuang (2016)

The model by Baez and Kuang (2016) presents a variant of the P12A model that is
able to fit PSA and androgen dynamics, thus improving PSA trend forecasting. Two
models are presented in the authors’ work and considered here. The first (hereafter
B16A) is a single population model of cellular concentration 7, and two equations
are coupled with it, for dmax the time-dependent (over a timescale 5., ) maximum
baseline cell death rate and cpg4 the PSA concentration that are modeled as:

kpn/20me ;
da¥ _ n(—n8 _ Knj2dmax _ ymaxqmin | Vmax>v

g qtkn /2 q

% = _TSmafomaXa (18)
d

%A = q(¥psa1n + YPSA0) — SPSACPSA.,

and a decoupled equation for androgen level:

dq
I Y (Gmax — ¢) — Ymax(¢ — Ggmin), (19)

6 Due to the complexity of the model, analogous inference approximations to P12B have been used in this
analysis.
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with n(fon) = no, cpsa(topsa) = €P540,8max (f0smax) = Somax, and ¢ (fog) = go > 0
strictly. The quota g # OV? is produced at arate y = y1T)s + y2.

In the same work, the authors also presented a two-populations model tracking both
sensitive np and independent n; cell evolution (hereafter B16B). By implementing
their SoE within the approximation that all the cells have, on average, the same mass
and density, we can recast their SoE in the form:

dnp dpmaxkp/2  Kkpij2iDimax 4 Dmin
np\ — - + Ymax| 1 — —— -
q+kpp q +kpiy»

d k i 8 k
ﬂ _ DI/2 X DImax’t D +n; <J/max(1 _ QIm1n> _ OImax [/2) . 811’1%,

det q +kpi q q+kip
dg Ymax (¢ Dmin D + GIminfi1)
— = —q(y2 + Vmax + V1 Tps) + — TR gman (72 + V1 Tps ).
dr np+nj
depsa
b q(ypsao + ypsa1(np +np)) — SpSACPSA,

(20)

for n;,i € {D, I} never contemporaneously null, with initial conditions np(fop) =
npo, ni(tor) = njo, q(fog) = qo. and cpsa(fopsa) = cpsao- The maximum AD to
Al mutation rate is given by lprmax. Furthermore, because Al cells, ny, prolifer-
ate at lower androgen level it is assumed that ¢jmin < ¢pmin, a0d 6pmax > SImax
because independent cells are less susceptible to apoptosis by androgen deprivation
than sensitive cells.

4.6.1 B16A in the Context of the Data

The decoupled quota equation presents an equilibrium at geq = W + Gmax
X ps

when pmax + (2 + Y1Tps) # 0, belonging to the positive hyper-quadrant of
the phase space (i.e., it is of biological interest). The remaining set in Eq. (18)

shows two equilibria at {n, §max, CPSA}%) = {0, 0, ypfﬁ—'s(j\qeq}, which are always

in the positive quadrant of the phase space of interest and {n, Smax, cPSA}é? =

Ymax ((qu*(Imin) 3YPSA,09eqtYmax YPSA, I ((ISq *(Imin) .
deqd , 0, Spsad with geq # 0, dpsa # 0 and § # 0,

which is also biologically meaningful. By studying the generalized eigenvalues, we
see that the first of the equilibrium presents three negative generalized eigenvalues,
one of which is always positive (i.e., it is a saddle point); the second equilibrium point

produces the eigenvalues )»52) = Vmax(‘f]"‘T:' - 1), )\éz) = —&psa, )ng) = —15,,, and
)»f) = —Ymax — (yz +y1 Tps) which are all always negative, thus representing a stable

point of attraction.

@ Springer



Intermittent Hormone Therapy Models Analysis and Bayesian Model ... Page210f36 2

Due to the stability of the second equilibrium (on- and off-treatment), it is worth
investigating the proximity of the patients’ orbits to the equilibria on the Poincare
sections involving the PSA concentration cpsa we obtained from Eq. (18). Neverthe-
less, the low quality of the likelihood, L(p) = Pr(D|p, I), see Sect. 3) in the €2 set of
patients, demotivates further analysis. A single population n seems to not adequately
capture disease progression, which remain the primary focus of our work, making the
model less attractive for clinical implications and therefore not pushed forward here.

4.6.2 B16B in the Context of the Data

The model presents cubic dependence on ¢ and quadratic on np.” We select to
investigate only the null-equilibrium point of independent and dependent cells. It
is evident that np = 0 is an equilibrium for the first of Eq. (20). Therefore, by
assuming np = 0 (and n; > O strictly), we can confirm the existence of two equi-
e, ey . for
Ymax + (V2 + Y1Tps) # 0 and dpsa # 0, which is of biological interest. The second,
algebraically more cumbersome, reduces its nonnegativity condition to the simple

¥ Ymax (¢ min —¢max) ¥ Ymax (¢ Imin —¢max) < : . :
one Symax + g imm iy g + R Ty e, 0, that is verified over all studied

libria, the first located at {n;, g, cps A}Qf = [O, Gmax +

patients.

Again, as explored in previous models, we are interested in the existence of negative
generalized eigenvalues of the Jacobian at the equilibria off-treatment, i.e., a point of
equilibrium with an asymptotic constrained expansion of the tumoral cell population.
Despite the model complexity, it is easy to prove numerically that the Jacobian for
both equilibrium points has at least one positive generalized eigenvalue, making these
points saddle points that are not of interest to us.

4.7 Elishmereni et al. (2016)

The Elishmereni et al. (Elishmereni et al. 2016) model accounts for two dynamics:
disease dynamics represented by PSA used as a proxy for tumor volume and the phar-
macology dynamics combined with the emergence of resistant cells from androgen
receptor-independent n; and testosterone androgen receptor-dependent n; 4 g mech-
anism. The PSA concentration cpg4 of interest to us, is governed by the following
numerically highly complex SoE®:

7 Throughout algebraic manipulators as Mathematica or MAPLE it is possible to show that the system
characterizing equation for cpgp is algebraic of order 12, whose complete numeric roots investigation is
beyond the scope of the present paper.

8 Note on the integrators: details of numerical integration are often omitted to focus the present work on
the mathematical biology aspects pertinent to the work and the journal, but available upon request to the
authors.
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dCPSA ~ . K 10g2
= CpsAYrPSAMIN| YPSACpsp, —
dr ¥YPSAmax

N
CpSA -
+ UT,PSA(CPSA - T) (n1,7RiCpgy +nr — 1),

dn_T o VT(] - Tps)

dr T]H,TH+1 — VIRt

dH SN H eRT:AR

dr eRrar 4 [ ’

dkg% = yr:ART Ry ags

dR; ~

a =vTR,,

dK

E = —PK>

d—T =—=67T 2D
dr

with cpsa(fopsa) = cpsao, nr(fony) = nro. H(ton) = Ho, Rr:ar(tor:ar) =
Rr:AR0: Ri(fo) = Rjo, K(tox) = Ko, and T'(for) = To with (x)* = x6(x)
ramp/positive function of the generic x, 6 the previously introduced Heaviside step
function. In the above equation ypsamax 18 the limit to the PSA growth rate, pg the
K growth rate, n7 psa the testosterone, T, effect on the PSA growth, yr the instanta-
neous rate of change in 7', ng r the effect of intermediate components H, e.g., bound
androgen receptor AR, on T, with same clearance rate §7. y7:4R is the increase resis-
tance rate, y; the increase resistance rate for testosterone-AR-independent paths Ry,
and ny 7 rules the effect of R; on the PSA growth. The growth rate of cps4 is given
by

1 CPSA > C/PSA

. 22
opsa + (1 — opgp) ESA (22)

YPSA =
C <c
¢PS PSA = CtPSA,

where opsa rules the steepness on the linear grown relation, c;psa the PSA threshold
to switch in quiescent mode. Finally, control limits [; i € {PSA, H,ny,njsRr} are
added by hand to handle system divergences with a “manual”-bounding scheme ( ;=

(li max fz )+ ] 1 L
~tmax—o for the generic function f;).

In the practice the dynamics of the system is designed so that the instantaneous
androgen rate of change yr is saturated by a control coefficient 57 psa through an
intermediary delaying effect ruled by a delay modeling function H over the ADT
therapy, T therapy function with scale factor ppt and a double mechanism for andro-
gen independence cell population depending on 7 7, and not depending on nj, the
androgen receptor (with the respective scale factor y; and yr.4R).
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4.7.1 The Model in the Context of the Data

The system has no equilibria influencing its dynamics, as evident from the 6th of
Eq. (21). Further analysis is done in Sect. 5 to determine how well the model performs
in the Bayesian model comparison.

4.8 Zhang et al. (2017)

Zhang et al. (2017) present a three-population competition model, based on Lotka—
Volterra (LV) dynamics, where androgen-dependent n p, androgen producing » p, and
androgen-independent cells n;, are considered. Basing the approach on game the-
ory, the authors derive a competition matrix & = «;; i, j € {D, I, P} based on the
parametrization of growth rates y; and carrying capacities K; with i € {D, I, P}
resulting in this set of algebraic-differential equations:

ajnptappnptagzng )
)

dnp .
0 T VDnD(l 1y (B—Tps+1)

dnp _ a1 n p+an +an3ng

T =remp\l- &) (23)
dn; Q3 np+aznpta3zng

o = vin 1 - B ea— P

where ADT is modeled by the decreasing carrying capacity with 8 < 1 or supporting
androgen-dependent cells with 8 > 1. The authors considered several constraints
derived from the literature and researchers’ experience to shape the model parameter
influence: ojj = 1Vi, o3] > o1, 032 > (12, 013 > (23, XX13 > 021, 032 > (O3], and
a;j € 10, 1[Vi # j. Finally, the PSA dynamics is governed by:

d
C;tsA = Y ni—8cpsa. (24)
ie(D,P.I)

with § the PSA clearance rate.

4.8.1 The Model in the Context of the Data

With the coupling of Eq. (24), the system presents four equilib-
ria, but only two are of biological interest: {nD,np,nI,cPSA}gl) =

kP(ﬂ_OlIZ_T])s"'])
a1 (/3—0{12—Tp5+1)+l ’

{O,kp,O,kT”} e R and {nD,”PanIsCPSA}é(Z]) = {

kp kp(a—otlz—TpX+2)
o1 (B—a12—Tps+1)+17 7 +3az1 (B—a12—Tps+1)
equilibrium, the eigenvalues of the Jacobian are positive in the np, np and cpsa
phase space and therefore of marginal interest. Vice versa, by setting a = 1 + 8,
b=B—ap+1,d=uo(B —a12+1)+1andeEﬂ+a21(ﬂ—a12+1)2—a12+1
together with the discriminant squared A> = (eyp + Byp + vp)* — dadeypyp,

where these ratios exist. For the first
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we can write the four eigenvalues of the Jacobian for the second equilibrium off-
.4 (Qoff (2)off __ yrkp (bazi+a3)) (2)off _ ayp+A+eyp
treatment as: A, =4, A, =y — g A = —HeTeVD

AE‘Z)OH = W, where the ratios exist, which are always negative for the fitted

parameters, hence representing a stable equilibrium and opening the possibility to
achieve an equilibrium off-treatment.

and

4.9 Phan etal. (2019)

The model (hereafter P19) presented by Phan et al. (Phan et al. 2019) is a variant of
the work of Sect. 4.6 (Baez and Kuang 2016) in which the third population of weakly
dependent cells, n,,p, is added to investigate the influence of extra degrees of freedom
added by the new population. The death term is also adapted from Eq. (16). Retaining
the notation used in Sect. 4.6, we can recast the model in the following form:

dnp Spmaxkp/2  2kprj2/Dimax qDmin
— = - - + Ymax| 1 — ——
dr q+kpp q +kpip2
kp1/2 1 DImaxnwD 2
“DI2E DD s 2
q +kpiy2
dnyp 2kDI/2H«DImax SmeakaD/Z 4w Dmin
=nypD| — - + Vmax| 1 — ———
dr q +kpip q+kuwpyp q
kp1/2 1 DImax" D 2
4 “DIREDIma D s o
q +kpiy2 wETwb

dn;  kprj2ipimax(np + nywp) qImin S1maxki 2 ’

—_ = + 17| Ymax 1-— — —811/11
dr q +kpip q q+kip

dq ¥Ymax (QDminnD + g Iminf] + Qmein”wD)

— =q(—(»2+nTy)— +

dr q( (yz 4 ps) Vmax) np+ny+nyp

+ gmax (7/2 g Tps)

depsa
dr

= q(¥psao0 + ypsa1(np +ny +nyp)) — SpSACPSA (25)

with initial conditions np(top) = npo, nwp (lowp) = nwpo, n1(tor) = nyo, q(fog) =
q0, cpsa (fopsa) = cpsao together with the required biological inequalities ¢ pmin >
qwDmin and 4 Dmin > ¢[min-

4.9.1 P19 in the Context of the Data

The idea of a third population is not new and already advanced with success in
the model by Hirata et al. (2010). Nevertheless, the structure of the equations in
Eq. (10) is very different from the Hirata et al. model in Eq. (10), with signif-
icantly more parameters not readily justifiable within the present dataset quality.
Similar considerations were already worked out by Phan et al. We remark only
that the complexity of the analysis, already evident in Sect. 4.6.2, is pushed fur-
ther in this context, where only numerical investigation is available for equilibria
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and stability. The only off-treatment equilibrium accessible by the orbits is the one

off Ymax9qI mint¥2gmax  YPSA0(Vmaxq/ min+¥2gmax)
for {nD’ nWD’nI’ q, CPSA}E: {O 0 O Y2+Ymax ’ 5PSA()’Z*’Vmax) and

dpsa 7 0whichis always positive with always negative eigenvalues )Jl’ff = —¥2—¥Ymax
and yzoﬁ = —&psa. This is of limited biological interest as it is not compatible with
the irreversibility nature of ny, if not by surgical castration.

4.10 Brady-Nicholls et al. (2020)

The Brady-Nicholls et al. (2020) model (hereafter B20) is based on the hypothesis
that prostate cancer stem cells’ enrichment induces resistance. The model correlates
stem cell proliferation with serum PSA through SoE for the prostate cancer stem cells
ng, the non-stem (differentiated) cells np, and for PSA serum concentration cpga.
We report the system in the following way:

dns _ pslogny

dH[_ - np+ng ’
dip _ 10g(2)n5<1 . ,[’ﬁ‘s) — 8pTpsnp. (26)
CPSA

7 = VPSAND — OPSACPSA,
with initial conditions ng(fgs) = nso, np(top) = npo and cpsa(topsa) = cpsao- It
is assumed that stem cells divide at rate log(2), and the division is either symmetric
yielding two stem cells (Enderling 2015) or asymmetric, where the stem cell produces
one stem and one differentiated cell. The parameter that governs this effect is py. The
PSA differentiated cell production rate and PSA clearance rate are given by ypsa and
dpsa, respectively, and T), is the patient-specific treatment function (see Sect. 2.1).

4.10.1 The Model in the Context of the Data

The SoE presents an infinite set of equilibrium points when off-treatment 7, (¢) =
0 in the intersection of the plane ng(#) = 0 with the plane given by cpsa(t) =
%{‘:m conditional tonp # 0 and §ps4 # O and the generalized eigenvalues of the
Jacobian results in a double-zero generalized eigenvalue A1 = 0, A = 0 and a third
negative eigenvalue A3 = —J8pg4. Standard center manifold computation (Wiggins
2003) shows slow-2D-manifold dynamics that can be integrated to prove that the

equilibria are unstable, and therefore not of interest.

5 Bayesian Model Comparison

Maybe the most vital point of the Bayesian framework, and the reason for its increasing
popularity, is its innate model comparison ability, based on logic as an instrument
for selection. We exploit this feature here using the Bayesian factor to compare the
different models in their ability to simulate the data. It should be noted that this
framework innate penalizes models based on the number of parameters required. This
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phenomenon is sometimes referred to as the Occam’s razor factor (Jefferys and Berger
1992).

Starting from the classical Bayesian theorem, the Bayes factor 8;; for PSA model
M; over the PSA model M; is computed as a ratio of the probabilities of the two
models (the odd-ratio, O;;)

~_ Pe(M; DPr(DIM;. 1) Pe(M D)
Y Pe(My, 1) Pr(DIM;, ) Pr(M, 1)

27)

such that, because Z,N:m1 Pr(M;|D, I) = 1 (with N,, number of models to compare)
if we are interested in how a model, say M1, compares to the other models M, we
arrive at

0i1

Pr(Mi|D, 1) = —{——-
Zj;"1 Oj1

(28)

We implement Eq. (28) to compare one patient at a time in one model against all the
other models individually. For example, we are going to implement the comparison
between M1, and every other M as Pr(M;|D, I) = 1+(1)_1 , and we proceed iteratively.

We first explore the Laplace approximation framev&%rk under the assumption of
equally-prioritized models, i.e., assuming that no previous preference can be accorded
to any of the PSA models considered. We can exploit the asymptotic approximation
(Murphy 2012; Theodoridis 2015) to the global likelihood, i.e., the evidence of the ith
model, Pr(D|M;), writing

Pr(D|M;) = Jdp Pr(p|M, I)L(p|I)

= Pr(p|M;)L(p)y/det(F (p)), (29)

with F being the information matrix introduced in Sect. 3.1. A classical result of
Bayesian analysis is to consider the limit of the previous expression, but for an
increased number of data points (N, — o00) and flat priors, i.e., to compute the pop-
ular BIC index against AIC (Akaike 1974; Schwarz 1978). As the number of patient
data points is often limited N, < oo and we make explicit use of priors, BIC or AIC
indices are not justifiable for model comparison. Instead, we build up a model-of-
model function (Pasetto et al. 2021) to encode prior information as soon as available.
Furthermore, as introduced above, we verified the Laplace approximation with fully
numerical integration based on nested sampling algorithms (Skilling 2004; Mukherjee
et al. 2006; Feroz and Hobson 2008), i.e., a numerical technique designed explicitly
to compute the global likelihood of models with different degrees of freedom.

5.1 Single Patient Comparison Results

Figure 7a shows an example of the quality of the model calibration achieved by
Bayesian posterior inference introduced in Sect. 3 applied to the parameter inference
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Fig. 7 Bayesian model comparison results. a Best fits for the 13 models analyzed for a representative patient.
The black squares are the error bars enhanced with a more prominent marker for visibility reasons; yellow
lines along the x-axis represent the on-treatment periods. b Model log-evidence comparison on patient
#60 with error bars as obtained by nest-sampling technique. The color range shows the best-performing
model (yellow) and fades to the worst-performing model (gray). ¢ Unnormalized posterior PDF for the best
performing model, E16, and credible interval as black segment over the x-axis. d Comparison between the
normalized log-evidence overall patient data. (The color scheme is consistent with panel b) (Color figure
online)

problem to all the models. The simulated disease dynamics vary significantly between
the different models, and discrepancies between different models and patient data
may indicate likely or unlikely biological mechanisms driving individual patients’
resistance.

Model evidence (Fig. 7b) demonstrates that no single model represents all patient
data accurately, suggesting that different biology drive individual patients’ responses
or that no model correctly faces the PSA problem. It may also imply that the PSA
dynamics alone may be insufficient to discriminate between the different biological
models. For some patients, model selection identifies models with a higher probability
than others, but selection varies on a per-patient basis. As a classical proof-of-concept
of the Bayesian technology employed, we report for the best performing model, E16,
for patient #60 the unnormalized posterior marginalized PDF for each parameter in
Fig. 7c. The PDFs are almost unimodal (but not for all parameters, see next Sect. 6),
suggesting that this model represents fairly the patient and that the Laplace approxi-
mation could be justified. The credible intervals for the log parameters are also plotted
and superimposed to the x-axis.
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5.2 Overall Model Selection

We calculate the Bayesian maximum a posteriori performance for all the patients for
each model (Fig. 7d), resulting in the Elishmereni et al. (2016) model marginally
performing better on most patients. This result does not surprise us, as it is a model
designed on clinical necessities, i.e., it was crafted with careful handling of the med-
ical treatment. Nevertheless, as mentioned before, in the case of model comparison
on a patient-to-patient basis, we could not identify a model that performed statisti-
cally better than the others thus eventually indicating the correct biological mechanics
governing PSA dynamics. Figure 7d shows that E16 is preferred only on 10% of the
patients, and eight of the 13 models have scores above the 8%.

6 Conclusion and Discussion

This work considers several mathematical models (Table 1) to simulate PSA dynamics
of prostate cancer response to IADT in a prospective clinical trial. We exploit Bayesian
continuous and discrete inference to interpret the data and identify the model with the
highest likelihood of simulating the clinically observed dynamics. Using the PSA
biomarker and the comparison between the different models, wel) identify several
models that can separate responding patients and patients that develop resistance to
intermittent ADT through the model fitting, 2) performed the Bayesian model compar-
ison and demonstrated that the model by Elishmereni et al. (2016) performed slightly
better than the others, i.e., as a better representative of most patients in the trial. Never-
theless, as evidenced in the example of Fig. 7c, the marginalized posterior PDF is often
not all optimally single-peaked, casting shadows in an attempt to use this model to
solve forecast problems. While we have focused on the models’ inference to evaluate
the possible connection with their underpinned biology, we will explore the potential-
ity and limitation of the models’ forecasting ability to predict clinical PSA trends in a
follow-up paper (Pasetto et al. 2021, in preparation).

The models analyzed herein synonymously use longitudinal PSA data to infer bio-
logical mechanisms underlying the observed PSA dynamics. PSA alone limited the
potentiality of the presented approach and did not identify a single dominant model.
Further information is necessary to simulate accurately and ultimately predict patient-
specific PSA trajectories and the corresponding biological drivers of resistance. PSA
alone might not be a helpful biomarker due to several dominant environmental factors
outside the models’ scopes that influence its evolution under treatment. The use of
PSA as a surrogate marker for prostate cancer burden is indeed controversial. Over-
expression of the PCA3 gene obtained from the mRNA in urine samples is proposed
to be more suited to monitoring the cancer evolution (Bussemakers et al. 1999, p. 3;
Laxman et al. 2008; Neves et al. 2008; Hessels and Schalken 2009, p. 3; Borros 2009).

Two alternative directions might to improve our understanding of the PSA as a
prostate cancer monitor biomarker. From one side, a deeper understanding of the
connection between PSA and tumor burden throughout model investigation might
present the opportunity for a new class of models. Recently, the role of immature
blood vessels formed under angiogenesis cues has been investigated to decrypt the
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Table 1 Model compartment sketches with phase variables and parameters modeled in the inference process

Model = Reference Compartment draw
paper and
critical
additions
108A Ideta et al. — Phase variable
(2008): the Al- i Np, Np, Ca
AD population &
paradigm with % 4
H And ‘m And
mutation rate L 3 : QD et
(n0)
Androgen /
feah /l ® Parameters
A
i-C. + Ypmaxs Kpy /2, Ypas
Spmaxs kD5/2/ 8pas Hpimaxs
6L‘A
1088 Ideta et al. Prostitss Phase variables
(2008): Al cell shecific agen np, Ny, €4
proliferation is %
negatively /' N
regulated b Androgen o Androgen
g i\ dependent /> C‘ o QD V! independent
androgens (np) / 1 . l (n)
Androgen ’ o
() o ® ) Parameters
A ic. U {108A U (114, 614}
E10 Eikenberry et N Phase variables
. T 8
al. (2010): P e Sour - Ny MR, MpyT,NT:RMDHTR
interaction Tesiesene PL (pur)
between N w4l Parameters
testosterone, Aniirogan recefior \O,’ i.c. U{ng, O, k1.8, O1:R)
dihydrotestost ) o KpuT» OSpHT:R N5as Keats
KpHT
erone, and / l \ kwm, Spur, 67}
their bindings Testosterone:AR
Complex
(ql R) binding = =»
Promote s——p-
inhibit  se—]
H10 Hirata et al. Phase variables
(2010): AD-AI Np, Ny, Nyrr
population

relation between an increased tumor burden contemporaneous to decreasing PSA
concentration (Barnaby et al. 2021). Additionally, models that include both PSA and
androgen concentrations might present some advantages in the future. The modest
but significant evidence of the E16 model over the other models might indicate a

@ Springer



2 Page300f36

S. Pasetto et al.

Table 1 (continued)

cells,
supplemented
with a
population of
irreversible Al
cells

P12A Portz et al.
(2012): the
concept of
quota, q,
common to np
and n;

population.

P12B Portz et al.
(2012):
separate quota
levels for each

population.

M14 Morken et al.
(2014):

introduce ADT-

Androgen
dependent
(np)
T, “D/ Yﬂ»
Reversible
androgen |
independent Hatyr
(ny)
Androgen
dependent
(np)
®
n/
Reversible
androgen E«.
independent

(ny)

Prostate-

Parameters

i.c. U{y8™ ¥8", tip, or,
ylonl}/IOffl Uprrers Kirrrs }/I?'rl!l
i}

Irreversible
androgen
independent
("l,.,)

Irreversible
androgen
independent
("1,.,)

Phase variables

specific antigen Np, ny, q
(cpsa)
Vﬁw
Hor
QD 7y ndrop Parameters
() i.c. U{kip /2, ipmax

D
Androgen

quota 8

(@)

Prostate-
specific antigen
(cpsa)

Androgen
dependent
(np)

#

>

AD Androgen
quota
(4) %l

max Ymax |
l b"

o o

]
o) e \ i
() [N

¢
I\
D C

Al Androgen

Hprmax kDI/Zr Ypmax» 9min-

5D: Y1 Ymax» 9max kq/2
»6q}

Phase variables
Np,MNy,9q9p , 91, Cpsa

Parameters

i.c.U

a U{kip; , kpsap/a,
kPSAl/Zl kq/Z/ VUmax-
Ypsap, YpPsAl, 5q,
Hipmaxs Y}

Androgen
independent
(n))

quota
(a,)

Phase variables
Np, Ny, 4qp, 41, Cpsa

more critical relevance of the dormancy whose biology and mathematics are worth
undoubtedly deeper understanding.

Exploring PSA model probability distributions to disentangle responsive and resis-
tant patient cohorts in a clinical setting could be investigated through cross-correlations
with PCA3 biomarkers. Such cross-correlation would provide independent verifica-
tion of the analytical findings herein that remain, for the moment, data-driven and,
therefore, entirely dependent on the one dataset utilized in all discussed models.

Alternatively, PSA could be a perfect biomarker, but inter-patient heterogeneity in
resistance mechanisms may disallow identifying a single model for all patients. Addi-
tionally, different resistance mechanisms may evolve in an individual patient, with their

@ Springer



Intermittent Hormone Therapy Models Analysis and Bayesian Model ...

Page 31 of 36

2

Table 1 (continued)

induced
apoptosis of
prostate cancer
cells in addition
to inhibition of
their growth
and
proliferation.

B16A Baez et al.
(2016) is a
single
population
model

B16B Baez et al.
(2016), pair the
PSA with
testosterone

dynamics

E16 Elishmereni et
al. (2016)
introduce PCa

dormancy

217 Zhang et al.

(2017): game

Prostate-
specific antigen
‘ru

Vesar
Yes, AO Psa0
© Opsa

Androgen Androgen

dependent Ym.zx independent
(n0) 7 (1)
AD Andmgen Al Androgen
Vmax -n nax quota
wp) ‘~ 15~ (@)
© ©
Prostate-
specific antigen
tm
M/ 5,\,
Androgen Tumor Cell
quota  (1,) C ,m i Volumo
(@
a/ s
o o
Prostate-
specific antigen
(cpsa)

Androgen Androgen
dependent mes independent
(np) ()

Androgen lv(n.
quota
(q)
A Intermediate Factor
Testosterone Sr
— 0

Jrax I Treatment-

’ induced
resistance resistance

®) \ [

Prostate-specific
antigen
(ersa)

(ng)
Treatment- / l r
o

independent ’

Parameters

i.c. UP12B U{dp, 9,
6Dmax: 6Imax: kD6/21
kis/2}

Phase variables
1, Smax,Cpsa

Parameters

i.c. U{y1, Y2, Ymaxs

Qmin, kn/z’ 6’ Tsmaxs dmax/
Ypsao Ypsa1, Opsal

Phase variables
Np,MNy,9q9p , 91, Cpsa

Parameters
i.c.UaUlkp,z, ki, v1,

Y2, Ypsa1s SDm ’ slmax}

Phase variables
cpsa, K, nr, T, H, Rrar,
Ry

Parameters
i.c.Ua Ulkp/z kijz v
Y2, YPsa1, 6Dmax: 6Imax}

Phase variables
Np,Np, Ny

respective contribution to the observed response dynamics changing during therapy.
More complex models and dynamic adaptive weighting of different variables, terms,

and parameters may be necessary. Such models, however, would be non-identifiable

with the presently available data. A close dialogue between biologists, statisticians,

and mathematical and genitourinary oncologists may help identify which data should
be collected in future clinical studies to help detangle the complex prostate cancer

response dynamics to intermittent ADT.
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Table 1 (continued)

theory-based Androgen  Testosteron Androgen Parameters
approach P independent i.c. U{yp,vp, v, Kp,
(np) (n) K,
an ass 1 @12, 13, X21, A23,
O . (} a31,03,Q,0}
l 23 I
Prostate-
specific antigen
(cpsa)
P19 Phan et al. " & Prostate- Phase variables
Q=2 specific antigen
(2019): three (cpsa) Np, Nwp, N, 4p » Qwp » 41,
population 'H Cpsa
model with
Yesar \ /bn \ /,'
weakly Androgon (s D A Parameters
interacting i C S Q handependsnt i.c. UB16B U{kyp,2,
opulation o Mo 8w, O,
Pop Weakly Androgen N e qwbDmins OwD> meax}
dependent  9omin i
() (J l
Androgen m promote .
quota promote —_—
@ l v iy q
v
o
B20 Brady-Nicholls PCa stem Diftarentiats Brociin Phase variables
et al. (2020): ‘;9")5 d cells specific antigen Mg, Np, Cpsa
steam cell s (n5) (cpsa) Parameters
model YPsA i.c. U {ps, ¥psa Opsa, 6p}

®—
P:
/ laD
Ts o

l Spsa

)

Initial condition (i.c.) are not reported, but phase variables are. o = {kpj/2,kip/2,kq/2, qmax,

Vmax: 0D, 8¢+ MDImaxs M1 D max)- Simbols used for the compartments are self-explanatory

While the Bayesian framework is an invaluable tool to estimate model parameters
and fit model dynamics to clinical measurements, the goodness of a fit informs neither
the reliability of the estimated parameters nor the likelihood of a model representing
the data chosen for the valid biological reason. Relatively invariant PSA profiles can
be obtained for a significant range in each parameter, as it is the case of a weakly
sensitive—highly non-identifiable parameter. This fact is often omitted in the mod-
eling literature, where the results are often presented without structural or practical
identifiability analysis. Many of the herein discussed models have not demonstrated
structural identifiability, hence jeopardizing the attempt to claim the inference’s prac-
tical identifiability herein. Nevertheless, we stress that a model’s value may also be
found in its interpretative role (Enderling and Wolkenhauer 2021). The complexity of
the mechanism involved in the biological responses to intermittent ADT can be cap-
tured correctly for a single patient but fail for others. Therefore, the model comparison
is not intended to provide an absolute ranking; instead, it provides an instrument to
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explore the different biological mechanisms implemented in mathematical models in
clinically observed treatment response and progression dynamics.

7 Supplement

We have performed a sensitivity analysis for all the models included in the paper.
However, as this analysis overlaps with the original papers’ work, we do not include
those results here. Our sensitivity is motivated by: (1) to understand the dependence
of our results on the parameters. For example, if we can claim the possibility to split
between relapsing (€2) and not to relapse (—€2) patients by exploiting some specific
model parameter combination, then the robustness of our result worth be investigated
on the same parameter sensitivity to assign it the correct relevance and to evaluate its
possibility to be applied to clinical tumor forecasting. (2) The technique implemented
for the sensitivity analysis investigates the parameter’s sensitivity and the best-fit
orbital integration, i.e., over the available longitudinal data. This approach enhances
our understanding of when a particular 2/— segregating technique is more useful
during or off-treatment, with consequent indications on the role that a model splitting
potentiality might or might not have (and when) on a per-patient base. (3) Continuous
but not differentiable functions might need particular attention in the computation
of the sensitivities because of their definition as the Jacobian matrix’s function. This
approach represents a current research field often omitted in the mathematical oncol-
ogy literature and is worth being brought to light.

Therefore, in what follows, we exploit the direct differential method (DDM) for
sensitivity analysis (Gu and Wang 2013) to track the time dependence of the sensitivity
Sij = %CP), where in general it is x; = cpsa and p; the generic parameter dependent
on the particular model in the exam. For a generic vector field w = f(x, p) with
x(tg, p) = xo we couple the integration of the SoE defining the model with:

08;j(t.B) _ 3fi(x(r. p). p)
o dxe(r, P)

.\ 0f;
Ski(t,p)+ —. 30)
k/( p) 3pj

Generalized sensitivity (Stechlinski et al. 2018), based on the concept of generalized
derivative for non-smooth cpga profiles (Clarke 1990) and used because of the loss of
differentiability at the bifurcation points 7),; = {0, 1} on the treatment parameter, has
also been considered. We will not report the DDM analysis if not relevant to strength
our specific results and we refer to the original model paper for general sensitivity
analysis of the presented models.
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