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ABSTRACT

Novel coronavirus named SARS-CoV-2 is one of the global threads and uncertain challenges worldwide
faced at present. It has stroke rapidly around the globe due to viral transmissibility, new variants (strains),
and human unconsciousness. Lack of adequate and reliable vaccination and proper treatment, control
measures such as self-protection, physical distancing, lockdown, quarantine, and isolation policy plays
an essential role in controlling and reducing the pandemic. Decisions on enforcing various control mea-
sures should be determined based on a theoretical framework and real-data evidence. We deliberate a
general mathematical control measures epidemic model consisting of lockdown, self-protection, physical
distancing, quarantine, and isolation compartments. Then, we investigate the proposed model through Ca-
puto fractional order derivative. Fixed point theory has been used to analyze the Caputo fractional-order
derivative model’s existence and uniqueness solutions, whereas the Adams-Bashforth-Moulton numeri-
cal scheme was applied for numerical simulation. Driven by extensive theoretical analysis and numerical

simulation, this work further illuminates the substantial impact of various control measures.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

COVID-19, a transmissible respiratory disease, first time re-
ported in Wuhan of Hubei Province, Republic of China [1] in 2019.
Furthermore, it has rapidly spread internationally; thus, WHO de-
clared that COVID-19 is a global pandemic [2]. According to health
experts, it has found a variety of COVID-19 symptoms [3-6]. Enor-
mous mainstream people experienced mild to moderate respira-
tory illnesses [7]. However, some of individuals would improve
complexities of respiratory disappointment or severe respiratory
suffering signs. Further, few studies emphasize that more than 80%
of the individuals are asymptomatic infection carriers like they per-
ceive no or mild side effects [8]. Thus, the recognition and control
of SARS-CoV-2 disease become considerably more sophisticated. To
this, various COVID-19 alleviation procedures have been adjusted
so far, for example, self-protection, lockdown, quarantine, or isola-
tion, with the end goal of decreasing community transmission of
the disease.

* Corresponding author at: Department of Mathematics, Feni University, Feni,
Bangladesh.
E-mail address: sharifju49@yahoo.com (M.S. Ullah).
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One of the most commonly adopted mathematical epidemio-
logical models is the SIR (Susceptible-Infected-Recovered) model.
It characterizes the epidemic dynamics, predicts possible conta-
gion scenarios, and simulates the time-histories of an epidemic
phenomenon. The people who still can not seem to be contami-
nated by the virus represented by compartment S (susceptible). In-
fected individuals who showed symptoms and can spread the virus
to the susceptible compartment. Finally, R (recovered), individu-
als who have recovered—beside, expected to have an immune ac-
knowledgment to the virus [9-14]. But SARS-CoV-2 is a novel virus
as well as we have exceptionally constrained information about
this disease. Many scholars of the entire world investigated this
pandemic’s control measures [15-18]. The readers are requested to
read some work of covid-19 [19-25]. Lacking proper treatment and
vaccination, computational simulation with self-protection, physi-
cal distance, the lockdown situation, a great deal of testing, quar-
antine, and isolation would be played a significant role in an-
alyzing and controlling the current pandemic. Considering such
cases, we modified the usual SIR model to the SLTIA I ,4qlsqQJL:RDP
model.

Furthermore, many researchers from various disciplines have
recently given deep concentration to the theory of fractional cal-
culus and fractional differential equations [26-32]. As a measure
of fact, it mentioned that fractional derivatives are beneficial for
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Fig. 1. Schematic flow diagram for the epidemic SARS-CoV-2 models. In our epidemic model, we presumed total of 13 compartments as follows: susceptible S(t), lockdown
(L(t)), Tested state (T(t)), infected I(t) (asymptomatic, mild-symptomatic-infected, minor or moderate infection but not detected), asymptomatic infected with detected
Aq4(t), symptomatic infected with not detected I,y (t), symptomatic infected with detected Iy(t), quarantine (Q(t)), isolated or hospitalized (J(t)), life-threatening condi-
tion (L (t)), recovered (R(t)), death (D(t)), and self-protected (P(t))). [The proposed model has a lot of recovery and death parameters, and their determination is more
complicated. As a result, the recovered and death compartments are absent in the Schematic flow diagram.]

modeling many real-worlds problems due to memory and the uni-
versal properties [33-36]. As a result, the importance and potential
application enlarged day by day [37-39]. The fractional-order dif-
ferential equations supplement new dimensions in the investiga-
tion of epidemiological models. Yadav and Rene’s first time devel-
oped the Caputo-Fabrizio fractional derivative model of COVID-19
[40]. Subsequently, many studies [38,41-44] address the COVID-19
fractional-order differential model. In this work, we introduce Ca-
puto fractional derivative [45] approach to our proposed epidemic
model.

This research aims to model and analyze a modified SIR math-
ematical epidemic model by considering all possible control mea-
sures. Beside, we represent the proposed model through a Caputo
fractional order derivative. Fixed point theory has been used to an-
alyze the Caputo fractional-order derivative model’s existence and
uniqueness solutions. Also, for numerical simulation, we applied
the Adams-Bashforth-Moulton numerical scheme. The analysis of
thirteen compartments and the concentration of COVID-19 in the
surrounding circumstances concerning time for several fractional-
order derivative values have been theoretically investigated and
graphically manifested.

The development of this work is as follows. The formulation
of the model is elaborately discussed in Section 2. In Section 3,
we present a fractional model using Caputo fractional derivatives,
where the fractional order of differentiation is p. Calibration of the
epidemic model is given in Section 4. In Section 5, we offer some
numerical results through the graphs. The concluding words are
given in Section 6.

2. Mathematical model formulation

The proposed model displays the dynamics of thirteen compart-
ments (Fig. 1), namely susceptible (S(t)), lockdown (L(t)), tested

state (T(t)), Infected I(t) (asymptomatic, mild-symptomatic-
infected, minor or moderate infection but not detected), asymp-
tomatic infected with detected A;(t), symptomatic infected with
not detected I,,(t), symptomatic infected with detected Iy(t),
quarantine (Q(t)), isolated or hospitalized (J(t)), life-threatening
condition(L;(t)), recovered (R(t))(R(t)), death (D(t)), and self-
protected (P(t)) individuals. The mean-field mathematical epi-
demiological dynamics are then modeled by the following system
of ordinary differential equations.

ds(t)

Tdr

= —paBS(E{@I(t) + A4 (t) + Thpg (t) + Iig (£) + $Q(E) + o] (£)}
—IgS(t) + LL(t) — ;ST (t) + hT(t) + nQ(t) — aS(t),  (1.1)

L)
O _ s -1, (12
% —tSOT(E) — (h+ 71 + T)T(0), (13)
O _ papSOIE) + eAd(0) + Tl (©) + a(0)

QO + IO}~ (7 ++ IO (14)
PaE) _ 7)ot 2+ + DA, (15)
Bt ®) oy 1(6) — G+ 2+ 72+ (0, (16)
B _ 7(0) — (s + 3 415 + )l (1) (17)
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98O g1ty — -+ i+ ha 1+ Q0. (18)
% = 1Aa(t) + Jolna (t) + Jalsa(t) + jaQ(t) — (s + 15+ ds )] (2), (19)
dLéEt) = MAqg(6) + Aalina (6) + Azl (t) + X4Q (1) + AsJ(t) — (6 + do)Le (£), (1.10)
dlfi(tt) =10l (8) + 1A¢(€) + Talng () + 3L5q (8) +14Q(6) + 18] (£) + TeLe (0), (111)
L?igt) = diAg(0) + dalng (£) + sk (t) + daQ () +dsJ (£) + dsLi (¢), (112)
dP(t) _
O —aso, (113)
The total population
N(@) =SE)+ L)+ T@E)+It) +Aq(t) + Lng(t) + La(t) + Q) +J(t) + Le () + R(t) + D(t) + P(t). (1.14)

Now, if the vector of the state variable is,

X = (S(t), L(t), T(£), 1(t), Aq(t). Lna (t), Lsa (). Q(£). J (1), Le (£). R(t), D(t), P(¢))’
and f:R13 - R1.
Then the right side of the proposed model (Eqgs. (1.1)-(1.13)) is a continuously differentiable function on R'3. Necessarily, a novel clarifi-
cation of (1.1-1.14) exists in 2 for any initial condition and remains for its maximal existence interval [46]. Therefore, the proposed model
is well-defined in biological meaning. Also, according to Nabi et al. [43], the model’s solution is positive for all t > 0 and bounded by the
total population N(t) (Eq. (1.14)). Thus, at any time, each compartment is considered to be in one of the following thirteen possible states.
(i) Susceptible individuals, S(t): Initially, the susceptible is the fraction of the total population subject to the infected individuals
(Eqg. (1.1)). The suspected susceptible population is increased by the net inflow of people from quarantine and other compartments and
diminished by self-protected and natural death rates. The susceptible populations likewise decrease the following disease, obtained by
contact between susceptible and infected people, who might be contacting asymptomatic, mild-symptomatic infected, minor or moderate
infection but not detected, asymptomatic infected (detected), symptomatic infected (not detected), symptomatic infected (detected) and
isolated individuals. The transmission coefficient for these classes of infected individuals is Bw, B¢, Bt, B, B¢, and Bo respectively. Here,
the primary transmission coefficient of infectious and contact rates is 8. The change parameter ¢ represents different levels of hygiene
precautionary measures during quarantine.
(ii) Lockdown individuals, L(t): These are the people who have followed lockdown policies. The lockdown compartment refers to sus-
ceptible individuals staying at home and staying safe from the virus. Here, we quantify the lockdown open and close mechanism by using
the Heaviside function.
0,t ¢[dq,d

lsr[dl,dzlz{ #ldr, &z} (2.1)
], te [d1 s dz]

where, d; = lockdown starting time and d, = lockdown ending time.

(iii) Tested individuals, T(t): One of the powerful tactics to control the spread of the disease is testing the susceptible population. Lack
of plethora of testing undetected infected people generously the asymptomatic individual who sustains the environment and spreads the
epidemic. The people of this compartment that is healthy again is susceptible, and detected individuals tested positive at the rate t; and
7.

(iv) Asymptomatic infected, mild-symptomatic infected, and minor or moderate infected but not detected individuals, I(t): The asymptomatic,
mild-symptomatic infected, minor or moderate infection but not detected individuals are the entire populations. They are infected by the
SARS-CoV-2 virus but have no apparent substantial clinical side effects yet. This period is known as the latent phase, and at this juncture, a
disease can be infectious or partially infectious. This compartment population is lessened by an infected (symptomatic and asymptomatic,
which is identified by the test), symptomatic infected (not detected), quarantine and recover at the rates y, q and ry.

(v) Asymptomatic infected, detected individuals, A;(t): It is one of the most hazardous components of any transmissible disease. Generally,
people are not apparent by the clinical symptoms of COVID-19. As a result, the disease spreads smoothly. Furthermore, one is confirmed
by testing at the rate 7. Finally, the isolation rate ji, life-threatening A, recovery rate r,, and disease-induced death d; decreased this
compartment population.

(vi) Symptomatic infected, not detected individuals, I;,4(t): These are the people of symptomatic infected but not detected. They have mild
clinical symptoms of COVID-19 after the latent period. But did not detect due to scarcity of testing, financial crisis, and lack of knowledge
of the disease. The isolation rate j,, life-threatening A,, recovery rate r,, and disease-induced death d, decreased this compartment pop-
ulation.

(vii) Symptomatic with detected individuals, I,;(t): These are the people who have been apparent the growth of clinical symptoms of
COVID 19 after the latent period and confirmed by testing at the rate 7,. The isolation rate js, life-threatening A3, recovery rate r3, and
disease-induced death d5 decreased this compartment population.

(viii) Quarantined individuals, Q(t): These are the people who have been contracting with a source of SARS-CoV-2 virus at rates q
asymptomatic, mild-symptomatic infected, minor or moderate infection but not detected. The practical reality is that sometimes a few

3
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uninfected characters also entered the quarantined compartment, which substantially lessens the model. The population of this class
diminished by the improvement of clinical side effects at a rate js; with removal to the isolated compartment, recovery rate rs, life-
threatening rate A4, and disease-induced death dj.

(ix) Isolated individuals, J(t): The isolation or hospitalization compartment simply represents people who are self-isolated in-home,
institute or occupy a bed in a hospital. These are the people who have been established clinical symptoms and isolated like hospitalization.
These originate from asymptomatic infected (detected), symptomatic infected (not detected), symptomatic infected (detected), quarantine
class at rates j, j,, j3 and j, respectively. Life-threatening rate A5, recovery rate r; and disease-induced death rate ds decreased this
compartment population.

(x) Life-threatening individuals, L;(t): In the life-threatening compartment, A, A5, A3, A4 and As respectively denote the rate at which
asymptomatic infected (detected), symptomatic infected (not detected), symptomatic infected (detected), quarantine, isolated subjects de-
velop life-threatening symptoms, respectively. Recovery rate rg and disease-induced death rate dg decreased this compartment population.

(xi) Recovered individuals, R(t): It is assumed that recovered people have permanent immunity against the SARS-CoV-2 virus. Asymp-
tomatic, mild-symptomatic infected, minor or moderate infection but not detected, asymptomatic infected (detected), symptomatic infected
(not detected), symptomatic infected (detected), quarantine, isolated, and life-threatening individuals are recovered from the disease at
rates rg, 17, 1, I3, I3, '4, I's and rg respectively.

(xii) Dead individuals, D(t): Asymptomatic infected (detected), symptomatic infected (not detected), symptomatic infected (detected),
quarantine, isolated, and life-threatening individuals are passing at rates d|, d,, ds, ds, d4, d5s and dg respectively.

(xiii) Self-protected individuals, P(t): In this compartment, individuals who have been conscious performed self-protection measures
against viral diseases by using virus protecting tools at the rate «.

2.1. Basic reproduction number Ry

The disease-free equilibrium’s local stability and instability depend on the value of the reproduction number Rj. Also, it identifies the
threshold for the disease-free equilibrium local stability. Furthermore, it plays an essential role in controlling the disease and leading epi-
demiological indicators of disease. When Ry < 1, the disease-free equilibrium is locally asymptotically stable; a small amount of infection
into the population may cause it to evolve into an endemic prevalence. On the other hand, when Ry > 1, the disease-free equilibrium is lo-
cally unstable; a sufficiently small number of infected people will generate an outbreak. Here, R is deduced from the system of non-linear
ODE’s (Egs. (1.1)-(1.14)) by the next generation matrix approach [47].

Based on the above proposed system of non-linear ODE’s model, the disease-free equilibrium point is (0,0,0,0,0,0,0,0,0,0, 0,0, 0).

r 0 0 0 0 0 0 07
0 peBw psBe paft  paB paBP pafo 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
F=1o0 o 0 o 0 0 0 0 (22)
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
LO 0 0 0 0 0 0 0
r 1 0 0 0 0 0 0 07
0 2 0 0 0 0 0 0
-7 0 V3 0 0 0 0 0
o -y 0o w o 0 o0 o0
V=1, 0 0o 0 w 0 0 o0 (23)
0 —¢g 0 0 0 w5 0 0
0 0 —ji —-jo —-j3 —ja vz O
L O 0 A1 —Ay —Az3 —Ag —As Vgl
ran 0 0 0 0 0 0 0
Gy Gy a3 Gy G5 G Gy O
0 0 0 0 0 0 0 0
410 0 0 0 0 0 0 0
V= 0 0 0 0 0 0 0 0 (24)
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
| 0 0 0 0 0 0 0 0
where,

vi=h+Ti+70, =Y +q+r0, V3=j1+A+r+di, Vs=jo+r+1+d;

Vs=js+Az3+Tr3+ds, Ve=nN+ja+Aa+Ts+ds V7=As+15+ds, Vg =Ts+dg

. r
1nm=__—
Un
a T1paBe . pPaBT2 N PaPO (T2j3V2V3V4V6Vs + T1V2V4VsV6Vs)
21 —

V11V33 V11Vss V1VaV3V4V5V6V7 Vg
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a _ paBow  piBry | paB®q . PaBo (jaQUiV3VaVsVs + Y jaV1V3VUsUsls)
22 = + + +

Vy VoVs VoVsg V1V2V3V4V5V6V7 V3
& o ‘1
ays — PaPE | PaPO]
V3 1% %
o — paBT _ paPo2
Vg Va7
oi
ays — PaP , PaBos
Us VUsV7
o — pap¢ . paPoja
Vs VgV7
papo
ay7 = ———
V7

According to the next-generation matrix approach, the basic reproduction number Ry is the largest Eigenvalue of |[FV~1|.
Thus, Ry = p(FV~1), where p is the spectral radius of FV 1.
R — papw N paBTy n paBéq n PaBO (jaqUiV3VaVsVg + ¥ joV1V3VsVslg)
0 V) Valy VoVg V1V V3V4 VsV V7 Vg

(2.5)
2.2. Strength number

The concept of the reproduction number discussed above has been widely used in epidemiology for assessing whether or not the
spread will exist. However, a reproduction number could not specify whether a model has formed the waves or not. To determine the
complications in the epidemic spread and assist in detecting the waves, we consider a new number approach termed the strength number,
derived using the next-generation matrix by taking the second derivative of infectious classes.

For determining the strength number (SN) of the proposed model, we assume the total population is finite (N). Then the mass and
standard action incidence have no difference.

Thus,
wSI
paBwSI = % (2.6)
Now, according to Atangana et al. [48,49]
92 wSI 9 (N—NI
alz(pd/i’ ) = pdﬁa)SaI(Nz ) (2.7)
_ PaPwS
= Nz
Similarly,
02 (paPeSAq\ _  paBeS (2.8)
wm\ N )TN :
9? (PdﬂTSIsnd) _ _DbaPt$ (2.9)
azgnd N N2
02 ( paPSly paBS
812< N (210)
sd
02 (paBPSQY _ paPedS 211)
w\" N )TN >
3% ( paPosSQ papos
R (N =-—\z (2.12)
In this case,
[ 0 0 0 0 0 0 07
0 _piBo _ paBe _ b4BrT _ B _paBé _ byBo 0
N? N? N? N? NZ N
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
Fony = 2.1
M=o 0 0 0 0 0 0 0 (2.13)
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
| 0 0 0 0 0 0 0 0

w
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Then
Det (FsyV ™" — Mg) =0 (2.14)

Therefore, strength number,

(2.15)

SN _| PaBo  PaBTY | PaBPq | paPo(jaquivsVavss +y jaVivsstels) | _
N2U2 N2U2U4 N2U2U5 N2V1U2U3U4U5V5U7U3

SN =0 indicates that the spread will not renew and will hence have a single magnitude and die out. SN > 0 suggests sufficient strength
to initiate the renewal phase, implying that the spread will have more than one wave. On the other hand, biologists will offer a clear
explanation of the quantity, as mentioned earlier, which will be proven when the second derivative of infectious classes is studied.

2.3. The first derivative of the Lyapunov function

The endemic equilibrium E* for the endemic Lyapunov function is {S, L, T, I, Ay, Lng, lsa» Q. J, Le, R, D, P}, Ly < 0.

Theorem 1. The endemic equilibrium points E* in the SLTIAjls,qlsqQJL:RDP model are globally asymptotically stable when the reproductive
number Ry > 1.

Proof. For proof of the theorem, the Lyapunov function can be expressed as follows

Ly(S, L T.I,Aq. Ina. s, Q.J L, R,D,P) = (s -5 - S*log%) + (L iy - L*logLT)
* * T* * £ I* * * AZ
+<T—T —Tlog—)+(1—1 —Ilog—>+ Aq — A — Ajlog =
T I Aq
+(1md Irg — Irqlog Snd> (gd I;dlog )

+<Q —Q - Q*logg) + (] _J _J*[og',7> + (Lt LI log%)
+(R ~R - R*log%) + (D D D*log%) + (P _p- P*log%) (2.16)

Differentiating both sides concerning t yields
dLy . S—S*\. L—L*\. T—-T*\. I—TI*\. Ag—AL\ .
@ == s ()i ()T (5 >I+< A
Isnd — I:nd Isd Isd Q — Q* . ] _]* . L — LE* .
+( Isnd Isnd * Isd ISd + ( Q )Q + ( J )J + ( Lt )Lt

R—-R D — D*\ .. P — P\ .
(S R (P )+ ()P (217)
Applying the values of S, L, T, I, Ay, Igq. 4. Q.. Lt, R, D, P in Eq. (2.17), then we get,
i, (S—s
@ - ( ){ paBS(wl + €Ay + Tlgg + g + ¢Q + o)) — IS + 4L — t,.ST + hT + nQ — oS}

+<L;> (IS — IuL) + (#){QST —(h+ 11+ )T}

+< i >{pdﬁ5(w1+eAd+rlsnd+1d+¢Q+oJ) (y +q+ro)l}
Ag—A;

>{T1 — (1 + A1+ +d)}Ag

snd

(12T — (js+ A3z + 13+ d3)lgy}

I
+< s ) vI— (2 + Az + 12+ dr)lgg}

(rol + 11Ag + 12lsng + 13l5g + 14Q + 15] +16L¢)

+<Q Q*>{q1—(n+14+)»4+r4+d4)Q}
+<J ] ){]1Ad + jolsna + j3lsa + jaQ — (s + 15 + d5)]}
+<Lt ? {)‘ Ad + )VZIsnd + )8 sa T+ )\4Q + )\5] (T5 + dS)Lt}

)
R- R*)
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D-D* P-
+( D )(d Ag + dalng + dslsg + daQ + ds] + dsle) + ( )(aS) (2.18)

Putting S=S—S*"L=L—L*T=T-T*I=1-1*Aj=Ag— A5 lyg=lgq— Iy lg =g —1,,Q=Q-Q* J=] —J* Ly =L - L. R=R -
R*,D =D —D* P=P—P*in Eq. (2.18), then

dL;
dr

= (355 [paBs =5 =)+ (A = A7) + T (kg ~ L) + (s~ L) + 9@~ Q) +0 G =)

(S =S) + (L =L) =ts(S=SHT =T )+ h(T-T") +n(Q - Q") — (S - 5*)]

+<L L*){lsr(s ) —ly(L - L")

+<T — T*>{tr(5—5*)(T —TY)—(h+ 11+ 1) (T -T"}

T
+<I_II*>[pd,3(S—S*){CU(I—I*)+<9(Ad—Ag)‘f‘f(lsnd_ls*nd)+(ISd_I;d)+¢(Q_Q*)+U(I_J*)}_(V+q+r0)(1_1*)]
Ag— A
+ dAd d){ﬁ(T—T*)—(h+)»1+f1+d1)(Ad_A3)}

Isn _I*
+(ds>{ (1_[*)_(]2+)»2+r2+d2)(snd Isnd)}

) T (T = T*) — (3 + A3 + 13+ d3) (I _I:d)}

+(Q QQ*>{CJ(I—I*) —(N+ja+rs+rs+ds)(Q—Q")}

+<] ]J* {71(Aa = A7) + Ja(lona = Iing) + J3(ha = g) +7a(Q = Q) = (s + 15+ d5) (| —J) |

+<L[LtL;>{* Ag = Aq) + 22 (lna = Iing) + Haka +24(Q = Q) + A5 =) = (s + do) (Le — L)}

—I—(R RR*){rO(I—I )+ 11 (Ad = A3) + 12 (Iong = Ing) + 73 (ha = ) +12(Q = Q) + 150 —J) +16(Le — L)}

+<D DD*){ Ad‘ +d2(snd sna)+d3( s — I )+d4(Q—Q*)+d5(]—]*)+d6(Lt—L;‘)}

+<P P*>{“(S SO (2.19)

For avoiding complexity, the above equation can be written in the following form

dL;

dt

—M-Q (2.20)

where

M = paf (@l + A} + Ty + Iy + $Q° +a]*)(

S —5%)2 S*
% + ldL =+ lde*
(T-T%)°

S — 59?2
L =5 :

S S* L*
T*+hT+h§T*+7]Q+ an*‘Flsrs"‘lsrTS*'i‘tr S

I*
+(pdﬂ5 + paB 75*) (@I +eAq+ Tlpg + Ia + PQ + o)) + T T
P *
STy gl qE P 4 A+ kg
Isd Q
Q" + MAg + Aolgyg

A% I*
ATy yl+ yﬂl* + 0T +1,

T
+1Ad

+]315d+]4Q+]1]Ad+]2] Snd+]3]ISd+J4j
L*
+)»3lsd+)»4Q+)»5]+)»1L—ZA§+)»2 tl:nd+)"3L[ I;‘d+}\4L—ZQ*

L*
+A5L—‘J* + ol + 11Aq + Talsng + 3lsg + 14Q + 5]
t

R* R* R* R*
g+l + r4—Q* + 715 —]* +16—L +di1Ag + dalspg

R* R* R*
+rgle + oI + 14 *A* +r— R sd R

R R
+d3sd+d4Q+er+d6Lt+d1*A*+d2D snd+d3D sd+d4 Q*

* * P "k
+dsﬁ +d65Lt +aS+ F“S
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and

R = pyB(wl+eAg+ Tlpg + Iy + $Q + 7))

S —5%)? S —5%)2 S*
( . ) +lsr( : ) +ldL*+ld§L

S —5%)? S* S* S —5%)? L*
+tr%T+hT*+h§T+nQ*+n§Q+a%+lsr5*+lsrT5
L—L*)? T — T*)? T — T*)?
ld( : ) +tr( . )S*+(h+rl+r2)( . )
* rr * * * * * * (I_I*)Z
+(pd,BS +pd,375)(a)1 + A+ Ty + I+ dQ +a])+(y +q+r10) 7
2
A Ay — A I*
+T17*+T1*T+(]1+)\1+T1+d1)7( +—4) +yF 4y
A Ad Isnd
2
I I*
+(J2 +A2+r2+d2)M+r2T*+r2LdT
Isnd Isd
2
Ig—I¥ *
AP Cl ) EPP
Iscl Q
+(U+j4+)»4+f4+d4)(Q_QQ) + J1AG + jalg + J3liy + jaQ*
* _I* 2
+]1]JAd+JZJJ snd+13]J s +J4]JQ+()\5+f5+d5)(] J])

+)\. Ad+)‘25nd+)‘3 d+)L4Q*+)Ls]*+)L1 Ad+)L2 sncl

L L L
+/\3 sd+}‘4 tQ+)»5 fJ+(re+d )!-FTOI*-FHAE

R *
H12l5ng + T3l + 1aQ" 4 15J" +Teli +To o + r1 Ad + T2 lona

*

+rR
>R

+dsI a1 dsQ* +dsJ* + dsL; + d] Ad + d2 Lsng

R* R*
L + T4*Q +15 *] + Tth +diA; + dzlﬁnd

+d3 Iy +d4 Q+dsﬁj+d63h +aS* + FoeS

Taking everything into consideration, if IT < €2, then %f < 0. Therefore, when S=S8*L=L"T=T"1=1"Ay=A} lq =1} ksa =
I}.Q=Q*J=J"L =L;,R=R*,D=D*P=P* Eq. (2.20) can be written as

0=MI-2
dL
f
—— =0 2.21
= I (2.21)
Thus, the most prominent compact invariant set for the proposed model
dLy
(57 L T Ay T 15 QT L RDPT) e T =L =0 (2.22)

is the endemic equilibrium of the suggested model at the point {E*}. It follows that E* is globally asymptotically stable in T if IT <
according to Lasalle’s invariance.

2.4. The second derivative of the Lyapunov function
The first derivative of the Lyapunov function is used to assess the global stability of endemic equilibrium points. The first derivative
analysis provides essential information that the second derivative analysis may supplement without loss of generality. For example, the

second derivative of these Lyapunov functions tells us the curvature according to its sign, but the first derivative offers us information on
the disease’s progress. We are confident that its second derivative will provide further insights.

diy _d s L T " A\ Lua o Q
o dt{(l_s>s+<1_L)L+<1_T>T+(1—I)I+(1 —A)Ad+(1 7 Yl (1 15d+(1 —G)Q
(e 1= e - 5o - 5o (-5
-\ 2 .\ 2 ) N . 5 . 2
SN e (N (TN e (N (A e () i\,
_ (S) 5+ (L) o (T) o (1> " (Ad) A (w) - (1) "

8
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(e () e (2 ()5
H _)H(]_T;)”(]_I;‘)H(]_f;d)m( - Y

+(1 )sd+ g)QJr(l—]j*)jJr(l—g)L[
+(1 - 7)R+ (1 - %)D+ (1 - ;)1’ (2.23)
Here,

= —puPfS(@l + €Aq + Thing + sy + $Q + 0]) — pafS(@l + £Ag + Thng + Iy + PQ + 0J) — IS + oL — :ST — £:ST + hT + nQ — a$
L=148-14L
T=tST+6ST— (h+1 +1)T
I'= paBS(@l + eAq + Thng + Iia + $Q + 0) + paBS(wl + €Aq + Thing + Lia + #Q + 0J) — (¥ + q +10)]
Ag=1T — (j1+ A + 11 +dDAg
Ing = yI— G2+ Ao + 12+ d2)ing
Ly=1T - (js+As+13+d3)ly
Q=al— (n+ja+ra+ra+da)Q
J=i1Aq+ Jalsna + Jalsa + jaQ — (As + 15 + ds)]
= MAg + Aol + Aslyg + AaQ + Asf — (rs + do)Le
R =r1ol + 11Ag + ralg + 13lsq + 140 + 15 + 16Le
D = diAq + dalsng + d3lsg + dsQ + ds] + deLs

P=aSs
Thus,
de S L ? * T ? * I 2* Ad Isnd 2* iscl 2*
dt:(5> <L>L <T>T+ i) "\ A s g ) 0TIy ) B
L2 L2 L2
* L[ * B * 9 * B k
() e () (B) e (8w (B) o (5) v
(1 — f){ PaBS(wI + €Ag + Tlgg + g + 9Q + o))
—paBS(wi + eAg + Tl + Iy + $Q + 0J) — I5S + l4L — £:ST
ST+ T 00— as) o+ (1= 5 ) (S - k)
T\, . . .
(1= 7 ) (ST +65T = 471+ )
I* .
+<1 _ 7){pdﬂ5(a)1+ €Ay + Tlog + Ly + $Q + o))

+paBS(wi + eAg + Thing + Iy + #Q + o)) — (v + q + 10)}

AN . :
+1--4 {T1T*(J1+)»1+r1+d1)Ad}
Aq
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snd

I* . . .
+(1 - ,S""){yl— (2 + Mg + T2 + d2)gng }

I* . .
+<1 - ISd){ 0T — (3 + A3 + 13+ d3)lg }
sd
Q*
+(1-3 lal =+ ja+ ha+1a+da)Q)
+(1 Jj){hAd + Jolsna + Jaksa + jaQ = (ks + 15 + ds)J}
+<] f) {)‘1Ad + )‘-ZIsnd + )"3Isd + )‘4Q + )‘5] (r6 + dG)Lt}
R*
+<1 ﬁ) {rol + rAq + Taling + r3lg + 14Q + 15] + relc}
D* X . . . . P\
+<1 B) {d]Ad + dylgug + dsly +dsQ + ds] + dGLt} (1 — F)aS (2.24)
and
oL
an = IS, L, T,1,Aq, Ing, Isq, Q. J, Le, R,D, P)

+(1 - %){—pdﬂS(a)I + 8Aq + Tlsng + I + 9Q + 7))
—paBS(0l + eAg + Thing + Iig + $Q + 0J) — IS + 4L — £,5T
ST+ T+ 10— ad) + (1= 7 ) (1S - L)

+(1 - TT) (6T + 6T — (h+ 71 + )T

(1= 7 ) PaBS(@1+ g + Tl + 1 + QL+ 0))
+paBS(wl + Ag + Thing + I + #Q + o)) — (v + q + 10)}

A . .
+<1 - A){ TT = (ji+ A1 + 11 +d1)Ag)

J’_

1 bona {vI- Ga+ra 412+ dp)isna}

(-5
(

‘s:.

1-

+
Py
au

) {Tal = (3 + A3 + 13+ d3)lsq }

+(1 % al — (N + ja+ra+14+dy)Q}
+(1 Jj) {71Aa + jolona + Jalsg + JaQ — (hs + 15 + ds)J}
L . . . . . .
+(1 > A Ad -+ )"ZIsnd + )\.315(1 + )\.4Q + )\.5] — (Ts + dG)Lt}
t
+(1 - %) {rol + MAq + Taling + 13lsq + 14Q + 15 + 16l }
D+ . . . . ) . Ps\ -
+(1 _ 3) {diAq + doling + dslig + daQ + ds + dol ) + (1 - ?)as (2.25)

Now substitute S, L, T, 1, A, I g, 4. Q.J. Le, R, D, P with their respective formulas and combine positive and negative components, we
have

&L

i =Y -2 (2.26)

d2L
As a result, it is clear that, if }°; > Y", then dT >0

if Z Z then —J <o (2.27)

. d2L
if Y1 =3, then —f =0.
After that, the interpretation associated with the second-order sign is as follows.

10
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2.5. Existence and uniqueness

This section presents a detailed analysis of the existence and uniqueness of the system of equations that describes classical calculus’s

survival. The following theorem must be proved to do this.
Theorem 2. Assume that there exists a positive constant ©;, J; such that
(i) Vie{1, 2, 3, ..., 13}
|fixi. ©) = fi(x;. t)|2 < Uil —x,f|2.
(ii) Y(x, t) e R13 x (0, T)
Ifitxi. OF < 3i(1+ 1xi]).
The proposed model can be written as

ds(t)

- —paBSO{@I(t) + eAq(t) + Thna () + La (t) + Q1) + 0 (1)} — IsS(E) + LaL ()

—t:S@E)T(t) + hT(t) + nQ(t) —aS(t) = f1(t,S, L, T, 1, Ag, Lsng, Isa> Q. J, Lt, R, D, P)

% =1lgS(t) = laL(t) = fo(t. S L. T, I, Ag. Ing. Isa. Q. J. Lt R, D, P)

% =6SOT(t) — (h+ 71 + )T (t) = f3(t,S, L, T, I, Ag, Iing, s, Q. ), Le, R, D, P)

% = paBS(O{@I(t) 4+ eAg(t) + Tling (t) + Ia(t) + ¢Q(t) + oJ (1)} — (¥ + g +10)I(t) = fa(t,S, L, T, I, Ag, Ing. Isa, Q. J, Le, R, D, P)
dA;t(t) =TT T(t) — (j1 + A1 + 11 +d)Ag(t) = f5(t. S, L T, 1, Ag, Igng. Isg. Q. J. L, R, D, P)

dls'édt(t) = yI(t) — (o + A2 + 12+ d) g () = fs(t,S. L T, I, Ag. Ing. Ig. Q. J. Lt R, D, P)

% =0T(t) - (s + A3 + 3+ d3)lg(¢) = fr(t, S, L, T. 1, Ag. Isna. Isa. Q. ), Le, R, D, P)

d%ﬁ” =ql(t) — N+ ja+ra+Ta+d)Q(t) = fg(t.S, L. T, I, Ag, Ling. Iy, Q. J. L, R, D, P)

% = 184 (t) + jalsna (t) + jalsg (t) + jaQ(t) — (As +Ts5 +ds)J (t) = fo(t, S, L, T, I, Ag, Isng, Isa» Q. J. L, R, D, P)

dL(;Et) = MAg(t) + Aalgng (£) + Aslig (t) + A4Q(t) + AsJ(t) — (rg + dg)Le(t) = fio(t, S. L. T. I, Ag. Iing. Iig. Q. J, L. R, D, P)
% = 1ol (t) 4+ 11Aq () + Talgnq (t) + T3l (t) + 14Q(t) + 1] (t) + TeLe (t) = fi1(t. S, L. T. I, Ag. Iyng. Ig. Q. J. L. R, D, P)
% = d1Ag(t) + dolgng (t) + d3lyg(t) + daQ(t) + ds (t) + dgLc (t) = fra(t, S.L. T, 1, Aq. Ing. Isg. Q. ). L. R, D, P)

% =aS(t) = fi3(t,S,L.T,1,Aq, Lng. Iig. Q. J. e, R, D, P)

Firstly, for the function f;(t,S,L, T, I, Ay, Lpg. g, Q. J, Lt, R, D, P) we will prove that
fiS1. ) = fi(S2. O = 01181 = S,

Now

1fi(S1. ©) = fi(S2, O = | — paB (@] + €Aq + Tlgng + Isg + $Q + 0)) (S1 — S2) — Isr(S1 — S2) — £:T(S1 — S2) — (S1 — $)|?
= {—paB (@I + €Aq + Tlgng + Iyg + #Q + 0)) — Iy — 6T — a}(S1 — S2) |?

< {2038 (* 1P + 2|Aal® + T |lsnal® + lsal® + @2(QI + 0 2J1) + 212 + 262 |T | + 202 }[S; — S,

1

(2.28)

(2.29)

(2.30)
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{ZPdﬂz(wz Sup. 1) + &2 Sup. |Ag]® + 72 Sup. |lsna|* + Sup. |g|* + @2 Sup. 1Q* + 02 sngUI )

+212 4 2t2 sup |T(t)|* + 2a2} 1S1 — S5

0<t<T

< [203B2(@ O3, + €2 1A (12, + T2 g (12 + 11O + G2QO 2, + 02U 2) + 283 + 22| T (@)% + 202} 15, = 5,2

< %1|S1 - S,/

where, % = 2p3B* (@ [II(D)|1%, + &2 [|A (O3 + T2 [1na (D113 + |l O 1% + @*NQOIZ + o2 [U(DI[3) + 215 + 22| T (O[3, + 202
Analogously we can prove that the remaining compartments hold the above inequality.
Secondly, we will prove that

1fiS. O <31 (1+1S1%). (2.31)
Then
If1(S, D)2 = | — paB(@l + eAg + Tlpg + Ig + $Q + 0 ))S — 1S — ;TS — aS + I;L + hT + nQ|?

= |{—paB (@l + €Ag + Tlypg + Iy + pQ + 0]) — sy — ;T — at}S + I4L + hT + nQ|?

< {20387 (11 + e2|Ag|* + T |na|” + la* + #21QI° + 02 1%) + 213 + 267 T|? + 22} |S|? + 213 |L|* + 20%|T|* + 22| Q[
{2pdﬁ2<w sup |1? + &2 Sup. Agl® + 72 Sup. llsnal® + Sup. |l + ¢? Sup QI + 02 Sup. Ul >+213r+2t3 051[1pT|T(t)|2+2a2}|S|2

4213 sup |L|* +2h? sup |T|* +2n? sup 1Q?

0<t<T 0<t<T
< {20382 (11O + 2 [1Aa (O3, + T ||Isnd(t)||i, + Lg%, + QO + o2 U©)]1%) + 212 + 262 |T ()] 2, + 22} |S|
+2B||L(0)| 2, + 20| T (012, + 27| [Q(D)]12,
< % (1+1SP).
such that
{20387 (@ I1O11% + E2[1AaO112, + T |lna (O 2 + [sa (O11% + QO + G2 |J©11%) + 21 + 262 [T©)] 12, + 222}/
{BILOIZ + BT O + n*l1IRO|Z] <1
where, §; = 2[|L(D)|[2, + B[ IT(©)]12 + n2[|1QO)| |

Similarly, we can prove that the remaining compartments hold the above inequality.
In conclusion, the solution of our system exists and is unique under the maximality condition, detailed in [48].

3. Epidemic model based on Caputo fractional derivative

By implementing the well-known Caputo fractional-order derivative [45], we intend to modify our proposed epidemic dynamics as
follows,

CDPF(t) = ! I S0)) dn,t>0,p>0,n—1<p<nneN (3)
o Pn-p)"° c—mprt 7~ 7777 -
where, I is the well-known Gamma function, p is the order of the Caputo fractional derivative operator €DP.

Although integer derivative-based mathematical models have been implemented in the modern decades with tremendous progress,
sometimes such models cannot perfectly replicate the real-world phenomenon due to the scarcity of information or exactness in trans-
forming reality into a mathematical formula. Therefore, their use is essential to humanity for prediction, which helps humans understand
what could happen soon, such that to avoid worst-case situations, they can take some control measures. Thus, in the current section, a
Caputo fractional derivative-based mathematical model is devolved, predicting the outbreak of covid-19 for the Italian populations. In this
regard, Caputo fractional derivative [50-55] has been applied in the conventional proposed mathematical model (Eqgs. (1.1)-(1.14)). Then
the system of the nonlinear fractional-order differential equation is as follows:

§DPS(t) = —paBS(O{wI(t) + eAq(t) + Thya (t) + La(t) + Q1) + 0] (1)}

—sS(t) + lgL(t) — &S(OT (&) + hT(£) + nQ(t) — aS(t) (41)
SDPL(t) = lsS(t) — lgL(t) (4.2)
SDPT(t) = t:S(OT(t) — (h+ 71 + )T (t) (4.3)

6DLI(t) = PaPSEO{@I(t) + eAq(t) + Thina (t) + 1sa (t) + QE) +0J(6)} = (¥ +q +T0)I(t)

12
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6DfAa(t) = TiT(t) = (i + A1 + 11+ d)Ag(t) (4.5)
6D Lsna (£) = YI(t) = (jz + A2 + T2 + d2) sua (£) (46)
6D La(t) = 2T (t) = (3 + A3 + 13+ d3)lsa (t) (4.7)
6DPQ(t) = qI(t) — (7 + ja+ ha+Ta+da)Q(L) (4.8)
6DEI() = 11Aq(E) + Jala () + jalsa (£) + jaQ(E) — (ks + 15+ d5)] (£) (4.9)
6DPLe(t) = 21Aq(t) + Aalsua (t) + Asksa (t) + AaQ(t) + AsJ () — (s + de)Le (t) (4.10)
6DER(t) = ol (t) + r1Aq(t) + r2lsna (t) + T3ka (£) +1aQ(t) + 15/ (¢) + roLe(t) (411)
GDID(t) = diAg(t) + dalgna (t) + d3lia (¢) + daQ(t) + dsJ (t) + deLe (t) (412)
ODFP(t) = aS(t) (413)

As the above mathematical model (Eqs. (4.1)-(4.13)) of covid-19 outbreak predicts a real-world problem’s characteristic, [38] helps
analyze the model’s positivity. Then

RP={¢eR®:¢ >0}
§(0) = [S(6). L(0). T(6). 1(0), A (£). Lina (£). Lsq (£). Q(£). J (£). L (). R(£). D(D), P(D)]".

Since summation of all Eq. of the system (4.1-4.13) gives zero, the system is classified and exhibits the preservation characteristic of
mass. Directly,

6DE{S() + L(t) + T (t) +1(t) +Aq(t) + Lsna () + La(t) + Q(E) +J(t)

+L:(t) + R(t) + D(t) + P(t)} =0

which signifies that the total population is constant.

As the all-state variables imply the whole population portions, we can suppose that Y ¢ (i) = 1, where 1 denotes the total popula-
Vi
tion N(t).

Lemma. The proposed model (Eqs. (4.1)-(4.13)) solution £ (t) is positive, unique, and lies in R13.

Proof. Since the proposed model deals with the population model, all the ingredients are confined in the positive quadrant to analyze its
positivity. Therefore, the vector field tends to R13, then

6DES(6) = laL(t) + hT (¢) +1Q(t) = 0 (5.1)
EDPL(t) = IS(t) > 0 (5.2)
oDfT(t) =0 (5.3)
ODPI(t) = paBS(t){eAd(t) + Tl (t) + g (t) + pQ(t) + 0 ()} = 0 (5.4)
6DfAq(t) = TiT(t) = 0 (5.5)
6DfLina(t) = y1(t) = 0 (5.6)
EDPIy(t) = T, T(t) = 0 (5.7)
6DfQ(t) =qlI(t) = 0 (5.8)
6DI(©) = 11Aa() + Jalna (8) + jalsa(£) + jaQ() = 0 (5.9)

13
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EDPLe(t) = A1Aq(t) + Aalsng (8) + Aslg (£) + AaQ(t) + AsJ(t) = O (5.10)
6DER(t) = 1ol (t) + r1Aq(t) + Falna (£) + T3lsa (t) + 1aQ () + 15/ (£) + Tle(t) = 0 (5.11)
SDPD(t) = d1Ag(t) + dalsng (t) + d3lsg (t) + daQ(t) + dsJ (t) + dsLe (t) = 0 (5.12)
EDPP(t) = aS(t) > 0. (5.13)

3.1. Existence of uniformly stable solution

Assume that
ODPS(t) = —paBSE{@I(t) + eAq(t) + Thna () + g (t) + ¢Q(t) + 0 ()} — I5:S(t) + LaL(t)

—t:S(E)T(t) + hT(t) + nQ(t) — aS(t) = fi (S, L. T.1,Aq. Iina. Ia. Q. J. L. R. D, P)

SDPL(t) = IsS(t) — lL(t) = (S, L, T, I, Ag, Igng. g, Q. J, Lt, R, D, P)

SDPT (t) = t:S(O)T(t) — (h+T1 + T)T(t) = f3(S, L, T, I, Ag, Iyng, g, Q. ), Le, R, D, P)

oDFI(t) = paPSO{@I(t) + eAq(t) + Thpa(t) + sa (t) + Q) +0J ()} = (¥ +q +10)I(t) = fa(S. L T.1, Ag. lna. Isa» Q. ), Le, R, D, P)
6DPA4(t) = 1T (¢) = (i + A1 + 11+ dD)Ag() = f5(S. L. T, 1 Aq. Igna. Isa» Q.J. Le. R D, P)

§DPLna (t) = yI(t) — (jo + Az + 12+ d2) g (t) = fo(S. L. T. I, Ag. Lina. Isa. Q. J, Lt R, D, P)

SDPIsy(t) = ToT(t) — (js + Az + 13 +d3)lsq(t) = f7(S. L, T, I, Ag, Ing. Isa, Q. J, Le, R, D, P)

6DPQ(t) = qI(t) — (1 + ja+ ha +Ta+ds)Q(t) = f3(S. L. T. 1 Ag. ing. Isa. Q.J. Lt R. D, P)

ODPI(t) = j1Aq(t) + jolna () + jalsa (t) + jaQ(t) — (A5 + 15+ d5)] (t) = fo(S. L. T. 1. Ag. Iyng. Isa. Q.J. Lt. R. D, P)
ODFLe(t) = MAg(t) + Aalina (8) + A3ka () + AaQ(t) + AsJ(¢) — (r6 + d6)Le (¢) = fio(S, L. T. 1, Ag. kg Ia» Q. ), Le, R, D, P)
oDFR(t) = rol(t) + 11Ag(t) + ralina (t) + 13k () +1aQ () +15J (t) +T6Le (¢) = fur (S, L, T, 1, Ag. ina s Q. ). Le, R, D, P)
SDPD(t) = d1Aq(t) + dalspg (t) + d3leg (t) + dsQ(t) + dsJ (t) + dsLe (t) = fia(S, L, T, I, Ag, yng, g, Q. J, L, R, D, P)

6DFP(t) = aS(t) = fiz(S.L. T, I, Ag, Iina. Isa, Q. J. Le, R, D, P)
Assume for the total population N(t) that
D = {(S() + L) + T () + 1() + Aq () + Lsna (£) + Lsa (£) + Q1) +J(£) + Le(F)

+R(t) + D(t) + P(t)) e R : |¢ (i)| <= N(t) and t € [0, T].
Then over &, we have

% = —paBlwl(t) + eAg(t) + Tlpa (t) + g () + Q) + o) ()} — I — ;T (t) — ¢ = % <ay
% == ‘%le < a; % =h-t5t) = ’%J;l < ay3; % = —pysBwS(t) = ‘aaf; <
gf{: = —paPes(t) = 37{2 = ss; aalij:d =—paBTS(t) = ‘3813:,](1 < ay6;

ST{; = —paBS(t) = STJ; < ay7; % =1 —paBPS(t) = ‘gg < ayg;

14



M.S. Ullah, M. Higazy and K.M. Ariful Kabir Chaos, Solitons and Fractals 155 (2022) 111636

%?:—pdﬂosa)i‘aaj; = a: gyt = 0= fi0) = ang: it =0= /iR =an:
8 0 fi0) =am: W =0 fi() = ans.
af; 3f> 3f> 0/

a3 =0= fo(l) = ax; ﬁ—oifz(f\d)—ﬂzs ol =0= fr(lsng) = aze: Ty =0= fo(lyg) = az7;

0 0

Tg =0= f2(Q) = as; ETsz =0= f(J) = ag; 3{2 =0= fo(Le) = azo;

0 0f

Tg =0= f,(R) = ax; f2 =0= f,(D) = ax; 87];) =0= f,(P) = ays.

0 df3 0f3 0
a—j;;*:trT(t): IS a31,a—j£3_0=>f3(1~)—a32, E)fT =—h- Tz:‘ag‘<a33;
df3 df3 3

d 0
a5 = 0= f3(I) = ass; Fy v 0= f3(Ag) = ass; T 0= f3(lsng) = aze; W{z =0 = f3(lg) = az7;

?T(f; =0= f3(Q) = ass; 87? =0= f3() = aso; % =0= f3(L) = a310;
% =0= f3(R) = asu; %f; =0= f3(D) = asn2: 887{, =0= f3(P) = as3.
8f4 8f4 8f4

< a5 = 0= fa(l) = ag:;

35 = PaB{@l(t) +eAq(t) + Tlina(t) + Lia () + @Q(1) + o) (1)} = ‘Bs

%?=0:>f4(T)=a43;aaj;“=pdﬂw5(t)—y—q—ro=>‘%"5‘144;g,f;=Pdﬂ‘95(t):>‘§f = a5}
%:pdﬁ¢5(t):> 2—5 < 43,75—pd/305(t)=> ‘aag < 49 3{4 =0= fa(le) = ano;
%:Oéﬁx(l{):am;%=0;>f4(D)=a412:%=0:>f4(P)=a413-
%=0:>f5(S):a51;%zO:fs(L)—asz 3J;; iand:‘%fTs 5‘153;83];5:7’:‘83&5 = Gs4;
%{Z=—jl—k1—r1 d = 3/{5 <055'§de—0=>fs(lsnd)—‘156 alfs =0= fs(ly) =as;
%=0:>f5(Q)=ass;8af§5=0=>f5(1)=‘159 %_OQE(M—“S]O

% =0= fs(R) = asu; 88{; =0= f5(D) = asi2: % =0= f5(P) = asi3.
Ei,)j;620:>fs(5)=am;%];6=0:>f6(L)=aez;aaj;?=0=>fG(T)=ﬂe3:aaj;6=1/=>‘aaf16 = Ue4;
g—f;=0=>f6(Ad)=a65;%=—12—)‘2_r2_d2:> ‘aalfd = Og63 Blfe = 0= Jolla) = dor:
%:o;»fe(Q)=a68;aa—’;s=0:f60)=aeg;g—{f=0=>fe<Lr>=aﬁw;
%:0:>fe(R)=a5u,%—O:fe(D)—amz %{3 =0= fo(P) = dors.
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%:O:>f7(S)=a71;%:O:ﬁu)_an %J;Z infl; = '%J; §a73;%20=>f7(1):a74;
%:0:>f7(Ad)—a75 ;Ii_o:ﬁ(lm):am;gTz:—h—M—@ d3:>‘glf < a7
%:O;’fﬂ@:am?%=0$f7(])—a79 3{7 =0= fr(L) = a7o;

% =0= f7(R) = am; %fD =0= f7(D) = arny; %{) =0= f7(P) = ans.

%:O:fS(S):a% 8812 =0= fs(L) = ag; %fT =0= f3(T) = ag3; 8J;8 =q= ‘38!;8 < dga;
E3)%_0:>f8("\d)—‘185 aalf =0= fy(sna) = ase; glf =0= fy(ly) = asy;
gg=—’7—f4—h—r4—d4:‘gg 50882887];8=0:>f8(])=(189;%zOéfs(Lt)=asw:
%=O:>fs(R)=asu,%—0=>f3(D)_a812 88]1: — 0= fs(P) = ags.

% =0= fo(S) = ag1; % =0= fo(L) = agy; % =0= fo(T) = ao3; % = 0= fo(l) = doa;
E;g:j4:>‘gg 5‘198§837];9=—)»5—r5—d5:> 881;9 < agg: %—O:fg(h)=agm;

an =0= foR) = aon: %{) =0= fo(D) = aora: %{3 =0= fo(P) = agis.

% =0= fi1o(S) = a01; % =0= fio(l) = Qi02; % =0= fio(T) = ays; % —rp = ’381‘;0 < yga;
BBQS A= ‘?}Q: < Qyos; glj;z:)Q ‘31{2 < ayog: 381;10 A3:>‘%£: < ayo7;
aag)=)»4:"%fg‘saws;ag}°=ks:>'g}° sawg;%z ds:%{ < Q1010

% =0=>fw(R)=ﬂmu;% =0= fio(D) = aona: % — 0= fio(P) = dions.
%:Oﬁf“(s):alll;%—0:>f11(L)—anz fn =0= fi1(T) = ays; ag{;l =r0= fn(l) = ana;
% =n= ‘alf;l < ys; gl{:: =n= ‘glgl < ayg; %Tf: == ‘8];“ < any:

%ZM ‘%fél Sans:aafjn=rsé‘aaf}1 < ay9; f’afLu =T = ‘83]2 < a1110;
%_O:fn(R)—anh’ 3afD =0= fi(D) = ay; %—O:fn(l’)—auw

% =0= fi2(S) = an: % =0= fia(l) = a; % =0= f12(T) = aps; % —0= fo) =ana
%:d] ‘glf;dz < 125;§Ifsz=d2=>‘g£:i < ay2g; %{12 _dgi‘%il; < a17;
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%Léz =ds = ‘aaféz < ay38; aaiju =ds = ‘85(]12 <y 83)22 =dg = 'aajzltz < apio;

% =0= fr2(R) = an; % =0= fi2(D) = an212; % =0= f12(P) = apn3.

% —u= ’35;3 < a3 3{{23 =0= fi3(L) = ai32; % =0= fi3(T) = as33; % =0= fis(I) = a4

% =0= fi3(Ag) = ass; g%ﬂz =0= fi3(lgng) = A136; %{13 0= fi3(ly) = ais7;

% =0= f13(Q) = aizs; aaijw =0= fi3()) = apo; SBLL? = 0> fi3(Le) = dis10;

% =0= fi3(R) = amz; BfD =0= fi3(D) = ai312: afp =0= fi3(P) = ay33.

where @;;(i > 1and j < 13) all are the positive constants. Then each of the thirteen functions fi, f,,---, fi3 agreed with the Lipchitz con-

dition [56,57]. Concerning the above thirteen arguments, it is clear that all functions are absolutely continuous.

4. Numerical simulation

In this section, the proposed model is generalized via applying the fractional Caputo derivative and numerically simulated based on
parameter values presented in Table 1. Numerical simulations were carried out by the Adams-Bashforth-Moulton algorithm [58].

First, let us recall the primary method produced to solve initial value problems with Caputo derivatives (Eqs. (4.1)-(4.13)). The tech-
nique extends the familiar Adams-Bashforth-Moulton integrator that is well known for the numerical simulation of first-order differential
equations [56]. This method relies on the feature that the initial value problem is equal to the Volterra integral equation. The fractional
Adams-Bashforth-Moulton method is fully described by the following Equations (all other states can be found same as S). Let [0, T] is the
domain of the solution and, n=0,1,2, ..., N, h=T/N, t, = nh:

[a]-1

® tn+]k+l he .
S(tas1) = Y Sp T F(Ot_i_z)fl(fnﬂ,s (tn41)) + =+
k=0 )

r(a T3 - ZAJ werfi (6. S(E7)),

[oe]-1

t k+1 1 n
SP(n) = 32 S0 R F gy 2 Binet 1 (6. 5@)),
j=0

k=0
where
n“tl — (n—a)(n+1)%, ifj=0
Ajnpi =y —j+2) + (- —2-j+ D™ if1<j<n,
1 ifj=n+1,

and
h* .o -
Bini1 = o ((n+1-)% = (n= %),

For more details about the method, the reader can see [56].
The initial values [19] of the thirteen compartments are taken as follows:

200 200 20 1 2

L(0) = 0.T(0) = . 1(0) = Fr. Asa(0) = g bna(0) = s ha = g

Q(0) =0, J(0) =0,L;(0) = 0,R(0) = 0,D(0) = 0, P(0) = 0
5(0) =N(0) = L(0) = T(0) = I(0) = Asq(0) = L5na(0) — L4 (0) — Q(0) —J(0) — L (0) — R(0) — D(0) - P(0).

17



M.S. Ullah, M. Higazy and K.M. Ariful Kabir

Table 1

Chaos, Solitons and Fractals 155 (2022) 111636

Parameter values of the proposed epidemic dynamics and their references.

Parameter Value/Range
N(t) 60,403,693

P (1/6 -1/3)fe!
B (0.2 — 1.5) days™
%) 0.57

e 0.0114

T 0.456

@ -

o -

n (1/14 — 1/3)days™!
Lsr -

Iy 16

t 0.0251

h 0.9829

2 0.171

T2 0.3705

Yy 0.264

q -

i1 (1/14 - 1/5) days™!
J2 -

js 0.2-0.9

Ja -

M 0.08-

Aa 0.0171

A3 0.0274

)\,4 -

As -

To -

r 0.0342

ry 0.0171

T3 0.02

T4 0.0239

Is (1/30 — 1/3) days™!
Te 0.0171

d, -

d, 0.001-0.1

ds3 0.001-0.01

dy 0.001-0.01

ds 0.001-0.1

dg 0.01

o -

Current Model Refs.
60,403,693 [19]

1/3 [25]

0.5 [59-61]
0.57 [19]
0.0114 [19]
0.456 [19]
0.0114 Estimated
0.0114 Estimated
1/13 [[611,[62]]
0.8 Estimated
16 [63]
0.0251 [64]
0.9829 [64]
0.0171 [19]
0.03705 [19]

0.264 [19]

0.5 Estimated
0.1 [[65],[66]]
0.2 Estimated
0.3 [[65],066]]
0.15 Estimated
0.08 Estimated
0.0171 [19]
0.0274 [19]

0.05 Estimated
0.08 Estimated
0.4 Estimated
0.0342 [19]
0.0171 [19]

0.02 [[61],[66],[67]]
0.0239 [61]

1/30 [[66],[67]]
0.0171 [19]

0.05 Estimated
0.005 [65]

0.003 [[68],169]]
0.001 [[68],169]]
0.005 [65]

0.01 [19]

0.5 Estimated

5. Results and discussion

To study the sensitivity of fractional-order-based epidemic dy-
namics along time-elapsed around the steady-state situation called
equilibrium, we present line graphs for p € {0.9, 0.95, 1.0}, de-
picted in Fig. 2. It displays the fraction of susceptible, lockdown,
quarantine, infected (asymptomatic, mild-symptomatic-infected,
minor or moderate infection but not detected), symptomatic in-
fected with not detected, symptomatic infected with detected,
Tested, asymptomatic infected with detected, isolated or hospital-
ized, life-threatening condition, self-protected and recovered indi-
viduals from (i) to (xii), respectively. According to the simulated re-
sults, the fractional-order can significantly influence the changing
pattern of different epidemic compartments. Thus, we can confer
that the decreasing of the fractional-order p, lessened the portion
of susceptible, quarantined, infected, and tested individuals, as ex-
pected.

Fig. 3 displays the effect of S(t) and L(t) to illustrate the sus-
ceptibility and lockdown state concerning the lockdown success
rate more profoundly. It seems that the increase of lockdown suc-
cess rate lessens the amount of suspected susceptible individuals.
However, the rise in lockdown rate increased the fraction of indi-
viduals in lockdown compartments, reducing infection risk.

Next, we inspect the relation of test rate vs. time (i-iii) and
lockdown success rate vs. time (iv-vi) for a fraction of S(t), T(t),
and I(t) individuals depicted in Fig. 4. As a general tendency, we
can confirm that the fraction of infected and tested individuals

18

is lessened for increasing of both test rate and lockdown success
rate.

6. Conclusion

Motivated by the current COVID-19 situation, we proposed the
protecting measures-based epidemic models by incorporating the
fractional-order approach to study the disease behavior. Model in-
vestigation and analysis are carried out by presuming the Caputo
fractional-order derivative notion to generate the fractional-order
mathematical epidemic model. Further, the numerical simulation
of the suggested system is carried out by consuming the Adams-
Bashforth-Moulton algorithm. It is observed that irrespective of
introducing a vaccine policy, the combined effect of several self-
protecting measures helps to reduce the disease risk.

Furthermore, because a first derivative analysis does not always
offer an apparent indication of function change a priori, a second
derivative analysis is necessary. The study of the second derivative
discloses infection points, as well as local maximum and minimum
values. These fundamental analyses may be employed in epidemi-
ological modeling to understand dissemination patterns better. A
new concept called Strength number was recently proposed. It is
derived by taking the second derivative of the nonlinear section of
a particular infectious disease model, then applying the next gen-
eration matrix approach to obtain the strength number. Such num-
bers, it was suggested, may aid in detecting waves or instability in
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(xi)| (xii)

" n = - - -

®)

L I I I I

“« 4 = L

"4 W % » 2 ¥ =
Tire

Fig. 2. Impact of different fractional order p e {0.9,0.95,1.0} on (i) susceptible (S(t)), (ii) lock-down (L(t)), (iii) quarantine, (iv) infected I(t) (asymptomatic, mild-
symptomatic-infected, minor or moderate infection but not detected), v) symptomatic infected with not detected Iy (t), (vi) symptomatic infected with detected Iy(t),
(vii) Tested state (T(t)), (viii) asymptomatic infected with detected A, (t), (ix) isolated or hospitalized (J(t)) (x) life threatening condition (L;(t)), (xi) self-protected (P(t)))

(xii) recovered (R(t)).

’ order = 0.96 00 Fractional order = 0.95
csing he
lock down

sucoess e
f=xan
._’v“?
| =i s
(i) =

0 x » 4 L]
Time

Fig. 3. The sensitivity of different lockdown success rate I on (i) susceptible (S(t)), and (ii) lockdown (L(t)) for fractional-order p = 0.95.
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1
1
1
i
]
"

8
'
2
1
"
'
[T

Fig. 4. The impact of changing the test rate t, vs. time on susceptible (S(t)), Tested state (T(t)), infected I(t) (asymptomatic, mild-symptomatic-infected, minor or moderate
infection but not detected) are presented in (i), (ii) and (iii). Similarly, the impact of changing lockdown success rate I vs. time are depicted in (iv) susceptible (S(t)), (v)
Tested state (T(t)), and (vi) infected I(t) (asymptomatic, mild-symptomatic-infected, minor or moderate infection but not detected). Throughout, we used the fractional

order of p =0.95.

a model. This paper uses a similar technique in conjunction with
second derivative analysis in a complex SLTIA;l,4l4QJLRDP prob-
lem. The computed strength number was negative, implying that
the model with second derivatives could only produce one wave
before dying out.

In the current work, we only developed and analyzed our pro-
posed model theoretically. In practice and reality, the successful
model should depend on actual data fitting and deliberate numer-
ical analysis. Such a complex phenomenon and numerical analysis
contain meaningful suggestions to develop health policy and public
health measurement to explore future studies.
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